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Abstract

A diffusion spider is a strong Markov process with continuous paths taking values on a graph with one
ertex and a finite number of edges (of infinite length). An example is Walsh’s Brownian spider where
he process on each edge behaves as a Brownian motion. In this paper we calculate firstly the density of
he resolvent kernel in terms of the characteristics of the underlying diffusion. Excessive functions are
tudied via the Martin boundary theory. A crucial result is an expression for the representing measure
f a given excessive function. These results are used to solve optimal stopping problems for diffusion
piders.
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1. Introduction

Diffusion on graphs has been a topic of intense research in the past decades. One of the
arliest papers in this direction is by Walsh [37], where he introduces a generalization of the
kew Brownian motion, later called the Walsh Brownian motion. This process lives on the half
ines in R2 with only one common point, the origin of the plane, for instance. On the rays (or
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legs) the process behaves like a Brownian motion, and when this Brownian motion hits the
origin, it chooses, roughly speaking, a new ray randomly with an angle having a probability
distribution defined on [0, 2π ). A special case is when this distribution consists of finitely many
toms. If n is the number of atoms then the process is called a Brownian (or Walsh) spider
ith n legs. The Brownian spider can be seen as a diffusion on a star shaped graph.
Salisbury [32] gives a formal construction of the skew Brownian motion (the particular

ase of a spider with two legs) based on the excursion theory of the right processes, see
lso an earlier paper by Rogers [30]. The Walsh Brownian motion was considered by Barlow,
itman and Yor in [2]. They construct the process using the semi-group theory. Freidlin and
entzell [19] study diffusions on graphs through martingale problems, provide methods to

erify the weak convergence of discrete processes to these diffusions, and exhibit several
xamples. Friedlin and Sheu [18] prove the Itô formula for diffusions on graphs and establish
arge deviation principles. Papanicolau et al. [26] compute exit probabilities and related
uantities for a Brownian spider with equal leg probabilities. This is extended in Fitzsimmons
nd Kuter [17] for Brownian motion on more general graphs. Kostrykin et al. [22] construct
rownian motion on metric graphs identifying the generator of the process. Fitzsimmons and
uter study the harmonic functions of the Walsh Brownian motion in [16] and, more generally,
rownian motion on metric graphs in [17].

For a more recent work see the paper by Karatzas and Yan [21] where they generalize
he Walsh Brownian motion to a semimartingale framework, provide an Itô type formula and
eneralize other classical tools of stochastic calculus (as the removal of drift by a change of
he measure). They furthermore characterize the solution of an optimal stopping problem in
his framework, and discuss also stochastic control problems with discretionary stopping. An
ptimal stopping problem on a Brownian spider, related to maximal inequalities, has been
onsidered by Ernst [15]. We refer also to Bayraktar and Zhang [4] for an embedding problem
or Walsh Brownian motions. For local times and occupation times for random walks and
rownian spiders, see Csáki et al. [10,11]. In Dassios and Zhang [12] further results on hitting

imes for Brownian spiders can be found, with a potential application in mathematical finance,
ore precisely related to a liquidity risk problem in a system of banks.
In the present paper, following [2], we consider the case where instead of a Brownian motion

n the legs a regular recurrent diffusion is used. We call such a process a diffusion spider.
The contribution of the paper is twofold: Firstly, we derive (hereby our basic reference

s [30]) a formula for the Green function (resolvent density) of the process. This is used,
n particular, to characterize the excessive functions of the diffusion spider. For results on
xcessive functions for Walsh Brownian motion, see also [4,21]. Secondly, we solve some
ptimal stopping problems. For the solution of these optimal stopping problems we use two
losely related but different methods, inscribed in the so called representation approach: (i)
hen the stopping region is expected to be connected, the candidate for the representing
easure of the value function is used in order to find the solution, (ii) when the stopping

egion is expected to be disconnected, a verification theorem is adapted from [6], based on
he notion of the extension of the negative set of the problem (see also [9]). Both methods
bove require the computation of the Martin kernel, or equivalently the Green kernel. It is very
ell established that the resolvent kernel (i.e. the integration against the Green function) is the

nverse operator to the infinitesimal generator of the process. This second operator is described
ocally inside the edges as a generalized differential operator obtained from the infinitesimal
enerator of the underlying diffusion. To complete the description of the infinitesimal generator

and the process) we should determine its domain. In our approach to optimal stopping we use
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the relationship between the resolvent operator and the infinitesimal generator as a tool but
circumvent the consideration of the domains of the operators.

The rest of the paper is organized as follows. In Section 2 we introduce the diffusion spider
nd discuss its existence as a strong Markov process. After this, in Section 3 some preliminaries
n linear diffusions are presented. In Section 4 the first main result of the paper is given,
hat is, an expression for the density of the Green kernel of the spider. We proceed then in
ection 5 by computing the Laplace transform of a hitting time associated with a diffusion
pider. Section 6 contains central main results of the paper concerning the representing measure
f a given excessive function. Other characterizations of excessive functions are also discussed.
n Section 7 we proceed with general results on optimal stopping, applied to diffusion spiders,
dapted from [6,9]. In Section 8 we solve three examples of optimal stopping for a Brownian
pider. The first one has a connected stopping region and the solution is obtained by analyzing
he representing measure formulas for the candidate value function. The other two examples
ave disconnected stopping regions and are solved once the existence and the uniqueness of
he solution of the associated equation system is established using the results of Section 7.

e conclude with four appendices containing the lengthy and technical proofs of some of the
esults in Section 7; in particular, the fourth one is about the smooth fit principle for diffusion
piders.

. Definition and existence of a diffusion spider

Let X = {X t : t ≥ 0} be a recurrent linear (Feller) diffusion taking values in [0,∞). It is
ssumed that 0 is a regular boundary point with reflection, and +∞ is natural (for the boundary
lassification of a linear diffusion, see, e.g., [5]). The notations Px and Ex are for the probability
easure and the expectation operator, respectively, associated with X when initiated at x .
Consider a “star shaped” graph Γ ⊂ R2 with only one internal vertex taken to be the origin

f R2, and n edges ℓ1, . . . , ℓn , also called legs, meeting each other the origin 0. Hence, the
egs are of infinite length. For x ≥ 0 and i ∈ {1, 2, . . . , n} we let x = (x, i) denote the point on

located on the leg ℓi at the distance x from the origin. For any i the point (0, i) is identified
s the origin. The topology on Γ is the relative Euclidean topology, and, hence, Γ is a locally
ompact Hausdorff space with a countable base.

On the graph Γ we consider a stochastic process for which we use the notation

X := {Xt := (X t , ρt ) : t ≥ 0},

here ρt ∈ {1, 2, . . . , n} indicates the leg on which Xt is located at time t and X t is the
istance of Xt to the origin at time t measured along the leg ρt . On each edge i = 1, . . . , n
efore hitting zero, the process X behaves like the diffusion X . As a part of the definition of the
rocess there is a vector p = (p1, . . . , pn) such that pi > 0 (i = 1, . . . , n) and

∑n
i=1 pi = 1.

hen X hits 0, it continues, roughly speaking, with probability pi on the leg ℓi . In Fig. 1 we
ave illustrated such a graph with 3 legs.

This process when X is a reflected Brownian motion was introduced by Walsh in [37], and
s, hence, in this case, called the Walsh Brownian motion with discrete (finitely many atoms)
istribution for the angles. A formal construction of the Walsh Brownian motion based on the
emigroup theory was given by Barlow et al. in [2]. We refer to [3] also for earlier references.
ccording to the remark on p. 281 in [2], a similar construction can be carried out in our case
here the underlying process is X , i.e., a general recurrent Feller diffusion on [0,∞) reflected

t zero. We call this process a (homogeneous) diffusion spider. It is a strong Markov process
3
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Fig. 1. A star graph with 3-legs.

with a Feller semigroup and continuous sample paths (in the relative Euclidean topology on
Γ ).

To indicate explicitly the number of legs and the probabilities for the excursions we write
X = (X, n,p). The notations P(x,i) and E(x,i) are for the probability measure and the expectation
operator, respectively, associated with X when initiated at (x, i). The term homogeneous refers
to the property that on each leg the movement is governed by the same diffusion X . The non-
homogeneous case is the one when the diffusion is not the same on each leg. This situation
and also more general graphs has been considered in [19].

3. Preliminaries for linear diffusions

Consider the linear diffusion X introduced above. Recall that the generator of X is given in
he form

Gu :=
d

dm
d

d S
u, (1)

here m and S denote the speed measure and the scale function of X , respectively, and u
s a function in the domain of the generator. Recall that 0 is a regular boundary point with
eflection. For simplicity, it is assumed that m({0}) = 0. We also put S(0) = 0.

In addition to the diffusion X , we need also the diffusion X ∂ with the same speed and scale
s X but for which 0 is a killing boundary. For r > 0 let ϕr (ϕ∂r ) and ψr (ψ∂

r ) be the decreasing
nd the increasing, respectively, fundamental solutions of the generalized differential equation

d
dm

d
d S

f = r f

associated with X (X ∂ ), see, e.g., [5]. These functions are non-negative, continuous and unique
up to multiplicative constants. For simplicity, it is moreover assumed that ϕr and ψ∂

r are
differentiable with respect to S. To shorten the notation, the subindex r is omitted and it is
written, e.g., ϕ instead of ϕr .

Recall also that

ψ∂ (0) = 0,
dψ
d S

(0+) = 0, ϕ∂ ≡ ϕ, (2)

nd for x ≥ 0

Ex (e−r H0 ) =
ϕ(x)

, (3)

ϕ(0)

4
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where Hy := inf{t : X t = y} with y = 0. Moreover, we normalize

ϕ(0) = ϕ∂ (0) = 1, and
dψ∂

d S
(0+) = 1, (4)

nd, consequently, the Wronskian wr of X ∂ is given by

wr :=
dψ∂

d S
(x)ϕ(x) −

dϕ
d S

(x)ψ∂ (x) =
dψ∂

d S
(0+) = 1, (5)

here it is used that the Wronskian does not depend on x and that

dϕ
d S

(0+) > −∞, (6)

ince 0 is assumed to be a regular boundary point. Finally, because +∞ is taken to be natural,
t holds

lim
x→+∞

dϕ
d S

(x) = 0. (7)

. Green kernel

Consider now a diffusion spider X = (X, n,p) with n legs and the corresponding
robabilities p1, p2, . . . , pn . Define

m(dx, i) := pi m(dx), i = 1, . . . , n, m({0}) := 0,

S(dx, i) :=
1
pi

S(x).

We call m and S the speed measure and the scale function, respectively, of X. Clearly, on every
leg ℓi , i = 1, . . . , n, of the spider it holds

d
dm

d
dS

=
d

dm
d

d S
.

