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Chapter 17 1

Modelling the Uruguayan Debt Through 2

Gaussians Models 3

Ernesto Mordecki and Andrés Sosa 4

Abstract We model bond price curves corresponding to the sovereign UruguayanAQ1 5

debt nominated in USD, as an alternative to the official bond price publication 6

released by the Central Bank of Uruguay (CBU). Four different Gaussian models 7

are fitted, based on historical data issued by the CBU, corresponding to some of the 8

more frequently traded bonds. The main difficulty we approach is the absence of 9

liquidity in the bond market. Nevertheless the adjustment is relatively good, giving 10

the possibility of non-arbitrage pricing of the whole family of nontraded instruments 11

and also the possibility of pricing derivative securities. 12

Keywords Uruguayan sovereign bonds • Stochastic processes • Yield curveAQ2 13

• Term structure surface • Interest rate models • Forward-rate models • Arbitrage 14

possibilities 15

17.1 Introduction 16

Bond price curves (or equivalently yield curves) constitute a major tool in debt anal- 17

ysis and perspective of the sovereign debt of a country. Term structure models have 18

therefore been used in different ways by different classes of market participants. 19

In the monetary policy context, the term structure is an indicator of the market’s 20

expectations regarding interest rate and inflation rates. From a financial point of 21

view, the existence of a bond price curve helps the development of the domestic 22

capital market, both for the primary and secondary market. 23

There are essentially two approaches to model the term structure. The generalAQ3 24

equilibrium approach starts from a description of the economy and derives the term 25

structure of interest rate endogenously, as used, for example, by Cox et al. (1985). 26

In contrast, the arbitrage approach starts from assumptions about the stochastic 27

evolution of one or more interest rates and derives prices of contingent claims by 28

imposing the no-arbitrage condition; this is, for example, the pioneering approach 29

proposed by Vasicek (1977). 30
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In this first approximation to the problem of the Uruguayan USD nominated 31

debt, we use the second approach, and further we restrict our analysis to four 32

Gaussian models due to their analytical and numerical tractability. Factor models 33

assume that the term structure of interest rate is driven by a set of state variables 34

named as “factors”. As one factor generally explains a large proportion of the 35

yield curve movement, it may tempting to reduce the analysis to one factor 36

models. Nevertheless, the consideration of one factor involves, in some cases, 37

perfect correlation between log prices of bonds. Although empirical data showsAQ4 38

high correlation, it is never the case for this perfect correlation. Therefore, we use 39

multiple factor model and in particular two factor models. 40

The first two models we choose are short-rate models, the classical Vasicek 41

model (Vasicek 1977), and the more flexible G2 C C model (Brigo and Mercurio 42

2006). The parameter estimation is carried out based on maximum likelihood, 43

following (Chen and Scott 1993). The second couple of models belong to the 44

forward-rate model family, based on the methodology proposed by Heath et al. 45

(1992). Here we again choose first the simplest possible one, the Ho–Lee model 46

with constant volatility (Ho and Lee 1986), and second the more flexible Hull–White 47

model with tempered volatility (Hull and White 1993). In these two last cases, we 48

calibrate the models with the help of minimization of squared differences between 49

theoretical and quoted prices of bonds. 50

Our contribution is to provide an arbitrage-free set of bond prices for the 51

Uruguayan USD debt that can be used for portfolio valuation and derivative pricing. 52

The rest of the paper is organized as follows. Sections 17.2 and 17.3 describe the 53

short-rate model and the forward-rate models, respectively. Section 17.4 provides 54

information about the Uruguayan debt and the methodology of computation of bond 55

prices used by the CBU. Section 17.5 describes the estimation methodology through 56

maximum likelihood and calibration and presents the results obtained. Section 17.6 57

concludes. 58

17.2 Short-Rate Models 59

When modelling yield curves through stochastic processes, the classical approach 60

consists in modelling the short rate through a certain amount of sources of 61

uncertainty, under the denomination of factors. When these factors are used to 62

construct the short interest rate, we obtain a large variety of models, described in 63

a vast part of the literature in fixed income mathematical finance (Bjork 2009; Brigo 64

and Mercurio 2006; Filipovic 2009; Musiela and Rutkowski 2005). 65

In this part of the work, we use two Gaussian models, the one proposed by 66

Vasicek in 1977 (Vasicek 1977) that is seminal in the literature. The second 67

model we apply is the G2++ (Brigo and Mercurio 2006), a modification of the 68

previous one, having two factors and including the initial price curve, avoiding 69

