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We introduce skewed Lévy models, characterized by a symmetric jump measure multi-
plied by a damping exponential factor. These models exhibit a clear implied volatility
pattern, where the damping parameter controls the implied volatility curve’s skew, result-
ing in a measure of the model’s skewness. We show that the variation of this parameter
produces the typical smirk observed in implied volatility curves. Some theoretical facts
supporting these findings are proved.
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1. Introduction

Since the seminal paper by |Black & Scholes dL()_BI), many attempts have been
made to capture the empirical behavior of the implied volatility surface. The best
known stylized fact is the volatility smile, when we look at the volatility as a
function of moneyness. Furthermore, the fact that out-of-the money Put options
are more expensive than the corresponding out-of-the money Call options has

been extensively studied by many authors, among them we recall the work of
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Foresi & Wu (MI), producing the volatility smirk. They establish this fact based
on a large set of option prices where the underlyings are major equity indexes from
12 countries. Also, [Carr & Wu (MI) analyze the characteristic pattern of implied
volatility smirks across maturities using S&P500 index options. Their findings imply
that the index has an asymmetric risk neutral distribution.

On the other hand, there is a well-established relationship between the sym-
metry of the implied volatility and the market symmetry, which is equivalent to
the Put—Call symmetry. This has been derived by |Ea;a.r_d.o_&_MOId.e_Cki (lZO_Od) and
|Qa.J:L&_Le€| (|2D_0_d) for Lévy process and local and stochastic volatility models,
respectively. Also, tEa.;ard.o_&_MQ_r_d.ecle (IZD_]A]) showed the relationship between the
skewness premium and the market symmetry parameter.

In statistics, skewness is a measure of the asymmetry of the probability distri-
bution of a real-valued random variable. In conclusion, on one side we have volatil-
ity, that in statistical terms is a measure of the second centered moment, and we
want to incorporate into the analysis a measure of the third centered moment, the
skewness.

In finance, we distinguish three different notions of skewness that can be found
in the literature: (i) the statistical skewness of the log-prices; (ii) the risk neutral
skewness of the log-prices; (iii) the implied volatility skewness or smirkness, that is
the depart form symmetry of the implied volatility curve when plotted in terms of

the log-moneyness.

In this paper, we present a wide subclass of Lévy processes, with an exponen-
tial dampening modeling the skewness. Based on duality techniques we relate the
implied volatility skew with a market skewness parameter 3. For this class we get a
deeper insight into how this particular process generates the skew, that is specially
suited for visual analysis.

The paper is organized as follows: in Sec. Bl we introduce the model and through
Put-Call duality, we obtain a symmetry property of the implied volatility which
extends the results obtained in [Faj (|20_D_d), in Sec. Bl we describe
the implied volatility behavior for at the money options, in a neighborhood of the
implied volatility symmetric model (i.e. in a neighborhood of § = —1/2); in Sec.[d]
we show different skewed models, and present a complementary example, to show
that the obtained implied volatility behavior obtained in Sec.Blcannot be extended.
Section Blcontains the conclusions of the paper, and Appendix A contains the proofs
of the results in Sec. Bl

2. Skewed Lévy Processes and Models

Consider a Lévy process X = {X;};>0 defined on a probability space (Q,.7,P).
The Lévy—Khinchine formula gives the characteristic exponent 1 of X defined by
the equation E e**Xt = ¢'¥(*) for 2 € iR, by the formula

V(z) =vz+ %azzQ + /R(ezy —1—zh(y))(dy). (2.1)
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Here, h(y) = y1{y|<1y is the (fixed) truncation function, v € R is the drift param-
eter, 0 > 0 is the standard deviation of the Gaussian part of the Lévy process, and
IT is the Lévy measure, i.e. a positive measure such that [(1 A y?)II(dy) < oco.