The main contribution in this section is an explicit expression of the Green kernel (also
alled the resolvent kernel) for X defined as

Gr f (x, i) :=

∫
∞

0
e−r tE(x,i) ( f (Xt )) dt, (8)

here r > 0 and f :Γ → R is a bounded measurable function. This is accomplished by finding
ts density.

heorem 1. The Green kernel of the diffusion spider X has a density gr with respect to the
peed measure m which is given for x ≥ 0 and y ≥ 0 by

gr ((x, i), (y, j)) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
ϕ(y)ψ̃(x, i), x ≤ y, i = j

ϕ(x)ψ̃(y, i), y ≤ x, i = j

c−1
r ϕ(y)ϕ(x), i ̸= j,

(9)

here

ψ̃(x, i) :=
1
ψ∂ (x) +

1
ϕ(x), (10)
pi cr

5
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cr := −
d

d S
ϕ(0+) > 0. (11)

roof. We apply the strong Markov property of X at the first hitting time

H 0 := inf{t ≥ 0 : X(t) = 0}

f the origin to obtain the following equation for the Green kernel (see Lemma 1 in [30])

Gr f (x, i) = G∂
r f (x, i) + E(x,i)(e−r H0 ) Gr f (0), x ≥ 0, i ∈ {1, 2, . . . , n}, (12)

here G∂
r is the Green kernel of X killed when it hits 0 and f is a real-valued, bounded and

easurable function defined on Γ . Since X behaves on the legs before hitting 0 as the diffusion
X before hitting 0 the Green kernel G∂

r coincides on a given leg with the Green kernel of X
illed at 0. Hence, for all i

G∂
r f (x, i) =

∫
∞

0
g∂r (x, y) f (y, i) m(dy),

here

g∂r (x, y) =

⎧⎨⎩ψ
∂ (y)ϕ(x), 0 ≤ y ≤ x,

ψ∂ (x)ϕ(y), 0 ≤ x ≤ y,
(13)

ee [5] p. 19 and recall (5). Consequently, G∂
r has a density g∂r (with respect to m) given by

g∂r ((x, i), (y, j)) =

⎧⎨⎩0, i ̸= j

g∂r (x, y)/pi , i = j
(14)

onsider now the second term on the right hand side of (12). Clearly, for all i

E(x,i)(e−r H0 ) = Ex (e−r H0 ) = ϕ(x), (15)

here (3) is used. To find Gr f (0) recall formula (2) in [30] saying that

Gr f (0) =
νr f
rνr 1

. (16)

ere νr refers for any r > 0 to a non-negative σ -finite measure obtained as the Laplace
ransform of the excursion entrance law associated with X for excursions starting from 0. The
xcursions from 0 of the diffusion spider take place on the legs, and we let (ξ, i) denote such
n excursion on the i th leg with ξ as an element in the space

U := {ξ : [0,∞) → [0,∞) : ξ continuous, ξ (0) = 0,
and ∃ ζ (ξ ) > 0 such that ξ (0) > 0 for 0 < t < ζ (ξ ) and

ξ (t) = 0 for t ≥ ζ (ξ )}.

et ν denote the Itô excursion measure of the linear diffusion X for excursions starting from
, see Revuz and Yor [29] Chapter XII, that is

ν t (A) := ν({ξ ∈ U : ξ (t) ∈ A, 0 < t < ζ (ξ )}), A ∈ B([0,∞)),

nd it holds (see Rogers and Williams [31] and Salminen, Vallois and Yor [35])

ν t (A) =

∫
h(t, y) m(dy),
A

6
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where

h(t, y) := Py(H0 ∈ dt)/dt.

For the Laplace transform of ν t (A) we have

νr (A) :=

∫
∞

0
e−r tν t (A) dt =

∫
A

m(dy)
∫

∞

0
dt e−r t h(t, y) =

∫
A
ϕ(y) m(dy).

et A := ∪
n
i=1(Ai , i) with Ai ∈ B([0,∞)), i = 1, 2, . . . , n, be a subset of Γ . Then the

xcursion entrance law ν t of X has the representation

ν t (A) =

n∑
i=1

pi ν
t (Ai ).

Consequently,

νr (A) :=

n∑
i=1

pi νr (Ai ) =

n∑
i=1

pi

∫
Ai

ϕ(y) m(dy),

nd putting here Ai = (0,∞), i = 1, 2, . . . , n, yields

rνr 1 = r
n∑

i=1

pi

∫
∞

0
ϕ(y)m(dy) = r

∫
∞

0
ϕ(y)m(dy)

=

∫
∞

0

d
dm

d
d S
ϕ(y)m(dy) = −

d
d S
ϕ(0+) = cr ,

where (4) and (7) are used. Hence, for the real-valued, bounded and measurable function f
defined on Γ we may now write, cf. (16),

Gr f (0) =
1
cr

n∑
i=1

pi

∫
∞

0
ϕ(y) f (y, i)m(dy),

nd the density with respect to m(dx, i) is then

gr (0, (y, i)) =
1
cr
ϕ(y), (17)

hich does not depend on i . Combining (14), (15), and (17) results to the formula

gr ((x, i), (y, j)) =
1
p j
ψ∂ (x)ϕ(y)1{i= j} +

1
cr
ϕ(x)ϕ(y),

oncluding the proof. □

It is interesting and useful to note that the function ψ̃ appearing in the formula for the Green
unction is increasing and can be seen as the increasing fundamental solution associated with
skew diffusion. This is made precise in the next proposition and its proof.

roposition 1. For all i = 1, . . . , n, the function

ψ̃(x) := ψ̃(x, i) =
1
pi
ψ∂ (x) +

1
cr
ϕ(x), x ≥ 0, 0 < pi < 1,

s positive and increasing.
7
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Proof. The positivity of ψ̃ is immediate from the definitions of ψ∂ and ϕ. To prove that ψ̃ is
ncreasing let i be fixed and consider a diffusion spider with 2 legs with p = (pi , 1− pi ). This is

probabilistically equivalent with a skew diffusion on R when we identify, for instance, the leg 2
with the negative half line. Let X (sk) denote this diffusion with the fundamental decreasing and
increasing solutions ϕ(sk) and ψ (sk), respectively. Using the Green function given in Theorem 1
we can deduce the following expressions for ϕ(sk) and ψ (sk)

ϕ(sk)(x) =

{
cr ψ̃(−x, 2), x ≤ 0,
ϕ(x), x ≥ 0,

ψ (sk)(x) =

{
ϕ(−x), x ≤ 0,
cr ψ̃(x, 1), x ≥ 0,

(18)

here

ψ̃(x, 1) =
1
pi
ψ∂ (x) +

1
cr
ϕ(x).

Because ψ (sk) is increasing so is also ψ̃ . □

Remark 1. We show here how to verify that ψ̃ is increasing with elementary calculations in
he special case when m and S have positive and continuous derivatives. The task is to check
hat

dψ̃
d S

(x) =
1

S′(x)
dψ̃
dx

(x) > 0. (19)

or this, consider

dψ̃
d S

(x) =
1
pi

dψ∂

d S
(x) +

1
cr

dϕ
d S

(x) =
1
pi

dψ∂

d S
(x) −

1
dϕ
d S (0+)

dϕ
d S

(x) (20)

aking limit as x ↓ 0, we obtain

dψ̃
d S

(0+) =
1
pi

dψ∂

d S
(0+) −

1
dϕ
d S (0+)

dϕ
d S

(0+) =
1
pi

− 1 > 0.

ifferentiate with respect to m in (20) to obtain

d
dm

dψ̃
d S

(x) =
1
pi

d
dm

dψ∂

d S
(x) +

1
cr

d
dm

dϕ
d S

(x) =
r
pi
ψ∂ (x) +

r
cr
ϕ(x) > 0.

his means that x ↦→
dψ̃
d S (x) is increasing. Therefore,

0 <
dψ̃
d S

(0+) <
dψ̃
d S

(x),

nd the inequality in (19) follows. Hence, dψ̃
dx (x) > 0 since S′(x) > 0 by the assumption.

xample 1. Consider a Brownian spider X with n legs and the corresponding probabilities
p1, p2, . . . , pn . The underlying diffusion X is a reflecting Brownian motion and the scale
unction and speed measure of X are S(x) = x and m(dx) = 2dx . Moreover,

ϕ(x) = ϕ∂ (x) = e−θx , ψ(x) =
1
θ

cosh(θx), ψ∂ (x) =
1
θ

sinh(θx),

here θ =
√

2r . These functions meet the normalizations made in (4). We have

cr = −
d
ϕ(0+) = θ,
d S
8



J. Lempa, E. Mordecki and P. Salminen Stochastic Processes and their Applications 167 (2024) 104229

T

a

w
s

T

and, hence,

ψ̃(x, i) =
1
pi

1
θ

sinh(θx) +
1
θ

e−θx . (21)

he Green function, see Theorem 1, is in this case given by

gr ((x, i), (y, j)) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
1
θ
e−θx

(
1
pi

sinh(θy) + e−θy
)
, 0 ≤ y ≤ x, i = j,

1
θ
e−θy

(
1
pi

sinh(θx) + e−θx
)
, 0 ≤ x ≤ y, i = j,

1
θ
e−θx e−θy, i ̸= j.

(22)

Notice that gr (0, 0) = 1/θ and that the Green function is continuous everywhere (and in
particular at 0). It is possible to obtain the density function of the Brownian spider with respect
to the speed measure m by inverting the Laplace transforms above. In fact, as the Green
kernel is a linear combination of the Green kernels of the killed BM and the standard BM,
the corresponding densities can be obtained through the same linear combination. We obtain,
when i ̸= j , that

p(t; (x, i), (y, j)) =
2p j

√
2π t

e−
(x+y)2

2t , i ̸= j,

nd for i = j

p(t; (x, i), (y, i)) =
1

√
2π t

(
e−

(x−y)2
2t − e−

(x+y)2
2t

)
+

2pi
√

2π t
e−

(x+y)2
2t .

5. Hitting times

Let X = (X, n,p) be a homogeneous diffusion spider and y = (y, 1) a fixed point on Γ .
Define the hitting time

Hy = inf{t ≥ 0 : Xt = y}.

The objective here is find Ex
(
e−r Hy

)
, the Laplace transform of Hy. Let x = (x, i) be the

starting state of X and assume first that i ̸= 1. In this case we observe that by the strong
Markov property it holds

Ex
(
e−r Hy

)
= Ex

(
e−r (Hy◦θH0 +H0)

)
= Ex

(
e−r H0

)
E0
(
e−r Hy

)
=
ϕ(x)
ϕ(0)

E0
(
e−r Hy

)
,

here θt denotes the usual shift operator. To calculate E0
(
e−r Hy

)
we consider an auxiliary

kew diffusion X (sk) defined on R (see the proof of Proposition 1), such that

P0(X (sk)
t ≤ 0) = 1 − p1, P0(X (sk)

t ≥ 0) = p1.

hen, since the spider diffusion behaves as X on each leg before hitting 0 we have

E0
(
e−r Hy

)
= E(sk)

0

(
e−r Hy

)
=
ψ (sk)(0)

ψ (sk)(y)

9
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where ψ (sk) is the increasing fundamental solution associated with the skew diffusion X (sk).
We conclude that

Ex
(
e−r Hy

)
=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

ϕ(x)
ϕ(0)

ψ (sk)(0)
ψ (sk)(y)

, 0 ≤ x on leg i ̸= 1,

ψ (sk)(x)
ψ (sk)(y)

, 0 ≤ x ≤ y on leg 1,

ϕ(x)
ϕ(y)

, 0 ≤ y ≤ x on leg 1.

(23)

Recall that ψ (sk) can be expressed in terms of the functions ψ∂ and ϕ as displayed in (18)
taken therein i = 1.

Example 2. For a Brownian spider we can write the Laplace transform in (23) explicitly
using

ϕ(x) = e−θx , x > 0,

ψ (sk)(x) =
1 − 2p1

p1
sinh(θx) + eθx , x > 0,

here ϕ (ψ (sk)) are, for x > 0, the decreasing (the increasing) fundamental solution for the
kew Brownian motion with parameter β = p1 normalized as in [5] A1.12 p. 130. Observe
hat

ψ (sk)(x) =
1 − 2p1

p1
sinh(θx)+eθx

=
1
p1

sinh(θx)−2 sinh(θx)+eθx
=

1
p1

sinh(θx)+e−θx

nd, hence, under this normalization, ψ (sk) equals with the function ψ̃ appearing in (18) when
= 1.

. Excessive functions

Recall that for a given r ≥ 0 the measurable function f : Γ → [0,∞) ∪ {+∞} is called
-excessive for X if for all (x, i) ∈ Γ

e−r tE(x,i) ( f (Xt )) ≤ f (x, i) (24)

nd

lim
t→0

e−r tE(x,i) ( f (Xt )) → f (x, i). (25)

ince X is regular in the sense that every point of Γ is hit with a positive probability it follows
from (24) that if (x, i) ∈ Γ is such that for an excessive function f it holds f (x, i) = 0

f (x, i) = +∞) then f ≡ 0 ( f ≡ +∞). These functions are called trivial r -excessive
unctions.

