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Abstract

A diffusion spider is a strong Markov process with continuous paths taking values on a graph with one
vertex and a finite number of edges (of infinite length). An example is Walsh’s Brownian spider where
the process on each edge behaves as a Brownian motion. In this paper we calculate firstly the density of
the resolvent kernel in terms of the characteristics of the underlying diffusion. Excessive functions are
studied via the Martin boundary theory. A crucial result is an expression for the representing measure
of a given excessive function. These results are used to solve optimal stopping problems for diffusion
spiders.
© 2023 Elsevier B.V. All rights reserved.
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1. Introduction

Diffusion on graphs has been a topic of intense research in the past decades. One of the
earliest papers in this direction is by Walsh [37], where he introduces a generalization of the
skew Brownian motion, later called the Walsh Brownian motion. This process lives on the half
lines in R? with only one common point, the origin of the plane, for instance. On the rays (or
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legs) the process behaves like a Brownian motion, and when this Brownian motion hits the
origin, it chooses, roughly speaking, a new ray randomly with an angle having a probability
distribution defined on [0, 277). A special case is when this distribution consists of finitely many
atoms. If n is the number of atoms then the process is called a Brownian (or Walsh) spider
with n legs. The Brownian spider can be seen as a diffusion on a star shaped graph.

Salisbury [32] gives a formal construction of the skew Brownian motion (the particular
case of a spider with two legs) based on the excursion theory of the right processes, see
also an earlier paper by Rogers [30]. The Walsh Brownian motion was considered by Barlow,
Pitman and Yor in [2]. They construct the process using the semi-group theory. Freidlin and
Wentzell [19] study diffusions on graphs through martingale problems, provide methods to
verify the weak convergence of discrete processes to these diffusions, and exhibit several
examples. Friedlin and Sheu [18] prove the 1t6 formula for diffusions on graphs and establish
large deviation principles. Papanicolau et al. [26] compute exit probabilities and related
quantities for a Brownian spider with equal leg probabilities. This is extended in Fitzsimmons
and Kuter [17] for Brownian motion on more general graphs. Kostrykin et al. [22] construct
Brownian motion on metric graphs identifying the generator of the process. Fitzsimmons and
Kuter study the harmonic functions of the Walsh Brownian motion in [16] and, more generally,
Brownian motion on metric graphs in [17].

For a more recent work see the paper by Karatzas and Yan [21] where they generalize
the Walsh Brownian motion to a semimartingale framework, provide an Itd type formula and
generalize other classical tools of stochastic calculus (as the removal of drift by a change of
the measure). They furthermore characterize the solution of an optimal stopping problem in
this framework, and discuss also stochastic control problems with discretionary stopping. An
optimal stopping problem on a Brownian spider, related to maximal inequalities, has been
considered by Ernst [15]. We refer also to Bayraktar and Zhang [4] for an embedding problem
for Walsh Brownian motions. For local times and occupation times for random walks and
Brownian spiders, see Csaki et al. [10,11]. In Dassios and Zhang [12] further results on hitting
times for Brownian spiders can be found, with a potential application in mathematical finance,
more precisely related to a liquidity risk problem in a system of banks.

In the present paper, following [2], we consider the case where instead of a Brownian motion
on the legs a regular recurrent diffusion is used. We call such a process a diffusion spider.

The contribution of the paper is twofold: Firstly, we derive (hereby our basic reference
is [30]) a formula for the Green function (resolvent density) of the process. This is used,
in particular, to characterize the excessive functions of the diffusion spider. For results on
excessive functions for Walsh Brownian motion, see also [4,21]. Secondly, we solve some
optimal stopping problems. For the solution of these optimal stopping problems we use two
closely related but different methods, inscribed in the so called representation approach: (i)
when the stopping region is expected to be connected, the candidate for the representing
measure of the value function is used in order to find the solution, (ii) when the stopping
region is expected to be disconnected, a verification theorem is adapted from [6], based on
the notion of the extension of the negative set of the problem (see also [9]). Both methods
above require the computation of the Martin kernel, or equivalently the Green kernel. It is very
well established that the resolvent kernel (i.e. the integration against the Green function) is the
inverse operator to the infinitesimal generator of the process. This second operator is described
locally inside the edges as a generalized differential operator obtained from the infinitesimal
generator of the underlying diffusion. To complete the description of the infinitesimal generator
(and the process) we should determine its domain. In our approach to optimal stopping we use
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the relationship between the resolvent operator and the infinitesimal generator as a tool but
circumvent the consideration of the domains of the operators.

The rest of the paper is organized as follows. In Section 2 we introduce the diffusion spider
and discuss its existence as a strong Markov process. After this, in Section 3 some preliminaries
on linear diffusions are presented. In Section 4 the first main result of the paper is given,
that is, an expression for the density of the Green kernel of the spider. We proceed then in
Section 5 by computing the Laplace transform of a hitting time associated with a diffusion
spider. Section 6 contains central main results of the paper concerning the representing measure
of a given excessive function. Other characterizations of excessive functions are also discussed.
In Section 7 we proceed with general results on optimal stopping, applied to diffusion spiders,
adapted from [6,9]. In Section 8 we solve three examples of optimal stopping for a Brownian
spider. The first one has a connected stopping region and the solution is obtained by analyzing
the representing measure formulas for the candidate value function. The other two examples
have disconnected stopping regions and are solved once the existence and the uniqueness of
the solution of the associated equation system is established using the results of Section 7.
We conclude with four appendices containing the lengthy and technical proofs of some of the
results in Section 7; in particular, the fourth one is about the smooth fit principle for diffusion
spiders.

2. Definition and existence of a diffusion spider

Let X = {X;:t > 0} be a recurrent linear (Feller) diffusion taking values in [0, 00). It is
assumed that 0 is a regular boundary point with reflection, and +oo is natural (for the boundary
classification of a linear diffusion, see, e.g., [5]). The notations P, and [E, are for the probability
measure and the expectation operator, respectively, associated with X when initiated at x.

Consider a “star shaped” graph I" C R? with only one internal vertex taken to be the origin
of R2, and n edges ¢4, ..., ¢,, also called legs, meeting each other the origin 0. Hence, the
legs are of infinite length. For x > O and i € {1, 2, ..., n} we let x = (x, i) denote the point on
I" located on the leg ¢; at the distance x from the origin. For any i the point (0, i) is identified
as the origin. The topology on I is the relative Euclidean topology, and, hence, I" is a locally
compact Hausdorff space with a countable base.

On the graph I' we consider a stochastic process for which we use the notation

X ={X; = (X, p):t =0},

where p, € {1,2,...,n} indicates the leg on which X, is located at time ¢ and X, is the
distance of X, to the origin at time ¢ measured along the leg p,. On each edge i = 1,...,n
before hitting zero, the process X behaves like the diffusion X. As a part of the definition of the
process there is a vector p = (py, ..., pp) such that p; >0 (@ =1,...,n)and > |, p; = 1.
When X hits 0, it continues, roughly speaking, with probability p; on the leg ¢;. In Fig. 1 we
have illustrated such a graph with 3 legs.

This process when X is a reflected Brownian motion was introduced by Walsh in [37], and
is, hence, in this case, called the Walsh Brownian motion with discrete (finitely many atoms)
distribution for the angles. A formal construction of the Walsh Brownian motion based on the
semigroup theory was given by Barlow et al. in [2]. We refer to [3] also for earlier references.
According to the remark on p. 281 in [2], a similar construction can be carried out in our case
where the underlying process is X, i.e., a general recurrent Feller diffusion on [0, co) reflected
at zero. We call this process a (homogeneous) diffusion spider. It is a strong Markov process
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Fig. 1. A star graph with 3-legs.

with a Feller semigroup and continuous sample paths (in the relative Euclidean topology on
).

To indicate explicitly the number of legs and the probabilities for the excursions we write
X = (X, n, p). The notations P, ;y and E, ;) are for the probability measure and the expectation
operator, respectively, associated with X when initiated at (x, /). The term homogeneous refers
to the property that on each leg the movement is governed by the same diffusion X. The non-
homogeneous case is the one when the diffusion is not the same on each leg. This situation
and also more general graphs has been considered in [19].

3. Preliminaries for linear diffusions

Consider the linear diffusion X introduced above. Recall that the generator of X is given in
the form

d d
Gu :

~dmds" M
where m and S denote the speed measure and the scale function of X, respectively, and u
is a function in the domain of the generator. Recall that O is a regular boundary point with
reflection. For simplicity, it is assumed that m({0}) = 0. We also put S(0) = 0.

In addition to the diffusion X, we need also the diffusion X? with the same speed and scale
as X but for which 0 is a killing boundary. For r > 0 let ¢, (¢?) and v, (/) be the decreasing
and the increasing, respectively, fundamental solutions of the generalized differential equation

d d

%ﬁf=rf

associated with X (X?), see, e.g., [5]. These functions are non-negative, continuous and unique
up to multiplicative constants. For simplicity, it is moreover assumed that ¢, and ¥? are
differentiable with respect to S. To shorten the notation, the subindex r is omitted and it is
written, e.g., ¢ instead of ¢,.

