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Abstract. General conditions on smooth real valued random processes and
fields are given to ensure the finiteness of the moments of the measure of
their level sets. As a by product, a new generalized Kac—Rice formula for the
expectation of the measure of these level sets in the one-dimensional case is
obtained when the second moment is uniformly bounded. The conditions in-
volve: (i) the differentiability of the trajectories up to a certain order k; (ii) the
finiteness of the moments of the k-th partial derivatives of the field up to an-
other order; and (iii) the boundedness of the field’s joint density and some
of its derivatives. Particular attention is given to the shot noise processes and
fields. Other applications include stationary Gaussian processes, Chi-square
processes and regularized diffusion processes. We also sketch the application
of these tools to study critical points of random fields.

1 Introduction

Level sets of random fields play a key role in several branches of mathematics such as ran-
dom algebraic geometry, probability, and mathematical physics. The focus is on different
geometric characteristics of the level sets, typically their geometric measure. Depending on
the dimensions, these characteristics can be the number of crossings of a stochastic process,
the length of level curves of a random field, etc. Since the actual distribution of these random
variables is usually out of reach, it is natural to study their moments and asymptotic distribu-
tions. See Adler and Taylor (2007), Azais and Wschebor (2009) and Berzin, Latour and Ledn
(2022) for a general picture of the field.

The present paper addresses the following two issues: (i) assessing the finiteness of the
moments and (ii) their computation or estimation. For (ii) the main tool is the Kac—Rice
formula (KRF for short) which gives the expected value and the higher order moments of the
measure of level sets of smooth random fields. These two issues are highly connected, for
instance:

- The KRF of order one is, in general, valid under conditions that imply (without further
hypotheses) that the expectation is finite. Furthermore, in some cases, necessary and suf-
ficient conditions for the finiteness of the expectation of the measure of level sets can be
obtained from the KRF (see Armentano et al. (2019) and the references therein).

- For stationary Gaussian random fields, the KRF of order two can be used to obtain the
finiteness of the second moment of the measure of level sets as in the works by Geman
(1972), Kratz and Le6n (2006) and Azais and Ledn (2020). Some complicated studies have
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been carried out for higher moments in Belyaev (1966). In other cases, the calculations
remain intractable.

- In the other direction, as explained in Section 8, the finiteness of the second moment is a
tool to establish the validity of the KRF.

The seminal works in this field are those of Kac (1944) and Rice (1945). The KRFs were
first established for Gaussian stochastic processes, profiting from the fact that the Gaussian
framework allows not only to obtain conditions under which the formulas are valid but also
permits some explicit computations. Adler (1981) obtained KRF for Gaussian fields. Recent
works of Angst and Poly (2018), Armentano et al. (2019), Ancona and Letendre (2021) and
Gass (2021) are also worth mentioning. In Armentano et al. (2019) and Angst and Poly
(2018), the finiteness of the moments of the measure of nodal sets of real-valued Gaussian
stationary fields defined on R? is established. In the former, all the moments are shown to be
finite when the field is C*° and in the latter the moments up to the order d%l are shown to be
finite. In Ancona and Letendre (2021) the authors study carefully the Rice function o, k > 2
(i.e., the integrand in KRF for the k-th moment) and produce estimates for the k-th moment,
k > 2, of smooth Gaussian processes with fast decaying correlations. As a consequence, they
are able to deduce strong laws of large numbers, central limits theorems for the number of
zeros (and linear statistics of the zero set) and the asymptotic equidistribution of the zeros.
In the way, the authors identify the Rice function p; with the k-point function of the zeros
viewed as a point process and they study the order of vanishing and the continuity of pg.
These results are improved in Gass (2021) weakening the hypothesis and quantifying the
convergence by considering the cumulants instead of the moments. For a panoramic and
contemporary view of these matters, we refer to the books by Adler and Taylor (2007), Azais
and Wschebor (2009) and Berzin, Latour and Ledn (2022).

Mainly motivated by the applications, there has been an interest in studying such formulas
for non-Gaussian processes. The first successful attempt was that of Marcus (1977), who
provided a formula for the expected number of crossings of a process whose trajectories
are absolutely continuous. Concerning the finiteness of moments, by using properties of the
trajectories of regular processes, Nualart and Wschebor (1991) show that the expectation of
the number of crossings and its moments of order greater than one can be bounded. This
result is based on the idea that a “nice function” cannot have too many zeros. Unfortunately,
the proof heavily relies on the intermediate value theorem, and for this reason, it applies
only to stochastic processes. Wschebor (1985) establishes the KRF for the measure of the
level sets of fields (not necessarily Gaussian). However, it is important to point out that the
hypotheses of these formulas are difficult to check. An important exception is when the field is
a nonlinear transformation of a Gaussian one, as is the case of Xz’ t, or F random fields. The
books by Adler and Taylor (2007) and Azais and Wschebor (2009) contain a comprehensive
update of these subjects. The papers by Biermé and Desolneux (2012a), Borovkov and Last
(2012) and Dalmao and Mordecki (2015) consider crossings for discontinuous processes, and
the two last works include KRFs. Moreover, Biermé and Desolneux (2012b) and Biermé and
Desolneux (2016) study crossings problems and KRF for shot noise processes.

Within the applications of the KRF we mention the random sea surface modeling and the
articles by Machado and Rychlik (2003), Podgorki, Rychlik and Wallin (2015), Baxevani,
Podgorki and Rychlik (2014) and Podgorki and Rychlik (2008) that contain Gaussian and
general KRFs. Worsley (1995b) computes the expectations of some level sets characteristic in
the context of medical image processing, and Worsley (1995a) considers similar applications
in astrophysics. Other applications and KRFs for fields can be found in the recent monograph
by Berzin, Latour and Ledn (2022).

The finiteness of moments considered in this paper remains an open problem, except for
the stationary Gaussian case, limited to the first and second moments. This finiteness can be
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a first step in order to establish speed of convergence results for ergodic processes or fields,
when observations are made on an increasing subset of the parameter space. In the particular
case of n-dependent random processes the finiteness of the 2 + § moment for some & > 0
gives directly a central limit theorem, see Example 6. This finiteness gives also a central limit
theorem in the case of increasing number of independent observations of the random field.

The rest of the paper is organized as follows. The main result in dimension one is given
by Theorem 1 in Section 2. Section 3 considers the application of Theorem 1 to different
examples with new results, with the exception of Example 1, even in the case of Gaussian
or x? processes. Section 4 contains the study of shot noise processes, this theme, together
with shot noise random fields, constitutes the main application of our results. In Section 5,
Theorem 1 is extended to real-valued random fields defined on R and shot noise random
fields are studied in this framework. Section 6 adapts the previous section to the case of
real-valued random fields defined on the sphere S¢ including an application to shot noise
random fields defined on the sphere. In Section 7, we sketch how these tools can be used to
assess the finiteness of the moments of the number of critical points of random fields. Finally,
non-Gaussian KRFs are considered in Section 8.

2 Processes from R to R

The main object of this section is the number of crossings through a level u over a compact
time interval, by the trajectories of a smooth stochastic process defined on a probability space
(2, F,P). As usual, E denotes the mathematical expectation w.r.t. the probability P.