We study the non-trivial r -excessive functions of X via the Martin boundary theory. Using
the Martin metric induced by the Green function gr the state space Γ of X is compactified to
¯ ¯
:= Γ ∪ {(∞, i) : i = 1, 2, . . . , n} (the Martin compactification). For every (y, k) ∈ Γ define

10



J. Lempa, E. Mordecki and P. Salminen Stochastic Processes and their Applications 167 (2024) 104229

T
L

N
d
I
n
u
h

w
r
M
c
g

s
r
h

E
f

s

an r -excessive function by

(x, i) ↦→ ur ((x, i); (y, k)) :=

⎧⎪⎪⎨⎪⎪⎩
gr ((x, i), (y, k))

gr (0, (y, k))
, 0 ≤ y < ∞,

lim
z→∞

gr ((x, i), (z, k))
gr (0, (z, k))

, y = ∞.

hese functions are called the minimal r -excessive functions of X attaining the value 1 at 0.
et σ be a probability measure on Γ and define for (x, i) ∈ Γ

h(x, i; σ ) :=

n∑
k=1

∫
(0,∞]

ur ((x, i); (y, k)) σ (dy, k) + ur ((x, i); 0) σ ({0}). (26)

otice that h(0; σ ) = 1 since σ is assumed to be a probability measure. It can be proved
irectly that h is r -excessive for X but this also follows from the Martin boundary theory.
n fact, there is a one-to-one correspondence between the probability measures on Γ̄ and the
on-trivial r -excessive functions of X. For this, see [23] Theorem 4 p. 513 which is proved
nder Hypothesis (B) p. 498 valid in our case since the Green function is symmetric (and,
ence, X is self-dual).

Consider next

ur ((x, i); (∞, k)) = lim
z→∞

gr ((x, i), (z, k))
gr (0, (z, k))

=

⎧⎨⎩cr ψ̃(x, i), i = k,

ϕ(x), i ̸= k,
(27)

here ψ̃ is given in (10). The function (x, i) ↦→ ur ((x, i); (∞, k)) is r -invariant (and also
-harmonic) for X since its representing measure is supported by the infinite part of the
artin compactification. Moreover, all (positive) r -harmonic functions can be written as linear

ombinations with non-negative coefficients of ur ((x, i); (∞, k)), k = 1, 2, . . . , n. Therefore,
iven a positive r -harmonic function H there exists ai ≥ 0, i = 1, 2, . . . , n, such that

H (x, i) =

n∑
k=1

ak ur ((x, i); (∞, k)) = ai cr ψ̃(x, i) +

n∑
k=1,k ̸=i

akϕ(x)

=
ai cr

pi
ψ∂ (x) + ϕ(x)

n∑
k=1

ak . (28)

Clearly, (e−r t H (Xt ))t≥0 is a positive martingale and H (0) = a1 + · · · + an . Notice also that
ince both ψ∂ and ϕ are r -harmonic for X ∂ , it follows that H when restricted on the leg i is
-harmonic for X ∂ on that leg. However, there are harmonic functions of X ∂ which are not
armonic for X, e.g., ψ∂ . In Theorem 5 this issue is taken up more in detail.

xample 3. In the particular case of the Brownian spider, the general form of a harmonic
unction is

H (x, i) =
ai cr

pi
ψ∂ (x) + ϕ(x)

n∑
k=1

ak =
ai

pi
sinh(θx) + e−θx

n∑
k=1

ak, (29)

ince

ϕ(x) = e−θx , ψ∂ (x) =
1

sinh(θx), cr = −
d
ϕ(0+) = θ =

√
2r .
θ dx
11
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In the next theorem formula (30) states a fundamental property of r -excessive functions
ound earlier in the literature, see, for instance, Freidlin and Sheu [18] p. 183 (where (30) is
alled the glueing condition), Theorem 4.1 in Fitzsimmons and Kuter [16], and formula (5.7)
n Karatzas and Yan [21]. In [16,21] a more general process with uncountable many rays is
onsidered. The proof below is based on the Martin representation (26) and extends the proof
rom the one-dimensional case as given in Salminen [33] (3.7) Corollary.

heorem 2. Let f be a non-trivial r-excessive function of X. Assume that f (0) = 1 and let
be the probability measure such that the right hand side of (26) represents f . Then

f +(0, i) := lim
δ↓0

f (δ, i) − f (0)
S(δ) − S(0)

xists for every i = 1, 2, . . . , n, and

D f (0) :=

n∑
i=1

pi f +(0, i) ≤ 0. (30)

oreover, for x > 0 and i = 1, 2, . . . , n

f −(x, i) := lim
δ↓0

f (x, i) − f (x − δ, i)
S(x) − S(x − δ)

and f +(x, i) := lim
δ↓0

f (x + δ, i) − f (x, i)
S(x + δ) − S(x)

.

xist, and satisfy

f +(x, i) − f −(x, i) = −
cr

pi

σ ({x}, i)
ϕ(x)

≤ 0. (31)

roof. We assume that (26) holds and write

f (x, i) =

∫
+∞

0

gr ((x, i), (y, i))
gr (0, (y, i))

σ (dy, i)

+

∑
k ̸=i

∫
+∞

0

gr ((x, i), (y, k))
gr (0, (y, k))

σ (dy, k) +
gr ((x, i), 0)

gr (0, 0)
σ (0)

=: ∆1 + ∆2 + ∆3.

onsider first ∆1. Plug in the explicit expression for the resolvent density (Green function)
rom (9) and recall ϕ(0) = 1 to obtain

∆1 =

∫
(0,x]

(
1
pi
ψ∂ (y) +

1
cr
ϕ(y)

)
ϕ(x)

1
cr
ϕ(y)

σ (dy, i) +

∫
(x,∞)

(
1
pi
ψ∂ (x) +

1
cr
ϕ(x)

)
ϕ(y)

1
cr
ϕ(y)

σ (dy, i)

=
cr

pi

(
ϕ(x)

∫
(0,x]

ψ∂ (y)
ϕ(y)

σ (dy, i) + ψ∂ (x)σ ((x,∞), i)
)

+ ϕ(x)σ ((0, x], i)

+ ϕ(x)σ ((x,∞), i).

or ∆2 it holds

∆2 =

∑∫
+∞

0

1
cr
ϕ(y)ϕ(x)
1 ϕ(y)

σ (dy, k) = ϕ(x)
∑

σ ((0,∞), k),

k ̸=i cr k ̸=i

12
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and for ∆3

∆3 =

1
cr
ϕ(x)
1
cr

σ (0) = ϕ(x)σ (0).

onsequently, since σ is a probability measure, we have

f (x, i) = ∆1 + ∆2 + ∆3 =
cr

pi
ϕ(x)v(x, i) + ϕ(x), (32)

here

v(x, i) :=

∫
(0,x]

ψ∂ (y)
ϕ(y)

σ (dy, i) +
ψ∂ (x)
ϕ(x)

σ ((x,∞), i) (33)

e prove next that f +(0, i) exists and find its value. For this it is enough to calculate

v+(0, i) := lim
δ↓0

v(δ, i) − v(0, i)
S(δ) − S(0)

= lim
δ↓0

v(δ, i)
S(δ)

,

here we used v(0, i) = 0 and S(0) = 0. Consider now the limit of the first term on the right
and side of (33):

0 ≤
1

S(δ)

∫
(0,δ]

ψ∂ (y)
ϕ(y)

σ (dy, i) ≤
1

S(δ)
ψ∂ (δ)
ϕ(δ)

σ ((0, δ], i) → 0,

as δ → 0, since (cf. (5))

1
S(δ)

ψ∂ (δ)
ϕ(δ)

→
wr

ϕ(0)2 = 1,

nd σ ((0, δ), i) → 0. Hence, v+(0, i) = σ ((0,∞), i) and we have (cf. (11))

f +(0, i) =
cr

pi
σ ((0,∞), i) +

dϕ
d S

(0) =
cr

pi
σ ((0,∞), i) − cr . (34)

onsequently,

D f (0) =

n∑
i=1

pi f +(0, i) =

n∑
i=1

(
pi

(
cr

pi
σ ((0,∞), i) − cr

))

= cr

n∑
i=1

(σ ((0,∞), i) − pi )

= −cr

(
1 −

n∑
i=1

σ ((0,∞), i)

)
= −cr σ ({0}) ≤ 0, (35)

where it is used that σ is a probability measure. This proves (30). Statement (31) can be verified
with similar calculations. We skip the details. □

In the next two theorems, the first one with some overlapping with Theorem 2, we give
explicit forms of the representation measure of a given excessive function. These formulas are
our key tools in solving optimal stopping problems for diffusion spiders. In the first theorem
we consider excessive functions taking value 1 at the origin 0. In the second theorem general
formulas are presented when the value 1 is attained at some other point on Γ .
13
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Theorem 3. Let f be a non-trivial r-excessive function of X such that f (0) = 1, and σ its
epresenting measure. Then for all x ≥ 0 and i = 1, 2, . . . , n

σ ((x,∞), i) =
pi

cr

(
f +(x, i)ϕ(x) − ϕ+(x) f (x, i)

)
, (36)

σ ({x}, i) =
pi

crϕ(x)

(
f −(x, i) − f +(x, i)

)
, (37)

and

σ ({0}) = −
1
cr

n∑
i=1

pi f +(0, i) = −
1
cr

D f (0). (38)

roof. Recall that f has the representation (32). Our first task is, hence, to find the derivative
of v defined as

v+(x, i) := lim
δ↓0

v(x + δ, i) − v(x, i)
S(x + δ) − S(x)

.

t holds for δ ≥ 0

v(x + δ, i) − v(x, i)

=

∫
(x,x+δ]

ψ∂ (y)
ϕ(y)

σ (dy, i) +
ψ∂ (x + δ)
ϕ(x + δ)

σ ((x + δ,∞), i) −
ψ∂ (x)
ϕ(x)

σ ((x,∞), i).

ince

lim
δ↓0

1
S(x + δ) − S(x)

(∫
(x,x+δ]

ψ∂ (y)
ϕ(y)

σ (dy, i) −
ψ∂ (x)
ϕ(x)

σ ((x, x + δ], i)
)

= 0,

e have

v+(x, i) = lim
δ↓0

1
S(x + δ) − S(x)

(
ψ∂ (x + δ)
ϕ(x + δ)

−
ψ∂ (x)
ϕ(x)

)
σ ((x + δ,∞), i)

=
1

(ϕ(x))2 σ ((x,∞), i),

here (5) is used. Consequently, cf. (32),

f +(x, i) =
cr

pi
ϕ+(x)v(x, i) +

cr

pi
ϕ(x)v+(x, i) + ϕ+(x)

=
cr

pi
ϕ+(x)v(x, i) +

cr

pi

σ ((x,∞), i)
ϕ(x)

+ ϕ+(x),

nd (36) results after a straightforward computation. Recalling that ϕ(0) = 1, cr = −ϕ+(0),
and f (0) = 1 formula (38) is obtained from (36) when taking x = 0, also cf. (34) and (35).

inally, (38) follows directly from (35). □

We consider now an r -excessive function f taking value 1 at a point xo = (xo, io) ∈ Γ \{0}.
hen there exists a probability measure σxo such that for all (x, i) ∈ Γ it holds

f (x, i) =

n∑∫
+∞ gr ((x, i), (y, k))

g (x , (y, k))
σxo (dy, k) +

gr ((x, i), 0)
g (x , 0)

σxo ({0}). (39)

k=1 0 r o r o

14
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Theorem 4. Let f be an r-excessive function with the representation as in (39). Then for
x ≥ xo on the leg io

σxo ((x,∞), io) = pio ψ̃(xo)
(

f +(x, io)ϕ(x) − ϕ+(x) f (x, io)
)
, (40)

nd for 0 ≤ x ≤ xo

σxo ((0, x), io) + σxo ({0}) +

∑
k ̸=i0

σxo ((0,∞), k)