in this way arbitrage at the initial time. This model has in fact a more general 70

version, under the denomination of Gn++ model (Di Francesco 2012), including an 71
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arbitrary amount of factors. However, the choice of the number of factors involves 72

a compromise between numerically efficient implementation and capability of the 73

model to represent realistic correlation patterns and to fit satisfactorily enough 74

market data. 75

17.2.1 The Vasicek Model 76

In his classical paper (Vasicek 1977), Vasicek proposes a model for the short rate 77

through a stochastic differential equation driven by a Wiener process, 78

dr.t/ D a.b ! r.t//dt C !dW.t/ r.0/ D r0I (17.1)

where a, b and ! are positive constants and fW.t/g is a standard Wiener process 79

defined in a stochastic basis .˝; F ; fFtg; P/. The solution to (17.1) is known as the 80

Ornstein–Uhlenbeck process. It defines an elastic random walk around a trend, with 81

a mean-reverting characteristic. Given the set of information at time s, the short rate 82

r.t/ is normally distributed with 83

E .rtjFs/ Drse!a.t!s/ C b
!
1 ! e!a.t!s/

"

var.rtjFs/ D!2

2a

!
1 ! e!2a.t!s/

"
:

The bond price can be obtained by computing the discounted expected terminal 84

value of the bond with respect to a risk-neutral probability measure Q. This quantity 85

can be explicitly computed concluding that the Vasicek model is an affine model 86

whose solution is 87

P.t; T/ D A.t; T/e!B.t;T/rt I (17.2)

where 88

A.t; T/ D exp
##

b ! !2

2a2

$
.B.t; T/ ! T C t/ ! !2

4a
B.t; T/2

$
I

B.t; T/ D 1

a

!
1 ! e!a.T!t/

"
:

17.2.2 The G2++ Model 89

As mentioned above, the price correlation given by the Vasicek model to log prices 90

of different bonds is one. For this reason, as observed prices do not show such highAQ5 91

correlation; as a result the idea of considering models with more factors that imply 92
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more parameters that would allow to better fit to the data emerged. One of these 93

proposals is the Gn++ model, proposed in Di Francesco (2012) that we use with two 94

factors. Another relevant characteristic of this proposal is that it takes into account 95

the whole initial price curve. 96

The dynamics of the short-rate process in this model is given by 97

r.t/ D x.t/ C y.t/ C '.t/; r.0/ D r0I

where the process x.t/ and y.t/ is driven by a correlated two-dimensional Wiener 98

process fW1.t/; W2.t/g, by the equations 99

dx.t/ D !ax.t/dt C !dW1.t/; dy.t/ D !by.t/dt C "dW2.t/: (17.3)

We have dW1.t/dW2.t/ D #dt where !1 " # " 1 and the constants r0; a; b; !; " 100

are positive. The function '.t/ is deterministic and well defined in the time interval 101

Œ0; T$, which is added in order to fit exactly the initial zero-coupon curve. Given the 102

set of information at time s, the short rate r.t/ is normally distributed with 103

E .r.t/jFs/ D x.s/e!a.t!s/ C y.s/e!b.t!s/ C '.t/I

var.r.t/jFs/ D !2

2a
.1 ! e!2a.t!s//

C "2

2b
.1 ! e!2b.t!s// C 2#!"

a C b
.1 ! exp!.aCb/.t!s//:

The price at time t of a zero-coupon bond with maturity at time T is 104

P.t; T/ D exp
#

!
Z T

t
'.u/du ! 1 ! e!a.T!t/

a
x.t/

!1 ! e!b.T!t/

b
y.t/ C 1

2
V.t; T/

$
I (17.4)

where 105

V.t; T/ D!2

a2

#
T ! t C 2

a
e!a.T!t/ ! 1

2a
e!2a.T!t/ ! 3

2a

$

C "2

b2

#
T ! t C 2

b
e!b.T!t/ ! 1

2b
e!2b.T!t/ ! 3

2b

$

C 2#!"

ab

#
T ! t C e!a.T!t/ ! 1

a
C e!b.T!t/ ! 1

b
! e!.aCb/.T!t/ ! 1

a C b

$
:

(17.5)
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Even though the previous formula (17.4) gives bond prices in the model, it is 106

necessary to estimate the function '. In order to do this, it is necessary to assume 107

that the initial price curve T 7! PM.0; T/ is known. The model fits the currently 108

observed term structure if PModel.0; T/ D PM.0; T/; therefore, the price at time t of 109

a zero-coupon bond maturity at time T is 110

P.t; T/ D PM.0; T/

PM.0; t/
exp.A.t; T//I (17.6)

where 111

A.t; T/ D 1

2

%
V.t; T/ ! V.0; T/ C V.0; t/

"
! 1 ! e!a.T!t/

a
x.t/ ! 1 ! e!b.T!t/

b
y.t/:

17.3 Forward-Rate Models 112

In the market we do not have a real instantaneous interest rate. In certain cases, the 113

one (or three)-month interest rate series is used as a proxy to estimate this interest 114

rate. It is not convenient to use the overnight rate, as it has very high volatility due 115

to economical factors, as, for instance, the daily liquidity in the market that can give 116

distortions on the structure of the yield curve. 117

By this reason, and also to avoid arbitrage opportunities in a systematic way, 118

Heath, Jarrow and Morton introduce a new methodology (Heath et al. 1992) 119

(referred to as HJM models) that models the forward instantaneous rate at time 120

t by a stochastic differential equation driven by a Wiener process 121

f .s; t/ D f .0; t/ C
Z t

0

˛.u; t/du C
Z t

0

!.u; t/dWuI

where Wt is a Wiener process. 122

We depart from the free arbitrage model that assumes that the coefficients ˛.u; t/, 123

0 " u " t and !.u; t/, 0 " u " t are adapted processes defined in an underlying 124

stochastic basis .˝; F ; fFug; Q/, and Q is a risk-neutral probability measure. The 125

key aspect of HJM techniques lies in the recognition that the drift of the no-arbitrage 126

evolution of certain variables can be expressed as functions of their volatilities and 127

the correlations among themselves, giving 128

˛.s; t/ D !.s; t/
Z t

s
!.s; u/du: (17.7)

Therefore, in order to specify an HJM model, the initial forward rate curve f .0; t/ 129

and the volatility structure !.s; t/ should be given, because no drift estimation is 130

needed. It should be observed that as long as the function ! is deterministic, by 131

condition (17.7), the drift is also deterministic; in consequence, the forward rates 132

are Gaussian. 133



UNCORRECTED
PROOF

E. Mordecki and A. Sosa

17.3.1 The Ho–Lee Model and Hull–White Model 134

In the applications that follow, we first choose the simplest possible alternative for 135

the volatility. We assume !.s; u/ D ! > 0 is a positive constant, and this gives 136

f .s; t/ D f .0; t/ C !.st ! s2=2/ C !WtI

the so-called Ho–Lee model (Ho and Lee 1986). The price of a zero-coupon bond 137

in this model is given by

AQ6

138

P.t; T/ D PM.0; T/

PM.0; t/
exp

!
.T ! t/f M.0; t/ ! !2

2
t.T ! t/2 ! .T ! t/r.t/

"
: (17.8)

In the second model, we assume that the volatility is also deterministic but in this 139

case is time dependent, given by !.s; u/ D !e!a.u!s/, where a and ! are positive 140

constants. This gives 141

r.t/ D f .0; t/ C !2

2a2
.e!at ! 1/2 C !

Z t

0

e!a.t!u/dWu:

The price of a zero-coupon bond in this case is 142

P.t; T/ D PM.0; T/

PM.0; t/
exp

#
B.t; T/f M.0; t/ ! !2

4a
.1 ! e!2at/B.t; T/2 ! B.t; T/r.t/

$
:

(17.9)

where the function B.t; T/ is 143

B.t; T/ D 1

a

%
1 ! e!a.T!t/&:

This corresponds to the Hull–White model (Hull and White 1993) with time- 144

dependent parameters. 145

17.4 About the Uruguayan Debt 146

The Uruguayan government issues debt through different financial instruments, on 147

different currencies and expirations. In present times, the most relevant circulating 148

instruments according to terms and currencies are: 149

• the Treasury Notes in local currency and linked to CPI (consumer price index), 150