Recall also that

d
ro=0 Lon=0 o= @

and for x >0
E, —rHpy _ @, 3
e 20) 3)
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where H, :=inf{t : X, = y} with y = 0. Moreover, we normalize

9 dy’
90)=¢°0)=1, and E(O-l—) =1, @
and, consequently, the Wronskian w, of X? is given by
dy’ de = 4 dy’
= — —_ - 0 == 17 5
w 7S (x)p(x) dS(X)W (x) 7S (0+) )

where it is used that the Wronskian does not depend on x and that
dg
—(0+) > —o0, 6
7 S( ) 6)

since 0 is assumed to be a regular boundary point. Finally, because 400 is taken to be natural,
it holds

d
lim 2 =o. %)
x—+oo dS

4. Green kernel

Consider now a diffusion spider X = (X,n,p) with n legs and the corresponding
probabilities py, pa, ..., py. Define

m(dx,i) = pm(dx), i=1,...,n, m({0}) := 0,
S(dx,i) = iS(x).
Pi

We call m and S the speed measure and the scale function, respectively, of X. Clearly, on every
leg ¢;,i =1,...,n, of the spider it holds

d d d d

dmdS ~ dmdsS’
The main contribution in this section is an explicit expression of the Green kernel (also
called the resolvent kernel) for X defined as

G, f(x.i) = / e "B (X)) dr. ®)
0

where r > 0 and f:I' — R is a bounded measurable function. This is accomplished by finding
its density.

Theorem 1. The Green kernel of the diffusion spider X has a density g, with respect to the
speed measure m which is given for x > 0 and y > 0 by
MY, x=y i=j
g ((r, 1), (5, ) =@ i), y=x i=] ©)
o leMe). i # .

where

- 1 . 1
Y(x, i) = —y2(x) + —p(x), (10)
Pi Cr
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and

d
=200 . 11
c ngo( +) >0 (11)

Proof. We apply the strong Markov property of X at the first hitting time

Hy :=inf{t > 0:X() = 0}
of the origin to obtain the following equation for the Green kernel (see Lemma 1 in [30])
Grf(x5i)=fo(xvi)+E(¢\,1)(e_rﬁ0)Grf(0)’ xzovi € {1725""’1}7 (12)

where Gf is the Green kernel of X killed when it hits 0 and f is a real-valued, bounded and
measurable function defined on I'. Since X behaves on the legs before hitting 0 as the diffusion
X before hitting 0 the Green kernel G? coincides on a given leg with the Green kernel of X
killed at 0. Hence, for all i

Gl f(x,i)= /0 g2 (x,y) f, iym(dy),
where

, viMek), 0<y<x,
g (x,y)= (13)
YIe(y), 0<x<y,

see [5] p. 19 and recall (5). Consequently, G? has a density g (with respect to m) given by
) 0, i #]
g (.. =1 o (14)
&, Y)/pi, i=]

Consider now the second term on the right hand side of (12). Clearly, for all i

Ei.iy(€770) = Bo(e7 ) = p(x), (15)
where (3) is used. To find G, f(0) recall formula (2) in [30] saying that
G foy="L (16)
rv,1

Here v, refers for any r > 0 to a non-negative o-finite measure obtained as the Laplace
transform of the excursion entrance law associated with X for excursions starting from 0. The
excursions from 0 of the diffusion spider take place on the legs, and we let (£, i) denote such
an excursion on the ith leg with £ as an element in the space

U :={£:]0,00) — [0, 00) : & continuous, £(0) =0,
and 3¢(&) > 0 such that £(0) > 0 for 0 < ¢ < ¢(§) and
§(1)=0fort > ¢(&)}

Let v denote the It6 excursion measure of the linear diffusion X for excursions starting from
0, see Revuz and Yor [29] Chapter XII, that is

V(A =v({EeU:E@t) e A,0 <t < (&), A€ B([0, 00)),
and it holds (see Rogers and Williams [31] and Salminen, Vallois and Yor [35])

V'(A) = / h(t, y) m(dy),
A
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where
h(t,y) = Py(Hy € d1)/dt.
For the Laplace transform of v'(A) we have
o0 o0
v (A) = / e " (A)dr = / m(dy)/ dre”"h(t, y) = / @(y) m(dy).
0 A 0 A

Let A = U!_,(A;, i) with A; € B([0,00)),i = 1,2,...,n, be a subset of I'. Then the
excursion entrance law v’ of X has the representation

v'(A) = Xn:l)i VI(A)).
i=1
Consequently,
v (A) = Xn:Pi vr(A;) = Xn: Pi/A e(y)m(dy),
i=1 i=1 i
and putting here A; = (0,00), i =1,2,...,n, yields

rv.l=r Zpi /0 o(y)ym(dy) = r/(; o(y)m(dy)
i=1

/OO d d (y)m(dy) d 0+)
= _— m = —— :Cr,
s dmas? ) T Tys?

where (4) and (7) are used. Hence, for the real-valued, bounded and measurable function f
defined on I" we may now write, cf. (16),

1 « o0 .
G IO ==Y p [ o)s0. iy,
Cr i—1 0
and the density with respect to m(dx, i) is then

1
g0, (i) = C—so(y), (17

which does not depend on i. Combining (14), (15), and (17) results to the formula

1 . 1
g ((x, D), (y, j) = ;I/fd(x)(p(y)l{i:j] + —e@e(),
J r

concluding the proof. O

It is interesting and useful to note that the function ¥ appearing in the formula for the Green
function is increasing and can be seen as the increasing fundamental solution associated with
a skew diffusion. This is made precise in the next proposition and its proof.

Proposition 1. Foralli =1,...,n, the function
- - | 1
Y(x) = Y(x,i) = ;w”(x) + ), x=0,0<pi<l,

is positive and increasing.
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Proof. The positivity of ¥ is immediate from the definitions of %% and ¢. To prove that v is
increasing let i be fixed and consider a diffusion spider with 2 legs with p = (p;, 1 — p;). This is
probabilistically equivalent with a skew diffusion on R when we identify, for instance, the leg 2
with the negative half line. Let X denote this diffusion with the fundamental decreasing and
increasing solutions ¥ and %), respectively. Using the Green function given in Theorem 1
we can deduce the following expressions for ¥ and %

sk Jer¥(=x,2), x <0, ko | 9(=X), x <0,
v (x)_{w(xm vz0, U T leden, xzo 1o

where
- | R 1
Yix, 1) = —v¢°(x) + —px).
Di Cr
Because ¥ is increasing so is also v. O

Remark 1. We show here how to verify that ¢ is increasing with elementary calculations in
the special case when m and S have positive and continuous derivatives. The task is to check
that

dyr 1 dy

—(x) = — 0. 19

SO T S dr ™ (19)
For this, consider

dyr 1 dy? 1 do 1 dy® 1 dy

)= — —T(x)= — — - 20

s = 5 ds O 5 as = 5 as O me asY (20)
Taking limit as x | 0, we obtain

dyr 1 dy? 1 do 1

—(04) = ———(0+) — —O0+)=——-1>0.

2500 = 5 as O " mnas P =5
Differentiate with respect to m in (20) to obtain

d dy 1 d dy’° 1 d dy ro r

— )= ——— — )= — — 0.

dm dS x) pidm dS () + ¢, dm dS(x) pi v+ cr ¢ >

This means that x +—> %(x) is increasing. Therefore,

dvyr dyr
0+) < E(x)’

0 0
T

and the inequality in (19) follows. Hence, %(x) > 0 since S’(x) > O by the assumption.

Example 1. Consider a Brownian spider X with n legs and the corresponding probabilities
P1s P2, ..., Pn. The underlying diffusion X is a reflecting Brownian motion and the scale
function and speed measure of X are S(x) = x and m(dx) = 2dx. Moreover,

1 1
p) =g’ =e"",  Y()=Zcosh@®x),  Y'(x) = sinh(ox),
where 6 = +/2r. These functions meet the normalizations made in (4). We have

4 0+ =6
¢ =—— =0,
as?
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and, hence,

Y~ 11 I .
x[/(x,z)z—ﬁ smh(@x)—}—ge . 2n

1

The Green function, see Theorem 1, is in this case given by

L—60x (1 -6 .
7€ (Esmh(éy)—i—e y), O0<y<x, i=}],

g((x, i), (v, ) = | Le= (5 sinh(6x) +e*9x) . O0<x<y, i=]j (22)
Te fxe=0y, i # .
Notice that g,(0,0) = 1/0 and that the Green function is continuous everywhere (and in

particular at 0). It is possible to obtain the density function of the Brownian spider with respect
to the speed measure m by inverting the Laplace transforms above. In fact, as the Green
kernel is a linear combination of the Green kernels of the killed BM and the standard BM,
the corresponding densities can be obtained through the same linear combination. We obtain,
when i # j, that

2p; G+y)? .
pj e ’ i 7& Js
2t

pt: (x, i), (v, j) =

and fori = j

Pt (x, i), (v, 1) =

=2 _ p? 2pi  _@y?
e 2t —e 21 —+ e 2,
2t

|| —
?‘
-

5. Hitting times
Let X = (X, n, p) be a homogeneous diffusion spider and y = (y, 1) a fixed point on I
Define the hitting time
Hy =inf{t > 0:X, =y}.