= pioϕ(xo)
(

f (x, io)ψ̃−(x, io) − f −(x, io)ψ̃(x, io)
)
. (41)

roof. Let x ≥ xo on the leg io. Then

f (x, i0) =

∫
+∞

0

gr ((x, i0), (y, i0))
gr (xo, (y, i0))

σxo (dy, i0) +

∑
k ̸=i0

∫
+∞

0

gr ((x, i), (y, k))
gr (xo, (y, k))

σxo (dy, k)

+
gr ((x, i0), 0)

gr (xo, 0)
σxo ({0}) := ∆1 + ∆2 + ∆3.

sing (9), one readily verifies that

∆1 =
ϕ(x)
ϕ(x0)

σx0 ((0, x0], i0) +

∫
(x0,x]

ψ̃(y, i0)ϕ(x)

ψ̃(x0, i0)ϕ(y)
σx0 (dy, i0) +

ψ̃(x, i0)

ψ̃(x0, i0)
σx0 ((x,∞), i0),

∆2 =

∑
k ̸=i0

ϕ(x)
ϕ(x0)

σx0 ((0,∞), k),

∆3 =
ϕ(x)
ϕ(x0)

σx0 ({0}).

ince σx0 is a probability measure, a simplification yields

f (x, i0) =
ϕ(x)
ϕ(x0)

σx0 ((0, x0], i0) +

∫
(x0,x]

ψ̃(y, i0)ϕ(x)

ψ̃(x0, i0)ϕ(y)
σx0 (dy, i0)

+
ψ̃(x, i0)

ψ̃(x0, i0)
σx0 ((x,∞), i0)

+
ϕ(x)
ϕ(x0)

(1 − σx0 ((0,∞), i0))

= ϕ(x)

(∫
(x0,x]

ψ̃(y, i0)

ψ̃(x0, i0)ϕ(y)
σx0 (dy, i0) +

ψ̃(x, i0)

ϕ(x)ψ̃(x0, i0)
σx0 ((x,∞), i0)

)
+ ϕ(x)

1 − σx0 ((x0,∞), i0)
ϕ(x0)

:= ϕ(x)v(x, i0) + ϕ(x)
1 − σx0 ((x0,∞), i0)

ϕ(x0)
.

he aim is to calculate the derivative of f . For this, consider

v(x + δ, i0) − v(x, i0) =

∫
(x,x+δ]

ψ̃(y, i0)

ψ̃(x0, i0)ϕ(y)
σx0 (dy, i0)

+
ψ̃(x + δ, i0)

ϕ(x + δ)ψ̃(x0, i0)
σx0 ((x + δ,∞), i0)

−
ψ̃(x, i0)

˜
σx0 ((x,∞), i0).
ϕ(x)ψ(x0, i0)
15
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This yields

v+(x, i0) = lim
δ↓0

1
S(x + δ) − S(x)

(
ψ̃(x + δ, i0)
ϕ(x + δ)

−
ψ̃(x, i0)
ϕ(x)

)
σx0 ((x + δ,∞), i0)

ψ̃(x0, i0)

= lim
δ↓0

1
S(x + δ) − S(x)

(
ψ∂ (x + δ)
ϕ(x + δ)

−
ψ∂ (x)
ϕ(x)

)
σx0 ((x + δ,∞), i0)

pi ψ̃(x0, i0)

=
1

piϕ2(x)
σx0 ((x,∞), i0)

ψ̃(x0, i0)
.

inally, we obtain by substituting and differentiating the following expression

f +(x, i0) = ϕ+(x)v(x, i0) + ϕ(x)
1

piϕ2(x)
σx0 ((x,∞), i0)

ψ̃(x0, i0)
+ ϕ+(x)

1 − σx0 ((x0,∞), i0)
ϕ(x0)

,

which implies (40). The expression (41) is proved similarly, we omit the details. □

We can also characterize r -excessive functions in the following way (cf. [4,16], and [21]).

heorem 5. A measurable function h :Γ → [0,∞) is r-excessive for X if and only if

(a) the function x ↦→ h(x, i), x > 0, i = 1, 2, . . . , n, is r-excessive for X ∂ ,
(b) the gluing condition holds:

Dh(0) :=

n∑
i=1

pi h+(0, i) ≤ 0.

roof. Assume first that h is r -excessive for X. Then (b) holds by (30) in Theorem 2. To
erify (a), we recall from (32) and (33) that on the leg i

h(x, i) =
cr

pi
ϕ(x)v(x, i) + ϕ(x)

=
cr

pi

(∫
(0,x]

ϕ(x)ψ∂ (y)
ϕ(y)

σ (dy, i) + ψ∂ (x)σ ((x,∞), i)
)

+ ϕ(x).

sing herein the explicit form of the Green function g∂r associated with X ∂ as given in (13)
ields

h(x, i) =
cr

pi

∫
∞

0
g∂r (x, y)µ(dy, i) + ϕ(x), (42)

here µ(dy, i) := σ (dy, i)/ϕ(y) is a finite measure on R+. Consequently, h is r -excessive for
X ∂ since the first term on the right hand side of (42) is r -excessive by the Riesz representation
nd, clearly, also the second term is such a one.

Assume next that (a) and (b) hold. We remark that (a) alone does not imply the claim.
ndeed, the function h(x, i) := ψ∂ (x) + 1 is continuous, strictly positive and r -excessive for

X ∂ but not r -excessive for X. Indeed, if h were r -excessive then the representing measure
hould put a non-negative mass at 0. But h+(0, i) = 1 for very i and, hence, from (38), the
ass is strictly negative, which contradicts the assumption of the r -excess. Since it is assumed

hat x ↦→ h(x, i) is for every i r -excessive for X ∂ its representing probability measure is given
or every i by

∂
(

+ +
)

σ ((x,∞], i) = C1 h (x, i)ϕ(x) − ϕ (x)h(x, i) , x > xo, (43)

16
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and

σ ∂ ([0, x), i) = C2
(
h(x, i)(ψ∂ )−(x, i) − h−(x, i)ψ∂ (x, i)

)
, 0 < x < xo, (44)

here xo > 0 is a point such that h(xo, i) = 1, and C1 and C2 are constants (which can be
alculated explicitly and do not depend on x). Notice that (43) and (44) induce probability
easures in fact for any xo > 0 since given an arbitrary xo > 0 we may consider the

epresentation of the function x ↦→ h(x, i)/h(xo, i). Consequently, the expression inside the
arenthesis in (43) is positive and decreasing as a function of x > 0. Moreover, it is bounded
y (b) and the assumptions on ϕ, cf. (4) and (6). We assume now without loss of generality that

h(0) = 1. It is also assumed that h has a representation as given on the right hand side of (26).
he derivation of the formulas (36) and (38) in Theorem 3 is based only on the assumption

hat the representation (26) is valid. From the discussion above we conclude that the expression
n the right hand side of (36) induces a measure. By the assumption (b) the mass at 0 is non-
egative. Therefore, the function h has the representation given on the right hand side of (26)
ith σ as a probability measure. Consequently, h is r -excessive for X. □

The proof of Theorem 5 yields also the following characterization of excessive functions
xpressed solely in terms of h and its derivatives.

heorem 6. A measurable function h :Γ → [0,∞) is r-excessive for X if and only if

(a) for every x > 0 and i = 1, 2, . . . , n the derivatives h+(x, i) and h−(x, i) exist,
(b) for every i = 1, 2, . . . , n the function

x ↦→ h+(x, i)ϕ(x) − ϕ+(x)h(x, i), x > 0.

is bounded, positive and decreasing,
(c) the gluing condition holds:

Dh(0) :=

n∑
i=1

pi h+(0, i) ≤ 0.

. Optimal stopping

Consider a continuous function g : Γ → [0,∞) called hereby the payoff function. We
ssume moreover that g is differentiable (with respect to the scale) on the interior of the edges,
nd has the right derivatives at 0 along the edges. Let M denote the set of stopping times
dapted to the filtration generated by X. Our optimal stopping problem consists of finding a
unction V , the value function, and a stopping time τ ∗, an optimal stopping time, such that

V (x) = sup
τ∈M

Ex
(
e−rτ g(X(τ ))

)
= Ex

(
e−rτ∗

g(X(τ ∗))
)
. (45)

n order for the value function to be finite, we assume the following condition to hold:

Ex

(
sup
t≥0

(e−r t g(X(t)))
)
< ∞. (46)

n (45), when τ (ω) = +∞ we define

e−rτ g(X(τ )) := lim sup
t→∞

e−r t g(X(t)). (47)

Let us mention that, as there exist several approaches to solve optimal stopping problems

or linear diffusions, it is natural to expect that some of them can be reasonably extended to the

17
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described probabilistic framework of a diffusion spider. In the present paper we choose two of
them. The first one is in the core of many posterior approaches, we call it a representation
approach, and consists in the examination of the representing measure of the candidate
excessive value function, as initiated in [33]; the second one analyzes the negative set of
the problem computed from the generator and the payoff function, initiated in [8]. Other
approaches, as the one based on harmonic functions in [7], the one based on convex functions
in [13], or the one via linear programming in [20], and, of course, the classical approach based
on the martingale theory and the smooth fit-principle can hopefully also be applied successfully.

We begin with a criterion to check the finiteness of the value function for a given payoff
unction g. Since we have an explicit description of the harmonic functions in (28) we may

and do apply this criterion in Section 8 when studying examples of optimal stopping.

Proposition 2. Assume that there exists a positive r-harmonic function H of X such that g/H
is bounded. Then, the value function in (45) is finite.

Proof. We use the argument presented, e.g., in [6] Proposition 3.3. p. 2570. For this, recall
that {e−r t H (X(t))}t≥0 is a positive martingale. Letting C be a bound of g/H then it holds for
an arbitrary stopping time τ

Ex
(
e−rτ g(Xτ )

)
= Ex

(
e−rτ g(Xτ )

H (Xτ )
H (Xτ )

)
≤ CEx

(
e−rτ H (Xτ )

)
≤ C H (x) < ∞,

here in case τ (ω) = ∞

e−rτ H (Xτ ) := lim
t→∞

e−r t H (Xt ). □

heorem 7. The value function V is the smallest r-excessive majorant of the payoff function
g. An optimal stopping time of the problem (45) is given by

τ ∗
= inf{t ≥ 0 : X(t) ∈ Σ },

here

Σ := {x ∈ Γ : g(x) = V (x)}. (48)

roof. Observe that the state space Γ is a locally compact Hausdorff space with a countable
asis (i.e. semi compact), the process has continuous trajectories and is strong Markov.
urthermore the function g is assumed to be continuous and to satisfy the condition (46).

Then the first claim follows from Theorem 1 p. 124 in [36] and the second one from Theorem
3 p. 127 in ibid. □

The set Σ introduced in (48) is called the stopping region and its complement C := Σ c the
ontinuation region of the OSP (45).

The next result is essentially Corollary on p. 124 in [36], and can be used to verify that a
andidate value function is indeed the true value (see, e.g., [1,24], and [25]). We apply this,
n particular, in our first example below. Recall that the underlying diffusion is assumed to be
ecurrent and, hence, the first hitting time H defined below is a.s. finite.
A

18
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Theorem 8. Let A ⊂ Γ be a (non-empty) Borel subset of Γ and

HA := inf{t ≥ 0 : Xt ∈ A}.

ssume that the function

V̂ (x) := Ex
[
e−r HA g(XHA )

]
s r-excessive and dominates g. Then, V̂ coincides with the value function of OSP (45) and
HA is an optimal stopping time.

