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Abstract

Consider the discounted optimal stopping problem for a real-valued Markov process with only positive jumps.
We provide a theorem to verify that the optimal stopping region has the form {x > x*} for some critical threshold
x*, and a representation formula for the value function of the problem in terms of the Green kernel of the process,
based on Dynkin’s characterization of the value function as the least excessive majorant. As an application of
our results, using the Fourier transform to compute the Green kernel of the process, we solve a new example: the
optimal stopping for a Lévy-driven Ornstein-Uhlenbeck process used to model prices in electricity markets.

Keywords 60G40 - 62115

Introduction

Optimal stopping problems (OSP) play a central role in optimization and control of stochastic process. One possible formulation
of the problem is the following: a player has to choose the moment to collect a reward that evolves randomly in time driven by a
stochastic process X, using only the incoming information generated by the process (the player knows the law of the process). In
mathematical terms, the discounted optimal stopping problem to be considered in this paper consists in: being given a stochastic
process X = {X,:t > 0} that starts at Xo = x, a reward function g: R — [0, c0), and a discount « > 0, finding the value
function V, (x) and the optimal stopping rule t* that satisfy

Vo(x) =supEy e T g(X;) = By e %" g(Xp+), 1)
T

where T ranges in the class of stopping times. It is clear that many alternative formulations of the problem have interest, the
process can have discrete time, the discount can be & = 0, X can take values in larger/smaller spaces (like Z or R¢), the payoff
function can involve non-Markovian expectations (as the sup or the integral of the process), and many others. In other words, an
OSP is an optimization problem where the variable lies in the set of stopping times, and the objective function is the expectation
of a stopped reward.

The optimal stopping problem of continuous time stochastic processes has a rich theory and a large amount of interesting
applications. A central reference in the field is the monograph by Albert N. [26] that supported the research in the field during
many years, including several editions and translations since the initial Russian edition ([25]). Many of the posterior contributions
in the field are included in the joint monograph of [20].

Within the initial works of optimal stopping of continuous time stochastic processes, we mention the quickest detection
problems by [24], the perpetual option pricing problem by [15], and the classical problems solved by [27]. In more recent
times, we mention, notably, the Russian options by [23]. A more comprehensive discussion, including the Markovian-Martingale
dichotomy to solve OSPs, and a large list of references can be found in [20].
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Once this description of the advances in the field is given, in the present paper, we ask whether it is possible to solve explicitly
optimal stopping problems for processes with jumps. Optimal stopping problems for processes with jumps have a shorter history,
summarized up to certain point in the monograph by [14]. This review is concerned with optimal stopping problems for Lévy
processes, including the solutions provided by [16] and [19]. Problems for spectraly one-sided Lévy processes were considered
by several authors, for instance, [1] and [3] in the framework of option pricing.

Going a step further, in the present paper, we propose to solve explicitly one OSP for a Markov process with jumps (one-sided)
more general than a Lévy process. In this regard, although there are some papers where the verification theorem is provided, for
instance, [17] or [4], to the knowledge of the authors, no explicit problems in this framework have been solved.

The approach we propose is based on a combination of the Riez’s representation of an excessive function and the inversion
formula for the infinitesimal generator of the process. Under the corresponding technical hypothesis to be detailed further, the
proposal provides an equation to find the value function V,, that comes as a closed formula to compute this function in two main
situations: when the process is a diffusion (see [6, 7]) and when we have one-sided problems with one-sided jumps of the Markov
process, the problem considered in this paper. More precisely, we are able to express the value function in terms of an integral
that depends on the Green kernel of the process for an optimal stopping problem whose optimal stopping region has the form
{x > x*} with x* being a critical threshold for Markov processes that have only positive jumps. It should be noticed that, despite
the simplification of the assumption that the process has only one-sided jumps, the case considered is the “difficult” case, as the
stopped process has a positive overshot.

