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Abstract. In this paper we give the closed form solution of some optimal stop-
ping problems for processes derived from a diffusion with jumps. Within the
possible applications, the results can be interpreted as pricing perpetual Ameri-
can Options under diffusion-jump information.
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1 Introduction

Let be given on a stochastic basf3,(7 , F, P) a Wiener proces®/ = (W)i>o, @
Poisson procesy = (N;);>o with intensityA > 0, and a sequence of independent
nonnegative random variabl®s= (Yi)k>1, with identical distributiorf. We will
denoteF ~ exp() whenF is exponential with parameter > 0. Assume that

the processe®/, N andY are independent, and that the filtratiere (7)o

is the minimal filtration satisfying the usual conditions (see Jacod and Shiryaev
(1987), page 2) such that the procésss (Ui)i>o or D = (Dt)i>0 given by

\4
U =x+oW+) Yi—at, t>0, (1)
k=1

and
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N
Di=x+oW —» Yc+at, t>0, 2)
k=1
are adapted té-. U stands for jumps up, anB for jumps down. Herex, o,
anda are real constants with anda positive.r is a stopping time (or stopping
rule) relative toF, if

T7:£2 > [0,+00] and {r <t} e.% forall t>0.

Denote by.#2 the class of all stopping times.

Consider the following problem: given a Borel functignR — R and a
random proces$ = (S)i>o on (12,.7 ,F,P) find a real functiors: R — R and
a stopping ruler*, such that

s(x) = sup E(9(S)) = E(9(S:+)). 3)
TE AN
Here s is called the cost function, and* (the stopping time that realizes the
supremum) the optimal stopping rule.
In the present paper we give the closed form solution to the problem (3) in
the following four cases. The functiopis given either by

g() = (€ —K)", or g(x)=(K—€)",

with K a positive constant, and the proc&ss eitherU or D.

The results presented are generalizations of Mc Kean (1965) and Mordecki
(1998), for pure diffusion and pure jumps respectively, and one of the four
problems (Theorem 3) was solved by Zhang (1995). The problems considered
are motivated by option pricing of perpetual American Options, and this kind of
models were introduced by Merton (1990). For option pricing see also Karatzas
(1988) or Shiryaev et al. (1994). Other applications of the presented results,
for instance to investment under uncertainty can be found in Dixit and Pindyck
(1994).

The paper is organized as follows. In Sect. 2 we present the main results.
The proofs, given in Sect. 4 are based on a general lemma, given in Sect. 3. In
Sect 5 a conclusion is presented.

2 Main results

Theorem 1. Let U be given by (1), andi(x) = (€¢ — K)*. Assume that
F ~expl), « > 1and

o2 A
? o1 < a. (4)
Denote Y
_ a—a
XO_lOg(KJZ/Z—a+/\/(a—1))’ ©)
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0'2 040'2
Q(p) = ?p2+(7+a)p+aa—)\. (6)
Then, the solution to the optimal stopping problem (3) is

inf{t > 0:U; > Xo},

*

{ AePi(o—x) 4 BeP2(o—X)  jf x < Xo, ™

s() et —K, if X > Xo.

where p < 0 and p < O are the roots of the equation (@) = 0, and the
coefficients A and B are

A:e"°(1+p2)—p2K B=e"°(1+p1)—p1K
P2 — P1 ’ P1 — P2 '
Theorem 2. Let U be given by (1) ang(x) = (K — €*)*. Assume that F is

arbitrary. Denote by m= me eYdF(y), that can take the value m +co, and
suppose

0_2
a< ?+>\(m—1). (8)
Let 5 be the unigue positive root of the equation
2 +00
%52 +af+ /\/ e —1)dF(y)=0 (9)
0
Denote 3
xo:Iog(Kﬁ+l).

Then, the solution to the optimal stopping problem (3) is

*

™ = inf{t > 0:U; < xo},
. (10)
B K — e, if X < Xo,
s(x) = { (K —e°)exp{—3(x —X0)}, ifx > Xo.