The objective here is find Ey (e_’HY), the Laplace transform of Hy. Let x = (x,i) be the
starting state of X and assume first that i # 1. In this case we observe that by the strong
Markov property it holds

Ex (e7"H) = E, (e”(Hy"eHﬁH")) =Eyx (™) By (™) = %Eo (™),
%

where 6, denotes the usual shift operator. To calculate Eg (e”Hy ) we consider an auxiliary
skew diffusion X“¥ defined on R (see the proof of Proposition 1), such that

Pox =0 =1—pi,  Pox” =0)=pi.
Then, since the spider diffusion behaves as X on each leg before hitting 0 we have

. PR LCLI(0)
Eo (e ) =Bp" (e H’)Z‘&T@)
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where 1% is the increasing fundamental solution associated with the skew diffusion X0
We conclude that

p(x) YO0(0) .
m—t/f“k)(y)’ O<xonlegi #1,
(sk)
Ex (™) = % 0<x<yonlegl, (23)
Yy
w, O0<y<xonlegl.
P(y)

Recall that 1% can be expressed in terms of the functions ¥ and ¢ as displayed in (18)
taken therein i = 1.

Example 2. For a Brownian spider we can write the Laplace transform in (23) explicitly
using

p(x)=e, x>0,

1 —2p,

YOO (x) = sinh(0x) +e’, x>0,

where ¢ (¥©“¥) are, for x > 0, the decreasing (the increasing) fundamental solution for the
skew Brownian motion with parameter § = p; normalized as in [5] A1.12 p. 130. Observe
that

1-2 I I
YOy = — P Ginh(@x)+e = — sinh(6x)—2 sinh(6x) 4% = — sinh(6x)+e
p1 P P1

and, hence, under this normalization, ¥ ¥ equals with the function v appearing in (18) when

i=1.

6. Excessive functions

Recall that for a given r > 0 the measurable function f:I" — [0, 00) U {+o0} is called
r-excessive for X if for all (x,i) e I’

e "Eqi) (fX0) = flx, i) (24)
and
lime™" B ) (f (X)) = f(x, D). (25)

Since X is regular in the sense that every point of I is hit with a positive probability it follows
from (24) that if (x,i) € I' is such that for an excessive function f it holds f(x,i) = 0
(f(x,i) = 4o0) then f = 0 (f = +o00). These functions are called trivial r-excessive
functions.

We study the non-trivial r-excessive functions of X via the Martin boundary theory. Using
the Martin metric induced by the Green function g, the state space I" of X is compactified to
I'=ru {(c0,i):i=1,2,...,n} (the Martin compactification). For every (y, k) € I define

10
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an r-excessive function by

gr((xa l)v (y5 k))
. . gr (07 (ys k)) '
(x, 1) = w((x, 0); (v, k) = .
gr((xv l)’ (Z7 k))
im ———,
=00 gr(oa (Zv k))
These functions are called the minimal r-excessive functions of X attaining the value 1 at 0.
Let o be a probability measure on " and define for (x,i) € I

0<y<oo,

h(x,i;o) = Z/ u((x, 0); (v, k) o(dy, k) +u.((x, i); 0) o ({0}). (26)
k=17 (0:00]
Notice that #(0; 0) = 1 since o is assumed to be a probability measure. It can be proved
directly that & is r-excessive for X but this also follows from the Martin boundary theory.
In fact, there is a one-to-one correspondence between the probability measures on I' and the
non-trivial r-excessive functions of X. For this, see [23] Theorem 4 p. 513 which is proved
under Hypothesis (B) p. 498 valid in our case since the Green function is symmetric (and,
hence, X is self-dual).
Consider next

g ((x, i), (z, k) _ Jervle, D), i=k

r ) s 5 ’k = 1 B
U (Cx. D) (00, K)) =l = 0. @ ) oL, i #k

27

where 1} is given in (10). The function (x,i) +— u,((x,i); (00, k)) is r-invariant (and also
r-harmonic) for X since its representing measure is supported by the infinite part of the
Martin compactification. Moreover, all (positive) r-harmonic functions can be written as linear

combinations with non-negative coefficients of u,((x, i); (00, k)),k = 1,2, ..., n. Therefore,
given a positive r-harmonic function H there exists a; > 0,7 = 1,2, ..., n, such that
H(x, i)=Y aru((x,): (00, k) = aic,r(x, i)+ Y arp(x)
k=1 k=1,ksi
a;Cy . "
= Tw%x) + o)) . (28)

k=1

Clearly, (e H(X;));>0 is a positive martingale and H(0) = a; + - - - + a,. Notice also that
since both ¥? and ¢ are r-harmonic for X?, it follows that H when restricted on the leg i is
r-harmonic for X? on that leg. However, there are harmonic functions of X? which are not
harmonic for X, e.g., ¥?. In Theorem 5 this issue is taken up more in detail.

Example 3. In the particular case of the Brownian spider, the general form of a harmonic
function is

Hx, i) = %W(x) +o0) Y ar = Lsinh@x) + e Y, (29)
i k=1 i k=1

since

1 d
o(x) = e %, vi(x) = 5 sinh(0x), ¢ = —E¢(0+) =60 =2r.
11
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In the next theorem formula (30) states a fundamental property of r-excessive functions
found earlier in the literature, see, for instance, Freidlin and Sheu [18] p. 183 (where (30) is
called the glueing condition), Theorem 4.1 in Fitzsimmons and Kuter [16], and formula (5.7)
in Karatzas and Yan [21]. In [16,21] a more general process with uncountable many rays is
considered. The proof below is based on the Martin representation (26) and extends the proof
from the one-dimensional case as given in Salminen [33] (3.7) Corollary.

Theorem 2. Let f be a non-trivial r-excessive function of X. Assume that f(0) = 1 and let
o be the probability measure such that the right hand side of (26) represents f. Then

£7(0, i) = lim f@.H -1
510 S(8) — S(0)
exists for everyi =1,2,...,n, and
Df(©0):=) pift0,i)<0. (30)
i=1
Moreover, for x > 0andi =1,2,...,n
f(x, i) :=1lim foh) = fx = 3,1) and f*(x,i):=lim fa 40,0 fix, i).
s10 S(x)—Sx —9) 510 S(x+6) — Sx)
exist, and satisfy
e o(a)i)

fr =i = =0. €19

pi o)

Proof. We assume that (26) holds and write
+o00 : .
. gr((xsl)7 (yvl)) .
f(x,l)=/ ——————o(dy,i)
0

20.(v,1)
T g ((x, 1), (. K) g ((x,1),0)
+ ——————0(dy, k) + ———0(0
;/0 20.0.k) (O e 7
= Al + Az + A3.

Consider first Ay. Plug in the explicit expression for the resolvent density (Green function)
from (9) and recall ¢(0) = 1 to obtain

(FvP@ + o)) o)

(FP )+ o)) o)
A, =f 1 o(dy,i)+/ 1 o(dy, )
©0,x] 590 (x.00) 590
G v . .
=7 () o(dy, i)+ ¥ (o ((x, 00), 1) ) + (0o (0, X1, 1)
Di ©0x1 ()

+ p(x)o((x, 00),i).
For A, it holds
+oo Lo(y)p(x)
A = Z/ W“(dy’ k) =¢(x) Yo (0, 00), k),

ki Y0 ) ki
12
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and for Aj
1

—o(x)
Ay = 222 50) = p(x)0 (0).

1
Cr

Consequently, since o is a probability measure, we have

Cr .
f,i)y=A1+ A+ A3 = ;w(X)v(x,lH—w(X), (32)
where
9 ?
v )= [ LD 0wy b+ 0 x, 000, i) (33)
©0x1 ¢O) P(x)
We prove next that f1(0, i) exists and find its value. For this it is enough to calculate

3,1) —v(0,1i . 3,1
v1(0,i) ;= lim —v( D)~ v0.9) = lim —U( l),
810 S(8) — S(0) 510 S(6)
where we used v(0, i) = 0 and S(0) = 0. Consider now the limit of the first term on the right
hand side of (33):
1 ? 1 (s
P w(y)a(dy,i)f—w()
S(%) (0,8] o(y) S(3) ¢(4)
as § — 0, since (cf. (5))

LYe | w

SG) 9®) @02
and ¢ ((0, 8),i) — 0. Hence, v(0, i) = o((0, 00), i) and we have (cf. (11))

0((0,4],i) = 0,

FHO. ) = Lo (0. 000, ) + 220) = o0, 00). 1) — - (34)
Di ds Di
Consequently,
DFO) =) pifr @)= (pi (%o((o, 00), i) — c))
i=1 i=1 !