• the Local Bonds (issued in the country) linked to CPI, 151

• the Local Bonds (issued in the country) in USD, 152

• the Global Bonds (issued mainly in United States of America) in USD. 153
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Fig. 17.1 Central
government debt profile
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To complete the analysis of the debt, it should be mentioned that the government 154

also holds obligations with multilateral financial institutions, estimated in less than 155

the 10 % of the global debt amount. In Fig. 17.1 we observe the debt’s profile of the 156

Uruguayan debt across maturities. The last expiration dates correspond to the 2050 157

bond, recently issued, paying its face value on thirds, in the years 2048, 2049 and 158

2050. 159

Regarding the currency composition, more than one half of the Uruguayan debt 160

is nominated in local currency (part of it linked to CPI), 45 % is issued in USD, 161

and the rest corresponds to bonds issued in Euros and Yens. Almost all of the debt 162

(94 %) pays fixed coupons, and the rest is mainly adjusted to Libor rate. 163

17.4.1 Curve Price Estimation 164

In most of the countries, the corresponding regulating agencies and some financial 165

corporations release yield curves corresponding to the sovereign debt. The most 166

popular methods to produce these curves include parametric methods [as the ones 167

proposed by Nelson and Siegel (1987) and Svensson (1994)]. Non-parametric 168

methods are also used. 169

Regarding Uruguay, the CBU does not release yield curves but daily issues a 170

report with prices for all the financial instruments issued by the government. The 171

two authorized stock exchange institutions release their respective yield curves. 172

The Electronic Stock Exchange of Uruguay (Bolsa Electrónica de Valores del 173

Uruguay (BEVSA)) uses B-splines to produce the yield curves corresponding to 174

local currency, linked to CPI, and to USD. The Montevideo Stock Exchange (Bolsa 175

de Valores de Montevideo (BVM)) emits a single curve (linked to CPI) based on the 176

methodology proposed by Svensson (1994). 177

The purpose of the present paper is to propose an alternative methodology for 178

bond valuation, for the debt issued in USD, to the one used by the CBU and 179

also by the BVM and BEVSA. In the next subsection, we briefly describe the 180

procedure used by the monetary authority (CBU) to compute the prices of the 181

different financial instruments. 182
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17.4.2 CBU Pricing Methodology 183

The CBU issues daily reports containing prices of all the financial instruments 184

issued by the Uruguayan government. This set of prices is known as the “price 185

vector”. The pension funds and insurance companies that are relevant participants 186

in the domestic bond market are obliged by law to use these prices in order to report 187

their respective portfolio values. 188

This vector of prices is computed through a methodology that includes four 189

different criteria, according to whether the bond has been traded or not and 190

according also to its expiration, and applies with a hierarchical scheme. At the end 191

of each business day, the CBU releases information about bond prices, according to 192

the following procedure: 193

1. For bonds that have been negotiated in the day (according to certain minimal 194

amounts), the prices are computed as a weighted mean of the respective 195

negotiation prices in the stock exchanges. 196

2. For bonds with less than a year to expire, an interpolation procedure between the 197

previous price and the face value is applied to compute the prices. 198

3. An index I.t/ where t represents the current date is computed in order to compute 199

the prices of the other bonds. This amount represents the value of an “ideal” mean 200

bond. 201

4. For all other bonds, the new price is obtained from the previous one multiplying 202

by the ratio I.t/=I.t ! 1/. 203

The most relevant characteristic to be taken into account when analysing this 204

procedure is that the stock exchange of long expiration debt instruments issued 205

by the government (bonds) is really not liquid. This implies that most of the 206

prices published by the CBU result from the application of 4, i.e. are computed 207

instead of negotiated, and this can happen for some instruments consecutively, 208

during a relatively long period of time. This can lead to (theoretical) arbitrageAQ7 209

opportunities, for instance, giving larger yields for bonds with smaller maturities, 210

which is equivalent to larger prices of zero-coupon bond with smaller maturity than 211

other zero-coupon bonds. Of course, these arbitrage opportunities do not exist in 212

real negotiations, as they do not follow the released bond prices, but are present, for 213

instance, when evaluating portfolios. Although the intention of the methodology is 214

to follow the movements of the market, one should always take into account this 215

fact. 216

17.5 Empirical Results 217

17.5.1 Model Fitting 218

In relatively developed markets, prices of financial derivatives on bonds are available 219

in order to estimate the parameters of the model; see Brigo and Mercurio (2006), 220
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Filipovic (2009) and the references therein. Our main difficulties are the absence of 221