Given a Lévy process X, we define a Lévy market model or simply a Lévy model,
as a set of two assets (B, S): a nonrisky asset B = {B;};>0, that evolves according
to By = e, where r > 0 is the interest rate in the market, and a risky asset
S ={S;}+>0 driven by X according to

Sy = Spettt Sy > 0. (2.2)

Throughout the paper we consider risk neutral Lévy markets, meaning that EeX! =

1 (in particular the previous expectation is finite), which is equivalent to ¥ (1) = 0.

For general references on Lévy processes see lJacod & Shirxaeyl (IM),
Skorokhod (IL‘M), Bertoin (IM) or |Satd (M) For Lévy processes used in
financial models see Boyarchenko & Levendorskil (IMI)7 Schoutens M) or
Cont & Tankow (2004).

Definition 2.1. We say that X is a skewed Lévy process with skewness parameter
(€ R, or equivalently that it is a f-skewed Lévy process, when it has a characteristic
exponent given by

Vi) =+ 50 4 [ (=1 )y (ay) (2.3

with a Lévy measure of the form
Is(dy) = ™To(dy), (24)

where the Lévy measure Il is symmetric, i.e. [, IIo(dz) = [ , Ip(dz), with —A =
{z: —x € A} the symmetrical image of A.

Definition 2.2. We say that (B,S) is a skewed Lévy market, when it is a Lévy
market driven by a (-skewed Lévy process X, with characteristic exponent 1 (z; ()
given in (Z3), with v = (), defined such that ¢ (1; 5) = 0. The probability space is
denoted in this case by (Q2,.%7,Qpg) (the letter Q to emphasize the fact that we con-
sider risk neutral models and the parameter § indicates the skewness of the model).

Remark 2.1. The risk neutral condition in the definition reads

o2

1) = =% = [ (7= 1= hu)e™ (). 25)

We call § the skewness parameter, as it explains the departure of the model
from symmetry in two senses: for § = 0, we obtain a symmetric Lévy process, that
shows that the discounted log price is a symmetric process. Second, as shown in

(lZD_O_d) for = —1/2 the model exhibits a symmetric implied
volatility curve, when plotted in terms of the log-moneyness.
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2.1. Implied volatility symmetry in skewed models

We now consider Call and Put European options with strike K and expiration 7',
and prices C = C(x,0,0) and P(z, 0, 3), respectively, where = = log(K/F) is the
log-moneyness and F = Spe’” is the futures price. The dual market model has a

risky asset driven by the dual process {)?t = — X, }1>0, and a dual measure @@
defined by
5
—Qﬁ = X7, (2.6)
dQg

The corresponding dual characteristic exponent of X under @g is z’/;(z,ﬂ) =
Y(1 = 2;8) —¥(1;8) = ¢(1 — 2; 8). The interesting fact is that if X is a skewed
process with parameter 3, then X is a skewed process with parameter —(5+1) (see

Fajardo & Mordecki (2006)):
(2 8) = ¥(zi—(B +1)). (2.7)
Due to this fact, the Put-Call duality found in [Fajardo & Mordecki (2006) reads

for skewed models as

C(Z’,O’,ﬁ) :ez]}p(—x,g,—(ﬂ+1)) (28)
We have then the following results for skewed models.

Proposition 2.1. Consider a skewed Lévy process X with parameters o, 3. The
implied wvolatility surface v = v(x,3) is symmetric with respect to the point
(0,-1/2):
V(.’E7ﬂ) :V(_x7_(ﬁ+1))' (29)
See, Fig.[l, where we plot the implied volatility function for the Variance Gamma
model in terms of z and (.

Fig. 1. Variance Gamma Implied volatility as function of x and 3. Other parameters: o = 5, A = 1,
T=1,r=0.05.
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3. Implied Volatility Behavior

For the most common skewed models in the literature (see Sec. [), we observe the
growth of implied volatility in terms of § when 8 > —1/2 and = > 0. Consistently
with the implied volatility symmetry of Proposition[3.Il we observe the decline when
0 < —1/2 and = < 0. For example, for the Variance Gamma model, this behavior
is shown in Fig. Bl Although this behavior is not a general characteristic of skewed
models, as the example in Sec. B3] shows, we are able to prove this monotonicity
property in a neighborhood of (z, ) = (0, —1/2).