Theorem 3. Let D be given by (2) ang(x) = (e* — K)*. Assume that F is
arbitrary. Denote by n= f0+°° eYdF(y), that can take the value & +co, and

suppose that
2
a+ % < An —1). (11)

Let 5 > 1 be the unique positive root of the equation (8). Denote
p
=log(K—).
X =log (K 5—)
Then, the solution to the optimal stopping problem (3) is
inf{t > 0:D; > Xo},

T*

(12)

s(x) { (€° — K)exp{B(x —Xo)}, ifx <X,

e —K, if X > Xo.
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Theorem 4. Let D be given by (2), ang(x) = (K —e*)*. Assume that ~ exp(),
and

A o2
— +a.
a+l < 2 a £3)
Denote Y.
a—\a
X0‘|09<K02/2+a,/\/(a+1))' (14)
Then, the solution to the optimal stopping problem (3) is given by
™ = inf{t > 0:D; < X},
~ K — e, if X < Xo, (19)
s(x) = AePX—x0) 4 Bgholx—Xa)  if x > xq.

where p < 0 and p < 0 are the roots of @p) = 0, with Q(p) given by (6) and
the coefficients A and B are
A= e°(1—p) +p2K B = e°(1—p1) — piK
P2 —pP1 ’ P1—pP2 '

3 Some preliminary results

First observe that both procesdgsandD are of the formX = (X;);>o with

N
X =x+oW+> Zc+at, t>0, (16)
k=1
where Zx are i.i.d. random variables with support on the whole real line and
aeR.
In order to apply I&’s formula to the process(X;)):>o with s defined by (7),
(10), (12) and (15) it is enough to observe that, althoags not C3(R), s”(x)
is continuous foix # X, and has finite lateral limits. This gives, denotinffla)
the signed measure (when restricted to compacts) which is the second derivative
of s in the generalized sense,

p(da) = s”(a)da.

So Meyer-16 formula applies (Theorem V.51 of Protter (1992)) and a minor
modifications in Corollary 1 to the same formula, necessary becauisenly
bounded on compacts, gives

t t
s(Xt) — s(x) = /0 s'(Xs—)dXs + % /0 s"(Xs-)d (X, X)s
+ 30 (S06) — S(0X6-) — 8/ (%) AXs).

0<s<t

Furthermore, in our case, denotiXg = (X )>o0, X4 = (X)t>0, With
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Nt
XE =x+oW, +at, X=>"z,
i=1

we have

/ t S (X )dXs + D (S(Xs) — S(Xs-) — S'(Xs ) AXs) =
0

0<s<t

t t
|50+ [ [ [t ) = 0] (ule, i, ) — (e )
0 0 JR

t
+ / / [S(Xs_ +X) — S(Xs_)] * 1(dx, ds),
0 JR
wherep = p(w, dx, ds) is the jump measure correspondingX8, and
v = p(dx, dt) = AdtF(dx)

its compensator.
So, I©’s formula in our case reads

t
S(X) — S(x) = /o (LS)(Xe_)ds+ M () 17)

with
(LXs)(x) = }azs”(x) +as/(x) + \ /(s(x +y) — s(x))dF(x)
2 R

the infinitesimal generator of the proceXsand the local martingal® (s) =
(M(s)t)i>0 given by

t t
M(sh =0 /O /(X )dWg + /0 /R (0% +X) — S(Xe_)) * (1 — 1),

Lemma 1. Let X = (X;):>0 be given by (16). Let s anglbe real Borel functions,
such that s is convex with’scontinuous for x# x, for some ¥ € R, and has
finite lateral limits. C*, the continuation region is an open halfline of the form
(=00, Xo) Or (Xo, +o0)
Let
T =inf{t > 0: X € C*}.

Assume that the following five conditions hold:

(i) (Ls)(x)=0, Vx € C*.

(i) (Ls)(x) <0, VX # Xo.