=c Z (0((0, 00), i) — pi)

i=I

—¢, (1 - Za((O, 00), i))

i=l1

= —co({0}) <0, (35)

where it is used that ¢ is a probability measure. This proves (30). Statement (31) can be verified
with similar calculations. We skip the details. [

In the next two theorems, the first one with some overlapping with Theorem 2, we give
explicit forms of the representation measure of a given excessive function. These formulas are
our key tools in solving optimal stopping problems for diffusion spiders. In the first theorem
we consider excessive functions taking value 1 at the origin 0. In the second theorem general
formulas are presented when the value 1 is attained at some other point on .

13
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Theorem 3. Let f be a non-trivial r-excessive function of X such that f(0) = 1, and o its

representing measure. Then for all x > Q0 andi =1,2,...,n
o((x,00),i) = ? (fFx, Do) — et () fx, 1)), (36)
o({x},i) = b (f &)= frex, i), (37
cro(x)
and
l & . 1
o((0h = —— ; pift0.0) = ==DJ). (38)

Proof. Recall that f has the representation (32). Our first task is, hence, to find the derivative
of v defined as

+ . . v(-x—‘f_av i)_v(x7i)
v (x,i) = lim
810 S(x +8)— S(x)
It holds for § > 0

v(ix +6,i) —v(x,i)

[V Wt VW .
= o o 0+ A 8,000 = 0 00
Since
| ! vy v ))-
S5 U i @9~ g 7 +ok) =0
we have
N L (L v .
VOIS T s g r e e TR

1
= WU((X, 00), i),

where (5) is used. Consequently, cf. (32),

frei = %W(X)U(X» i)+ %w(X)W(x, i +et)

¢ ., ¢ o((x,00),1)
= —¢ T ((x, i)+ ————= + ¢ (x),
Di pi o)
and (36) results after a straightforward computation. Recalling that ¢(0) = 1, ¢, = —¢™(0),
and f(0) = 1 formula (38) is obtained from (36) when taking x = 0, also cf. (34) and (35).

Finally, (38) follows directly from (35). O

We consider now an r-excessive function f taking value 1 at a point x, = (x,, i,) € "\ {0}.
Then there exists a probability measure oy, such that for all (x, i) € I" it holds

e [T, D), (0, ) g ((x,1),0)
,1) = - 0.y, k —— o, ({0}). 39
£ ) k;/o g (x, 0, 1) Py 7O &

14
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Theorem 4. Let f be an r-excessive function with the representation as in (39). Then for
X > x, on the leg i,
0%, (x, 00), ip) = pi, ¥ (%) (fF(x, in)p(x) — 9T (X) f(x, i) , (40)
and for 0 < x < x,
0%, ((0, ), ip) + 05, ({0}) + D 0, ((0, 00), k)
kio

= D) (FO iV (6, 0) = (LT, ) (41)

Proof. Let x > x, on the leg i,. Then

[T g i), 0 ) f“"’ 8((x. ). (v, k)
= [ B 0N ay, B0 DD oy, k
i = [y o+ 2y et Gy O

r 3 j k] 0

810 0) (o)) = A+ Ag+ A,
2-(%,,0)

Using (9), one readily verifies that

V(. ig)p(x) V(x, i)

Ux((ox]l)+/ —————0%,(dy, ip) + ————
0 o o] ¥ (X0, i0)p(y) ’ Y (xo, io)

@(x)
e
4= Y 200,00,

k;éto
@(x)

¢(xo)

Since oy, is a probability measure, a simplification yields

1= UXO((X, OO), i0)1

—— o, ({0D).

3=

. o(x) / U (y, io)p(x) .
9 = X 0 - __ X d 9
fx,ig) = o0r )0 0 (0, X1, ip) + o w(xo,io)w(y)a oy, ip)
L IEW) ooy i)
ng(;,lo)
X
+ 22 (1 — 0, (0, 00). i)
@(xo) 3 y
¥ (y, io) i v(x, ip) i
= o(x) DN G (dy.io) + — gy ((x, 00). o)
P\ o P e T ol i l°>
+ (p(x)l - OXQ((xO’ OO), 10)
(x0)

- UX()((-XO7 00)7 l())

= p(x)v(x, io) + ¢(x)

@(x0)

The aim is to calculate the derivative of f. For this, consider

. . U (y, o) .

v(x + 8, ip) — v(x, ip) = / ——————0x,(dy, i)
.x+31 ¥ (xo, io)@(y) 0
x+6,1 )
W(—~())_ox0((x + 6§, 00), ip)

@(x + 8)¥(xo, io)

_ Yx, o)
@)V (x0, io)

OXQ((x’ OO), lO)

15
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This yields

N 1 Y(x +8,i0)  Y(x, i)\ ox((x + 8, 00), o)
v (x,ip) = lim — =
510 S(x +8) — S(x) \  (x +98) o(x) ¥ (x0, o)
. 1 (W(x +6) x/f*’(x>> 0y ((x + 8, 00), i)
510 S(x +8) — S0 \ p(x +8)  @(x) pivr(xo. io)

1 oy ((x,00),ip)
TP (x, i)
Finally, we obtain by substituting and differentiating the following expression
o (¥, 00).i0) | 1= 0y, ((x0, 00). o)
P ™ Fei YT e
which implies (40). The expression (41) is proved similarly, we omit the details. [

fH(x,io) = T (v(x, i) + p(x)

’

We can also characterize r-excessive functions in the following way (cf. [4,16], and [21]).

Theorem 5. A measurable function h: I’ — [0, 00) is r-excessive for X if and only if

(a) the function x — h(x,i), x > 0,i =1,2,...,n, is r-excessive for X2
(b) the gluing condition holds:

DA(0) ==Y p;ih*(0,i) < 0.

i=l1

Proof. Assume first that & is r-excessive for X. Then (b) holds by (30) in Theorem 2. To
verify (a), we recall from (32) and (33) that on the leg i

h(x, i) = %rp(x)v(x, i)+ (x)

Cr )Y (y) . : .

=— (/ === 0(dy, i) + ¥’ ()0 ((x,00).1) ) + ¢(x).
Pi \Jox1 o)

Using herein the explicit form of the Green function g? associated with X? as given in (13)

yields

h(x,i)=;—’ f g2 (x. y) udy. i) + p(x), (42)
i JO

1
where u(dy, i) :=o(dy,i)/¢(y) is a finite measure on R, . Consequently, 4 is r-excessive for
X? since the first term on the right hand side of (42) is 7-excessive by the Riesz representation
and, clearly, also the second term is such a one.

Assume next that (a) and (b) hold. We remark that (a) alone does not imply the claim.
Indeed, the function h(x, i) := wa(x) + 1 is continuous, strictly positive and r-excessive for
X? but not r-excessive for X. Indeed, if & were r-excessive then the representing measure
should put a non-negative mass at 0. But 2+(0,i) = 1 for very i and, hence, from (38), the
mass is strictly negative, which contradicts the assumption of the r-excess. Since it is assumed
that x > h(x, i) is for every i r-excessive for X? its representing probability measure is given
for every i by

o¥((x, 00],i) = Cy (h*(x, Dp(x) — pT(OA(x, 1)), x> X, (43)
16
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and
o([0,x), 1) = Cy (h(x, DW*) (x, i) — h™(x, DY (x, 1)), 0<x <X, (44)

where x, > 0 is a point such that i(x,,7) = 1, and C, and C, are constants (which can be
calculated explicitly and do not depend on x). Notice that (43) and (44) induce probability
measures in fact for any x, > 0 since given an arbitrary x, > 0 we may consider the
representation of the function x — h(x,i)/h(x,,i). Consequently, the expression inside the
parenthesis in (43) is positive and decreasing as a function of x > 0. Moreover, it is bounded
by (b) and the assumptions on ¢, cf. (4) and (6). We assume now without loss of generality that
h(0) = 1. It is also assumed that / has a representation as given on the right hand side of (26).
The derivation of the formulas (36) and (38) in Theorem 3 is based only on the assumption
that the representation (26) is valid. From the discussion above we conclude that the expression
on the right hand side of (36) induces a measure. By the assumption (b) the mass at 0 is non-
negative. Therefore, the function . has the representation given on the right hand side of (26)
with o as a probability measure. Consequently, & is r-excessive for X. O

The proof of Theorem 5 yields also the following characterization of excessive functions
expressed solely in terms of 4 and its derivatives.