This result is accomplished through the computation of the cross-partial deriva-
tive of the implied volatility function. For the existence of the derivative with respect
to 8 we need the following condition:

/ 6(1/2+5)9H0(dy) < 00, for some § > 0. (3.1)
y>1

In order to be able to differentiate the implied volatility with respect to =, we need
to have a continuous density. The existence of a continuous density f(z) = f(z; )
holds true under the condition

/ |zeT¥(1%8)|dz < 00,  for some v > 1, (3.2)
w+R

as follows from §27 and §28 in )

Under these two conditions, we obtain two results involving the implied volatil-
ity. The first one: the implied volatility as a function of x, in a neighborhood of
x =0, is increasing when £ is in a right-neighborhood of —1/2 and it is decreasing
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Fig. 2. Variance Gamma implied volatility in terms of x. Dotted line 3 = —0.5. Continuous line:
top left 8 = —1.5, top right 8 = —1, bottom left 3 = 0, bottom right 5 = 0.5. Other parameters:
a=4,AX=2,T=1,r=0.05
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when f is in a left-neighborhood of —1/2. The second one: the implied volatility
as a function of 8, in a neighborhood of § = —1/2, is increasing when z is in a
right-neighborhood of x = 0 and is decreasing when z is in a left-neighborhood of
z=0.

Proposition 3.1. Let be X a skewed model. Assume that conditions [B1) and (B2)
hold. Then, for any maturity T

(1) There exists € > 0 such that O,v(0,5) > 0 if 5 € (=1/2,-1/2+ ¢) and
0,v(0,8) <0if B e (-1/2—¢,-1/2).

(2) There exists e > 0 such that dgv(xz,—1/2) > 0 if x € (0,¢), and Igv(z,—1/2) <
0 if z € (—¢,0).

This result is obtained from the study of the cross-partial derivative in
Appendix A.

4. Examples

The purpose of introducing skewed models is to provide a tool for visual analysis of
implied volatility curves and surfaces. The parameter 5 gains relevance as it repre-
sents the quantitative skew, and more important, links the characteristic exponent
and its Lévy measure with the shape of the implied volatility curve. We show that
many popular models are skewed models, and also present a final example with
“bouncing” implied volatility that shows that certain theoretical properties are not
available for general skewed models and should be analyzed for each particular
model.

4.1. Infinite activity models

The generalized hyperbolic model is extensively used in financial modeling, see
for instance [Eberlein & Kellet 419_95) or [Eberlein dZ_OD_]J), where it is denoted by
GH(\ «, 8,0, 1), characterized by the previous five parameters. They are skewed
models with skewness parameter 3. The density of X (the dependence on T is not

explicit) is given by

eﬁ(m—ﬂ) KA_l/Q(aV §2+ ({L‘—/J/)z)’ (4.1)

f(2;8) = a(\ a, 3,0) (V02 £ (z — p)2)/2-A

where
- (a2 _ 52)>\/2
a(A,O&,ﬂ,(S) - \/%O[A_l/Q(SAKA((S\/m), (42)

is a norming constant and

1 [ 1
K, = —/ y’Lexp (z (y + —)) dy, (4.3)
2 Jo Y

is the modified Bessel function of the third kind with index v (see Eherlein M))
This formulation allows to see that for § > 0 the density is infinitely differentiable.
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A relevant limit case not included in this differentiability analysis is the Variance
Gamma model. It is the limit of the previous model as § — 0. To analyze the
differentiability, we observe that the characteristic function of the Variance Gamma
model is given by

EerT — eM® (%) . (44)

In consequence, for A" > 1/2 condition ([B:2) gives the existence of a continuous
density. For a more detailed analysis of the regularity of the Variance Gamma and
other Lévy processes see (Cont & Voltchkova (M) Other related skewed model is
the Meixner model (that has a continuous density). In Fig.[J, we show the shape of
the implied volatility for the VG model in terms of 3.