The departing point of our proposal, inscribed in the Markovian approach, is Dynkin’s characterization of the optimal stopping
problem solution. Dynkin’s characterization [8] states (in our framework) that if the reward function is lower semi-continuous,
V is the value function of the non-discounted optimal stopping problem with reward g if and only if V is the least excessive
function such that V (x) > g(x) for all x € R. Applying this result for Y, the killed process of X at rate o, we obtain that V,,, the
value function of the problem with discount «, is characterized as the least «-excessive majorant of g.

As we mentioned, the second step uses Riesz’s decomposition of an a-excessive function. We also recall this decomposition
in our context (see [10, 12, 13]). A function u: R — R is a-excessive if and only if there exist a non-negative Radon measure
1 and an a-harmonic function such that

e¢]
u(x) = / Gy (x, y)u(dy) 4+ (@-harmonic function). 2)
—00
Furthermore, the previous representation is unique. The measure p is called the representing measure of u.
The third step is based on the fact that the resolvent and the infinitesimal generator of a Markov process are inverse operators.
Suppose that we can write

Va(x) = / (@ = L)Va(y)Galx, dy), 3)

where L is the infinitesimal generator. Assuming that the stopping region has the form {x > x*}, and taking into account that
Vu 18 a-harmonic in the continuation region and V,, = g in the stopping region, we obtain as a suitable candidate to be the
representing measure
: *
uidy) =1 = )
(@ = L)g(y)m(dy), ify > x*,
where m(dy) is some convenient measure. Based on these considerations, we present a key verification result that provides a
way to solve new examples.
The proposal detailed above can be inscribed in the representation approach, initiated by [22], that consists in the representation
of the value function V,, in Eq. 1—the least a-excessive majorant of the payoff g— as an integral of a kernel, with respect to a
radon measure, the representing measure. While the kernel carries information about the process, the measure happens to carry
information about the payoff function g and the stopping region. [22] uses the Martin kernel of a diffusion; in consequence, the
representing measure is the distribution of an k-transform of the stopped process (see [10]). The article of [17] also provides
a representation theorem for the optimal stopping of Hunt processes, but in this case in terms of the Green kernel. There, the
support of the measure is proved to be the stopping region for the problem. In [6, 7], the density of the measure was computed
in terms of g for diffusions.

Preliminaries and main result

Given a probability space (€2, F, IP), consider a real-valued time-homogeneous, non-terminating strong Markov process
{X;: t > 0} adapted to a filtration {F; : t > 0} (F; C F for all > 0) and probabilities {IP, : x € R}.
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The filtration {F;} is assumed to be right-continuous, i.e., for all + > 0, we have that F; = (). Fi+s =: Fy+. Itis also
assumed that F; is IP,-complete for all ¢ and for all x.

Given the filtration {¥;}, a random variable 7 in (2, F), taking values in [0, oo] and such that {w : T(w) < t} € F;, for all
t > 0, is known as a stopping time with respect to the filtration {#;}. Given a stopping time t with respect to a filtration {F;} of
F, the family of sets F; defined by

Fr={AeF: Vit >0,AN{w: t(w) <t} e F}

is a sub o-algebra of F.

A progressively measurable Markov process X = ({X;}, {F:}, {IPx}) is said to be left-quasi-continuous if, for any stopping
time t with respect to {#;}, the random variable X; is F;-measurable and for any non-decreasing sequence of stopping times
7, = T Xy, > X (Py—a.sintheset {t < oo}), forallx € R.

Definition 2.1 With the assumptions above, a real-valued cadlag (continuous from the right with limits from the left) left
quasi-continuous strong Markov process X is a standard Markov process.