Definition 1. Assume that X = {X (¢): ¢ € I} is a real valued stochastic process, where I C
R is a compact interval, with k times continuous derivatives, that is, with trajectories in the
class C*(I). We define the number of crossings through level u by the process X over I by

Ny=N,(I):=#{tel: X(t) =u}.

Our objective is to obtain conditions under which the random variable N, has finite mo-
ments, and the basic idea is the following. Consider for example f: [0, 1] — R. Assume that
the kth derivative of f is bounded by M and that f has k zeros on [0, 1]. Then f satisfies

(1/2)%
[Fa/ =M=~

We now replace the function f by the paths of our random process X, assuming that it
admits a bounded density at t = 1/2, denote by C the bound. Then, the probability of the
event {| X (1/2)| < M(1/2)k/k!} is smaller than

(1/2)*

k'
Theorem 1 below is just a systematic exploitation of this method with some generalization
considering the joint density of X (¢#) and some of its higher order derivatives. In order to
formulate the following result, denote by |/| the length of a compact interval I and by I its
middle point. As usual, we interpret the zeroth derivative X© as X itself. For each trajectory
of the process X, denote

2CM

| X oo = sup| X (1)]

tel

Theorem 1. Consider a stochastic process X = {X(¢t) :t € I} and let I, u and N, be as
above. Assume that X satisfies
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(H1) The sample paths of X are C¥(I) for some k > 2.
(H2) For somem =1,2,..., there exists a constant D,, such that

E(|X®[2) < D

(H3) There exist 0 < h < k and a constant C > 0 such that the joint density of X (t), X'(¢),
..., XM (1) is bounded by C uniformly int € I, and on a neighborhood of (u, 0, . .., 0).

Then, for p=1,2, ..., such that

(k h 1 )(1 b >_1 2.1
<lk—z——){—+—) . .
p R EY VAU R EY)

the pth moment of the number of crossings N, is finite.
If in addition, we assume

(H4) the density in (H3) is bounded by C uniformly int € I and (uy, ..., up41) € R

Then
E(NJ) < (k=17 + Dy - Eq i p + CH|PVEHD Dy (2.2)
where « is any real number such that % <o <k-— % — }%:, and the constants are given by
00 —1
_ (a+ 1P
Eapp=plk=1DI1 3 —o—,

a=1

2(h+1)(A+h/2—k) 0

L N(a+ 1Pl DR/ 2=
k! (k —h)!

Da k,n,p =
a=1

Some remarks are in order. First, note that # = 0 and m = 1 are allowed, thus, the hy-
potheses are no so restrictive as they may seem at first sight. Naturally, the more information
is available the more precise results are obtained.

Remark 1 (Large m). The limit case, when m can be chosen arbitrarily large (as is the
case for Gaussian processes), corresponds to « close to zero. The limit condition (2.1) then
becomes

h
p< (k—i)(h—i—l)—l.
A particular case of this situation is when, for some 8 > 0 it holds
E(emX(k)l“’) < Dg,

for some constant Dy, that is, we have exponential moments. In this case, the constant E ¢
in (2.2) can be replaced by

o0 —1
- _ (a+ 1P
Bty =pte— 1 32 D

a=1

Remark 2 (Large k). When the process X has C°°(I) paths, if (H2) holds true for m = 1
with arbitrary &, and (H3) holds true for some & =0, 1, ..., then, all the moments of N, are
finite.
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Remark 3 (7 = 0). The case h =0 and m = 1 corresponds to (3.23) in p. 82 in Azais and
Wschebor (2009), obtained in Lemma 1.2 in Nualart and Wschebor (1991). When 2 =0 and
m > 1 Theorem 1 assures that the pth moment is finite for

m
k—1).
m—i—l( )

P <

Before proving the theorem, we establish three preliminary lemmas. Recall that @ = £.

Lemma 1. Consider a function f: I — R of class C*(I) for a compact interval I and k > 1.
If the function f — u has k roots in I and 0 < h <k, we have

_ |f(k)|oo 1] k O |f(k)|OO 1] k—¢ B
|f(1)_u|§ X (7) s |f (1)|§m(7) , £L=1,...,h.

Proof. The proof is based on the Lagrange remainder form for polynomial interpolation.
That is, let g : I — R be CX, t1,..., 1 € I and P be the only polynomial of degree k — 1
such that g(¢;) = P(¢;), j =1, ..., k. Then, for t € I we have

1 k
g =Py = [T¢—1)-g%®,
i

for some & such that min{ty, ..., %, 1} <& < max{t,...,%,t}, see Lemma 5.2, p. 135 in
Azais and Wschebor (2009). Now, for g = f — u, t = I and using as 11, ..., #; the roots
of f —u, we get P =0 and so the first inequality (2 = 0) follows. The proofs of the other
inequalities follow in a similar way. g

Lemma 2. Let Z be a random variable taking non negative integer values. Then,

E(Z))< (k-1 +pd 77'P(Z = 0).
=k

Proof. We have

00 k—1 00
E(ZP)=) t'P(Z=0=) ('P(Z=0+ Y ’P(Z=10)

=1 =1 =k
k—1 00

=Y UPP(Z=0+ Y P[P(Z>0)—P(Z=L+1)]
=1 =k
k—1 00

=Y WPP(Z=0+G*k-=D'P(Z=k) + > [P ——-DPIP(Z>0)
=1 =k

o
<k=DP+p)Y 77 'P(Z=0),
o=k
concluding the proof. U

Lemma 3. Assume that conditions (H1), (H2), (H3) and (H4) of Theorem 1 hold true. Let
¢ >k and define a and r such that { =a(k — 1) +r with 1 <r <k — 1. Then, for B > 0, we
have:

P(NM Z E’

x®| <B)< C(zB)h“]ﬁ[('I')k_i :
a N )
o=/ = \2a) k-0

where C is the bound in (H3).
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When (H4) does not hold, the inequality is true for £ sufficiently large only.

Proof. We divide [ into a equal subintervals Iy, ... I, s.t. at least one of them has k zeros.
After this, we use an union bound:

P(N, > €. [X®| < B)
=P(N, >ak —1)+r,|XP|_<B)

(U {Nu(I)) = K}, X(k)\oofB)

NS Koo r B (I
Z ('X(I)_”} k'(z_) g|x (IJ)|5(k—i)!(Z)

h 2B I\
acn(k—t)‘< ) ’

obtaining the result. Of course, when & = 0, the intersection in the equation above does not
appear. g

Proof of Theorem 1. Assume (H4) for the moment. From Lemma 2, we have

o
E(NJ) < (k=DP+ 3 pt’ 'P(N, = 0). 2.3)
=k
In order to bound the addends in the r.h.s. of (2.3), for given £ consider @ and r as in Lemma 3,
and o > 0 to be defined later. We use the following bound:

P(N, = 0) <P(N, = £,|XP| <a®) +P(|XP| > a%).