4.2. Jump-diffusion models

Observe that any jump-diffusion model with positive diffusion component o > 0)
has a differentiable den31ty of any order (use Theorem 4 V.4 in m ) and
Theorem 2.27 in [Folland . The Merton model has a Lévy measure of the
type II(dy) = eP¥Ily(dy) with Hg symmetric, but depending on f:

1 (y—ps\°
(dy)—)\\/_aJ exp{—§< = J) }dy (4.5)

1 2 1 y?
= e 25 Py ex {——}d , 4.6
( ) Varo; OP 207 W (4.6)

where 8 = pjy/0? and p; depends on 3. For this reason, we adapt the Merton
model re-parametrizing its Lévy measure.

We define the skewed Merton model as a Lévy process with triplet (v, o, II(dy)),
where

2
T(dy) = \e \/%UJ exp{ 2‘13 }dy (4.7)

In Fig. Bl we show the behavior of the implied volatility in a neighborhood of
B=-1/2.

The Kou model has a jump density given by ¢(y) = p&leelyl{ygo} + (1 -
p)926’92y1{y>0}, where p € (0,1) and 67,02 > 0. The following particular case
constitutes a skewed model.

We define the skewed Kou model as a Lévy process with triplet (v, o, II(dy)),
where

II(dy) = XePV=2lvldy. (4.8)

The relations between the parameters are A\ = p; = (1 — p)fs, 61 = 8+ a and
92 = ﬂ — Q.
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Fig. 3. Skewed Merton Implied volatility with: 7" = 1, » = 0.05, ¢ = 0.2, A = 2, o5 = 0.2.
Continuous line g8 = —0.5, dotted line: 8 = —0.6, dashed line: § = —0.4.

4.3. Bouncing volatility model

In this section, we show an example of a Lévy process where the corresponding
model verifies the regularity conditions of Proposition [3.1] but does not verify
ov(0,5)/08 > 0 for all B > —1/2 neither Ov(z,—1/2)/05 > 0 for all > 0.

This model is Example 2 in|Cont & Voltchkoval (2005)).

Definition 4.1 (Bouncing process). We define the bouncing process as a Lévy
process where the jump measure is given by

Ig(dy) = A (64(y) + d_a(y))dy. (4.9)

If the bouncing process has a positive diffusion part, then it satisfies the assump-
tions of Proposition Bl However, we show in Fig. B that 9, v(0, 3) is not positive,

N

l\. -
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o

l\_ -

o

[ee]

Lq -

o

[{e]

©

o T T T T T
-1.0 -0.5 0.0 05 1.0

x=log(K/F)

Fig. 4. Implied Volatility under diffusion with a two-sided Poisson jump process with ¢ = 0.01,
a = 0.5 and A = 2. Continuous line: 3 = —0.5, dashed line: § = —0.4.
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0.135 0.140 0.145 0.150 0.155 0.160

-0.4 -0.2 0.0 0.2 0.4

Fig. 5. Implied Volatility under diffusion with a two-sided Poisson jump process with o = 0.01,
a=0.1X=2,T =1 and r = 0.05. Continuous line: 3 = —0.5, dotted line: 8 = 1 and dashed line:
B =3.

neither negative?® for all 3 > —1/2. And we show in Fig. @l that v has local minima
at £ = a and © = —a, where the results of Proposition B.1] cannot be extended to
the entire real line.

It is clear that this setting is not interesting as a realistic model, however it is
an important example when we try to derive results on implied volatility in the
context of Lévy processes.