We have the following sufficient condition for 0 to belong to the continuation region.

roposition 3. If

Dg(0) :=

n∑
i=1

pi g+(0, i) > 0, (49)

hen 0 ∈ C.

roof. Notice that Dg(0) is well defined by the assumptions on g. Suppose that (49) holds.
f 0 ∈ Σ then, from (48), g(0) = V (0). Since V is r -excessive we have DV (0) ≤ 0 by
heorem 5. But since V (x) ≥ g(x) for all x ∈ Γ it follows that 0 < Dg(0) ≤ DV (0) ≤ 0
hich is a contradiction. This concludes the proof of the proposition. □

We proceed now to characterize the stopping set as a unique solution to an integral equation.
t is seen that these results can be derived by modifying/converting the approach presented
n [6] for multidimensional diffusions to the present case with diffusion spiders, but, of course,
he rôle played by the node point must be analyzed carefully. The first result, Theorem 9, is

verification theorem presenting the key integral equation for the stopping region, and the
econd one, Theorem 10, is for the uniqueness of the solution of this equation. The proof of
he uniqueness uses ideas presented in Peskir [27] and [14]. Examples in Sections 8.2 and
.3 below illustrate the approach based on these results. The proofs of the results are given in
ppendices A and B, respectively.
For this program, recall the notation, cf. (8) and (9),

Gr f (x, i) := E(x,i)

[∫
∞

0
e−r t f (Xt )dt

]
=

n∑
k=1

∫
+∞

0
gr ((x, i), (y, k)) f (y, k) pk m(dy), (50)

ith a measurable and bounded f : Γ ↦→ R. In fact, if f is “only” locally bounded and
atisfies

n∑
i=1

∫
∞

0
ϕ(y)| f (y, i)| pi m(dy) < ∞ (51)

hen we still have for all (x, i) ∈ Γ

|Gr f (x, i)| < ∞.

sing the strong Markov property the following decomposition for the Green kernel is seen to
old

Gr f (x, i) = E(x,i)

[
e−rτGr f (Xτ )1{τ<∞} +

∫ τ

e−r t f (Xt )dt
]
, (52)
0
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where f : Γ ↦→ R is a locally bounded and measurable function satisfying (51) and τ a
topping time in the filtration generated by X.

heorem 9. Assume there exist a locally bounded and measurable function f : Γ ↦→ R and
a constant ∆0 (both depending on the payoff function g) such that (51) holds, and g can be
written for all (x, i) ∈ Γ as

g(x, i) = Gr f (x, i) + gr ((x, i), 0)∆0. (53)

Assume also that there exists a (non-empty) closed Borel subset O of Γ such that

(a) if (x, i) ∈ O then f (x, i) ≥ 0,

(b) if ∆0 < 0 then 0 ∈ Oc
:= Γ \ O,

and that the function Ṽ :Γ → R defined by

Ṽ ((x, i)) := Gr (1O f )(x, i) + gr ((x, i), 0) 1O (0)∆0 (54)

satisfies the following two conditions:

(1) Ṽ ((x, i)) ≥ g((x, i)) for all (x, i) ∈ Oc,

2) Ṽ ((x, i)) = g((x, i)) for all (x, i) ∈ ∂O, or, equivalently, for all (x, i) ∈ ∂O

g(x, i) − Ṽ (x, i) = Gr (1Oc f )(x, i) + gr ((x, i), 0) 1Oc (0)∆0 = 0. (55)

hen, in the problem (45), the stopping set Σ = O, τ ∗
= HO := inf{t ≥ 0 : Xt ∈ O} is an

ptimal stopping time and the value function V = Ṽ .

heorem 10. Let g, f, O,∆0 and Ṽ satisfy the assumptions in Theorem 9. Furthermore, let
be a class of nonempty closed subsets of Γ containing O such that for all U,U ′

∈ U
a) U ∩ U ′

̸= ∅,

(b) (x, i) ∈ U ⇒ f (x, i) ≥ 0,

(c) 0 ∈ U c,

(d) the following implications hold true:

(i) if P(x,i)(Leb({t ≤ HUc : Xt ̸∈ U ′
}) = 0) = 1 for all (x, i) ∈ U ∩ U ′, then U ⊆ U ′,

ii) if P(x,i)(Leb({t ≤ HU Xt ∈ U ′
}) = 0) = 1 for all (x, i) ∈ U c, then U ′

⊆ U,

here Leb denotes the Lebesgue measure. Then O is the unique set in the class U which
atisfies Eq. (55).

To apply Theorem 9 it is helpful to express f and ∆0 in terms of the function g and its
erivatives. This is achieved with similar ideas as in the proof of Theorem 3 but since g is
ot r -excessive more care is needed to analyze the integral representation (53). The proof is
n Appendix C.

roposition 4. Assume that the payoff function g has the representation (53). Then

a) ∆0 = −Dg(0),

b) for all x ≥ 0 and i = 1, 2, . . . , n∫
ϕ(y) f (y, i) m(dy) = g+(x, i)ϕ(x) − g(x, i)ϕ+(x). (56)
(x,∞)

20
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Remark 2. As is seen from the proof, the existence of the derivatives of g, in fact,
ollows from the assumption that g satisfies (53). Notice also that if the speed measure m
as a continuous derivative m ′ with respect to the Lebesgue measure, the scale function S is

continuously differentiable and g is two times continuously differentiable then the formula (56)
yields

f (x, i) = −

(
d

dm
d

d S
g(x, i) − rg(x, i)

)
= (r − G) g(x, i). (57)

ence, (53) expresses, in a sense, the classical fact that the infinitesimal operator is the inverse
f the resolvent operator. However, to make this precise, g should be in the domain of the
nfinitesimal operator. We refer to [8,9] for this approach for one-dimensional diffusions.
nstead of giving conditions for the reverse of Proposition 4 to hold we calculate in the examples
elow ∆0 as given in (a) and f as given in (57) and verify that (53) is satisfied.

. Examples of optimal stopping

In our examples the underlying diffusion X is a Brownian spider with n legs. In Section 8.1
he stopping region is connected and the problem is solved using the explicit expressions for
he representing measure of an excessive function displayed in Theorems 3 and 4. Here it is
lso studied how the stopping region changes when the discounting parameter r is varying. In
ections 8.2 and 8.3 the stopping region is disconnected. In these cases, we analyze Eq. (55)

n Theorem 9 and deduce using Theorem 10 that there is a unique solution. The resulting
quations for the boundary points of the stopping region are then solved numerically.

.1. Example

Consider the optimal stopping problem (45) for the Brownian spider X with 3 legs and the
ollowing payoff function

g(x, 1) = 1 + x, g(x, 2) =

(
1 −

x
2

)+

, g(x, 3) = (1 − 2x)+.

t is also assumed that p1 = p2 = p3 = 1/3. This assumption slightly simplifies the analysis
ut does not diminish the understanding of more general cases. That the problem has a finite
alue follows from Proposition 2 evoking the explicit form of the harmonic function given in
29). The solution of the problem is given in the next proposition. It is seen that the stopping
egion is connected for all values of the discounting parameter r .

roposition 5. The stopping region Σ of OSP introduced above is as follows:

(a) in case r > 2 there exist x∗

2 ∈ (0, 2) and x∗

3 ∈ (0, 1/2) such that

Σ = {(x, 1) : 0 ≤ x} ∪ {(x, 2) : 0 ≤ x ≤ x∗

2 } ∪ {(x, 3) : 0 ≤ x ≤ x∗

3 }, (58)

(b) in case 1/8 < r ≤ 2 there exists y∗

2 ∈ (0, 2) such that

Σ = {(x, 1) : 0 ≤ x} ∪ {(x, 2) : 0 ≤ x ≤ y∗

2 }, (59)

(c) in case 0 < r ≤ 1/8 there exists z∗

1 ≥ 0 such that

Σ = {(x, 1) : z∗

1 ≤ x}, (60)
here any point (0, i), i = 1, 2, 3, is identified as the origin 0.
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Proof. The idea of the proof is to study the expressions (36) and (38) for g and deduce what
s the largest set such that the induced measure is a probability measure. Firstly, recalling that
he scale function is S(x) = x we have

Dg(0) =
1
3

(
g′(0, 1) + g′(0, 2) + g′(0, 3)

)
=

1
3

(
1 −

1
2

− 2
)

= −
1
2
. (61)

This means that the payoff function satisfies the condition (30) which should hold for excessive
functions at 0 and, hence, it is possible that 0 ∈ Σ . Notice that if 0 ∈ Σ then V (0) = g(0) = 1.

onsider next the function on the right hand side of (36) for leg 2 evaluated for f = g, that
s, for x ∈ (0, 2), i = 2, and θ :=

√
2r

p2

cr

(
g+(x, 2)ϕ(x) − ϕ+(x)g(x, 2)

)
=

1
3θ

e−θx
(

−
1
2

+ θ
(

1 −
x
2

))
=: F2(x) (62)

learly, F2 is decreasing and F2(2) < 0. Hence, if F2(0) > 0 there is a unique zero. This is
he case when r > 1/8. We study similarly F3 defined for x ∈ (0, 1/2) by

F3(x) :=
p3

cr

(
g′(x, 3)ϕ(x) − ϕ+(x)g(x, 3)

)
=

1
3θ

e−θx (−2 + θ (1 − 2x)) .

It holds that F3 is decreasing and F3(1/2) < 0. Hence, if F3(0) > 0 there is a unique zero.
This is the case when r > 2. Finally, consider for x ≥ 0

F1(x) :=
p1

cr

(
g′(x, 1)ϕ(x) − ϕ+(x)g(x, 1)

)
=

1
3θ

e−θx (1 + θ (1 + x)) .

It is immediately seen that F1 is positive everywhere and decreasing.
We prove now (a). For r > 2 let x∗

2 ∈ (0, 2) be the zero of F2 and x∗

3 ∈ (0, 1/2) the zero of
F3. Let Σa be the set defined by the right hand side of (58) and introduce

H̃a := inf{t : Xt ∈ Σa}

and

Ṽa(x) := Ex

(
e−r H̃a g

(
XH̃a

))
=

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

g(x), x ∈ Σa,

g(x∗

2 , 2)
ϕ(x)
ϕ(x∗

2 )
, x ≥ x∗

2 on leg 2,

g(x∗

3 , 3)
ϕ(x)
ϕ(x∗

3 )
, x ≥ x∗

3 on leg 3.

Recall, cf. (3), that for x ≥ y ≥ 0

ϕ(x)
ϕ(y)

= Ex
(
e−r Hy

)
,

where Hy := inf{t : X t = y}. Clearly, Ṽa dominates g. Moreover, it can be checked that Ṽa is
-excessive by calculating the expressions in (36) on the legs (in fact, these are multiples of
he functions F1, F2, and F3) and in (38). Notice that DṼ (0) = Dg(0) = −

1
2 by (61). Evoking

heorem 8 completes the proof of (a).
Consider next the case (b). Analogously as above, we let Σb denote the right hand side of

59) where x∗

2 is the unique zero of F2. Furthermore,

H̃ := inf{t : X ∈ Σ }
b t b
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and

Ṽb(x) := Ex

(
e−r H̃b g

(
XH̃b

))
=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
g(x), x ∈ Σb,

g(x∗

2 , 2)
ϕ(x)
ϕ(x∗

2 )
, x ≥ x∗

2 on leg 2,

ϕ(x), x ≥ 0 on leg 3.

Clearly, Ṽb dominates g on the legs 1 and 2. Since 1/8 < r ≤ 2 it is easily seen that
Ṽb dominates g also on the leg 3. We can check the r -excessivity of Ṽb by calculating the
representing measure. Notice, in particular, that DṼb(0) =

1
3

(
1 −

1
2 − θ

)
≤ 0.