Using now Lemma 3 for the first addend and Chebyshev’s inequality for the second one, we
obtain

E(N?) < (k—DP + plk —DP™'Y (@ + DP'P(N, = )
a=1

|1 ) (h+1)(k—h/2)

< (k- 1P+ pk—1r~! (czh+1 (7

h 00 oo

1

X | | (k l)‘ E (Cl+ l)p—la(h+1)(0!+h/2—k)+l +Dm § (a+ l)p—la—mOI)'
i=0 " Y a=1

a=1
The conditions for the simultaneous convergence of the two series above are

p h 14+p
—<a<k—=-——
m 2 1+h
Under condition (2.1), there always exists an adequate «, concluding the proof of Theorem 1
when (H4) holds.
When (H4) does not hold, the calculation above is true only for £ (or a) sufficiently large,
and this does not change the condition of convergence of the series. 0
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3 Examples

We present below four examples. The first is a simple one, that shows the power and limita-
tions of Theorem 1. The other three give new results on moments of the number of crossings:
the first one is the classical case of Gaussian processes; the second one considers Chi-square
processes derived from Gaussian random variables; and the third one considers regularized
diffusions as considered in Nualart and Wschebor (1991).

Example 1 (Conditional sine-cosine process). We begin with a toy example. Consider a
random variable  such that E(|o|™) < oo and E(Jw|™*!) = co. This variable is the random
frequency of a process X = {X (#): 0 <t <2} that we construct as

X (1) =& sinwt + & coswt,

where &1 and &, are two standard normal independent random variables, also independent
from w. Conditionally to the value of w, the process X is a Gaussian sine-cosine process.
It is clear that the density of X (¢) is standard normal for each ¢. Nevertheless, it should be
observed that X (¢) is, in general, not a Gaussian process. The number Ng of roots of X () on
[0, 2] coincides with the number of roots of the process

&1 P
JEL+ &3 VEL+ &3
where 6 = arctan(&;/&>) is defined a.s. Therefore, Ny satisfies |Ng — 2w| < 2. This means
that for the considered process, the maximal finite moment of Ny is M. To apply Theorem 1,

we compute
XV =o' VE +.

Note that ,/512 + 522 follows a Rayleigh’s distribution. Then, based on the independence of
the three random variables above, we have

E(|X V(%) < HaE(o™).

)~((t) = sin wt + cos wt = cos(wt — 0),

where H,, is the finite moment of the Rayleigh distribution. So, we can apply Theorem 1
with 7 =0, k = M and m = 1, obtaining that the moments of order p < (M — 1)/2 are finite.
This result should be compared with the true result which is M.

Example 2 (Stationary Gaussian process). Consider a stationary Gaussian process with
spectral measure supported in a set with an accumulation point. By Ex. 3.4 in Azais and
Wschebor (2009) we know that for all /4 the random vector X (¢), X'(¢), ..., X () (t) admits a
joint density. By the Borell-Sudakov-Tsirelson theorem (see, for example, Th. 2.8 in Azais
and Wschebor (2009)), for all m:

E(|X9[2) < +oo.

It is then possible to take 4 = k and m arbitrarily large. Thus, Formula (2.1) gives a finite
moment of order
k(k+1)
< 7
P=""
To visualize it, see Table 1. This result improves the previous one obtained in Nualart and
Wschebor (1991) that is recovered in the case h =0 and m = 1.

2.
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Table 1 If X is Ck,following Theorem 1
we obtain that E(NL{)) is finite for values of
k and p above

k 2 3 4

p 1 <4 <8

Example 3 (Chi-square process). Consider a Chi-square process Y = {Y (t): t € R} given
by

n
Y =X =) X0,
i=1
where X = {X(¢): t € R} with X(¢) = (X1(¢), ..., X, (¢)) is an R” valued random process
whose coordinates are n independent copies of a stationary Gaussian process with C¥(R)

paths and variance one. First, observe that the case n = 1 admits an ad-hoc treatment. If n = 1
for u = 0 we have Ng/[O, T]= Ng([O, T], and for u > 0 we have N{[O, T]= N\%[O, T]+
N f M[O, T]. For n > 2, the level u = 0 is not interesting, as for this level the process is
differentiable and nonnegative and has a bounded density, so Bulinskaya Lemma (Prop. 1.20
in Azais and Wschebor (2009)) gives that the number of crossings is zero a.s. Consequently,
we consider n > 2 and u > 0. Observe that, excluding the uninteresting case where Ay =
VarX'(r) = 0, the joint density of the random variables X (z), X’(¢) is bounded, as they
conform a pair of independent Gaussian random variables.

It is not difficult to check the hypothesis of Theorem 1 in two different situations: n = 2
and n > 3. It is direct to see that ¥ has C¥ paths and that |Y |, has moments of every order
when considering a compact interval / C R. Observe now that Y (0) has a Xz(n) density that
is bounded for n > 2. We can then apply Theorem 1 with the given k, arbitrary m, and 4 = 0.
Based on (2.1), we obtain the finiteness of the moments of the crossings, for u > 0, of order

p=k—2,

which is relevant only in the case k > 3. A more refined analysis can be carried out. Regarding
the derivative, we have

Y1) =2 Xi(t)X[(1).
i=1

We see that conditional to X (¢), the random variable Y’(¢) has a Gaussian distribution with
variance 41, Y (¢). Its conditional density py/x—, is bounded by

(Const)(Y (1)) "2,

where (Const) denotes a meaningless constant whose value may change from line to line.
Let now Bj and B> be two Borel sets of R with respective measures | B1| and | B, |. Writing
Y and Y’ for Y (¢) and Y’ (¢)

P(Y' € B, Y € By) =A; dX/B Pyix=x (M yep, px (x)dy
" 1
< Const) [ 1BY ™ Ly px(x) dx

— (Const)|Bi| /B v 2y () dy
2



Moments of level sets of random fields 227
= (Const)| B | /B YyH23267312 gy, (3.1)
2

where px () and py(-) are the density functions of X and Y, respectively. Note that we used
the explicit expression of the density of a x2(n) distribution. When n > 3, the integrand in
(3.1) is bounded yielding that

P(Y' € By, Y € By) < (Const)|B||Ba|.

This proves that the process satisfies the hypotheses of Theorem 1 with # = 1. The conclusion
is that for n > 3, the number of crossings of ¥ has a finite moment of order

p =2k —3.
Example 4 (Regularized processes). In this example, we consider the number of crossings

with a level u of a regularized diffusion. We depart from a diffusion X = {X(¢) : t > 0}
defined as the solution of the stochastic differential equation

t t
X(t)zxo-l—/(; b(s,X(s))ds—i—/O o(s, X(s))dW(s), t=>0.

Here, W = {W(s) : s > 0} is a standard Brownian motion, xo € R, and b, 0 : [0, 00) x R —> R
are Lipschitz w.r.t. the second variable, that is, for 7 > 0 there exists K7 > 0 such that for
x,y€Rand 0 <s <T it holds that

|b(s,x) = b(s, )|+ |o(s,x) —a (s, )| < Krlx = yl.
Assume also the linear growth condition
|b(s, x)| + |o(s,x)| < Kr(1 + |x]).
Then, the above equation has a unique strong solution that satisfies

sup E(X(1)%) < Hr < oo.
0<r<T

for a constant Hr (see Theorem 7.1 in Borodin (2017)). The regularized diffusion is defined
by

Xy(t) = (W * X)(1),

where W: R — [0, 00) is a C*°-function with support contained in [—1, 1] that integrates to
one. Thus, X is obtained from X by path-wise convolution with W. We consider two cases:

Case I. We assume that b =0 and o : R x R — R is strictly positive and C3.
Case II. The diffusion coefficient o is strictly positive and C? as in Case I, and there exist
constants By, ¢y and C7 such that

|b(s, x)| < Br, O<cr<o(s,x)<Cr
forall0<s <T and x e R.