5. Conclusions

The skewed Lévy models introduced in this paper are characterized by a symmet-
ric jump measure multiplied by a damping exponential factor that depends on a
parameter 3. This parameter quantifies the skewness of the model, and its vari-
ation captures the typical smirk feature observed in implied volatility curves. We
show that skewed models with continuous density exhibit a precise monotonicity
behavior of the implied volatility surface, as a function of the log-moneyness and
the skewness parameter. These results are independent of the option’s maturity,
and apply to many main models in literature. Other popular models can easily be
adapted to be skewed. Finally, we present a simple example that shows that the
obtained monotonicity behavior cannot be further extended.

Our proposal establishes a link between the visual analysis of the implied volatil-
ity curves and its mathematical modeling, through the skewness parameter 3. It
also raises at least two questions regarding monotonicity properties of the implied
volatility surface: (i) about the possibility of proving that the surface has a minimum

aQbserve that here we consider any maturity, in contrast with the results obtained inlGerhald et all
) for small-maturity options.

1850003-9



F. De Olivera, J. Fajardo & E. Mordecki

at the point © = 0 and § = —1/2, (ii) about obtaining the monotonicity property
of Proposition B] for a larger set of values for particular models.

Appendix A
A.1. Proof of Proposition[3.1]

In order to formulate the following results, we use the Black—Scholes formula in
terms of = as

BS(K,,v(z,3) = SoN(dy) — Kye "' N(dz),

where

—ac—l—vz(:lc,ﬁ)Z —x—Vz(%ﬂ)T

2 _ 2
@ BT and dy = . (A1)

and the strike in terms of the log-moneyness = is

K, = Fe® = Spe”t"T,

dy =

Now, differentiating with respect to x, we obtain
OBS(K,,v(x,8)) O0BS(K.,v) 0K, . OBS(K,v) 0v(z,3)
ox B 0K, ox ov ox

ov(z,
= —So¢" N (dz) + ﬁ¢(dl)$7 (A.3)
where N and ¢ denote the standard normal cdf and density, respectively. On the

other hand, the value of a Call option under the Lévy process is denoted by C, and

(A.2)

given by
“+o00
Clw ) = e T BalSr—Ko) =50 [ (e - )0y (A.4)

x
In order to obtain the differentiability of the implied volatility with respect to
x, we need the differentiability of the function C(z, ) with respect to x. In view
of ([A), the existence of a continuous density of the measure Qg is a sufficient
condition for the differentiability of C, and this fact holds under ([32). We then
have
9C(z, )

Ox
and from the equality BS(K,, v(z, 5)) = C(z, 8), we obtain

8V($,ﬂ) _ SoeI(N(dg) — Q@(XT > .’IJ)) N(dg) — Qg(XT > .’IJ)

= —50e"Qp(Xr > x), (A.5)

=5 A6
Oz P(di)VT ¢(d2)VT (A0
For the proof of Proposition B.], we introduce some preliminary results.
Lemma A.1. Let {X;,Qg} be a skewed model. Then,
¥(z; ) = ¥(z + 3;0) —(5;0) — zug, (A.7)
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where pg = Bo* + [p(e¥ — 1)(eP¥ — 1)IIy(dy). If there exists a continuous density
we have

fulws B) = P10 fy (@ - 1y15;0). (A8)
Proof. We define the measure Qg such that
Qs ox,—tu(0)
—= = 9, A9
0, ~° (A.9)

Then, from the Esscher transform, {Xt,Qg} is a Lévy process with triplet
(%, 0,1y (dy)) with 4 = Bo? + 70 + [5(e?¥ — 1)h(y)Ilo(dy). We observe that
{Xs, Qg} and {X;,Qs} are both Lévy processes that differ only in the drift term,
therefore

where pg = B0? + 70 — 98 + [p(e?? — 1)A(y)o(dy). From (A9) and (AI0), we
obtain

Eﬁ(ezxt) = Eﬁ(ez[xt*tﬂﬁ]) — Eo(e(z+5)Xt*t[w(ﬁ$0)+zﬂﬁ])’ (A.11)

and from (AIT) the result follows. On the other hand, if a continuous density exists
we have