We consider now case (c). The three functions F1, F2 and F3 above have no roots, so we
should consider the function on the l.h.s. of (41) with io = 1. The function is proportional to

F̄1(x) = (1 + x)ψ̃−(x, 1) − ψ̃(x, 1)

ith ψ̃ in (21). After some computations we obtain

F̄1(x) =
θ (1 + x)

2

(
3eθx

+ e−θx)
−

1
2

(
3eθx

− e−θx)
or r ≤ 1/8 we have θ ≤ 1/2 and F̄1(0) ≤ 0 (with equality only at r = 1/8). Furthermore,
y differentiation we obtain that the function is increasing and it follows that it has a unique
on-negative root z∗

1. Consider now Σc the set in the l.h.s. of (60) and the stopping time

H̃c := inf{t : Xt ∈ Σc}.

pplying the hitting time in (23), we obtain the candidate value function for the problem:

Ṽc(x) := Ex

(
e
−r H̃z∗1 g

(
XH̃z∗1

))
=

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

g(x), x ∈ Σc,

g(z∗

1, 1)

ψ̃(z∗

1, 1)
ψ̃(x, 1), 0 ≤ x ≤ z∗

1 on leg 1,

g(z∗

1, 1)

ψ̃(z∗

1, 1)

ϕ(x)
θ
, x ≥ 0 on legs 2, 3.

(63)

e now apply Theorem 8. The function Ṽc is r -excessive because its representing measure is
ositive on the set (z∗

1,∞) on leg 1 according to the selection of z∗

1 and (41), and vanishes on
the set (0, z∗

1) on leg 1, and also on the other legs since the chosen function in (63) is harmonic
on the complement of Σc. Let us now prove that

Ṽc ≥ g. (64)

It is clear that Ṽc(x) = g(x) for x = (x, 1) and x ≥ z∗

1. The condition F̄1(z∗

1) = 0 implies

ψ̃ ′(z∗

1, 1) =
ψ̃(z∗

1, 1)
g(z∗

1, 1)
,

and then according to (63) we have that Ṽ ′
c (z∗

1, 1) = 1. As the function ψ̃ is strictly convex, it
olds that Ṽc(x) ≥ g(x) everywhere on the leg 1. As a consequence, this yields that

Ṽc(0) =
g(z∗

1, 1)
∗

=: K > 1.

θψ̃(z1, 1)
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Introduce the tangent line to Ṽc at x = 0 on the leg 2. As Ṽc(x, 2) = K e−θx , the tangent is

t(x) = K (1 − θx).

As t(2) = K (1 − 2θ ) ≥ 0 we conclude that Ṽc(x, 2) ≥ t(x) ≥ g(x, 2). The fact that
g(x, 3) < g(x, 2) concludes the proof of (64). □

emark 3 (OSP for Skew Brownian Motion). In case n = 2, process X is the usual skew
rownian motion with parameter β = p1, identifying the first leg with the positive half-line

and the second leg with the negative half-line, and denoting by x the distance from the origin.
or a general payoff function g, considered as a function on the line R, the application of

Proposition 3 gives that when

βg′(0+) − (1 − β)g′(0−) > 0,

the origin 0 belongs for all values of the discounting parameter r to the continuation region.
This result can also be found in [1] Proposition 1.

8.2. Example

Consider next the optimal stopping problem for a Brownian spider with n legs and payoff
function

g(x, i) = Ai x, x > 0, i = 1, 2, . . . , n,

where Ai > 0. Straightforward but a bit lengthy calculations, show that the representation (53)
for g holds (cf. Proposition 4) when

∆0 = −Dg(0) = −

n∑
i=1

pi Ai

and for x > 0, see (57),

f (x, i) = −

(
1
2

d2

dx2 (Ai x) − r Ai x
)

= r Ai x .

pplying Proposition 2, with the harmonic function given in (29), it is seen that the value
unction V of the problem is finite. From Theorem 7 we know that V is the smallest r -excessive
ajorant of g and the stopping set Σ is given by (48). Since g and V are continuous it follows

hat Σ is closed and, in particular, V (z, i) = g(z, i) when (z, i) ∈ ∂Σ . Moreover, notice that
̸∈ Σ because g(0) = 0 (cf. also Proposition 3). Recall that V is r -harmonic on C := Σ c and

V = g on Σ . Hence V can be represented for all (x, i) ∈ Γ as

V (x, i) =

n∑
k=1

∫
+∞

0
gr ((x, i), (y, k)) 1Σ ((y, k)) f (y, k) dy, (65)

here the Green function gr is given in (22). We remark that (65) is the Riesz representation
f the r -excessive function V . Here it is also used that, due to the smooth pasting property
valid in this case, see Theorem 11 in Appendix B), the representing measure of V does not
ut mass on the boundary points of Σ , see (37), and is, therefore, absolutely continuous with
espect to the Lebesgue measure. The density is f since V = g on Σ . Consequently, it holds
cf. (55)) for all (z, i) ∈ ∂Σ

n∑∫
+∞

gr ((z, i), (y, k)) 1Σc ((y, k)) 2r pk Ak y dy = gr ((z, i), 0)
n∑

pk Ak . (66)

k=1 0 k=1

24



J. Lempa, E. Mordecki and P. Salminen Stochastic Processes and their Applications 167 (2024) 104229

i

i

B

w
a
t
t
a

S

U

C
T

Proposition 6. There exist z∗

i > 0, i = 1, 2, . . . , n, such that Σ = {(x, i) : x ≥ z∗

i , i =

1, 2, . . . , n}.

Proof. Let

A∗ = min{A1, . . . , An} and A∗
= max{A1, . . . , An}.

Let V∗ (V ∗) be the value function of OSP with payoff g∗(x, i) = A∗x (g∗(x, i) = A∗x),
= 1, 2, . . . , n. Then, because for all x and i

g∗(x, i) ≤ g(x, i) ≤ g∗(x, i),

t follows

V∗(x, i) ≤ V (x, i) ≤ V ∗(x, i). (67)

y symmetry, for all x and i

V∗(x) = sup
τ

Ex
(
e−rτ A∗ X(τ )

)
= A∗ sup

η

Ex
(
e−rη Xη

)
(68)

and

V ∗(x) = sup
τ

Ex
(
e−rτ A∗ X(τ )

)
= A∗ sup

η

Ex
(
e−rη Xη

)
, (69)

here X = (X t )t≥0 denotes a reflecting Brownian motion, Ex the expectation operator
ssociated with X when started at x and the supremum in case of X is taken over all stopping
imes η in the filtration of X . For OSP (68) and for (69) there exists z∗ and z∗, respectively, such
hat the corresponding stopping regions are given by Σ∗ = {(x, i) : x ≥ z∗, i = 1, 2, . . . , n}

nd Σ ∗
= {(x, i) : x ≥ z∗, i = 1, 2, . . . , n}. In particular, on every leg i it holds for x ≥ z∗

V (x, i) ≤ A∗x . (70)

Consequently, Σ c does not contain sets of the form Oi,z := {(x, i) : x > z} for any i and
z > 0. Indeed, if there is i and z such Oi,z ⊂ Σ c then V is r -harmonic on Oi,z and increases
exponentially, see (29), but this violates (70). Next, (67) also yields that Σ ⊆ {(x, i) : x ≥

z∗, i = 1, 2, . . . , n}. Finally, assume that Σ is not connected on some leg k Then there exist
xk ∈ Σ c such that V (xk, k) > g(xk, k) = Ak xk , and, by continuity, xk1 and xk2 in Σ such that
xk1 < xk < xk2 and V (x, k) > Ak x for all in x ∈ (xk1 , xk2 ). Let

H1,2 := inf{t : Xt /∈ (xk1 , xk2 )}.

ince V is r -harmonic on (xk1 , xk2 ) it holds

V (x, k) = E(x,k)
(
e−r H1,2 Ak X(H1,2)

)
= AkEx

(
e−r H1,2 X H1,2

)
.

sing [5] 3.3.0.5 (a) and (b) p. 218 gives

Ex
(
e−r H1,2 X H1,2

)
= xk1Ex

(
e−r H1,2 ; X H1,2 = xk1

)
+ xk2Ex

(
e−r H1,2 ; X H1,2 = xk2

)
=

1

sinh
(

(xk2 − xk1 )
√

2r
) (xk1 sinh

(
(xk2 − x)

√
2r
)

+ xk2 sinh
(

(x − xk1 )
√

2r
))
.

onsequently, V is convex on (xk1 , xk2 ) and, hence, V (x, k) < g(x, k) for all x ∈ (xk1 , xk2 ).

his is a contradiction, and the proof is complete. □
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Let z∗

i , i = 1, 2, . . . , n, be the boundary points of Σ , as introduced in Proposition 6. Then
z∗

1, . . . , z∗
n) constitutes a solution to the system of the equations (66), i.e., for i = 1, 2, . . . , n

n∑
k=1

∫ z∗
k

0
gr ((z∗

i , i), (y, k)) 2r pk Ak y dy = gr ((z∗

i , i), 0)
n∑

k=1

pk Ak . (71)

he uniqueness of the solution follows from Theorem 10. Indeed, it is easily verified that letting
consist of all sets U of the form

U = U (α1, . . . , αn) = {(xi , i) : xi ≥ αi , i = 1, . . . , n}, αi > 0, i = 1, 2, . . . , n,

hen the properties (a), (b), (c), and (d) listed therein hold.
To give some numerical flavor, let n = 3 and r = 1/2. Then the system (71) becomes

Ai

∫ zi

0
y sinh(y)dy +

3∑
k=1

Ak pk

∫ zk

0
ye−ydy =

3∑
k=1

Ak pk, i = 1, 2, 3,

nd integrating yields

Ai (zi cosh(zi ) − sinh(zi )) =

3∑
k=1

Ak pke−zk (1 + zk), i = 1, 2, 3. (72)

utting, moreover, p1 = p2 = p3 = 1/3, A1 = 1, A2 = 2 and A3 = 3 and solving numerically
qs. (72) we obtain the stopping region of the OSP that has the respective critical threshold
alues

z1 = 1.4816, z2 = 1.2041, z3 = 1.0628.

.3. Example

We conclude by considering in the same setting as in Section 8.2 the optimal stopping
roblem with the payoff function

g(x, i) = Ai x2, x > 0, i = 1, 2, 3,

here Ai > 0. Again, applying Proposition 2 it is seen that the value function of the problem
s finite. Straightforward but a bit lengthy calculations show the representation (53) for g holds
cf. Proposition 4) when

∆0 = −Dg(0) = 0

nd for x > 0, see (57),

f (x, i) = −

(
1
2

d2

dx2 (Ai x2) − r Ai x2
)

= Ai
(
r x2

− 1
)
.

The corresponding equations obtained from (55) then are:
n∑

k=1

∫
+∞

0
gr ((z, i), (y, k)) 1Σc ((y, k)) Ak(r y2

− 1)2pk dy = 0. (73)

or simplicity we take r = 1/2. We use the Green kernel expression (22) and proceed similarly
s in Section 8.2, (in particular, it is seen that the continuation region is connected, and that
he solution of the associated equation system is unique). Introducing the auxiliary functions

F(z) =

∫ z

sinh(y)(y2
− 1)dy = z2 cosh(z) − 2z sinh(z)
0
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H (z) =

∫ z

0
e−y(y2

− 1)dy = −e−zz(z + 2).

he equation system to find the boundary points of the continuation region is as follows

A1 F(z∗

1) = A2 F(z∗

2) = A3 F(z∗

3)

and

A1
(
F(z∗

1) + H (z∗

1)
)
+ A2

(
F(z∗

2) + H (z∗

2)
)
+ A3

(
F(z∗

3) + H (z∗

3)
)

= 0.