Theorem 6. A measurable function h: ' — [0, 00) is r-excessive for X if and only if
(a) for every x > 0 and i = 1,2, ...,n the derivatives h™(x,i) and h™(x, i) exist,
(b) for everyi =1,2,...,n the function
x = hT(x, De(x) — et (x)h(x,i), x>0.

is bounded, positive and decreasing,
(c) the gluing condition holds:

Dh(0) := > pih*(0,i) < 0.

i=1
7. Optimal stopping

Consider a continuous function g: I" — [0, co) called hereby the payoff function. We
assume moreover that g is differentiable (with respect to the scale) on the interior of the edges,
and has the right derivatives at 0 along the edges. Let M denote the set of stopping times
adapted to the filtration generated by X. Our optimal stopping problem consists of finding a
function V, the value function, and a stopping time 7*, an optimal stopping time, such that

V(= sup Ex (e g(X(1))) = Ey (e—”* g(X(r*))) . (45)
In order for the value function to be finite, we assume the following condition to hold:
Ey (sug(e” g(X(t)))) < 0. (46)
1>
In (45), when t(w) = 400 we define
e Tg(X(1)) = lifn supe " g(X(2)). 47)

Let us mention that, as there exist several approaches to solve optimal stopping problems
for linear diffusions, it is natural to expect that some of them can be reasonably extended to the

17
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described probabilistic framework of a diffusion spider. In the present paper we choose two of
them. The first one is in the core of many posterior approaches, we call it a representation
approach, and consists in the examination of the representing measure of the candidate
excessive value function, as initiated in [33]; the second one analyzes the negative set of
the problem computed from the generator and the payoff function, initiated in [8]. Other
approaches, as the one based on harmonic functions in [7], the one based on convex functions
in [13], or the one via linear programming in [20], and, of course, the classical approach based
on the martingale theory and the smooth fit-principle can hopefully also be applied successfully.

We begin with a criterion to check the finiteness of the value function for a given payoff
function g. Since we have an explicit description of the harmonic functions in (28) we may
and do apply this criterion in Section 8 when studying examples of optimal stopping.

Proposition 2. Assume that there exists a positive r-harmonic function H of X such that g/H
is bounded. Then, the value function in (45) is finite.

Proof. We use the argument presented, e.g., in [6] Proposition 3.3. p. 2570. For this, recall
that {e™"" H(X(¢))};>0 is a positive martingale. Letting C be a bound of g/H then it holds for
an arbitrary stopping time t

X:
Ex (7" g(Xr)) = Ex (e—"%mxf))
< CEx (e ""H(X,))

< CH(X) < 00,
where in case t(w) = 00

e "THX,) = zliglo e "HX,). O

Theorem 7. The value function V is the smallest r-excessive majorant of the payoff function
g. An optimal stopping time of the problem (45) is given by

™ =inf{r > 0:X(¢) € X},
where

Y={xel:gx)=VX} (48)

Proof. Observe that the state space I” is a locally compact Hausdorft space with a countable
basis (i.e. semi compact), the process has continuous trajectories and is strong Markov.
Furthermore the function g is assumed to be continuous and to satisfy the condition (46).
Then the first claim follows from Theorem | p. 124 in [36] and the second one from Theorem
3p. 127 inibid. O

The set X' introduced in (48) is called the stopping region and its complement C := X' the
continuation region of the OSP (45).

The next result is essentially Corollary on p. 124 in [36], and can be used to verify that a
candidate value function is indeed the true value (see, e.g., [1,24], and [25]). We apply this,
in particular, in our first example below. Recall that the underlying diffusion is assumed to be
recurrent and, hence, the first hitting time H, defined below is a.s. finite.

18



J. Lempa, E. Mordecki and P. Salminen Stochastic Processes and their Applications 167 (2024) 104229

Theorem 8. Let A C I be a (non-empty) Borel subset of I' and
Hy :=inf{t > 0:X, € A}.
Assume that the function
V(x) =By [e" 1 g(Xu,)]
is r-excessive and dominates g. Then, V coincides with the value function of OSP (45) and
Hy is an optimal stopping time.

We have the following sufficient condition for 0 to belong to the continuation region.

Proposition 3. If

Dg(0) =) pig"(0,i) >0, (49)

i=1

then 0 € C.

Proof. Notice that Dg(0) is well defined by the assumptions on g. Suppose that (49) holds.
If 0 € X then, from (48), g(0) = V(0). Since V is r-excessive we have DV(0) < 0 by
Theorem 5. But since V(x) > g(x) for all x € I' it follows that 0 < Dg(0) < DV(0) < 0
which is a contradiction. This concludes the proof of the proposition. [

We proceed now to characterize the stopping set as a unique solution to an integral equation.
It is seen that these results can be derived by modifying/converting the approach presented
in [6] for multidimensional diffusions to the present case with diffusion spiders, but, of course,
the rdle played by the node point must be analyzed carefully. The first result, Theorem 9, is
a verification theorem presenting the key integral equation for the stopping region, and the
second one, Theorem 10, is for the uniqueness of the solution of this equation. The proof of
the uniqueness uses ideas presented in Peskir [27] and [14]. Examples in Sections 8.2 and
8.3 below illustrate the approach based on these results. The proofs of the results are given in
Appendices A and B, respectively.

For this program, recall the notation, cf. (8) and (9),

Grf(xs )= ]E(x,i) |:[)oo€_rt f(Xt)dt]

n +oo
> /O g ((x. i), (3, ) £(y. k) pim(dy), (50)
k=1

with a measurable and bounded f : I' — R. In fact, if f is “only” locally bounded and
satisfies

Zfo eI (3. D)l pi m(dy) < 00 (51)
i=1

then we still have for all (x,i) € I’
|G, f(x, i) < o0.

Using the strong Markov property the following decomposition for the Green kernel is seen to
hold

Grf(xa l) = IE(x.,i) |:e_”Grf(Xr)1{1'<oo} + / e_rtf(Xt)dt] ) (52)
0
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where f : I' — R is a locally bounded and measurable function satisfying (51) and t a
stopping time in the filtration generated by X.

Theorem 9. Assume there exist a locally bounded and measurable function f : I' — R and
a constant Ag (both depending on the payoff function g) such that (51) holds, and g can be
written for all (x,i) € I' as

g(x, i) =G fx, i) + g ((x, 1), 0) Ao. (53)
Assume also that there exists a (non-empty) closed Borel subset O of I' such that
@) if (x,i) € O then f(x,i) >0,
) if Ag <0 then0ec O°:=1\0,
and that the function V:I >R defined by

V((x, 1) =G, (1o f)(x, i)+ g((x,i),0)10(0) Ay (54)
satisfies the following two conditions:
M) V((x,i) = g((x, 1)) for all (x,i) € OF,
2) V((x, 1)) = g((x, 1)) for all (x,i) € 00, or, equivalently, for all (x,i) € 00
g(x, i) — V(x,i) = G,(Loe f)(x, i) + g ((x, 1), 0) 1oc (0) Ag = 0. (55)

Then, in the problem (45), the stopping set X' = O, t* = Hp = inf{t > 0 : X; € O} is an
optimal stopping time and the value function V =V.

Theorem 10. Let g, f, O, Ag and V satisfy the assumptions in Theorem 9. Furthermore, let
U be a class of nonempty closed subsets of I' containing O such that for all U, U’ € U

@ UNnU #£0,

(b) (x,i) e U = (fEiy=0;

() 0 US,

(d) the following implications hold true:

(i) if Puiy(Leb({t < Hye : X, ¢ U'}) =0) =1 forall (x,i) e UNU’, then U C U/,

(ii) if Popy(Leb({t < Hy X, € U')=0)=1 for all (x,i) € U, then U' C U,

where Leb denotes the Lebesgue measure. Then O is the unique set in the class U which

satisfies Eq. (55).

To apply Theorem 9 it is helpful to express f and Ay in terms of the function g and its
derivatives. This is achieved with similar ideas as in the proof of Theorem 3 but since g is
not r-excessive more care is needed to analyze the integral representation (53). The proof is
in Appendix C.

Proposition 4. Assume that the payoff function g has the representation (53). Then
(@) Ay = —Dg(0),
() forallx >0andi =1,2,...,n
/ o) f(y, DHym(dy) = g*(x, Dp(x) — g(x, D™ (x). (56)
(x,00)
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Remark 2. As is seen from the proof, the existence of the derivatives of g, in fact,
follows from the assumption that g satisfies (53). Notice also that if the speed measure m
has a continuous derivative m’ with respect to the Lebesgue measure, the scale function S is
continuously differentiable and g is two times continuously differentiable then the formula (56)
yields

dmdS

Hence, (53) expresses, in a sense, the classical fact that the infinitesimal operator is the inverse
of the resolvent operator. However, to make this precise, g should be in the domain of the
infinitesimal operator. We refer to [8,9] for this approach for one-dimensional diffusions.
Instead of giving conditions for the reverse of Proposition 4 to hold we calculate in the examples
below Ay as given in (a) and f as given in (57) and verify that (53) is satisfied.

d d
Ji)=— (——g(x, i) —rg(x, i)) =(r —9)gx,i). (57

8. Examples of optimal stopping

In our examples the underlying diffusion X is a Brownian spider with n legs. In Section 8.1
the stopping region is connected and the problem is solved using the explicit expressions for
the representing measure of an excessive function displayed in Theorems 3 and 4. Here it is
also studied how the stopping region changes when the discounting parameter r is varying. In
Sections 8.2 and 8.3 the stopping region is disconnected. In these cases, we analyze Eq. (55)
in Theorem 9 and deduce using Theorem 10 that there is a unique solution. The resulting
equations for the boundary points of the stopping region are then solved numerically.