(iii) 0 < g(x) < s(x), vx € R.

(iv) s(Xrxatat) < Z, P-asforall Te .# and for all t € R*, with Z an
integrable random variable, that is|B| < +oc.

V) s(X;+) =g(X,~), P-a.s.
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Then, under these assumptions, the gait, s) is the solution for the optimal
stopping problem for the functionand the process X, that is:

s(x) = sup E(g(X-)) = E(9(X++)).
TEMN

Proof. By (17) we have

t
S(%) — S(¥) = /0 (Ls)(Xe_)ds+ M (s):.

We have to prove assertions (a) and (b):
(a) s(x) = Eg(X:-),
(b) s(x) > Eg(X,) Vo € .7.
By conditions (v) and (iii) in our hypothesis this is equivalent to proving
(&) s(x) = Es(X:-),
(b") s(x) > Es(X,) Vo € .Z.
Taking into account tha#y = — fg(Ls)(XS,)ds is increasing (by condition (ii))
andA.. = 0 (by condition (i)) we have to verify
@) E(M;-) =0,
(b”) E(M,) <0 Vo e .7.

As M(s) = (M(sS))i>o is a local martingale withM (s)o = 0, for a localizing
sequencer) we have

E(M (S)t/\T*/\Tn) = E(M (S)O) =0.

As
_S(X) S M (S)t/\‘r*/\'rn < S(Xt/\T*/\Tn) S Z

(@") follows by dominated convergence.
As M (s); > —s(x), by Fatou’s Lemma the local martingal(s) is in fact
a supermartingale witEM (s)g = 0 and () follows.

4 Proof of the theorems
In view of the previous lemma, the proofs of Theorems 1 to 4 reduces to the
verification of conditions (i) to (v) in each case. As proofs of Theorems 1 and

4, and 2 and 3 are similar respectively, we give proofs of Theorems 1 and 2 in
detail and only give a sketch of the proofs of Theorems 3 and 4.

Proof of Theorem 1The infinitesimal generator of the procddsis

(LYF)(x) = %azf "(x) — af’(x) + A /O+Oo(f (x +y) — f(X))dF(x).

(i) For x < %o ands(x) as in (7) we have
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(LYs)(x) = %UZS”(X) —as(x)+ A /Om[s(x +y) — s(x)]ae”Ydy

= Aepl("ofx)(%azpf +ap; — AmLi) + Be”zo@”‘)(%ang +ap, — A P )

« p2+a
Cdaeete( A, B € K,
prta pta a—-1 «
P1 _ P2 _

=A eP1(0—x) +B @P2(0—x)

o to Q(p1) ;o Q(p2)

Xo

f)\ozefo‘(xofx)( A + B e . 5)

pp+ta p2ta T a-1 «a
We knowQ(p1) = Q(p2) = 0 (see (6)).

A B ex K
+ - +—
«

=0
ppta p2ta a-1

is verified taking into account that

(1 +a)(p2 + ) —-Z

- 18
PA+pB = (pr+p)(e° —K) +¢€o (18)
and (5).
(i) We have to see that fax > xo, LY s(x) < 0.
0_2 +00 0,2
(LUs)(x):—eX—ae?‘+/\/ ‘(@ —1)dF(y)=e* (- —a+ ) <0
2 o 2 a—1

in accordance with (4).
(iii) s(x) = g(x) if x > Xg. Forx < xg consider the auxiliar real function

a(x) = s(x) — g(x) = AdPi0—X) 4 BaP2(0—X) _ X 4 K

We have to se@(x) > 0 for all x < Xo. We know thata(xg) = 0, a’(xp) = 0
and lim_,_. ax) = K. If a(x;) = 0 with —co < X3 < X thena(x) = 0 for
all X € (—o0, Xp] by the uniqueness Theorem for Differential Equations because
a(x) is the solution of a third order linear differential equation.
(iv) Take Z = s(U.+) + Xo. Then,s(U,«1at) < Z follows from the fact that on
the set{r* < +oo} we haveU,-,tnt < U, and the functiors is increasing.
On the set{7* = +oo} we haveU «a1at < Xo.
Observe now, that