derivatives market and the lack of liquid market prices of bonds due to the absence 222

of frequent transactions. This is the reason why we develop two different method- 223

ologies of model adjustment, first, the classical maximum likelihood estimation, 224

and, second, we propose a calibration procedure for models with fewer parameters 225

that seems to give relatively good results. 226

Our first approach is closer to Chen and Scott (1993), where model adjustment 227

is carried out departing from bond prices. In our case we do not have the need 228

to introduce measurement errors in order to fit the model, as we develop a first 229

approximation to the data. In the second approach, we perform a conventional 230

calibration model using daily prices of bonds. 231

17.5.1.1 Maximum Likelihood Estimation 232

Observe that in formulas (17.2) and (17.6), the log prices are expressed as a linear 233

function of the state variables. In order to determine these state variables in both 234

models, it is necessary to use one bond price time series in Vasicek model and 235

two time series in G2++ model. But to carry out this procedure, the values of 236

the parameters (to be estimated) are necessary. This is why we use the maximum 237

likelihood (ML) method with the help of a change of variables that gives the 238

corresponding Jacobian term in the ML expression. In both models, based on the 239

Markov property of the processes, the joint density is written as a product of 240

conditional densities, each of which has normal distribution, with three parameters 241

in the first case (a; b; !) and five parameters in the second (a; b; !; "; #). 242

Given the panel data set PM
t D

%
PM.t; T.i//

&
, i D 1; : : : ; I and t D 1; : : : ; T, 243

where PM.t; T.i// is the price at time t of the zero-coupon bond with maturity T.i/, 244

denote by Xt D
%
x.i/

t
&
, t D 1; : : : ; T the state vector. 245

The joint density of PM
2 ; : : : ; PM

T satisfies 246

f .PM
2 ; : : : ; PM

T jPM
1 ; %/ D

TY

kD2

f .PM
k jPM

k!1; %/

by the Markov property. Changing variables in each conditional density, we obtain 247

f .PM
k jPM

k!1; %/ D f .XkjXk!1; %/

ˇ̌
ˇ̌@Xk

@Pk

ˇ̌
ˇ̌

D f .XkjXk!1; %/

ˇ̌
ˇ̌@Pk

@Xk

ˇ̌
ˇ̌
!1

D f .XkjXk!1; %/
1

jJkj
;

where Jk is the Jacobian of the change of variables. 248

We find adequate in our situation to use as many bond price time series as number 249

of factors. But this is not strictly necessary. In some cases, when more time series 250

than state variables are used, it is possible to introduce additional random variables 251

in order to estimate the model (Chen and Scott 1993). 252
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17.5.1.2 Calibration 253

In order to use our models in practice, to price contingent claims or with other 254

aims, we have to calibrate its parameters departing from market data. To do this 255

we adopt a cross-sectional approach. Assume that we observe a cross section of 256

market prices of contingent claims, that is to say, the prices of a set of N zero- 257

coupon bonds corresponding to the same day. For time t, let us denote the vector 258

prices PM
t D

%
PM.t; T.i//

&
, i D 1; : : : ; I, where PM.t; T.i// is the price at time t the 259

zero-coupon bond with maturity at time T.i/ and assume that we are able to compute 260

the price vector corresponding to the model, denoted by PModel
t D

%
PModel.t; T.i//

&
, 261

i D 1; : : : ; I. Model prices are functions of the parameter vector % of the respectiveAQ8 262

models; see (17.8) for the Ho–Lee model and (17.9) for the Hull–White model. 263

The idea is to find the values for % minimizing the difference between market 264

prices and model prices. To do this we have to solve the least-square problem, 265

min
%

1

I

iDIX

iD1

!
PM.t; T.i// ! PModel.t; T.i//

"2

:

17.5.2 Results in Short-Rate Models 266

17.5.2.1 Data 267

The information used in the construction of the yield curves is the one provided 268

by the CBU, for USD nominated bond prices, traded both in the domestic market 269

and in foreign exchanges. It should be noticed that besides the liquidity problem of 270

the bond market, there are no derivatives on these instruments, so all the available 271

information is provided by the bond prices. 272

The data to be used in the estimation procedure corresponds to the time period 273

from January 4, 2010 to October 30, 2013. In the Vasicek model, we use the bond 274