We start with Case 1. With respect to the hypotheses of Theorem 1, we have that X is C*
since it inherits the regularity of W. Furthermore, for a large enough (depending on W) the
random variable X (¢) has a uniformly bounded density on an interval [a, T'] for all finite T,
see Lemma 3.1 in Nualart and Wschebor (1991). Besides, a direct computation gives

X0 < 1Xoos
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withe = [ WM ()| du and the infinity norm is taken on the interval [a, T']. Hence, it suffices
to bound the moments of | X|~. Now, the Burkholder—Davis—Gundy inequality (Th. IV-48 in
Protter (2004)) gives

E(1X|%,) < CiE([X]7),

with [X]r the quadratic variation of X on [0, T']. Now, by Th. II-29 in Protter (2004), we
have

X]T_[ (s, X (s) dW(s)] :/(;TG(S,X(S))st

T
< K2 /0 (1+ X)) ds<2KT/ (1+|X(s)[) ds

Taking expectations, we have

T
E([X]7) <2K? / (14 E(X(5))*)ds <2K2T(1 + Hr) < oc.
0
Hence, by Theorem 1 with 7 = 0, m =2 and arbitrary k, we obtain that
E(N?) < o0

for all p, as obtained in Nualart and Wschebor (1991).
For Case II, we apply Girsanov’s theorem (Borodin (2017), Th. 10.1-10.2). We then have
two SDE

dXo(t) =o(t, Xo(1))dW (1),
dX(t)=b(t, X)) dt +o(t, X(2))dW(1).
Consider the process density:
106, X)) / <b(s X(5)) ) )
1) =ex - = ds ). 32
s =esn( | i VO 0. X () .
Then, Girsanov’s theorem states that for an arbitrary function on the trajectories of the pro-

cess F': C([0, T],R) = R we have E(F (X)) = E(p(T)F (Xy)). If F is the p-power of the
number of crossings on [0, T], we have

E(N,(I, X)?) = E(p(T)N, (I, X0)”) <E(p(T)?)*E(N, (I, X0)*")"/?,

applying the Holder’s inequality (X and Xg are defined above). To bound the first expectation
in the r.h.s. consider the square of the density process in (3.2). Then, applying the bounds
corresponding to Case II, we obtain

Since the first exponential on the r.h.s. above is a martingale, we get

E(o(T)%) < exp((f—;>2T> < 00.

As, for all p, E(N, (I, X0)?P) is finite by Case I, the finiteness of E(N, (1, X)?) follows.
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4 Shot noise processes

We now apply our main result in a particular relevant case, the shot noise process. This
process was introduced by Rice (1944) and is currently under intense research (see refer-
ences below). The crossings for shot noise processes where first considered in Orsingher and
Battaglia (1982), under exponential kernel functions.

Definition 2. The stationary shot noise process X = {X (r): t € R?} is defined by
X)) =) Bigt — ), (4.1)
i

where the impulses (B;) conform a sequence of integrable i.i.d. random variables, (7;) is a
Poisson field on R with constant intensity A, the impulses are independent from the Poisson
field, and g : R — R is some integrable function called the kernel function.

The facts that 8; is an integrable random variable and that g € LY(R9) ensures the a.s.
convergence of the series in (4.1). A key point to apply Theorem 1 is the verification of con-
dition (H4) with 2 = 0, which requires the boundedness of a density. This is a delicate issue
as was previously noticed in Biermé and Desolneux (2012b), which is the main reference
of this section from where we borrow the presentation and notations (see also Biermé and
Desolneux (2011)). We consider here d = 1, the case d > 1 will be considered in Section 5.1
and the case of shot noise random fields defined on the sphere will be treated in Section 6.1.
We begin by specializing Theorem 1 to the present situation.

Corollary 1. Consider a stationary shot noise process (4.1) satisfying condition (H1) for
some k > 1, (H2) for some m > 1 and k in (H1), and (H3) for h = 0. Then,

E(N?) < o0
for

m
m+1

p< (k= 1). (4.2)
The rest of the section is devoted to obtain sufficient conditions to verify this corollary. The
differentiability of the sample paths follows directly from the differentiability of the kernel g:

X® @) = Z,Big(k)(l - T),

provided that the k-th derivative of g is integrable, that is, g® € L1 (R).

Boundedness of moments (H2). We now give conditions on the impulse and the kernel in
order to verify (H2) for given k and m. For simplicity of exposition, we assume that / =
[—1, 1] and the general case can be treated in the same way. We consider the partition of the
real line Iy =1 =[—1,1]and I, =[—n,—n+ 1) U (m — 1,n] (n > 2). In this way, we can
write

xPwoy=3" 3 peg“e—-w).

n=li:t;el,

Proposition 1. Consider the shot noise process in (4.1) with impulse such that E(|81|") < oo
for given m > 1. Define

den=sup |g©@—s)

tely,sel,

’
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for k > 1, and assume that

oo
D= djn <o00. (4.3)

n=1

Then, the condition (H2) holds true for m and k as above, that is,

E(X®|) < oc.

Proof. We have

\X(k)| = _max |X(k)(t)|< max Z Z 1Billg®(t — )|
- n li:tiel,
o o0
<> Z 8] max g —1)[<D D Bl sup g )
n=tligel, =<1 n=liel,  —1st=lsel,

= Z dk,n Zn,
n=1

where Z,, := Zfie 1, |Bil. As the sets I, are disjoint and have the same length, the random
variables Z,, are i.i.d. Each one has a compound Poisson distribution. As E(|81|™) < co, we
obtain E(Z]") < co. We now use Jensen’s inequality, based on the convergence in (4.3), to
obtain the following bound:

00 m = m 00
k, —_
(Z dk’nzn> =Dy (Z D—:Z") <D deazp.
n=1 n=1 n=1

Now, as the random variables Z) are i.i.d. and have finite moments,
o0
E(IXO[2) < D' Y deaE(Z))) = DY'E(Z]) < oo,
n=1
it concludes that condition (H2) holds true for k and m. Il

Remark 4. Given a kernel g(k) : R — R we define by G®: [0, 00) — [0, 00) the monotone
hull of max(| g(k)(t)l, | g(k)(—t)l), t > 0, as the smallest non-increasing function that domi-
nates |g(k)(t)| and |g(")(—t)| for ¢t > 0. More precisely,

GP (1) =sup(|g® )], |g® (—s)]).
s>t

Then, condition (4.3) is implied by the integrability of G*). Then, when the kernel g
decreases monotonously for large positive and large negative values, condition (4.3) follows
automatically from the integrability of the kernel g(®.

Boundedness of the density (H3). In Biermé and Desolneux (2011) Section 3.2, it is shown
that when 81 =1 a.s., in the two following particular situations the stationary shot noise
process has a bounded density:

(a) The kernelis g(t) =e™! 1{;>0}, and the intensity A > 1.
(b) The kernel satisfies g(r) =1~ fort > A for some A > 0 and @ > 1/2.

We present below a generalization of the results of Biermé and Desolneux (2012b) that
constitutes one of the contributions of the present paper.
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Proposition 2. Consider a shot noise process (4.1) with a differentiable kernel. Denote by T
an exponential random variable with parameter \. Assume that either

(A) The impulse B1 has a density bounded by B and either E(1/|g(—T)|) < oo or
E(1/|g(T)|) < oo.
(B1) Assume that E(1/|B1|) < oo. Assume further that g(x) has a strictly negative derivative
in (0, +00), and the function

g ()= inf [g'(s)], (t=0),
0<s<t

satisfies E(1/g(T)) < oo.
(B2) The same as (B1) replacing g(x) by g(—x) and g (¢) by

g, (1) := inf |g'(=s)|, (1=0),
0<s<t

Then X (0) has a bounded density.