8.1. Example

Consider the optimal stopping problem (45) for the Brownian spider X with 3 legs and the
following payoff function

+
s h=1+x  gr2=(1-3) . ew3=0-20"
It is also assumed that p; = p, = p3 = 1/3. This assumption slightly simplifies the analysis
but does not diminish the understanding of more general cases. That the problem has a finite
value follows from Proposition 2 evoking the explicit form of the harmonic function given in
(29). The solution of the problem is given in the next proposition. It is seen that the stopping
region is connected for all values of the discounting parameter r.
Proposition 5. The stopping region X' of OSP introduced above is as follows:
(a) in case r > 2 there exist x; € (0,2) and x5 € (0, 1/2) such that
V={Gx,D:0=x}U{(x,2):0=x <x3}U{(x,3):0 <x < x3}, (58)
(b) in case 1/8 < r < 2 there exists y; € (0, 2) such that
V={x,D:0=x}U{(x,2):0 =x <y}, (59
(c) in case 0 < r < 1/8 there exists z{ > 0 such that
V={x, D:zj <x}, (60)
where any point (0,1),i = 1,2, 3, is identified as the origin 0.
21
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Proof. The idea of the proof is to study the expressions (36) and (38) for g and deduce what
is the largest set such that the induced measure is a probability measure. Firstly, recalling that
the scale function is S(x) = x we have

1 1 1 1
Dg(0) = 5 (g0, D +£'0,2) +£0,3) = 5 <1 —5- 2) = 61)

This means that the payoff function satisfies the condition (30) which should hold for excessive
functions at 0 and, hence, it is possible that 0 € Y. Notice that if 0 € X' then V(0) = g(0) = 1.
Consider next the function on the right hand side of (36) for leg 2 evaluated for f = g, that
is, for x € (0,2), i =2, and 0 := +/2r

P2

+ + _ b a1 _ 5\
(570 290 — g 1) = 3 ( S+ (1 2)) =R (62

Clearly, F, is decreasing and F»(2) < 0. Hence, if F>(0) > 0 there is a unique zero. This is
the case when r > 1/8. We study similarly F3 defined for x € (0, 1/2) by

1
Fy(x) = ? (8'(x, 3p(x) — pF(0)g(x, 3)) = 30 e " (=246 (1 -2x).

It holds that F3 is decreasing and F3(1/2) < 0. Hence, if F3(0) > O there is a unique zero.
This is the case when r > 2. Finally, consider for x > 0

1
Fi(x) = ? (g'Cx, Dp(x) — 9F(0)g(x, ) = ﬁe_“ I+61+x)).

It is immediately seen that F is positive everywhere and decreasing.
We prove now (a). For r > 2 let xJ € (0, 2) be the zero of F> and x3 € (0, 1/2) the zero of
F3. Let X, be the set defined by the right hand side of (58) and introduce

H, :=inf{t : X, € Z,}

and
g(x), x € X,
~ _rA g(x3,2) o(x) , X >x5onleg?2,
Va) = By (g (X)) = 15 Yooy T
@(x)
g(x3,3) , x> x%onleg3.
3 QD(X;) 3 g

Recall, cf. (3), that for x >y >0

(p()C) —rHy
I = Ex 7)),
@(y) ™)

where H, :=inf{t : X, = y}. Clearly, V, dominates g. Moreover, it can be checked that V, is
r-excessive by calculating the expressions in (36) on the legs (in fact, these are multiples of
the functions F), F>, and F3) and in (38). Notice that DV(O) =Dg(0) = —% by (61). Evoking
Theorem 8 completes the proof of (a).

Consider next the case (b). Analogously as above, we let 3, denote the right hand side of
(59) where xJ is the unique zero of F,. Furthermore,

H, =inf{t : X, € X}
22
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and

g(x), X € X,

~ i @(x)
V,(x) == E, (e g (be)) = g0, 2)¢(x;), x> x} on leg 2,

P(x), x>0 onleg3.
Clearly, V, dominates g on the legs 1 and 2. Since 1/8 < r < 2 it is easily seen that
V, dominates g also on the leg 3. We can check the r- excess1v1ty of V, by calculating the
representing measure. Notice, in particular, that DVb(O) 3 (1 — § — 9) <0.

We consider now case (c¢). The three functions Fj, F, and F3 above have no roots, so we
should consider the function on the Lh.s. of (41) with i, = 1. The function is proportional to

Fi(x) = (1 4+x)9 " (x, 1) — ¥ (x, 1)

with ¥ in (21). After some computations we obtain

Fl(x) — w (360x + efex) _ % (3eex _ 670x)

For r < 1/8 we have 6 < 1/2 and Fl (0) < 0 (with equality only at » = 1/8). Furthermore,
by differentiation we obtain that the function is increasing and it follows that it has a unique
non-negative root zj. Consider now X the set in the Lh.s. of (60) and the stopping time

H, :=inf{r : X, € X.}.

Applying the hitting time in (23), we obtain the candidate value function for the problem:

g(x), x € X,
. - G D s 0<x< zi on leg 1,
Vox) =Exle “ig X;L* =\ ¥@Eh D (63)
“1
1
M@, x > 0 on legs 2, 3.
V(zi, 1) 0

We now apply Theorem 8. The function V, is r-excessive because its representing measure is
positive on the set (z}, 00) on leg 1 according to the selection of z} and (41), and vanishes on
the set (0, z}) on leg 1, and also on the other legs since the chosen function in (63) is harmonic
on the complement of X,. Let us now prove that

Ve g (64)
It is clear that V,.(x) = g(x) for x = (x, 1) and x > z}. The condition F (z7) = 0 implies

T/ ok lZ(ZT’ 1)
W 1) =
(Zl’ ) g(ZT, 1) s

and then acgording to (63) we have that ‘7‘,’ (z7, 1) = 1. As the function 1/~/ is strictly convex, it
holds that V.(x) > g(x) everywhere on the leg 1. As a consequence, this yields that

g(zy, D

Vo(0) = =Lt =
Oy (zy, 1)
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Introduce the tangent line to Vc at x = 0 on the leg 2. As VC(x, 2) = Ke %%, the tangent is
t(x) = K(1 —0x).

As t(2) = K({ — 20) > 0 we conclude that Vc(x,Z) > t(x) > g(x,2). The fact that
g(x, 3) < g(x,2) concludes the proof of (64). [

Remark 3 (OSP for Skew Brownian Motion). In case n = 2, process X is the usual skew
Brownian motion with parameter 8 = p;, identifying the first leg with the positive half-line
and the second leg with the negative half-line, and denoting by x the distance from the origin.
For a general payoff function g, considered as a function on the line R, the application of
Proposition 3 gives that when

Bg'(0+) — (1 — p)g'(0—) > 0,

the origin 0 belongs for all values of the discounting parameter r to the continuation region.
This result can also be found in [1] Proposition 1.

8.2. Example

Consider next the optimal stopping problem for a Brownian spider with n legs and payoff
function

gx,i)=A;x, x>0,i=1,2,...,n,

where A; > 0. Straightforward but a bit lengthy calculations, show that the representation (53)
for g holds (cf. Proposition 4) when

n
Ag=-Dg0)=—) " p;A
i=1
and for x > 0, see (57),

oty =— (L Ay = raix) =
x,i)= 5 72 Aix) —rAix | =1 Aix.
Applying Proposition 2, with the harmonic function given in (29), it is seen that the value
function V of the problem is finite. From Theorem 7 we know that V is the smallest r-excessive
majorant of g and the stopping set X' is given by (48). Since g and V are continuous it follows
that X' is closed and, in particular, V(z,i) = g(z,i) when (z,i) € dX. Moreover, notice that
0 & X because g(0) = 0 (cf. also Proposition 3). Recall that V is r-harmonic on C := ¢ and
V =g on Y. Hence V can be represented for all (x,i) € I' as

n +oo
Vix,i)= Z/O g ((x, ), (v, k) 1u((y, k) f(y, k) dy, (65)
k=1

where the Green function g, is given in (22). We remark that (65) is the Riesz representation
of the r-excessive function V. Here it is also used that, due to the smooth pasting property
(valid in this case, see Theorem 11 in Appendix B), the representing measure of V' does not
put mass on the boundary points of X, see (37), and is, therefore, absolutely continuous with
respect to the Lebesgue measure. The density is f since V = g on Y. Consequently, it holds
(cf. (55)) for all (z,i) € 0N

n +00 n
> fo g (2. 1), (3. 1) Le (v, k) 2rpi Agy dy = g:((2. ). 0 Y piAs. (66)
k=1 k=1
24
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Proposition 6. There exist z; > 0, i = 1,2,...,n, such that X = {(x,1) : x > z},i =
1,2,...,n}hL
Proof. Let

A, =min{A;,...,A,} and A* =max{A;,...,A,}.