BE330115P, expiring in January 2033, and, in the G2++ model, we use the same 275

one and add the bond BE250928F with expiry in September 2025. We choose these 276

bonds as they are the most frequently traded. Each time series is processed according 277

to the coupon payment scheme (amount and frequency) to obtain the corresponding 278

yields that give the zero-coupon bond prices used in the estimation. 279

17.5.2.2 Estimation in Vasicek Model 280

In order to evaluate the influence of the nonliquid computed prices (as explained 281

above), we proceed in this case in estimating the parameters corresponding to the 282

Vasicek model in two situations. We first estimate parameters using all the available 283

information, i.e. we use weekly bond prices taken on Wednesdays. The obtained 284
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Fig. 17.2 The solid line shows the first estimation with Vasicek model and the dotted one the
second (that uses only negotiated prices). The dots correspond to market prices of zero-coupon
bonds

parameters in (17.1) are: 285

a D 1:7051I b D 0:0937I ! D 0:3721: 286

In the second case, we use only negotiated prices (504 observations). This implies 287

that the time intervals between prices are not regular, leading to a slightly more 288

complicated estimation scheme. The obtained parameters in (17.1) are: 289

a D 1:7145I b D 0:0896I ! D 0:4971: 290

This comparison helps us to verify that the variation in the values of the parameters 291

is not significant (perhaps the most important variation is registered in ! ), and for 292

this reason in what follows and in this first approach to the problem, we will use all 293

the available time series. In Fig. 17.2 we observe the price curve corresponding to 294

August 13, 2013, given by the model in both estimations carried out and also the 295

bond prices issued by the CBU. 296

17.5.2.3 Estimation in G2++ Model 297

As we mentioned above, we use two bond price time series, with expiration in 298

2025 and 2033, respectively. We take weekly prices corresponding to Wednesdays. 299

The obtained values for the parameters in (17.3), with the ML estimation method 300

described above, are: 301

a D 0:1300I b D 0:3526I ! D 0:2062I " D 0:4892I # D !0:99: 302

Using these values with the corresponding bond prices, we can obtain the daily time 303

series corresponding to the short rate. This allows us to compute the bond prices for 304

arbitrary maturities in each one of the days. We show the bond price curve for the 305

following maturities: 1, 2, 3, 6 and 9 months and 1, 2, 3, 5, 7, 10, 15, 20 and 25 306

years. 307
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Fig. 17.3 Surface of zero-coupon bond prices using the G2++ model

In Fig. 17.3 we see the daily zero-coupon bond price curve corresponding to 308

the analysed time period issued by the Uruguayan government, as a result of the 309

application of the G2++ model. 310

If we analyse the data in Fig. 17.3 for the second semester of 2012, the model 311

gives a curve with non-negative slope for some maturities. This fact introduces 312

arbitrage possibilities, as it gives cheaper bonds with smaller maturities than others 313

with larger maturities. More precisely, our model adjustment gives parameters that 314

result in increasing bond prices in some intervals of the maturity T. Our parameter 315

estimations include a correlation very close to !1 and instances of negative values 316

of the factors x.t/ and y.t/. We will return to this fact in more detail in the next 317

subsection. 318

17.5.2.4 On Arbitrage Possibilities in G2++ Model 319

We analyse how formula (17.6) for a zero-coupon bond price in G2++ model can 320

give arbitrage opportunities. Equation (17.5) can be written as 321

V.t; T/ D !2

a2

Z T

t
.1 ! e!a.T!u//2du C "2

b2

Z T

t
.1 ! e!b.T!u//2du

C 2#!"

ab

Z T

t
.1 ! e!a.T!u//.1 ! e!b.T!u//du:

We then take logarithms and differentiate formula (17.6) w.r.t T, to obtain 322

@

@T
log P.t; T/ D @

@T
log PM.0; T/ C !2

2a2

!
.1 ! e!a.T!t//2 ! .1 ! e!aT /2

"

C "2

2b2

!
.1 ! e!b.T!t//2 ! .1 ! e!bT/2

"
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C #!"

ab

!
.1 ! e!a.T!t//.1 ! e!b.T!t// ! .1 ! e!aT/.1 ! e!bT/

"

! e!a.T!t/x.t/ ! e!b.T!t/y.t/:

In this formula the first three addends are negative. The fourth has the opposite sign 323

of #, and the last two depend on x.t/ and y.t/. In our application # is close to !1,AQ9 324

which is associated with the fact that x.t/ and y.t/ take opposite signs; therefore, in 325

some time intervals, the derivative is positive, as shown in Fig. 17.3. Nevertheless 326

the model gives general valuable information about the structure of the debt. 327

17.5.3 Results for Forward-Rate Models 328

17.5.3.1 Data 329

In this analysis we use weekly prices corresponding to the whole year 2014, of 10 330

USD nominated bonds issued by the CBU. The maximum expiration date corre- 331

sponds to the BE451120F bond, in November 2045. To obtain an approximation of 332

the initial interest rate, we used the reference curve CUD-BEVSA daily issued by 333

BEVSA for three months, and, to adjust the initial forward-rate curve, we used the 334

yield curve corresponding to January 5, 2013. 335

17.5.3.2 Results in Ho–Lee Model and Hull–White Model 336

Calibrating the Ho–Lee model, we obtain the parameter ! for each day. In Fig. 17.4 337

we observe then the daily variation of ! . The mean value of the estimation is 0:0232, 338

with a standard deviation of 0:0094. 339

For the Hull–White model, the same procedure is carried out. In Fig. 17.5 340

(above), we observe the daily values of the parameter a and in Fig. 17.5 (below) the 341

values of the parameter ! . The mean value for a is 0:0693 with a standard deviation 342

of 0:0257. The corresponding mean and standard deviation for ! are 0:0177 and 343

0:0079, respectively. 344

Fig. 17.4 Calibrated Ho–Lee
! parameter over time
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Fig. 17.5 Calibrated Hull–White parameters over time. Above a, below !

The calibration of the Ho–Lee model corresponding to Wednesday, June 25, 345

2014, gives ! D 0:3071 and is shown in Fig. 17.6 (above). In Fig. 17.6 (below), 346

we see the calibration for the same day corresponding to the Hull–White model. 347

The parameters in this case are a D 0:0813 and ! D 0:0215. 348

Both in the Ho–Lee and Hull–White models, the daily calibration allows us to 349

construct term structure of interest rates for the corresponding day. The result is 350

shown in Fig. 17.7. 351

17.6 Conclusions 352

The objective of the present work is to present an arbitrage-free model to price the 353

Uruguayan debt nominated in USD. A second purpose is to provide an instrument 354

capable of pricing derivatives on bonds, as interest rate swaps, that are beginning 355

to be used in the Uruguayan market. Based on data from the Uruguayan market for 356

coupon bonds, we adjust four different Gaussian models. 357

This information is of valuable interest to financial practitioners and policymak- 358

ers alike. Policymakers monitor expectations of future monetary policy to gauge the 359

effectiveness of their strategy. For practitioners, the availability of accurate interest 360



UNCORRECTED
PROOF

17 Modelling the Uruguayan Debt Through Gaussians Models

Fig. 17.6 Bond price curve adjusted to market data. Above Ho–Lee, below Hull–White. In both
cases the dots represent the market prices
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Fig. 17.7 Term structure in Uruguayan market via Hull–White model

rate forecasts can be the key to a successful trading strategy. We hope that these 361

modelling exercises would enrich our understanding of market expectations and 362

improve the understanding of the characteristic behaviour of the term structure of 363

interest rate. 364

First, we adjust the Vasicek and the G2++ models for interest rates, departing 365

from data from one bond and two bonds, respectively. We follow the methodology 366

proposed by Chen and Scott (1993) that departs from historical data to estimate the 367

parameters of the model through maximum likelihood. The second model is more 368

flexible than the first one, as it involves more parameters, and also adjusts the initial 369
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interest rate curve avoiding the possibility of arbitrage. Nevertheless, as we show, 370

when high values of correlation are obtained (and this is our case), the model can 371

give arbitrage situations. 372

Second, we model the debt through the HJM models. We choose two different 373

situations, assuming first that the volatility is constant, giving rise to the Ho–Lee 374

model, the simplest HJM model, and second we assume an exponentially decreasing 375

volatility, giving rise to the two-parameter Hull–White model. In this case the 376

adjustment seems to be better, as no-arbitrage possibilities appear (the HJM model 377

uses the initial curve and also works under a risk-neutral measure), and the different 378

values for different days in both cases show certain stability. We conclude that HJM 379

models fit better to the data and are capable of describing the whole market structure 380

with information of a series of then more traded bonds. 381

Further work includes several issues, such as the comparison of the two methodsAQ10 382

employed (maximum likelihood and calibration) in both interest rate and forward- 383

rate models; the analysis of the effect of the lack of liquidity, including adjustment 384

with respect to transaction volumes in the least-square minimization; the use of more 385

data with the help of the methodology proposed by Chen and Scott (1993); and the 386

consideration of more sophisticated HJM models. 387

References 388

Bjork, T.: Arbitrage Theory in Continuous Time, 3rd edn. Oxford Finance, Levin (2009) 389