Note that Proposition 2 implies (H3) with & = 0. The proof requires the following simple
result, that has a direct proof.

Lemma 4. Consider two independent random variables X and Y, where X has a density
bounded by B.

(a) Then, the sum X + Y has a density bounded by B.
(b) IfE(1/|Y|) < oo, the product XY has a density bounded by BE(1/|Y]).

Proof of Proposition 2. Consider (A), assuming that E(1/|g(—T)|) < oo (the other case is
analogous). Based on Lemma 4 and the decomposition

X0 = ) Big=w)+ Y Big(=u)=XT(0)+X(0),

i:7>0 i:5<0

as X (0) and X~ (0) are independent, it is enough to show that X ™ (0) has a bounded density.
Define by 71 and 7> the first two positive occurrences of the Poisson process. Condition on
T, and apply (b) in Lemma 4 to obtain that 81g(—77) has a conditional density bounded by
BE(1/|g(—T1)||T>). Applying now (a) in Lemma 4, we obtain that the sum X*(0) has a
conditional density, denote it by px+ )z, (x) with the same bound. Finally, integrating

Px+©0) ) =E(px+@)r, ) <E(BE(1/|g(—=T1)|IT2)) = BE(1/|g(—=T1)|),

concluding the proof in this case.

Let us consider now case (B1), the proof in the case (B2) is similar. We see first that,
conditional on 7>, the random variable g(—77) has a bounded density. In fact, by the change-
of-variable formula

1 1 1
S — <—.
g/ (g7 Tw))| T 8 W= = 10 (1))

By (b) in Lemma 4 the product 81 g(77) has a conditional density bounded by

Pe(—m)|T,(U) =

—E(l . 4.4
TaeT (T) (1/1811) 4.4

Then, by conditional independence and (a) in Lemma 4, the sum X' (0) has a conditional
density with the same bound. Finally, as the density of 75 is A>f,¢~*2, integrating the bound
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(4.4), we obtain that

o

Px+©) @) =E(px+@)n, ) S/ E(1/1B11)3* e 2 dty

0 ngi (1)
= AE(1/IB1))E(1/g, (D).

This concludes the proof of the proposition giving the respective bounds. 0

Corollary 2. Consider a shot noise process with a C*°(R) kernel g such that for every k > 1
¢ W) ~ce ast— —o0 and g® (1)~ Crt)e ™ ast — +oo, (4.5)

where >~ means equivalence and cy, Cy are polynomials of an arbitrary degree. Assume
Sfurthermore that » > o and E(|B1]) < 00. If in addition either

(1) By has bounded density or
(i) E(1/|B81|) < oo and g, or g(—x), has a strictly negative derivative on (0, 4+00),

then

E(NP) <oo, forany p>1.

Proof. We apply Corollary 1 with m = 1 and arbitrarily large k. In view of (4.2), we derive
the result for arbitrary p. The kernel is differentiable for any k. The relation (4.5) ensures
condition (4.3), as it gives the integrability of the derivatives of any order of the kernel. It
remains to see that the density of X (0) is bounded, and this follows in case (i) from the fact
that A > « giving E(1/|g(—T1)|) < 0o, and the boundedness of the density follows by (A)
in Proposition 2. In case of (ii), we apply (B) in Proposition 2. In this way, we conclude the
proof. 0

5 Random fields from R? to R

In this section, we consider a real valued random field defined in R?. Given a level u and a
subset of the domain, the object of study is the level set of the trajectories corresponding to
that level with the parameter restricted to the subset.

Definition 3. Consider a real valued random field X = {X (¢): r € R} and define, for a given
u € R, the level set C,, restricted to D, (the closed ball with radius a centered at the origin)
by the formula

Cu=Cu(Dy) :={t €Dy: X(t) = u}.

Remark 5. Observe that under regularity conditions, the level set C, is almost surely a
manifold of co-dimension one (with or without boundary). In fact, Theorem 1 in Belyaev
(1966) states that the set {r € D,: X () = u, VX (¢) is singular} is a.s. empty and, provided
the a.s. absence of critical points, the Implicit Function theorem gives a local chart a.s. (see
also Wschebor (1985) for a proof).

The aim of this section is to generalize Theorem 1 into the present framework. To this end,
we need to measure the object of study, that is, the level sets, and this is done through the
(d — 1)-dimensional integral geometric measure of a set following Morgan (2016).
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Definition 4. Given a Borel set B C D, we define its integral geometric measure by

Ty-1(B) := cg-1(a) / #BN Ly} dug(NAST™ W), (5.D)
veSi-1 JyevlnD,
where the norming constant is half the volume of the sphere
1 7Td/2
“1(a@) = =Ha-1 (8471 = =1, 5.2
ca-1(a) = 3 a-1(85"") rd)” (5:2)

Above, H,_1 denotes the Hausdorff measure, dS?~! is the uniform probability on the sphere
§d=1, dval is the uniform probability on v+ ND,, and £y,y 1s the affine linear space {y +tv :
t e R}.

Remark 6. When B is a rectifiable set in D, the Crofton’s formula (Morgan (2016), Eq. 3.16,
p- 31) implies that its integral geometric measure coincides with its Hausdorff measure. If in
addition, B C D, is a codimension one smooth submanifold H;_{(B) coincides with the
(induced) Riemannian measure.

Once the definitions have been established, we are interested in the finiteness of the mo-
ments of the random variable Z;_1(C,). In view of (5.1), to obtain the finiteness of the mo-
ments, the idea is to give conditions on X that ensure that its restriction to an arbitrary line in
R? (i.e., the integrand in (5.1)) verifies the hypotheses of Theorem 1 for some values of m, h
and k, as stated in the following result.

Theorem 2. Consider a real valued random field X = {X (t): t € D,}. Assume that X satis-

fies
(H1") The sample paths of X are ckD,), k> 2.
(H2) For some m =1,2, ... there exists a constant Dy, such that
akx |m
maxb(|5c] ) < on

k . . . .
where 837 denotes the k-th directional derivative w.r.t. the vector v.
(H3') For some 0 < h < k there exists a constant C > 0 such that the joint density of

X (1) X (1)
ov T Quh

is bounded by C uniformly int € Dy, v e S, and (uy, ..., upy1) € R

X (1),

Then, for p > 1 satisfying (2.1), the p-th moment of the measure of the level set Zz_1(C,) is
finite and is bounded by

(ca-1(@))? ((k = 1)? 4 Dy - Eq 1. p + C[2a|THDE=RD D4y ),

where o and the coefficients Eq i, p and Dy i p,p are as in Theorem 1.

Proof of Theorem 2. We first apply Jensen’s inequality in (5.1):

p
— d—1 1
@iV = (cam@ [ [ wCntas vt o)

<lear@) [ [ HCn ) s o).
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Now, take expectation and apply Tonelli’s theorem,
E(@1(C) < @ar@) [ [ EMC N6, s @ dv o).
vesi—1 JyevinD,

Let us apply Theorem 1 to the expectation inside the integral. It is clear that the bound is
maximal when the interval is maximal, and it corresponds to y = 0. So,

E(Zs-1(C))” < (ca-1(@)? ((k = )P + Dy - Eg . p + C|2a| #TVER2 D th o).