Let V, (V*) be the value function of OSP with payoff g.(x,i) = A.x (g*(x,i) = A*x),
i=1,2,...,n. Then, because for all x and i

g(x,1) < g(x,i) < g*(x, 1),

it follows
Vilx,i) < V(x,i) < V*(x,i). (67)
By symmetry, for all x and i
Vi(x) = sup Ex (e_” A, X(r)) = A,supE, (e_”’ X,,) (68)
T n
and
VE(x) = supEy (e7"F A*X(7)) = A*supE, (7" X,,), (69)
T n
where X = (X,);>0 denotes a reflecting Brownian motion, [E, the expectation operator

associated with X when started at x and the supremum in case of X is taken over all stopping
times 7 in the filtration of X. For OSP (68) and for (69) there exists z, and z*, respectively, such

that the corresponding stopping regions are given by Y, = {(x,i) : x > z,,i = 1,2,...,n}

and Y* = {(x,i) : x > z*,i =1,2,...,n}. In particular, on every leg i it holds for x > z*
Vix,i) < A*x. (70)

Consequently, 2° does not contain sets of the form O;, = {(x,i) : x > z} for any i and

z > 0. Indeed, if there is i and z such O; ; C X then V is r-harmonic on O; ; and increases
exponentially, see (29), but this violates (70). Next, (67) also yields that X' C {(x,i) : x >
Z, 0 = 1,2,..., n}. Finally, assume that X' is not connected on some leg k Then there exist
xx € X° such that V(xg, k) > g(xi, k) = Agxg, and, by continuity, x;, and x;, in X' such that
Xk, < Xp < Xp, and V(x, k) > Agx for all in x € (xz,, xz,). Let

Hyp =inf{t : X, ¢ (xg,, Xx,)}-

1

Since V is r-harmonic on (xy,, xx,) it holds
V(x, k) =Eqp (€72 A X(Hi ) = Ay (772 Xy, ).
Using [5] 3.3.0.5 (a) and (b) p. 218 gives

By (eirHl’z XHl,z) = Xt Ex (eirHl'z s Xy, = xkl) + xi, B (ffrﬂl'2 ; XHl,z = xkz)

= ! (xkI sinh ((xk2 — x)@)

sinh ((xk2 — X, )@)
+ X, sinh ((x — xkl)@» .

Consequently, V' is convex on (xi,, Xx,) and, hence, V(x, k) < g(x,k) for all x € (xz,, xx,).
This is a contradiction, and the proof is complete. [
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Let zf,i =1,2,...,n, be the boundary points of X, as introduced in Proposition 6. Then
(2}, ..., z}) constitutes a solution to the system of the equations (66), i.e., fori =1,2,...,n
n zz n
> / g-((z}, 1), (v, k) 2rpe Axy dy = g:((z], 1), 0) Y piAs. (71)
k=170 k=1

The uniqueness of the solution follows from Theorem 10. Indeed, it is easily verified that letting
U consist of all sets U of the form
U=Ua,...,ap) ={(x;,0) : x; >a;,i=1,...,n}, a;>0,i=1,2,...,n,

then the properties (a), (b), (c), and (d) listed therein hold.
To give some numerical flavor, let » = 3 and » = 1/2. Then the system (71) becomes

Zi 3 K 3
A,-/ y sinh(y)dy + ZAkPk/ yeldy =Y Aipr, i=12.3,
0 k=1 0 k=1
and integrating yields
3
Ai(zi cosh(z;) — sinh(z)) = > Arpre *(1+z0), i =1,2,3. (72)
k=1
Putting, moreover, p; = p» = p3 = 1/3, A =1, A, =2 and A3 = 3 and solving numerically
Egs. (72) we obtain the stopping region of the OSP that has the respective critical threshold
values

71 = 1.4816, 1z, =1.2041, z3 = 1.0628.
8.3. Example
We conclude by considering in the same setting as in Section 8.2 the optimal stopping
problem with the payoff function
glx,i)=A;x%, x>0, i=123,

where A; > 0. Again, applying Proposition 2 it is seen that the value function of the problem
is finite. Straightforward but a bit lengthy calculations show the representation (53) for g holds
(cf. Proposition 4) when

Ayp = —Dg(0) = 0

and for x > 0, see (57),

. 1d
fx i) =— <§W
The corresponding equations obtained from (55) then are:

2
(Aix?) — rA,»x2> =A; (rx* = 1).

n +00
3 /0 g (2. 1), (v, k) Loe((y. ) A(ry? — D2pydy = 0. (73)
k=1

For simplicity we take » = 1/2. We use the Green kernel expression (22) and proceed similarly
as in Section 8.2, (in particular, it is seen that the continuation region is connected, and that
the solution of the associated equation system is unique). Introducing the auxiliary functions

F(z) = /Z sinh(y)(y? — 1)dy = z* cosh(z) — 2z sinh(z)
0
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H(z) = /Ozey(y2 — Ddy = —e"z2(z +2).

the equation system to find the boundary points of the continuation region is as follows
A1F(z}) = A F(z)) = A3F(23)

and
AL(F@)) + H@D) + Ax(F(25) + H(z3)) + A3(F(23) + H(Z3)) = 0.

To solve numerically, we take A = 1, A, =2 and A3 = 3 obtaining

2P =12.16987, 23 =2.06543, 2 =2.02250.
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Appendix A. Proof of Theorem 9

The proof consists of checking that the function V fulfills the conditions in Theorem 8.
Firstly, notice that V is r-excessive since it is a linear combination of the Green kernel at 0
and an integral of the Green kernel with respect to a positive measure. Since, by assumption
1), V dominates g on OF it remains to show that for all (x,i) € I’

V(x,i)=Eqp[e "0 gXn,)]. (74)

Recall that X is recurrent and, hence, Hp < oo a.s. for all starting states. Moreover, Xy, €

00 C O since O is assumed to be closed and X has continuous sample paths. Suppose now
that (x,i) € O° and 0 € O°. Then, using (52),

V(i) = Gy (Lo )x. 1) = B [e—’HOGraof)(XHO) + " e_'H"(lof)(Xr)df:|
=Eqi [e77°G, 10 HXn,)]
= Eqp [0 V(Xny) |
=Eu.p [efrHOg(XHo )] ,
where, in the last step, assumption (2) is applicable since Xy, € 00. If 0 € O we have
V(x,i) =G (Lo f)(x, )+ g((x, 1), 0) Ay
= Eu.i) [¢770G, (10 f)(Xnp)] + & ((x, 1), 0) Ap. (75)
To analyze the second term on RHS of (75) recall from (9) in Theorem 1 that

g ((x,0),0) = ¢, ' p(x).
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Hence, the function g, (-, 0) is r-harmonic on the legs of I'; in other words, if A is a Borel
subset of [0, +00) including 0, Xo = (x, 1) € (A, i) and Hy = inf{t : X, € (A, i)} then

g ((x.1),0) = Eq.) [e"4g, (X, 0)] .
Consequently, if (x,i) € O° and 0 € O
g ((x,1).0) = Eq) [e 708, (X, 0)]
and (75) can be developed as follows
V(x,i) =Eqi[e77G, (1o ) Xuy)] + Ewiy [e7 08, (Xp,,, 0)] Ao
= B [0 (6110 /)Xty + & (Xitg. 0) A0) |
= E [e*VHO V(XHO)]
=Eq.i [e770 ¢(Xu,)]

proving (74) also in this case. To show that (74) holds when (x,i) € O we show that V= g
on O. This clearly implies the claim since if (x,i) € O then a.s. Hp = 0 in (74). Subtracting
(54) from (53) yields for all (x, i)

g(x.i) = V(x,i) = G,(Loe f)(x, i) + g ((x, 1), 0) 1c(0) Ay (76)
Let (x,i) € O and 0 € O. Then, evoking (52),
g(x, i) = V(x,i) = G,(1oe f)(x, i)
= B [e’HOC G, (Loe )(Xny) + /0 o er”w(loufxxt)dr]
=iy [e770° G (Loe /)X
=0,

where in the last step assumption 2 is applicable since Xy, € d0. Finally, suppose (x, i) € O
and 0 € O°. Then, with analogous arguments as above,

g(x,i) = V(x,i) = G,(Loc f)(x, i) + g ((x, ), 0) Ay
=Eq.i [e7°G,(Loe /) Xp1,0)] + Eeiy [677 0" 8, (X, 0) A0
= B |70 (G, (Lo ) Ktg) + & Kt 020 ) |
=0.