To solve numerically, we take A1 = 1, A2 = 2 and A3 = 3 obtaining

z∗

1 = 2.16987, z∗

2 = 2.06543, z∗

3 = 2.02250.
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ppendix A. Proof of Theorem 9

The proof consists of checking that the function Ṽ fulfills the conditions in Theorem 8.
irstly, notice that Ṽ is r -excessive since it is a linear combination of the Green kernel at 0
nd an integral of the Green kernel with respect to a positive measure. Since, by assumption
1), Ṽ dominates g on Oc it remains to show that for all (x, i) ∈ Γ

Ṽ (x, i) = E(x,i)
[
e−r HO g(XHO )

]
. (74)

ecall that X is recurrent and, hence, HO < ∞ a.s. for all starting states. Moreover, XHO ∈

O ⊆ O since O is assumed to be closed and X has continuous sample paths. Suppose now
hat (x, i) ∈ Oc and 0 ∈ Oc. Then, using (52),

Ṽ (x, i) = Gr (1O f )(x, i) = E(x,i)

[
e−r HO Gr (1O f )(XHO ) +

∫ HO

0
e−r HO (1O f )(Xt )dt

]
= E(x,i)

[
e−r HO Gr (1O f )(XHO )

]
= E(x,i)

[
e−r HO Ṽ (XHO )

]
= E(x,i)

[
e−r HO g(XHO )

]
,

here, in the last step, assumption (2) is applicable since XHO ∈ ∂O . If 0 ∈ O we have

Ṽ (x, i) = Gr (1O f )(x, i) + gr ((x, i), 0)∆0

= E(x,i)
[
e−r HO Gr (1O f )(XHO )

]
+ gr ((x, i), 0)∆0. (75)

o analyze the second term on RHS of (75) recall from (9) in Theorem 1 that

g ((x, i), 0) = c−1ϕ(x).
r r
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Hence, the function gr (·, 0) is r -harmonic on the legs of Γ ; in other words, if A is a Borel
ubset of [0,+∞) including 0, X0 = (x, i) ∈ (Ac, i) and HA := inf{t : Xt ∈ (A, i)} then

gr ((x, i), 0) = E(x,i)
[
e−r HA gr (XHA , 0)

]
.

onsequently, if (x, i) ∈ Oc and 0 ∈ O

gr ((x, i), 0) = E(x,i)
[
e−r HO gr (XHO , 0)

]
,

nd (75) can be developed as follows

Ṽ (x, i) = E(x,i)
[
e−r HO Gr (1O f )(XHO )

]
+ E(x,i)

[
e−r HO gr (XHO , 0)

]
∆0

= E(x,i)

[
e−r HO

(
Gr (1O f )(XHO ) + gr (XHO , 0)∆0

)]
= E(x,i)

[
e−r HO Ṽ (XHO )

]
= E(x,i)

[
e−r HO g(XHO )

]
roving (74) also in this case. To show that (74) holds when (x, i) ∈ O we show that Ṽ = g
n O . This clearly implies the claim since if (x, i) ∈ O then a.s. HO = 0 in (74). Subtracting
54) from (53) yields for all (x, i)

g(x, i) − Ṽ (x, i) = Gr (1Oc f )(x, i) + gr ((x, i), 0) 1Oc (0)∆0 (76)

et (x, i) ∈ O and 0 ∈ O . Then, evoking (52),

g(x, i) − Ṽ (x, i) = Gr (1Oc f )(x, i)

= E(x,i)

[
e−r HOc Gr (1Oc f )(XHOc ) +

∫ HOc

0
e−r HOc (1Oc f )(Xt )dt

]
= E(x,i)

[
e−r HOc Gr (1Oc f )(XHOc )

]
= 0,

here in the last step assumption 2 is applicable since XHOc ∈ ∂O . Finally, suppose (x, i) ∈ O
nd 0 ∈ Oc. Then, with analogous arguments as above,

g(x, i) − Ṽ (x, i) = Gr (1Oc f )(x, i) + gr ((x, i), 0)∆0

= E(x,i)
[
e−r HOc Gr (1Oc f )(XHOc )

]
+ E(x,i)

[
e−r HOc gr (XHOc , 0)∆0

]
= E(x,i)

[
e−r HOc

(
Gr (1Oc f )(XHOc ) + gr (XHOc , 0)∆0

)]
= 0.

ppendix B. Proof of Theorem 10

Let U ∈ U be such that for all (x, i) ∈ ∂U

Gr( f 1Uc )(x, i) + gr ((x, i), 0)1Uc (0)∆0 = 0, (77)

.e., (55) holds when O is replaced with U . The claim is that U = O . To prove this, define

W (x, i) := Gr( f 1U )(x, i) + gr ((x, i), 0)1U (0)∆0.

sing the assumed representation of the payoff function g, see (53), yields

g(x, i) − W (x, i) = G ( f 1 c )(x, i) + g ((x, i), 0)1 c (0)∆ .
r U r U 0
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From (77) it follows that for all (x, i) ∈ ∂U

g(x, i) − W (x, i) = 0, (78)

nd arguing analogously as in the proof of Theorem 9 it is seen that (78) holds for all (x, i) ∈ U .
ecall that Ṽ is the value function of the problem. We show now that for all (x, i) ∈ Γ

W (x, i) ≤ Ṽ (x, i). (79)

irstly, for (x, i) ∈ U it holds W (x, i) = g(x, i) ≤ V (x, i) since Ṽ is a majorant of g. Secondly,
et (x, i) ∈ U c. Proceeding similarly as when proving (74) in the proof of Theorem 9 it is seen
hat

W (x, i) = E(x,i)
[
e−r HU W (XHU )

]
= E(x,i)

[
e−r HU g(XHU )

]
≤ Ṽ (x, i),

here the second equality is valid since XHU ∈ ∂U , and the inequality holds since Ṽ is
he value of the problem. Hence, (79) is verified. Next we show that O ⊆ U . Recall the
ssumption (a), and let (x, i) ∈ O ∩ U . Using (52), the fact that the function gr (·, 0) is
-harmonic on the legs of Γ , and the inequality (79), yield

g(x, i) = W (x, i)

= E(x,i)
[
e−r HOc Gr ( f 1U )(XHOc )

]
+ E(x,i)

[
e−r HOc gr (XHOc , 0)1U (0)∆0

]
+ E(x,i)

[∫ HOc

0
e−rs f (Xs)1U (Xs)ds

]
= E(x,i)

[
e−r HOc W (XHOc )

]
+ E(x,i)

[∫ HOc

0
e−rs f (Xs)1U (Xs)ds

]
≤ E(x,i)

[
e−r HOc Ṽ (XHOc )

]
+ E(x,i)

[∫ HOc

0
e−rs f (Xs)1U (Xs)ds

]
. (80)

n the other hand, since 0 ∈ Oc by assumption (c) we have (see also (54))

g(x, i) = Ṽ (x, i)
= Gr ( f 1O )(x, i) + gr ((x, i), 0) 1O (0)∆0

= Gr ( f 1O )(x, i)

= E(x,i)
[
e−r HOc Gr ( f 1O )(XHOc )

]
+ E(x,i)

[∫ HOc

0
e−rs f (Xs)1O (Xs)ds

]
= E(x,i)

[
e−r HOc V (XHOc )

]
+ E(x,i)

[∫ HOc

0
e−rs f (Xs)ds

]
. (81)

ubtracting (81) from (80) yields

0 ≤ E(x,i)

[∫ HOc

0
e−rs f (Xs)1U (Xs)ds

]
− E(x,i)

[∫ HOc

0
e−rs f (Xs)ds

]
= −E(x,i)

[∫ HOc

0
e−rs f (Xs)1Uc (Xs)ds

]
≤ 0.

hus P(x,i)(Leb({t ≤ HOc |Xt ∈ U c
}) = 0) = 1 for all (x, i) ∈ O ∩ U , and it follows from

ssumption c(i) that O ⊆ U . Finally, we prove the opposite inclusion, i.e., U ⊆ O . For this, let
29
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(x, i) ∈ Oc and recall that HO = inf{t ≥ 0|X t ∈ O} is an optimal stopping time. Calculating
imilarly as above we have

V (x, i) ≥ W (x, i)

= Gr( f 1U )(x, i) + gr ((x, i), 0)1U (0)∆0

= Gr( f 1U )(x, i)

= E(x,i)
[
e−r HO Gr ( f 1U )(XHO )

]
+ E(x,i)

[∫ HO

0
e−rs f (Xs)1U (Xs)ds

]
= E(x,i)

[
e−r HO W (XHO )

]
+ E(x,i)

[∫ HO

0
e−rs f (Xs)1U (Xs)ds

]
.

ince O ⊆ U and W = g on U , it holds that W (XHO ) = g(XHO ). Thus

V (x, i) ≥ E(x,i)
[
e−r HO g(X HO )

]
+ E(x,i)

[∫ HO

0
e−rs f (Xs)1U (Xs)ds

]
≥ V (x, i).

his implies P(x,i)(Leb({t ≤ HO |Xt ∈ U }) = 0) = 1 for all (x, i) ∈ Oc. Now by assumption
(ii) we conclude U ⊆ O .

ppendix C. Proof of Proposition 4

We prove first (a). For this, consider for x ≥ 0

g(x, i) =

∫
+∞

0
gr ((x, i), (y, i)) f (y, i) pi m(dy)

+

n∑
k=1

∫
+∞

0
gr ((x, i), (y, k)) f (y, k) pkm(dy)

+ gr ((x, i), 0)∆0

=

∫
(0,x]

ϕ(x)ψ̃(y, i) f (y, i) pi m(dy) +

∫
(x,∞)

ϕ(y)ψ̃(x, i) f (y, i) pi m(dy)

+
1
cr

∑
k ̸=i

∫
+∞

0
ϕ(x)ϕ(y) f (y, k) pkm(dy) + ϕ(x)ψ̃(0)∆0,

here the explicit form of the Green kernel is used, in particular, ψ̃(y, i) = p−1
i ψ∂ (y)+c−1

r ϕ(y)
nd ψ̃(0) = c−1

r since ψ∂ (0) = 0 and ϕ(0) = 1). Introduce a signed measure on Γ via

µ(dy, i) :=ϕ(y) f (y, i) pi m(dy), y > 0, i = 1, 2, . . . , n,

µ(0) :=∆0.

otice that, by assumption (51), µ is of finite total variation. Straightforward manipulations
cf. (32) and (33)) yield

g(x, i) =
1
pi
ϕ(x)u(x, i) +

1
cr
ϕ(x)µ(Σ ), (82)

here

u(x, i) =

∫
ψ∂ (y)

µ(dy, i) + ψ∂ (x)µ((x,∞), i). (83)

(0,x] ϕ(y)
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Next we calculate the scale derivative of g at (0, i). Since ϕ+(0) = −cr and u(0, i) = 0 we
ave from (82)

g+(0, i) =
1
pi

u+(0, i) − µ(Γ ),

nd g+(0, i) exists if and only if u+(0, i) exists. Hence consider

lim
δ↓0

u(y, i) − u(0, i)
S(y) − S(0)

= lim
δ↓0

u(δ, i)
S(δ)

.

he scale derivative of the first term on the r.h.s. of (83) is zero. To show this, introduce for
y > 0 and i = 1, 2, . . . , n

µ+(dy, i) := ϕ(y) f (y, i)1{ f (y,i)≥0} pi m(dy) and µ−(dy, i)

:= −ϕ(y) f (y, i)1{ f (y,i)<0} pi m(dy),

and then

lim
δ↓0

⏐⏐⏐ 1
S(δ)

∫
(0,δ]

ψ∂ (y)
ϕ(y)

µ(dy, i)
⏐⏐⏐ ≤ lim

δ↓0

(
1

S(δ)
ψ∂ (δ)
ϕ(δ)

(
µ+((0, δ], i) + µ−((0, δ], i)

))
= 0,

since µ+ and µ− are finite measures and limδ↓0 ψ
∂ (δ)/S(δ) = 1 (see (4)). Consequently,

u+(0, i) = lim
δ↓0

1
S(δ)

µ((δ,∞), i) = µ((0,∞), i),

nd, hence,

Dg(0) =

n∑
i=1

pi g+(0, i) =

n∑
i=1

pi

( 1
pi

u+(0, i) − µ(Γ )
)

=

n∑
i=1

µ((0,∞), i) − µ(Γ )

= −µ(0) = −∆0

roving (a).
Consider now the claim (b). To deduce formula (56) the scale derivative of g(·, i) is needed.

rom (82) it is seen then that we should calculate the scale derivative of u(·, i). It holds for
≥ 0

u(x + δ, i) − u(x, i) =

∫
(x,x+δ]