For general reference about Markov processes, we refer to [5] and the references therein.
Given a standard Markov process X and a Borel function f: R — IR, we say that f belongs to the domain D of the extended
infinitesimal generator of X, if there exists an Borel function Af : R — IR such that fot |Af (Xs)|ds < oo almost surely for every

t,and f(X;) — f(Xo) — f(; Af(Xy)ds is a right-continuous martingale with respect to the filtration {;} and the probability IP,
for every x € R (see [21, chap.VIl,sect.1]). The o-Green kernel of the process X is defined by

o0
Go(x, H) = / e Py (X, € Hydt,
0
for x € R and a Borel set H, and the resolvent is the operator R, given by

Ro f(x) 12/0 e " Ey (f(X)dt, (&)

which can be defined for all Borel functions such that the previous integral makes sense for all x € R. Note that if, for instance,
fooo e ¥ T, |f(X,)|dt < oo (x € R), then, using Fubini’s theorem, we may conclude that

Rof(x) = /R FO)Galx, dy). ©)

Considering Ty, as a random variable with an exponential distribution with parameter « (i.e., P(T, < t) = 1 —e~% fort > 0)
and independent of X, define the process Y with state space R U {A}—where A is an isolated point—by

Y = Xl]l{t<Ta} + A]l{tzTa}-

Given a function f : R — IR, we extend its domain by considering f(A) := 0. Observe that IE, (f(Y;)) = e * E, (f(X,)).
We call Y the a-killed process with respect to X.

Consider a function f that belongs to the domain D,, of the extended infinitesimal generator of the «-killed process Y. In this
case, there is a function Ay f: R — IR such that

t
J () — f(Yo) —/O Ao f(Ys)ds

is a right-continuous martingale with respect to the filtration {¥;} and the probability IP, for every x € RR. Bearing the equality
E; (f(Y;) = e ¥ E, (f(X;)) in mind, it can be seen that

t

e F (X)) — f(Xo) — fo ¢ Ag £ (X,)ds

is also a right-continuous martingale with respect to the filtration {#;} and the probability IP, for every x € R. Then,

E, (™ f(X)) — f(x) — By ( / l e—“Aaﬂxs)ds) o,
0

From the previous equation and assuming that for all x € R we have (i) lim;— o Ey (e_‘“ f (X,)) = 0 and (ii)
Ex (o~ e *|Aq f(Xs)lds) < oo, we obtain, by taking the limit as  — oo and using Lebesgue dominated convergence
theorem, that

Fo) = fo e By (—Aq f(X,) ds.
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Note that the right-hand side of the previous equation is Ry (—A f)(x); from this fact and the previous equation, we obtain by
Eq.6,

f(x)Z/R—Aaf(y)Ga(x,dy) @)

It can be proved thatif f € D,then f € Dy and Aq f = Af —af.
Given a standard Markov process X and a stopping time t, if f = Ryh, we have that (see, e.g., [9, Thm. 5.1])

f) = E; ( / ‘ e—“’h(x,>dr) +E, (e f(X0)). ®)
0

As we will see further on, this formula has an important corollary in the analysis of optimal stopping problems. Observe that it
can be written in terms of Ay f, when f € D, by

E (77 f(X:)) — fx) = Ex (/0 e_"”Aaf(X,)dt>,

being its validity a direct consequence of the Doob’s optional sampling theorem.
For a standard Markov process X with state space R, we denote by AX; = X; — lim,_, ;- X and assume that AX; > 0.

Main results

Consider the optimal stopping problem Eq.1 for a standard Markov process X with positive jumps and a non-negative
continuous reward function g. The results we obtain (under the corresponding regularity assumptions) have the following form.
For each x € R, define

f(x) = (ax—L)gx), Vo(x) = /00 f(»)Gy(x,dy) forall x € R,

where x* is the solution of the equation
oo
g™ = / FMGa(x*, dy), ©
x*
and the two conditions hold:
f(y)>=0fory>x* and Vu(x) > g(x) forall x < x*.

Then, the optimal stopping time and value function of problem Eq. 1 are respectively

o0
e =infle 2 00X, 2 x'), V) = [ 70)Gatr.dy). (10)
X*
Our main result is as follows:

Theorem 2.2 Consider the optimal stopping problem Eq. 1 for a standard Markov process X with positive jumps and a non-
negative continuous reward function g. Suppose that there exist two functions f,g : R +— R and a point x* € R such
that

i) glx) = ffooo S Ga(x,dy).
(i) g0*) = [ f()Galx*, dy).
(iii)) f(x) > Oforall x > x*.
(V) [o fF(NGa(x,dy) = g(x) for x = x*.
(v) g(x) = g(x) forx > x*.