The expression in the r.h.s. above is finite due to Theorem 1. U
An easy consequence is the following result.

Corollary 3. Assume that the random field in Theorem 2 is stationary Gaussian with a spec-
tral density. Then, the moment of order p of the integral geometric measure of C, is finite
with p = @ - 2.

Proof. The only point to check is that, if we limit the parameter set to a line, the obtained
Gaussian stationary process has a density so it satisfy the conditions of Example 2. O

Let us mention that the case p = 2 and the case of arbitrary p were considered in Azais
and Le6n (2020) and in Armentano et al. (2019), respectively.

5.1 Shot noise random field in R?

Consider the shot noise random field X : R? — R in Definition 2, where we now consider
the case d > 1. We are interested in the finiteness of high-order moments of the measure of
level sets, restricted to the closed centered ball D, of this differentiable random field. For the
computation of the expectation of the measure of excursion sets of shot noise random fields
with trajectories of bounded variation (possibly discontinuous), see Biermé and Desolneux
(2016).

The following result is a direct application of Theorem 2.

Corollary 4. Consider a shot noise random field (4.1) satisfying condition (H1") for some
k> 1, (H2') for some m > 1 and k above, and (H3') for h = 0. Then,

E(Z4-1(Cy (]D)a))p) < 00 (5.3)
for
m
p< o 1(k —1).

In the following paragraphs, we obtain sufficient conditions to verify this corollary. The
differentiability of the trajectories follows directly from the differentiability of the kernel g,
see Biermé and Desolneux (2016). Consider a multi-index o = («7, ..., &g) of non-negative
integers such that |«| = ) _; «; = k and the usual notation for the partial derivatives. Then

akx ok
O _5p 280 oy,

ar% or%

is a shot noise provided that the «-th derivative of g is integrable.
Boundedness of moments (H2"). For simplicity of exposition, we take a = 1, that is, the
unitary ball D;. Define the partition of R4 given by A; =D and

{Ay=D, \D,, ,:n=23,...},
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where the sequence (r,) has r; =1 and is such that the volume of each set A, equals the
volume of Aj. In this way, we can write

akx i okg
W(rhz > Bimx(t — ).

n=li:t;€A,

We now present a result useful to verify the moment condition (H2'). The proof follows the
same lines as that of Proposition 1 in dimension one, and is omitted.

Proposition 3. Consider a shot noise with impulse s.t. E(|81|"") < oo for given m, and kernel

s.1.
o0
Dp=)Y di,<oc, forgivenk,
n=1
with
ak
di,=sup  sup —i(t —5)|.
lv|=1te€Aq,s€A, ! 0V

Then, the condition (H2') holds true for m and k as above, that is,

akx |m
sup E<‘— ) < 0.
o0

lv|=1 d vk
Boundedness of the density (H3'). Introduce the volume of the d-dimensional ball of radius
r by

Vr)=kgr?, kq=n?/T(1+d/2).

Proposition 4. Consider a shot noise random field (4.1) with a differentiable kernel. Denote
by Ty the occurrence of the Poisson field closest to the origin with the Euclidean distance
(a.s. defined). Assume that either

(A) The impulse B has a density bounded by B and E(1/|g(—T1)|) < oc.
(B) E(1/|B1]) < 0o and the function

1
Gy (r) := sup dZ,; (1)

ueR Jreg~'@wnB, |Vg(1)]
satisfies E(G «(|T1])) < oo.
Then X (0) has a bounded density.

The following auxiliary result is needed in the proof under (B). Its proof is elementary and
thus omitted.

Lemma 5. Denote by (T,) the occurrence of the Poisson field ordered by the Euclidean
distance to the origin. Then, the random variables |T1| and |T2| have the following densities:

piry () = dikge M X7 pi (1) = da ke M 24

Proof of Proposition 4. This proof follows the same lines as those of the proof of Proposi-
tion 2. To prove case (A), we write

X(0)=pig(-T) + Y_Big(=Tp).

i=2
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Applying (b) in Lemma 4, we obtain that 8;g(—77) has a conditional density bounded by
BE(1/|g(—T1)||T2). Applying now (a) in Lemma 4, by conditional independence we ob-
tain that the sum X (0) has a conditional density: px )7, (x) with the same bound. Finally,
integrating

px©0)(x) =E(px©)1,(x)) <E(BE(1/|g(=T1)||T2)) = BE(1/|g(—T1)

concluding the proof in this case.
Let us consider now case (B). Applying the co-area formula we see that, conditional on
T», the random variable g(—77) has a bounded density:

) w / 1 1 I, 1(dh) < G«(IT2))
—T)|T. = -1 - '
g(=TIT reg 1Dy V&) kgl T2l ka|T |4

).

By (b) in Lemma 4, the product 8;g(—T71) has a conditional density bounded by

G.(IT2))
ka|T>4
Then, by conditional independence and (a) in Lemma 4, the sum X (0) has a conditional

density with the same bound (5.4). Integrating the bound (5.4) with the density of |7>| in
Lemma 5, we obtain that

E(1/1B1). (5.4)

a3 ar

E(1/1B1D) [ Gx(r) _spur
Px @) =E(px©)n() < ,idl fo rdr e

o0 d
= dka2®B(1/11) [ Gurye™ 4 rd ar = E(1/1B1DE(GA (ITi]),
which is finite because of our hypotheses, concluding the proof. 0
Example 5. Consider a shot noise random field with a radial kernel of the form g(f) = e~ 12

(g=1,2,...), and impulse s.t. E(|81]) < 0o. Assume further that

(1) Either 2g <d, or2qg =d and Akg > 1,
(i) The impulse 81 has a bounded density or E(1/|81]) < oo.

Let us check the finiteness of the moments (5.3). It is straightforward to verify (H1’) and
(H2'). To see (H3') assume first that B; has a bounded density. Then, as g is radial, we have

E( ! )—E( ! )_/ooi (r)ydr < oo (5.5
¢—1) = \g(qnin) " Jo gD ’ '

due to the form of the kernel, Lemma 5, and condition (i).
Assume now that E(1/|81]) < co. The sup in the function G.(r) in (B) in Proposition 4

. . 9 .. 2 P .
is attained when u = e ™", giving G4(r) = ¢"' r4=24. A computation similar to (5.5) gives

E(G.(]T1])) < oco. In conclusion, the hypotheses of Corollary 4 are valid with arbitrary k,
obtaining that the shot noise random field (4.1) verifies (5.3) with arbitrary p.

Example 6. Suppose that

e The kernel g(-) is of class C° with compact support included in, say, (—1/2, n/2).
e The impluse B has a finite moment of order 4.
e B1g(T) has a bounded density, where T has a uniform distribution over (—n/2, n/2).