Brigo, D., Mercurio, F.: Interest Rate Models Theory and Practice with Smile, Inflation and Credit, 390

2nd edn. Springer, Berlin (2006) 391

Chen, R., Scott, L.: Maximum likelihood estimation for a multi factor equilibrium model of the 392

term structure of interest rates. J. Fixed Income 3(3), 14–31 (1993) 393

Cox, J., Ingersoll, J., Ross, S.A.: A theory of the term structure of interest rates. Econometrica 53, 394

385–407 (1985) 395

Di Francesco, M.: A general gaussian interest rate model consistent with the current term structure.AQ11 396
Int. Sch. Res. Netw. (2012) 397

Filipovic, D.: Term-Structure Models. Springer Finance. Springer, Berlin (2009) 398

Heath, D., Jarrow, R., Morton, A.: Bond pricing and the term structure of interest rates: a new 399

methodology for contingent claims valuation. Econometrica 60(1), 77–105 (1992) 400

Ho, T., Lee, S.: Term structure movements and pricing interest rate contingent claims. J. Finance 401

41, 1011–1029 (1986) 402

Hull, J., White, A.: One factor interest rate models and the valuation of interest rate derivative 403

securities. J. Financial Quant. Anal. 28(2), 235–254 (1993) 404

Musiela, M., Rutkowski, M.: Martingale Methods in Financial Modeling. 2nd edn. Springer, Berlin 405

(2005) 406

Nelson, C., Siegel, A.: Parsimonious modeling of yield curves. J. Bus. 60(4), 473–489 (1987) 407

Svensson, L.: Estimating and Interpreting Forward Interest Rates: Sweden 1992–1994. Papers 579. 408

Institute for International Economic Studies, Stockholm (1994) 409

Vasicek, O.: An equilibrium characterization of the term structure. J. Financ. Econ. 5, 177–188 410

(1977) 411



UNCORRECTED
PROOF

AUTHOR QUERIES

AQ1. Please check if edit to sentence starting “We model bond...” is okay.
AQ2. Please check the inserted keywords from “Key Words.doc” and correct if

necessary.
AQ3. Please check if edit to sentence starting “There are essentially...” is okay.
AQ4. Please check if edit to sentence starting “Although empirical data...” is okay.
AQ5. Please check if edit to the sentences “For this reason...” and “as a result...”

is okay.
AQ6. Please check if “;” should be changed to “,”.
AQ7. Please check if edit to sentence starting “This can lead...” is okay.
AQ8. Please check if edit to sentence starting “Model prices are...” is okay.
AQ9. Please check if edit to sentence starting “In our application...” is okay.

AQ10. Please check if edit to sentence starting “Further work includes...” is okay.
AQ11. Please provide volume and page range for the reference Di Francesco

(2012).


	17 Modelling the Uruguayan Debt Through Gaussians Models
	17.1 Introduction
	17.2 Short-Rate Models
	17.2.1 The Vasicek Model
	17.2.2 The G2++ Model

	17.3 Forward-Rate Models
	17.3.1 The Ho–Lee Model and Hull–White Model

	17.4 About the Uruguayan Debt
	17.4.1 Curve Price Estimation
	17.4.2 CBU Pricing Methodology

	17.5 Empirical Results
	17.5.1 Model Fitting
	17.5.1.1 Maximum Likelihood Estimation
	17.5.1.2 Calibration

	17.5.2 Results in Short-Rate Models
	17.5.2.1 Data
	17.5.2.2 Estimation in Vasicek Model
	17.5.2.3 Estimation in G2++ Model
	17.5.2.4 On Arbitrage Possibilities in G2++ Model

	17.5.3 Results for Forward-Rate Models
	17.5.3.1 Data
	17.5.3.2 Results in Ho–Lee Model and Hull–White Model


	17.6 Conclusions
	References