1 : -
fi(x;8) = o Reﬂmew(”’ﬂ)dz

1 e~ 13T Y (12+8:8) =P (5;0) —izng] g,

27 Ja

e t(B0) L / e~ ia+tug) Gt (i2+6:0) g,
2 R

_ e—tww;o)% / o (= B) (e+tup) gt (iws0) gy,
™ JR

_ Slattun)—tw(s0) L / o (@tug) Gt (wi0) g
2 R

= eﬁ(wﬂﬂﬁ)*tww;o)ﬁ(w + tug; 0). 0

We observe that for g = 0, the process X; — tyy is symmetric because of the
symmetry of the jump measure. If there exists a density, we have

fe(x +tv0;0) = fi(—2 + t70;0). (A.12)

Lemma A.2. If {X;,Qgp} is a skewed model with continuous density, then

I (x; —%) < fi (0; —%) e /2 g eR. (A.13)
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Proof. Observe that

H-1/2 = —0?/24+ 7 — Y-1/2 + / h(y)(e™¥/% — 1)y (dy)
R

— 0+ / ((e¥ — 1)e™/2 — h(y))To(dy) = 0, (A14)

because (e¥ — 1)e™¥/2 — h(y) is an odd function. On the other hand,

1 : -
fe(x +170;0) = o e~ (@ Ht70) (10 (12:0) g
T JRrR

o i e—izzet[—izﬂ/o-i-d)(iZ;O)]dZ
2 R
1

= — cos(zx)et[*i”ﬁw(”;o)]dz (A.15)
27 R

<! / ol—izn0(iz0)] g,
R

2
= [ft(t7030), (A.16)

where in ((AJ5) we use that the imaginary part of —izyg + ¥(iz;0) = —2%02/2 +
J(€®¥ —1 —izh(y))Io(dy) vanishes.
From Lemmas[Ad] and ([A14)), after some computations, we have

1 .
i (@"; —5) = o7/ TR0 fy (2 4 1030)

1\ o fel +170;0)
= 0;—= |ew/2 2/ A7
. ( 2) f(th0:0) .
Observe that from (AI6), fi(ty0;0) # 0. From (AJ6) and (AI17), we obtain
the result. O

In order to differentiate with respect to 0 observe that in view of ([BI) and
taking into account the symmetry property of the measure Iy, the characteristic
exponent is defined for 8 € (—(1/2+ 6),1/2 + §), what is enough for our purpose,
as the set

Co = {z=p+in(C: eP o (dy) <oo}. (A.18)

{ly[>1}

is a vertical strip in the complex plane, that contains the line /R, and consists of all
complex numbers z = p + ig such that E ePX* < oo for some ¢ > 0. In other words,
the characteristic exponent ¥(z;3) can be defined as an analytic function on the
strip Cy. The corresponding proofs can be found in §25 in @5 (@)
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The next result admit an interpretation in terms of a digital call option. Under
a skewed model, the price of a digital call at the money is decreasing with 3 at

B=-1/2.
Lemma A.3. If {X,,Qg3} is a skewed model, then

a@g(Xt > O)

a3 < 0. (A.19)

—1/2

Proof. For simplicity, we denote fi(y) := fi(y; —1/2), the density of the distribu-
tion of X; at § = —1/2. From the Lewis formula for a Digital Call option (see
)), for v > 0, we have
1 eizmetw(—iz;ﬂ)
X =—— —dz. A2
QK> n) =5 | e (4.20)

Then, differentiating with respect to 3, we obtain

GQ@(Xt > 0)
op —1/2
_ ! D oYz f)| (A.21)
27T iv+R 1z 8ﬂ ~1/2

et (—iz; 5)
/ /[ e 14 iz(e¥ —1))ye V2| y(dy)dz (A.22)
w+R

= t/Rye_y/Q [Q_1/2(Xe > —y) — Q_y1/2(X; > 0) — (e¥ — 1) f(0)] Iy (dy)
(A.23)