Then
E(Zs-1(Cu(Dy))’) < o0.
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We have a central limit theorem. For u £ 0

Zg—1(Cu(Dq)) — E(Zg—1(Cyu(Dy)))
VVar(Zg—1(Cy(Dy)))
Clearly the random field X (-) is n-dependent is the sense that if Ay, ..., A, are m Borel
sets with pairwise distance greater than » then {X (¢);¢ € A1}...{X(¢);t € A} are indepen-
dent.
As the paths are C7, using Proposition 3, we obtain

akx |+
sup E(‘—k ) < 00,
=1\ OV oo

— N(@©0,1) asa— oo. (5.6)

and using the results of Lemma 6 below, the distribution of X (¢) is the sum of one atom at
zero and a defective probability with bounded density. This implies by Theorem 2 that, for
uz#0,7Z;_1(C,(D,)) admits a finite moments of order 3. The proof is concluded using the
central limit theorem for n dependent random fields (see Leonenko (1975)).

6 Random fields from S? to R

We now move to random fields defined on a sphere. Without loss of generality, we can assume

that the sphere is §4={x eR¥!: |x|=1}. Givenr € S¢ and a tangent vector v € 7,57, we
k

denote by %U,St) the k-th order derivative of X along the sphere. In this case, we define the

integral geometric measure following Santalé (1976) or Howard (1993).

Definition 5. Consider a Borel subset B C S¢. The integral geometric measure of B is de-
fined by

Ty_1(B) = Pr.as1 / #(B N E)dGy.g41(E), 6.1)

EcGo a41
where the norming constant is half the volume of the sphere of radius one,

7d/2

Brd+1 = T/

Furthermore, G» 441 denotes the Grassmanian of 2-dimensional subspaces of R9t! and the
integral is with respect to the uniform distribution on this space.

Remark 7. (1) Observe that dG» 4+1 is the unique probability measure that is invariant
under the action of the orthogonal group (see, for example, Knapp (1996), Theorem 8.36).
(2) Observe that Crofton’s formula holds true in this case. (3) Note that E N S¢ is a great
circle for every E € G2 4+1.

With similar arguments as in the previous section, we obtain the following result.

Theorem 3. Consider a real valued random field X = {X (t): t € S?}. Assume that:

(H1") X is CK(89) for a given k.
(H2") There exist m € N and a constant D,,, such that

xX ()™
E max 7() < D,,.
vk

reSd veT, 54, |v|=1
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(H3") Let 0 < h < k. Assume that there exists a constant C > 0 such that the joint density of

h
X, X "X

v avh
is bounded by C uniformlyint € S and v e T,8%, [v| =1, and for (uy, ..., upy1) €
Rh-ﬁ-l'
Then, for p = 1,2, ..., satisfying (2.1) the pth moment of the measure of the level curve

Za—1(Cy) is finite and bounded by
BY g1 (k= D)P + Dy - Eqip + C 27| PFDERD Dy 4 ),

where o and the coefficients Eq i p, Do k,n,p are given in Theorem 1.

Proof. From Remark 7 and (6.1) applied to M = C,,, we observe that
#HC,NE)=#{te ENS?: X(t) =u)

is the number of crossings of a process defined on a great circle of radius 1 in such a way that
Theorem 1 can be applied. Now, the proof follows the same lines as proof of Theorem 2. [J

6.1 Shot noise random field in S¢

We now define the shot noise random field on a sphere.

Definition 6. Let P be the standard Poisson field on the unit sphere S¢ of R?*! realized as a
sequence T1, T», ..., Ty of uniformly distributed random points on S9 where N is a Poisson
random variable, all variables being independent. Let g: [0, 1) — R be a C* function. The
shot noise process is defined by

N
X)) =) pig(dis?(t, T})), tes, (6.2)
i=1

where dist is the geodesic distance, and the §;’s are i.i.d. with distribution F.

We assume the following conditions:

(H4) 4 g(dist2 (¢, T)) admits a bounded density, where 7" has a uniform distribution on the
sphere.
(H5) The distribution F has moments of any order.

Note that (H4) is rather weak, it is met, for example, if 81 has a bounded density and g is
strictly positive on [0, ] (apply Lemma 4). We have the following result.

Proposition 5. Consider a shot noise random field defined by (6.2) and assume (H4)—(HS5).
Then, for every level u # 0, for every compact set W and for every integer p

E(Z}_(C,NW)) < .

The proof follows from Theorem 3.

Differentiability (H1") and Boundedness of moments (H2"). We now check (H1”) and
(H2") for arbitrary k and m.

Let v be a norm 1 vector orthogonal to t € S¢. Since the number of realizations of P is
almost surely finite, for any k, the derivative of X along the sphere at t € S¢ in the direction
of v is given by

F*xwm X dk 5
al)k EIB deg( (yt,v(Z) ))

z=0
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where y; ,(z) is a C*° arc-length parametrization of a great circle through 7 in the direction
of v such that y; ,(0) =¢.
Then, X is C¥ for all k, and by compactness of the sphere S¢ we obtain

%X (1)
vk

N
< (Const) Y _ g;.

i=1

The condition (HS) implies that the compound Poisson distribution of ZZNZI Bi admits mo-
ments of every order giving the desired result.

Boundedness of the density (H3") with h = 0. For simplicity, we consider the hypothesis
(H3") with & = 0 and study the marginal density of X (¢).

Lemma 6. For every t € S¢ the distribution of X (t) is the sum of one atom at zero and a
defective probability with bounded density.

Proof. We consider the distribution of X (¢) conditional to P(S%) = k in the case k > 0. Un-
der that condition it is well known that the 7;’s,i = 1..., k, are i.1.d. with uniform distribution
on S, so we write
k
X(1) = pig(dist(t, 7)) + Y Big(dist*(r, T))).
i=2

The terms in this sum are independent and, because of (H4), the first term has a bounded
density. By convolution it is the same for the conditional distribution of X () which admits
a density bounded by the same constant. Since this bounds does not depend on k, it is also
a bound for the density of X (¢) conditional to P(S¢) > 0. Obviously, when P(5%) =0,
X (t) = 0 which gives the atom at zero. ]

7 Ceritical points of a random field

In order to illustrate the application of our tools, in this section, we restrict ourselves to the
simple case of a two dimensional parameter random field with C3 paths. In this way, we
obtain results on the moments of the number of critical points.

Let X(-) be a random field defined on T :=[—1, 11> — R and denote its gradient by
X'=(X], X5).

Definition 7. The number of critical points of X in T is defined by
Crit(T) :=#{t € T : X'(t) =0}.

Theorem 4. Let X (-) be a random field defined on T :=[—1, 11> — R such that

1. X has C? paths.

2. For all integer m, SUP|y|=1 E(|| %37)3( %) = Cp < 00.
3. The density of X'(t) = (X (1), X5(t)) exists for t € T and is continuous and uniformly
bounded by K| whent € T.

4. We have
sup E(| X/, O[IX' (1) =u) px(u) < K2,

i=1,2;veS! 1eT;uck?
Then, for all real p € (0,2)
E((Crit(T))?) < oo.
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Note that these conditions are easily checked for stationary Gaussian processes. The proof
follows the same lines as those of Theorems 1-2. We first prove some auxiliary lemmas to
obtain a bound similar to the one obtained in in Lemma 3.