Then, the solution of the problem Eq. 1 is given by Eq. 10.

If the function g belongs to the domain of the extended infinitesimal generator, the unknown function above has an explicit
form f = —A,g, and we obtain the following result:

Corollary 2.3 Consider a strong Markov process X with no negative jumps and a continuous positive reward function g that
belongs to Dy with f = —Aqg = (0 — A)g, satisfying

(i) im0 By (e7*"g(X)) =0,

(i) By (fy~ e | f(X;)lds) < oo.
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Suppose that x* is a solution of

80" = [ @= Ag)Gut” .

such that (@« — A)g(y) > 0 for all x > x*. Define

Va(x) = / (@ = A)g(MGa(x,dy).

If Vy(x) > g(x) forall x < x*, then the OSP Eq. 1 is right-sided, x* is an optimal threshold, and V,, is the value function.

Proofs
Proof of Corollary 2.3 All the hypotheses of Theorem 2.2 are fulfilled with f(x) := —Aqg(x) and g := g. O

To prove Theorem 2.2, we state two Lemmas that have a simple proof (see [5] for details).

Lemma 3.1 Let X be the standard Markov process without negative jumps. If z < x and H is a Borel set such that y < z for all
yin H, then Go(x, H) = Ey e~ %Gy (z, H); in other words, the ratio between Go(x, H) and G4 (z, H) is independent of H.

Lemma 3.2 Consider a standard Markov process X without negative jumps. Assume for all x € R

g(x) =f]Rf(y)Ga(x,dy)

and suppose x* is such that

g(x™) = / FO)Ga(x*, dy).

Then, for all x > x*, we have

glx) = / fOGa(x,dy).

Proof of Theorem 2.2 By hypothesis f(y) is non-negative for y > x*, then we have that V,, is an a-excessive function. By the
application of Lemma Definition 3.2, we deduce that V,, (x) coincides with g(x) for x > x*; therefore, it also coincides with g.
By hypothesis, we obtain that V,, dominates g in {x < x*}. So V, is a majorant of g, and by Dynkin’s characterization of the
value function, we conclude that
Vo (x) = supEy (e7%Tg(X7)). (11)
T

We need some other auxiliary results. We use the notation fip for the hitting time of B:
hp :=1inf{t > 0: X; € B}
Lemma 3.3 For any Borel set B, the Green kernel satisfies
Ga(x, H) = By (7% Gol (X 1)

for all x in R and for all Borel set H C B.
In other words, for every x € R, both G, (x, dy) and IE, (e’“ﬁB Go Xy, dy)) are the same measure in B.

Proof For x € B, the assertion is clearly valid, since ig = 0. Let us consider x € R \ B. By the definition of G, and some
manipulation, we obtain

hp
Gu(x, H) = E, </ e_wILH(Xt)dt Il{ﬁ3<oo}>
0

)
+E; (/ e_mﬂH(Xt)dt IL{FLB<00}> ,

fhip
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It remains to be proven that the second term is equal to It (e""ﬁB Go(Xgy, H )); the following chain of equalities completes the

proof:
oo
E, (/ﬁ ef""ILH(X,)dt> 7“ﬁ3 e IlH(Xt-s-ﬁB)df>
B

E, <67°‘F‘B E, < 7a[]1H(Xt+ﬁB)dt|-7:ﬁ3)>

OO

= EX eiaﬁB Exﬁ ( efm]lH(Xt)dl‘>>
0

=B, (¢ Go (X, H))

the first equality is a change of variable; in the second one, we take the conditional expectation into the expected value and
consider that A is measurable with respect to F,; the third equality is a consequence of the strong Markov property, while in
the last one, we use the definition of G,. O

Lemma 3.4 Let a Borel function f: R — R and a Borel set B s.t. fB | fD|Gy(x,dy) < oo forall x € R be given.
Denote by Fp: R — R the function Fp(x) := fB f()Gy(x,dy). Then,

Fi() =B (% Fs(Xs,))