ψ∂ (y)
ϕ(y)

µ(dy, i) +
ψ∂ (x + δ)
ϕ(x + δ)

µ((x + δ,∞), i)

−
ψ∂ (x)
ϕ(x)

µ((x,∞), i)

=

∫
(x,x+δ]

ψ∂ (y)
ϕ(y)

µ(dy, i) −
ψ∂ (x)
ϕ(x)

µ((x, x + δ], i)

+

(
ψ∂ (x + δ)
ϕ(x + δ)

−
ψ∂ (x)
ϕ(x)

)
µ((x + δ,∞), i)

=

∫
(x,x+δ]

(
ψ∂ (y)
ϕ(y)

−
ψ∂ (x)
ϕ(x)

)
µ(dy, i)

+

(
ψ∂ (x + δ)
ϕ(x + δ)

−
ψ∂ (x)
ϕ(x)

)
µ((x + δ,∞), i)

=: F1(x, δ) + F2(x, δ).
31



J. Lempa, E. Mordecki and P. Salminen Stochastic Processes and their Applications 167 (2024) 104229

a

S

a

A

s
c
o
(
S

T
i
b

i

P

a

Since x ↦→ ψ∂ (x)/ϕ(x) is non-decreasing and (cf. (5))

lim
δ↓0

1
S(x + δ) − S(x)

(
ψ∂ (x + δ)
ϕ(x + δ)

−
ψ∂ (x)
ϕ(x)

)
=

1
ϕ2(x)

we have

lim
δ↓0

F1(x, δ)
S(x + δ) − S(x)

= 0

nd

lim
δ↓0

F2(x, δ)
S(x + δ) − S(x)

=
µ((x,∞), i)
ϕ2(x)

.

traightforward manipulations yield

g+(x, i)ϕ(x) − g(x, i)ϕ+(x) =
1
pi
µ((x,∞), i),

s claimed in (b).

ppendix D. Smooth fit theorem for diffusion spiders

To make the paper more self contained, we discuss here the smooth fit property for diffusion
piders. In the formulation below the differentiation is taken with respect to an arbitrary
ontinuous and increasing function F ; the “usual” choices being F = S (the scale function)
r F(x) = x, x > 0. Notice that we consider the smooth fit “only” on the legs of the spider
and not in the vertex). In fact, in this case, the result is as in the diffusion case presented in
alminen and Ta [34] (and earlier in [33]), see also Peskir [28].

heorem 11. Let (z, i), z ̸= 0 be on the leg i a left boundary point of the stopping set Σ ,
.e., ([z, z + ε1), i) ⊂ Σ \ {0} and ((z − ε2, z), i) ⊂ Σ c

\ {0} for some positive ε1 and ε2. Let F
e a continuous and increasing function on R+ and assume that the payoff function g and the

functions ϕα and ψ̃α, α ≥ 0, are F-differentiable at (z, i). Then the value function V in (45)
s F-differentiable at (z, i) and the smooth fit with respect to F holds:

d+V
d F

(z, i) =
d−V
d F

(z, i) =
dg
d F

(z, i). (84)

roof. Since V > g on Σ c and V = g on Σ we have

d+V
d F

(z, i) := lim
δ→0+

V (z + δ, i) − V (z, i)
F(z + δ) − F(z)

= lim
δ→0+

g(z + δ, i) − g(z, i)
F(z + δ) − F(z)

=
d+g
d F

(z, i) =
dg
d F

(z, i)

nd
d−V
d F

(z, i) := lim
δ→0+

V (z − δ, i) − V (z, i)
F(z − δ) − F(z)

= lim
δ→0+

V (z, i) − V (z − δ, i)
F(z) − F(z − δ)

≤ lim
δ→0+

g(z, i) − g(z − δ, i)
F(z) − F(z − δ)

=
d−g
d F

(z, i) =
dg
d F

(z, i).
32
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Consequently,

d−V
d F

(z, i) ≤
d+V
d F

(z, i),

nd, hence, (31) implies

d−V
d F

(z, i) =
d+V
d F

(z, i),

roving the claim. □

eferences

[1] L.H.R. Alvarez, P. Salminen, Timing in the presence of directional predictability: optimal stopping of skew
Brownian motion, Math. Methods Oper. Res. 86 (2017) 377–400.

[2] M.T. Barlow, J. Pitman, M. Yor, On Walsh’s Brownian motions, Séminaire de probabilités de Strasbourg 23
(1989) 275–293.

[3] M.T. Barlow, J. Pitman, M. Yor, Une extension multidimensionnelle de la loi de l’arc sinus, Séminaire
probabilités Strasbourg 23 (1989) 294–314.

[4] E. Bayraktar, X. Zhang, Embedding of Walsh Brownian motion, Stochastic Process. Appl. 134 (2021) 1–28.
[5] A.N. Borodin, P. Salminen, Handbook of Brownian Motion—Facts and Formulae, second ed., Springer Basel

AG, Birkhäuser, 2015, 2nd corr. print.
[6] S. Christensen, F. Crocce, E. Mordecki, P. Salminen, On optimal stopping of multidimensional diffusions,

Stochastic Process. Appl. 129 (2019) 2561–2581.
[7] S. Christensen, A. Irle, A harmonic function technique for the optimal stopping of diffusions, Stochastics

Stochastics 83 (2011) 347–363.
[8] F. Crocce, E. Mordecki, Explicit solutions in one-sided optimal stopping problems for one-dimensional

diffusions, Stochastics 86 (3) (2014) 491–509.
[9] F. Crocce, E. Mordecki, An algorithm to solve optimal stopping problems for one-dimensional diffusions,

ALEA, Lat. Am. J. Probab. Math. Stat. 19 (2022) 1353–1375.
[10] E. Csáki, M. Csörgo, A. Földes, P. Révész, Some limit theorems for heights of random walks on a spider,

J. Theoret. Probab. 29 (2016) 1685–1709.
[11] E. Csáki, M. Csörgo, A. Földes, P. Révész, Limit theorems for local and occupation times of random walks

and Brownian motion on a spider, J. Theoret. Probab. 32 (2019) 330–352.
[12] M. Dassios, J. Zhang, First hitting time of Brownian motion on simple graph with skew semiaxes, Methodol.

Comput. Appl. Probab. 24 (2022) 1805–1831.
[13] D. Dayanik, I. Karatzas, On the optimal stopping problem for one-dimensional diffusions, Stochastic Process.

Appl. 107 (2) (2003) 173–212.
[14] J. du Toit, G. Peskir, Selling a stock at the ultimate maximum, Ann. Appl. Probab. 19 (3) (2009) 983–1014.
[15] P. Ernst, Exercising control when confronted by a (Brownian) spider, Oper. Res. Lett. 44 (4) (2016) 487–490.
[16] P.J. Fitzsimmons, K.E. Kuter, Harmonic functions on Walsh’s Brownian motion, Stochastic Process. Appl.

124 (2014) 2228–2248.
[17] P.J. Fitzsimmons, K.E. Kuter, Harmonic functions of Brownian motions on metric graphs, J. Math. Phys. 56

(2015) 013504.
[18] M.I. Freidlin, S.-J. Sheu, Diffusion processes on graphs: stochastic differential equations, large deviation

principle, Probab. Theory Related Fields 116 (2000) 181–220.
[19] M.I. Freidlin, A.D. Wentzell, Diffusion processes on graphs and the averaging principle, Ann. Probab. 21 (4)

(1993) 2215–2245.
[20] K. Helmes, R.H. Stockbridge, Construction of the value function and optimal rules in optimal stopping of

one-dimensional diffusions, Adv. Appl. Probab. 42 (1) (2010) 158–182.
[21] I. Karatzas, M. Yan, Semimartingales on rays, Walsh diffusions, and related problems of control and stopping,

Stochastic Process. Appl. 129 (2019) 1921–1963.
[22] V. Kostrykin, J. Potthoff, R. Schrader, Brownian motions on metric graphs, J. Math. Phys. 53 (9) (2012).
[23] H. Kunita, T. Watanabe, Markov processes and martin boundaries, part I. Illinois, J. Math. 9 (1965) 485–526.
[24] E. Mordecki, P. Salminen, Optimal stopping of Brownian motion with broken drift, High Freq. 2 (2019)
113–120.

33

http://refhub.elsevier.com/S0304-4149(23)00201-6/sb1
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb1
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb1
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb2
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb2
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb2
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb3
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb3
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb3
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb4
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb5
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb5
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb5
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb6
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb6
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb6
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb7
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb7
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb7
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb8
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb8
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb8
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb9
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb9
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb9
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb10
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb10
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb10
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb11
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb11
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb11
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb12
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb12
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb12
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb13
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb13
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb13
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb14
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb15
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb16
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb16
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb16
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb17
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb17
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb17
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb18
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb18
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb18
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb19
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb19
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb19
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb20
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb20
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb20
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb21
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb21
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb21
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb22
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb23
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb24
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb24
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb24


J. Lempa, E. Mordecki and P. Salminen Stochastic Processes and their Applications 167 (2024) 104229
[25] E. Mordecki, P. Salminen, Optimal stopping of oscillating Brownian motion, Electron. Commun. Probab. 24
(50) (2019) 1–12.

[26] V.G. Papanicolaou, E.G. Papageorgiou, D.C. Lepipas, Random motion on simple graph, Methodol. Comput.
Appl. Probab. 14 (2012) 285–297.

[27] G. Peskir, On the American option problem, Math. Finance 15 (1) (2005) 169–181.
[28] G. Peskir, Principle of smooth fit and diffusions with angles, Stochastics Stochastics 79 (2007) 293–302.
[29] D. Revuz, M. Yor, Continuous Martingales and Brownian Motion, third ed., Springer-Verlag, Berlin, 1999.
[30] L.C.G. Rogers, Itô excursion theory via resolvents, Z. Wahrscheinlichkeitstheor. Verwandte Geb. 63 (1983)

237–255.
[31] L.C.G. Rogers, D. Williams, Itô Calculus, Volume 2, second ed., Cambridge University Press, Cambridge,

2005.
[32] T.S. Salisbury, Construction of right processes from excursions, Probababiliy Theory Relat. Fields 73 (1986)

351–367.
[33] P. Salminen, Optimal stopping of one-dimensional diffusions, Math. Nachr. 124 (1985) 85–101.
[34] P. Salminen, B.Q. Ta, Differentiability of excessive functions of one-dimensional diffusions and the principle

of smooth fit, Banach Center Publ. 104 (2015) 181–199.
[35] P. Salminen, P. Vallois, M. Yor, On the excursion theory for linear diffusions, Jpn. J. Math. 2 (2000) 97–127.
[36] A.N. Shiryaev, Optimal Stopping Rules, Springer-Verlag, New York, 1978.
[37] J.B. Walsh, A diffusion with a discontinuous local time, in: Temps Locaux, Vol. 52–53, Astérisque, 1978,

pp. 37–45.
34

http://refhub.elsevier.com/S0304-4149(23)00201-6/sb25
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb25
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb25
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb26
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb26
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb26
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb27
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb28
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb29
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb30
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb30
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb30
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb31
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb31
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb31
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb32
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb32
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb32
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb33
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb34
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb34
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb34
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb35
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb36
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb37
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb37
http://refhub.elsevier.com/S0304-4149(23)00201-6/sb37

	Diffusion spiders: Green kernel, excessive functions and optimal stopping
	Introduction
	Definition and existence of a diffusion spider
	Preliminaries for linear diffusions
	Green kernel
	Hitting times
	Excessive functions
	Optimal stopping
	Examples of optimal stopping
	Example
	Example
	Example

	Declaration of competing interest
	Acknowledgments
	Appendix A.  Proof of Theorem 9
	Appendix B.  Proof of Theorem 10
	Appendix C. Proof of Proposition 4
	Appendix D. Smooth fit theorem for diffusion spiders
	References