s(U,-) < (eV —K)* <exp{ sup Ui}

0<t<+c0

and by Mordecki (1997) we havé(exp{Suy«;<.n, Ut}) < oo.
(V) We have

lim sx)= Ilim ¢g(x)=0
X——00 X——00
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sos(U;+) = g(U,+) = 0 on {r* = +oo} because lim,.+, Uy = —c0 P —a.s.,
ands(x) = g(x) if x > %o, sos(U,«) = g(U,+) on {r* < +oc}, concluding the
proof of Theorem 1.

Proof of Theorem 2.
(i) If s(x) = (K — e9)e B for x > Xg

LYs)(x) = (K — eXO)e—ﬁ(X—Xw(%Zﬂ2 +af+ A/+Oo[e-ﬁy — 1]dF(y)) =0
0

by (9).
(i) In this case, forx < Xg

(LYs)(x) = %02(—ex) +aet + )\ /JrOO e*(1— &)dF(y)
0

:ex(—%az+a+>\(1—m)) <0

by (8).

(iii) For x > logK, g(x) = 0. Whenx, < x < logK the argument follows as in
the proof of (iii) in Theorem 1, considering the auxiliar functiafx) = s(x)—g(x)
that verifiesa(xg) = a’(xo) = 0, a(logK) > 0, and is the solution of a second
order linear differential equation.

(iv) is inmediate, because in this case we have

0<s(Uy) <Xy, forall t>0.

(v) In this case we hav®l.- = X on the sef{7* < +c0}, and in consequence
g(U,+) =s(U.+) = s(X0) on {7* < +oo}. AS liMx_100 g(X) = liMy_100S(X) =0
the result follows.

Proof of Theorem 3For the proces® defined in (2)
(LPF)(x) = Eozf "(x) +af’(x) + )\/+Oo(f (x —y) — f(x))dF(x)
2 0
(i) If s(x) = (e*° — K)e?®—%) for x < xo
(LPs)(x) = (e — K)eW*Xo)(%zgz +ap+ A/m[ef’y — 1]dF(y)) =0
0

by the election of3.
(i) In this case, forx > Xg

(L°s)(x) = %azex +ae + e /m(e‘y — 1)dF(y)
0

= e"(%a2 +a+ /\/O (e —1)dF(y)) <0

by (11).
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(i) It is similar to (iii) in Theorem 1. Now the auxiliar function is
a(x) = (€9 — K)efx _eX+K for x <xo

that verifiesa(Xp) = a’(Xp) = 0 and lim_, _,, =K
(iv) follows word by word as (iv) Theorem 1.
(v) follows as (v) in Theorem 2.

Proof of Theorem 4.
(i) is similar to (i) in Theorem 1, but the necessary relations are now (14), (18),
and

P2A+p1B = (p1 + p2)(K — €°) + €.

(i) For x < xo we have

(LPs)(x) = €*( — %02 —a+\ /O+Oo(1 — e YV)aexp{—ay}dy)

by (13).
(i) follows as (iii) in Theorem 2.
(iv) is inmediate, because

0<s(X) <K P —a.s.

(v) follows as (v) in Theorem 1.

5 Conclusion

The paper presented contains some closed form solutions to optimal stopping
problems when the stopped process has jumps. As the main application is option
pricing when returns are allowed to jump at poissonian times, and alternative ti-
tle would have been “Pricing Perpetual American Options under Jump-Diffusion
information”. The results presented are in the spirit of Shiryaev (1973) and Mc
Kean (1965), though a modification in the “smooth pasting” principle was nec-
essary to obtain the results (see Lemma 1 in Sect. 3). The results can be used to
price perpetual American Options for assets with jumps, once a reference mea-
sure in the incomplete market is choosen, as suggestedllydf and Schweizer
(1990).
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