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Chapter 6
Computing Greeks for Lévy Models:
The Fourier Transform Approach

Federico De Olivera and Ernesto Mordecki

Abstract We review the computation of Greeks for exponential Lévy models
extending Lewis formula for the option value. This gives accurate approximations
using fast Fourier transform. We present an exhaustive development of Greeks for
call options. We provide error estimation in for all Greeks in the Black—Scholes
model (where Greeks can be exactly computed) and consider other models used in
the literature, such as the Merton and variance gamma models.

Keywords Exponential Lévy models ¢ Option pricing * Lévy processes * Deriva-

tives * Greeks ¢ Lewis pricing formula  Black Scholes ¢ Merton model *
Variance gamma model

6.1 Introduction

We consider a Lévy process X =+{X;},>¢ defined on a probability space (£2,.%, Q);
a financial market model with two assets; a deterministic savings account
B = {B;}>0, given by

Bt = B()ert,

with r > 0 and By > 0; and a stock S = {S;},>0, given by

S, = Spe'™X1, (6.1)
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with So > 0, where X = {X,},>0 is a Lévy process. When the process X has
continuous paths, we obtain the classical Black—Scholes model (Merton 1973). For
general reference on the subject, we refer to Kyprianou (2006) or Cont and Tankov
(2004).

The aim of this paper is the computation of the price partial derivatives of a
European option with general payoff with respect to any parameter of interest. These
derivatives are usually named as “Greeks,” and consequently, we use the term Greek
to refer to any price partial derivative of the option (of any order and with respect
to any parameter). Our approach departs from the subtle observation by Cont and
Tankov (see Cont and Tankov 2004, p. 365):

Contrary to the classical Black—Scholes case, in exponential-Lévy models there
are no explicit formulae for call option prices, because the probability density of
a Lévy process is typically not known in closed form. However, the characteristic
Sfunction of this density can be expressed in terms of elemen- elementary functions
for the majority of Lévy processes discussed in the literature. This has led to
the development of Fourier-based option pricing methods for exponential-Lévy
models. In these methods, one needs to evaluate one Fourier transform numerically
but since they simultaneously give option prices for a range of strikes and the
Fourier transform can be efficiently computed using the FFT algorithm, the overall
complexity of the algorithm per option price is comparable to that of evaluating the
Black—Scholes formula.

In other words, in the need of computation of a range of option prices, from a
practical point of view, the Lewis formula works as a closed formula, as it can be
implemented and computed with approximately the same precision and in the same
time as the Black—Scholes formula.

Some papers have addressed this problem. Eberlein et al. Eberlein et al. (2009)
obtained a formula similar to the Lewis one and derived delta (A) and gamma
(I'), the price partial derivatives with respect to the initial value S, of first and
second order, for a'European payoff function. The assumptions are similar to the
ones we require. Takahashi and Yamazaki (2008) also obtain these Greeks in the
case of call options, based on the Carr and Madan approach. The advantage of
the Lewis formula is that it gives option prices for general European payoffs,
while the Carr—Madan only price European vanilla options or some other type of
strike-dependent options. It must be said that the Carr—Madan formula is applicable
for general processes, not necessarily Lévy, but, as we are interested in the Lévy
process, we heavily rely on Lewis’ approach, being the main difference with the
analysis in Lee (2004). Other works deal with the problem of Greek computation
for more general payoff functions, including path-dependent options [e.g., see
Boyarchenko and Levendorskii (2009), Chen and Glasserman (2007), Glasserman
and Liu (2007), Glasserman and Liu (2008), Jeannin and Pistorius (2010) and
Kienitz (2008)]. These works are based on different techniques, such as simulation
or finite differences introducing a method error that has to be analyzed, whereas our
approach does not.

In the present paper, we obtain closed formulas for Greeks based on the Lewis
formula that computes efficiently and with arbitrary precision [as exposed in Cont
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and Tankov (2004)], for arbitrary payoff European options in the Lévy models with
respect to any parameter and arbitrary order. As an example, we analyze the case of
call options.

6.2 Greeks for General European Options in Exponential
Lévy Models

Denote by Q the risk-neutral pricing measure, i.e.,
Ee =1, (6.2)

where E denotes expectation under Q. Furthermore, by the Lévy—Khintchine
theorem, we obtain that E ¢ = ¢/¥@ where the characteristic exponent is

2
W(z) = —iz(1 —iz)% + / (e — 1 —iz(e” — D) v(dy), (6.3)
R

with 0 > 0 as the standard deviation of the Gaussian part of the Lévy process and v
its jump measure.