Proof From Definition 3.3, we get that Fp(x) = fB f(y) E, (e‘”‘ﬁB Go(Xyy, dy)) . Changing the integration sign with the
expected value on the right-hand side of the equation, we complete the proof. O

To conclude that the other inequality in Eq. 11 also holds, we apply Lemma 3.4 with B := {x > x*} and Fp := V,, obtaining
that Vy (x) = IEy (e_"‘ﬁB Vo (X5 B)) . Since the trajectories are right continuous, it gathers that X4, belongs to {x > x*}, the region
in which V,, and g coincide; therefore,

Va@) = B (e g(Xg))

proving
Vo (x) < supEy (e7%Tg(Xy)).
T

We have proved the desired equality concluding that the optimal stopping problem is right-sided with threshold x*. O

Application: Lévy-driven Ornstein-Uhlenbeck with positive jumps

Let X be a Lévy-driven Ornstein-Uhlenbeck process, i.e., a process satisfying the stochastic differential equation
dX; = —yX,-dt +dL,, Xo = x, (12)

where {L,} is a Lévy process. The consideration of this process is motivated by its application to model electricity markets [see2].
The only solution of the equation Eq. 12 is [seel8]:

t
X, =e V! (/0 e"*dLs + Xo) . (13)

In our example, we consider L; = o B; + J; where {J;} is a compound Poisson process with rate A and positive jumps with
exponential distribution of parameter g, i.e.,

N
Ji=) Y
i=1

with {N;} being a Poisson process with rate A and Y; independent identically distributed random variables, with exponential
distribution of parameter 8. Observe that there are only positive jumps.
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We aim to solve the optimal stopping problem Eq. I with reward function g(x) = xV, i.e., to find the stopping time t* and
the value function V,, such that

Vo(x) = B, (e—w x,ﬁ) = sup (B, (¢ 797X, 1)).
T
In order to solve this problem, we apply Theorem 2.2 with g: g(x) = x; hence, we need to find f satisfying (i). Consider

e *odBy +/ e *dJs. (14)

e X, — Xy = —/ Xs-(a+y)e *ds +/
0,1] 0,1]

0,7]

The expected value of the integral with respect to { B} vanishes. Concerning the integral with respect to the jump process
{Js}, we can write it in terms of a jump measure u(w, dt, dx) (see [11], Proposition 1.16). We obtain

/ e dJ; = / e y(u(w, ds,dy) —v(ds,dy)) + / e yv(ds, dy),
(0,1] (0,/]xR (0,/]xR
where v(ds, dy) = kﬂ]l{y>o}e’ﬂydyds is the compensator of . From the application of Corollary 4.6 in [14], it follows that

M; = / e y(u(w,ds,dy) —v(ds, dy))
(0,/1xR

is a martingale, then IE, (M;) = IE, (M) = 0. It follows that

A
E, </ e_‘“dlx> = / / e yrBe PV dyds = / e % —ds.
.11 .11 JR+ 0,11 B

Taking the expectation in Eq. 14, we obtain that

By (e7X,) —x = — I, ( / (Xﬂa +y) - 5) e*@”ds) : (15)
0.1] B

Using Eq. 13, we obtain E, (X;) = (1 — e””)ﬁ + xe~ !, concluding that the limit lim,_, o, e~ &, (X;) = 0. With similar
arguments we obtain I, (| X;]) < \/% + % We can change the order between the expectation and the integral on the right-hand

side of Eq. 15. Taking the limit as t — oo in Eq. 15, we obtain that

—x = _/oo E, (Xs(oz +y)— &> e %ds.
0 B

The previous equality can be written in terms of the Green kernel by

A
X=/ (y(Oery)— 7) Gql(x,dy) (16)
R B
which is (i) in Theorem 2.2 with
A
f(y)=y(a+y)—g- a7

Now, we move on to find the Green kernel of the process.
It can be seen that for the considered process, there exists a function G (x, y) such that G, (x, dy) = G4(x, y)dy. As we can
not find G (x, y) explicitly, we compute its Fourier transform:

~ oo 00 .
Gyl(x,2) = / e Gy(x, y)dy = / e ™, (e'ZX’) dt.
—oo o
We need to compute [E, (eisz). In order to do that, we apply Dynkin’s formula to u(x) = €/**. We have u’(x) = izu(x),
u"(x) = —z%u(x) and

ZZ

Lu(x) = —yxizu(x) + _—u(x) + u(x)AB /00 (eizy - 1) e Prdy
2 0

(x) ‘+—zz+ izA
=ux —VX1 —_— .
YT T T e T
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By Dynkin’s formula, we obtain that

t 2 .
. i — A’
E, (e,le) e ol (/ u(Xs) (—stiz + TZ + IB‘Z iz) dS)
\ _

Denoting by h(x, t,z) = B, (€/*%) = B, (u(X,)), we have h(x, t, z) = E (i X,u(X,)) and the previous equation is

t 2 .

i A
h(x,t,z) — " = f —yzhy(x,s,2) + (—Z— 4
0

2 T B-iz

Instead of solving the previous equation, we try to find directly (A;a (x, z). Taking Laplace transforms in Eq. 18, we obtain that

)h(x,s,z)ds. (18)

- izx 1 %) 2 T
Galx,2) — — = */ yzh(x, s, 0 + (=5 4 2 Y hx, s, e % ds,
o o Jo 2 ﬂ —iz

which is equivalent to

) ) ~

z AiZ ~ G i

a+ - - — ) Ga(x,2) + yz——(x,2) = ™. (19)
2 B-iz 9z

About the initial condition, observe that éa satisfies

~ o0 1
Go(x,0) =/ Go(x,dy) = —
oo o

We solve explicitly Eq. 19. We first find

1.2

H@) =e %oz 5 (B—iz) 7,

and the solution of Eq. 19 is given by

Gutr.0) =+ (5 Fp iy ?) [T g in)Fac 20)
14 0 ¢

o A
for z # 0. Observe that H(z) — oo as z — 0 being equivalent to |z|” 7 8~ 7. On the other hand,

z ei ’x
/ d¢ —->0 (z—0)
o ¢H()
since the integral is convergent. We can use 1’Hopital rule to compute the limit of Go(x,2) when z goes to 0. We obtain that
lim; .0 Gy(x,2) = é concluding that the solution we found satisfies the initial condition.
We have obtained an expression for G (x, z), which allows us, for particular values of the parameters, to compute a dis-
cretization of G4 (x, z). From this discretization, using the discrete Fourier transform, we find a discretization of G4 (x, y) (we

have written an R script to do this) necessary to solve equation (ii) in Theorem 2.2.

Example 4.1 [ = a« = y = A = 1] Consider the process already presented with parameters 8 = « = y = A = 1. Equation 20
is

Gulx,2) = (e*%zzzfl(ﬁ - iz)*l)
(iﬁe"z(ﬂ —2x) (erf <x — %) - erf(x)) — (el HIE 1)) .

To solve numerically equation (ii) in Theorem 2.2, we use g(x) = x, function f given in Eq. 17 and the discretization of
Gy (x, y) obtained numerically as described above. The solution we found is x* = 1.1442. Figure 1 shows some points of the
value function, obtained numerically by the formula V, (x) = fxof Gy (x,y)f(y)dy. We also include in the plot the reward
function (continuous line). Observe that for x < x* (in the continuation region) V,, > g and the hypothesis of Definition 2.2 is
fulfilled.
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1.5

1.0

0.5

[ I I |
0.0 0.5 1.0 1.5

Fig. 1 OSP for the Ornstein-Uhlenbeck with jumps: g (continuous line), V| (circles) x* = 1.1442

Remark 4.2 (i) This example gives, up to our knowledge, the fist explicit solution to an optimal stopping problem for a process
with jumps that is not a Lévy process. (ii) We find interesting in this example the way in which the theoretical results, the Fourier
methods, and computational power gather. (iii) The same method gives, in the case « = y = 1 and . = 0, i.e., the process
without jumps, the threshold in accordance with the result obtained in [27].
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