Lemma 7. Under the conditions in Theorem 4, let I be a segment of T, let h > 0, then
P(mi1n||x’(t)||oo gh) < Kih(h +8K|I)), (7.1)
te
where |1| is the length of the segment.

lfroof. We use a parameterization 7 : [O,_ [I]] = [—1, 112 for 1 by its arc length, and set
X(t) = (X1, X2) = X(n(t)), accordingly le (1) = le(n(t)), for i =1, 2. By the third hypoth-
esis, we have

P(|X'0)], <h) < Ky -1
On the other hand, set

— : Y/
O

Then,
P(u <h) <P(|X'(0)|,, <h)+P@Ere[0,|1]]: | X )], =)

The event {||X’(t)]loc = h} can be decomposed into four sub-cases that are all equivalent, so
we consider only one which is

[Xi()=h;

By the Kac Lemma (Azais and Wschebor (2009), Lemma 3.1) and Fatou’s lemmas we
obtain the upper bound part of the KRF, setting M = #{r € I : X|(t) = h, | X, (t)| < h}, we
have

X5(t)| < h}.

Pt €[0,]1]]: X|(t) =h,

X5()| < h)
‘Il h v/ v/ / / /
gE(M)gfo /hE(]XLU(t)HX(t)=h,x2)p;(,(t)(h,x2)dx2dt.

Here, v € S! has the direction of /. Under the third and fourth hypotheses

P(3tel:X|(t)=h,

X5(t)| < h) <2|1|hK .K>. O

Lemma 8. Under the conditions of Theorem 4, let { = al+rwithO<r<(a+1)?—d?,
then

P(Crit(T) > ¢;

X® ()|, < B) < (Const)Ba>.

Proof. We partition 7 into a? sub-squares of size 2/a, one of which, S say, contains at least

two critical points C| and C,. Consider the two central axes A; and A, of S of length %ﬁ
The line passing through C;, C; crosses at least one axis. We consider the case in which it
intersects A1, the other one is strictly equivalent (see Figure 1). Let P be the intersection of L
with A1. Applying the tools of Lemma 1 along L to X| and X/ (we use the first hypothesis),
we get

|X/(P)| < (Const)-a%B, i=1,2.
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Figure 1 The square S and the two axes.

This implies that

— / -2
m = tlerl‘fl |X'(1)| < (Const)a™B.

Applying Lemma 7 and recalling that |A{| = (Const)/a, the probability of this event is
bounded by (Const) -a 3B. [l

Proof of Theorem 4. We write C for Crit(7). Using Lemma 3 and setting £ = a® + r,
0<r<(a+1)?*—a? we have

E(CP)=pP{C>1}+p ) ¢’ 'P(C >0}
=2

0
<p+p) @+ 1D)*P"VP(C =)

a=1

We split P{C > ¢} as in the proof of Theorem 1 using Lemma 8 with B = a%, o > 0, and
Chebyshev’s inequality (we use the second hypothesis), we get

[e.e]
E(C?) < p+Const- p Z(a + 1)2(1?—1)[aa—3 +a ],
a=1
Thus, for convergence we need:
5=2p—a>1, 2-2p+ma>1.
Namely,

1-2p
m

<o <4-2p.

Taking m — oo, we can take o — 0 and deduce that the p-th moment of C is finite for
p<2. O

Remark 8. Modulo boundary problems, the number of connected components of a nodal set
is bounded by the number of critical points in the whole domain. The above result could be
used to bound the moments of the number of nodal components, with some extra work.
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8 Non Gaussian Kac—Rice formula

Gaussian KRFs are valid under weak and simple conditions and a comprehensive reference is
the book Azais and Wschebor (2009) that treats all the relevant dimensions, that is, random
fields X from RP to R? with d < D. These formulas give the expectation or the higher
moments of the H p_, Hausdorff measure of

Cu(H)={te H: X(t) =u},

that is the level set restricted to a compact set H C R?. The proofs use basically the change-
of-variable formula (or its generalization: the co-area formula) and have nothing to do with
Gaussianity, its generalization to non-Gaussian cases encounters difficulties in defining prop-
erly the quantities involved in the formulas.

For instance, in the simplest case, the KRF for the expectation when D = d =1 formally
reads for a compact interval /:

E(N, (D) :/IE({X/(t)HX(t) — u) px o (w) dt. @.1)

In the non-Gaussian case, the conditional expectation is defined only for almost every level u.
As a consequence, the punctual values of the r.h.s. of (8.1) are not defined unless some kind of
continuity is established. This is why the non-Gaussian KRF requires complicated conditions.
See Marcus (1977) and Azais and Wschebor (2009) for the case D = d = 1; for the case
D =d > 1 the only reference is Adler and Taylor (2007). To our knowledge, in the non-
Gaussian case, with the exception of the complicated treatment in Wschebor (1985), there
exists no proof of the KRF for the case D > d.

Often, the process or the random field has C¥ paths with k “large” and the conditions can
be drastically simplified. This is the object of this section. Note that in its full generality, the
statement of the KRF cannot be stated in the classical form.

Our first main result follows.

Theorem 5. Let us consider a real-valued process X = {X (t),t € 1}, where I is a compact
interval of R. Assume that there exist u € R and € > 0 such that:

(a) The sample paths of X are C'(I).
(b) sup|,_,j—c E(Ny(1)?) < c0.
(c) The density of X (t) at point v is uniformly bounded for t € I and for |v —u| < €.

Then,
E(N,(I)) = lim l/‘E(}X/(t)|1 ) dt (8.2)
u 5—>028 J1 X (1)—ul<é . .
Suppose in addition that X' (t) has a finite expectation for every t € I. Define for |v — u| < €
R() = /1 E(|X'(0)|1X(t) =v) px)(v)dt.

Then, (8.2) can be rewritten as

) 1 u+s
E(Nu(D) = Jim = |~ " R@)dv. (8.3)

Remark 9. In many situations it is easy to prove that the value given by the r.h.s. of (8.2) is
equal to R(u).
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Proof. By (b) there exists a finite K such that
E(N?) <K,

for all |v — u| < €. Our conditions imply that, with probability 1, the process X (¢) cannot
take the value u at the two extremities of /. In addition by the Bulinskaya lemma (Prop. 1.20
in Azais and Wschebor (2009)) there are, with probability 1, no extremes at the level u. Thus,
the Kac lemma (Lemma 3.1 in Azais and Wschebor (2009)) yields

N, = lim N,f, almost surely,
8—0
where N? is the Kac’s counter defined by

|
Ni =155 /,|X’(t)|1{|x<t>—u|ss}df-

By the area formula (Prop 6.1 in Azais and Wschebor (2009))

1 u+é

N =—
28 u—=_4

This, associated to the Jensen inequality, yields

Ny dv.

E((N))*) <K.

This implies in turn that the family le is uniformly integrable. As a consequence, Ng con-
verges also in L!, yielding

E(N,) = lim E(N?).

Making explicit the r.h.s. above we get directly (8.2). Under the integrability of X'(z), the
conditional expectation E(|X'(7)|| X (r)) is well defined giving (8.3). O

Remark 10. Analogous to the situation in Theorem 5, the finiteness of the second moment
of the level set can be obtained using Theorem 2.

Example 7 (The case D = d = 1). Suppose that X (¢) satisfies the conditions of Theorem 1
with and k, m, h such that

5 (k h 1 )(1+ 1 >—1
=2 < - — — I .
p T VAC R EY)

In most of the cases, it is very easy to see that the process also satisfies all the conditions
of Theorem 5, although this fact is not an exact consequence. This is the case for all the
examples considered in Section 3. Of course, for Gaussian processes and x 2 processes, the
validity of the KRF has been known for a long time.
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