Appendix B. Proof of Theorem 10
Let U € U be such that for all (x,i) € 0U
Gr(f1lye)(x, i) + g ((x, i), 0)1ye(0) A9 = 0, (77)
i.e., (55) holds when O is replaced with U. The claim is that U = O. To prove this, define
W(x, i) = Ge(fly)(x, 1) + g ((x, 1), 0)1y(0) Ay.
Using the assumed representation of the payoff function g, see (53), yields

g(x, i) = W(x, i) = Ge(flye)(x, i) + g ((x, 1), 0)1ye(0)Ao.
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From (77) it follows that for all (x,i) € dU
g(xai)_W(x»i)ZO» (78)

and arguing analogously as in the proof of Theorem 9 it is seen that (78) holds for all (x, i) € U.
Recall that V is the value function of the problem. We show now that for all (x,i) € I’

W(x,i) < V(x,i). (79

Firstly, for (x,i) € U it holds W(x, i) = g(x,i) < V(x, i) since Visa majorant of g. Secondly,
let (x,i) € U°. Proceeding similarly as when proving (74) in the proof of Theorem 9 it is seen
that

W(x,i)=Eq[e " WXpy,)]
=Eq.i [C_rHUg(XHU)]
< V(x,i),

where the second equality is valid since Xy, € 0U, and the inequality holds since Vs
the value of the problem. Hence, (79) is verified. Next we show that O C U. Recall the
assumption (a), and let (x,i) € O N U. Using (52), the fact that the function g.(-,0) is
r-harmonic on the legs of I', and the inequality (79), yield

g(x, i) = Wi(x,i)
=E.i [ G (f10)Xn1p)] + By [e77 7078, (X, 0)10(0) Ay

Hpce
+ Eixi [/ er‘yf(Xs)lu(Xs)dS]
0
Hoc
=B [e70° WXpp0)] + By [/ e”f(Xs)lU(Xx)dS}
0

5 Hpe
< IE(x,i) I:e_rHOC V(XHOC ):I + E(XJ) |:/ e_rsf(xs)lU(Xs)dsi| . (80)
0
On the other hand, since 0 € O¢ by assumption (¢) we have (see also (54))

gx,i)y=V(x,i)
=G, (flo)(x,i) + g ((x,i),0)15(0) Ay
=G, (flo)(x, i)

Hpe
=Eqi [0 G (f10)Xn,0)] + Eeiy [ /0 O s f(xs)lo(Xx)ds:|

Hpe
=E.i [ VXp,)] + Ei.i) |:/ e_”f(Xs)dS:I . (81)
0

Subtracting (81) from (80) yields
Hpe Hpce
0 <Egu, |:/ e”f(Xs)lU(Xs)dS] —Eq. |:/ e”f(Xs)dS]
0 0

Ho(‘
=—Eu.p |:/ e_”f(XS)luc(XS)dsi| <0.
0

Thus P ;) (Leb({t < Hoc|X; € U}) = 0) =1 for all (x,i) € O NU, and it follows from
assumption c(i) that O C U. Finally, we prove the opposite inclusion, i.e., U € O. For this, let
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(x,i) € O and recall that Hp = inf{t > 0|X, € O} is an optimal stopping time. Calculating
similarly as above we have

Vix,i)> W(x,i)
=G (f1y)(x, i)+ g-((x,i), 0)1y(0) 4
= G(f1y)(x, i)

Ho
=Eq.i) [e770 G (f10)Xnp)] + Eqeiy |:/0 e”f(Xs)lU(Xs)ds]

Ho
=Eq.i [e O WXny)] + Exi) [/ e_”f(Xs)lU(Xs)dS} .
0

Since O C U and W = g on U, it holds that W(Xp,) = g(Xp,, ). Thus

Hop
Vx,i) = B [e 0 e(Xu,)] + B [ f e_”f(Xs)lu(Xs)dS] > V(x,i).
0
This implies P, ;)(Leb({t < Hp|X; € U}) = 0) =1 for all (x,i) € O°. Now by assumption
d(ii) we conclude U C O.
Appendix C. Proof of Proposition 4

We prove first (a). For this, consider for x > 0

+00
g(x,i)=/0 gr((x, 1), (v, D) f(y, ©) pim(dy)

n +o0
+> /0 g ((x. ). (5. ) £ (3. k) pm(dy)
k=1

+ g ((x,1),0) Ay
Zf«) ]<P(x)lzf(y,i) f(y,i)Pim(dy)+/ oW (x, i) f(y, i) pim(dy)

(x,00)
+00
+— Z / P(X)@() £ (3. k) pim(dy) + p(x)3(0) Ay,
Cr k#i
where the explicit form of the Green kernel is used, in particular, Uy, i) = p; (e o(y)
and ¥ (0) = c,’1 since ¥?(0) = 0 and ¢(0) = 1). Introduce a signed measure on [’ via
w(dy, i) =9y f(y, i) pimdy), y>0,i=12....n
w(0) = Ay.

Notice that, by assumption (51), u is of finite total variation. Straightforward manipulations
(cf. (32) and (33)) yield

1 1
glx,i)= ;(p(x)u(x, i)+ C—(ﬂ(x)u(E), (82)
where
a
u = [ LD udy, iy + ) i, 00). ). (83)
©0x1 )
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Next we calculate the scale derivative of g at (0, 7). Since ¢1(0) = —c¢, and u(0,i) = 0 we
have from (82)

g+(07 l) = %u+(oa l) - M(F)v

and g™ (0, i) exists if and only if u*(0, i) exists. Hence consider
u(y,i) —u(0,i) Cou(8, i)
im———————— = lim .
80 S(y) —S0) 310 S(8)
The scale derivative of the first term on the r.h.s. of (83) is zero. To show this, introduce for
y>0andi=1,2,...,n

mi(dy, i) = o f (v, Dlisiz0pim(dy) and  p_(dy, i)
== f, Dlis,i<0pim(dy),
and then
i ‘ 1 ¥ (y)
im|—— —
810 1.8(8) Jo,s1 @) S(8) @)
since pt4 and p_ are finite measures and lims o ¥?(8)/S(8) =1 (see (4)). Consequently,

. . 1 y2(5)
w(dy, l)‘ < 18%1 <

(1400, 81, §) + (0, 81, i))) =0,

1
+ AT N .
u (Os l) - lzslilol S((S)M((S’ 00)7 l) - M((Ov 00)7 l)v

and, hence,

Dﬂm=2hwﬂan=2ﬁ(%wmw—uwﬁ=Z}mawxw—mm
i=1 i=1 ! i=1

= —uw(0) = -4

proving (a).

Consider now the claim (b). To deduce formula (56) the scale derivative of g(-, i) is needed.
From (82) it is seen then that we should calculate the scale derivative of u(-, ). It holds for
§=>0

. o V) Y+ .
ersi-uen= [t e e
d
= 9w 000, 1)
o(x)
d il
=/ D)y iy = D e x 1 61,0)
oxts) 2O @(x)

(W’(x +8) ¥(x)
o(x +9) o(x)

¥ (y) W(x)> .
= — dy,
[x,x+5] < (0()’) (P(x) M( Y l)

<W"(x +38) ¥(x)
p(x +9) o(x)

) p((x + 68, 00), 1)

) u((x + 8, 00), 1)
=: Fi(x,8) + F»(x, d).
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Since x — ¥?(x)/@(x) is non-decreasing and (cf. (5))

1 <w8u~+a>__wauo> 1

lim =

310 S(x +8) — S(x) \ ¢(x +93) @(x) @2(x)
we have

Fi(x,d)

lim—m—F— =

810 S(x +8) — S(x)
and

1 Fz(x’ 5) l“l'((x9 OO), l)

im = .

510 S(x +8) — S(x) @©2(x)

Straightforward manipulations yield

=+ . _ . + _ i .
g (x, De(x) — g(x, Dy @)—1}M«xxwxw,

as claimed in (b).

Appendix D. Smooth fit theorem for diffusion spiders

To make the paper more self contained, we discuss here the smooth fit property for diffusion
spiders. In the formulation below the differentiation is taken with respect to an arbitrary
continuous and increasing function F; the “usual” choices being FF = § (the scale function)
or F(x) = x,x > 0. Notice that we consider the smooth fit “only” on the legs of the spider
(and not in the vertex). In fact, in this case, the result is as in the diffusion case presented in
Salminen and Ta [34] (and earlier in [33]), see also Peskir [28].

Theorem 11. Let (z,i),z # 0 be on the leg i a left boundary point of the stopping set X,
ie, ([z,z+e¢€1),i) C X\{0} and ((z — &2, 2), i) C X\ {0} for some positive &, and &,. Let F
be a continuous and increasing function on R, and assume that the payoff function g and the
functions ¢, and Y, o > 0, are F-differentiable at (z,i). Then the value function V in (45)
is F-differentiable at (z,1) and the smooth fit with respect to F holds:

dtv a-v

o . dg . 84
d_F(Z’l)_ d_F(Z’l)_ d_F(Z’l)' 84

Proof. Since V > g on Y and V = g on ) we have

atv. . . V(+8,i)—V(z,i) . 8z +38,i)—glz, 1)
———(z,i) = lim = lim
dF -0+ F(z+68)— F(2) >0+ F(z+68)— F(2)
dtg . dg .
= d_F(Z’ i) = d_F(Z’ i)
and
av . . V(@—=26,i)—V(z,i) . Vi, )= V(z—46,i)
—(z,i) = lim = lim
dF s>0+ F(z—=138)— F(2) -0+ F(z) — F(z —9)
< 8(z, i) — gz —4,i)
im

T o0+ F(z)— F(z—9)
_dg . dg. .
= d—F(Z, l) = d—F(Z, l).
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Consequently,
d-v dtv
av o Vo
IF (z,0) = IF (z, 1),
and, hence, (31) implies
d‘V( ,)_d+V( ;
dF Z’l - dF ZQl 9

proving the claim. [
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