+oo
= t/o yeiy/Q[Qq/z(Xt > —y) — Q_1/2(Xe > 0) — (¥ = 1) f:(0)]Ho(dy)

+oo
—t / Y2 [Q1 o(Xe > y) — Qi ja(Xe > 0) — (¥ — 1)£(0) Tho(dy)
(A.24)

“+o0
— ¢ / ye U201 o(—y < X, < 0) — (¥ — 1) f,(0)] o (dy)
+oo
—t / Y Q_1 (0 < Xi < y) — (e~ — 1) £,(0) Tho(dy)

“+o0
= t/ ye V2 [Qo1/a(—y < Xy < 0) +e¥Q_1/2(0 < X; < y)
0

—2(e¥ = 1) £(0)|To (dy)].
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To obtain ([A21), (A22) and (A23), we use that the integrand in (A22) is in

LY(IIy(dy) x dz) which is a consequence of ([B:2) and in ((A24)), we use the symmetry
property of Il.
Let g(y) = Q_1/2(—y < X; < 0) +e¥Q_1/2(0 < X; < y) —2(e¥ — 1) f¢(0). From
the dual model we have f:(y) = e ¥ f;(—y), then
g (y) = fi(—=y) +eYQ_1,2(0 < Xy < y) + € fe(y) — 2€¥ f(0)
= e’[Q_1,2(0 < Xy < y) +2[fi(y) — f:(0)]]. (A.25)

From Lemma[A2land [(A2H), we have
y
)= [ s+ 20() - £1(0)

< f:(0) /Oy e™M22ds + 2[f,(y) — f(0)]
= —2£i(0)e/2¥ +2f,(y) < 0. (A.26)

Observe that f;(0)e~'/2¥ cannot be equal to f;(y) for every y > 0 because in
this case, from f;(y) = e™Y fi(—y), we obtain f;(—y) = f;(0)e’/?¥ for y > 0 that is
a contradiction. Then, there exists an open interval I C R™ such that ¢’(y) < 0 for
yel.

Since g is decreasing, g(y) < ¢g(0) = 0 for y > 0 and g(y) < 0 for y € I, that
implies

8@5(Xt > O)
op

+oo
—t / yev/2g(y)To(dy) < 0. (A.27)
~1/2 0
O

Proof. (Proof of Proposition BI)
From ([AL6]), we obtain

*v(z,f) _ 0 Ov(z,p)

9p0r 95 o (A.28)
dds  0Qs(X ad

o5 BT 2 | () - QulCxr > ) () 52

’ $(da)VT '
(A.29)

We observe that
ov(z, ) T 0v(z,B)
T3/2V2(I7ﬁ) —(1’+V2(1’,ﬂ)—)

Oz _ _ 98 2796 (A30)

% o v2(z, B)T

1850003-14
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From Proposition Bl we have 93v(0,—1/2) = 0 and then dzd2(0,—1/2) = 0,
where we conclude that, from Lemma [A.3]

1
0%v <O, ——)
Ll 2) _ So - a@goaf; >0) > 0. (A31)
2) 2
B=—1/2
From ([AZ3T)), we have

20v09) R
93 o — >0, (A.32)

then, there exists ¢ > 0 such that 0,v(0, /) is increasing as a function of 3 €
(—4—e;—3+¢). The first part of PropositionBdlis obtained from 9, v(0, —1/2) = 0.
Under condition (BZ), using expression ([A) and Lemma [ATT] we obtain

2 2
‘95’5(;;:5) — aa‘;(gbﬁ)~ Then from (A31]), we have

1
0%v (0 ——)
0 Ov 1 T2
9293 (0’ ‘5) = —owag % (4.33)

From ([AZ33), the second part follows analogously to the first. O
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