Regarding the payoff, following Lewis (2001), denote s = In S7 and consider a
payoff w(s) and its Fourier transformw(z) = ffzo exp(isx)w(x)dx. For instance, if
K is a strike price, the call option payoff and its respective transform are

_Kiz+l
w(s) = (£—K)T, W= o 3(z) > 1). (6.4)

Then, the Lewis formula (Lewis 2001) for the European options, valued at time ¢,
and denoting t = T — ¢ the time to maturity, is:

e—rl'

V, = / e—iz(ln(S,)+rr)ertI/(—z)ﬁ)(Z)dZ7 (6.5)
27 Jiv+r

where z € Sy = {1 + iviu € R} and v must be chosen depending on the payoff
function (Lewis 2001). In this context, it is simple to obtain some general formulas
for the Greeks.

In order to differentiate under the integral sign, we present the following classical
result.

Lemma 1. Ler ® C R an interval and ¢ = iv + R. Leth : % x ® — C and
g I — C such that

o h(-, 0)g() is integrable for all 0 € © and g is integrable.
* h(z,-) is differentiable in ® for all z € . and g—z is bounded.
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Then, [ 5 h(x,0)g(x)dx is differentiable and 88
h(x, 0
I e 0)g(x)dx = / Oh(x. 0) g()dx VO eo. 80
90 J g 00

Proof. We observe that ’W’ < C|g(z)| forall z € .Z, 8 € ©. The result is 9
obtained from Theorem 2.27 in Folland (1999). 91

In consequence, in the rest of the paper, we will always assume that the o2
conditions in Lemma 1 are satisfied for the real part of the integrand because the o3

price imaginary part integrate is zero. 94
6.2.1 First-Order Greeks %
We introduce the auxiliary function 96

l?(Z) — e—iz(ln(S,)+rt)erlI/(—z)vAv(Z)' 97

Departing from (6.5) and (6.3), by differentiation under the integral sign, we obtain o8

v, lLe™
A =—1—__ iz0(z)dz,
"7, S 2w A;H@lz Wi
av, —
p = e / (1 + i) (2)dz.
or 2w Jivir
av, —"
g Vi Le / iZ(1 + i2)9 (2)dz,
oo 21 Ji+r
Ve

1

&= /MR W(=2) — (1 + i2)r) P (2)dz.

99
Usually, the Lévy models used in the literature depend on a set of parameters that 100
specify the jump measure. Therefore, we denote v(dy) = vy (dy) and ¥ (z) = ¥y(z); 1

o

1

then 102
v, et 0Wy(—2z)
Al Y 9 (2)de.
90 " 2n /iv+]R ag D@
6.2.2 Second-Order Greeks 103
Similarly, we obtain 104
PV, 1

I, = = iz(1 + iz)3(2)dz,
; 752 52 2 A}JFRLZ( + iz)V (z)dz
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0%V, 1e't
Vi = = — 2(1 i) (2)dz,
anna, 3035, taSr o LH—RZ (1 +iz2)0(z)dz
3*V, e’" 5. N
Vomma, =—— =71 (1 + to%iz(1 + lZ)) iz(iz + 1) ¥ (2)dz,
do? 27 iv+R
9%V, 1 e '™
Ch = = ——— iz(W(—2)— (1 +1i P (z)dz,
arm; 350 S 2 /i;)+]R iz(W(—=z) — (1 +ix)r) v (2)dz
aZVt et . . .
Veta, = =0 iz(1 +iz) (t¥(—z) — (iz + Drr + 1) ¥ (2)dz,
000t 21 Jipar
BZV —rt
Vera, = L= —rzoe / iz(iz + 1)?9(2)dz.
door 27 Jit+r

Other derivatives can be obtained analogously. In the next section, we will focus
in the case of call options. This allows to obtain more explicit formulas.

6.3 Greeks for Call Options in Exponential Lévy Models

In order to exploit the particular payoff function, we exhaustively develop the
Greeks for call options. The put option corresponding formulas can be obtained
immediately via put-call parity. For other payoffs, the procedure to obtain the Greeks
is analogous.

When the strike K is fixed, x = In(K/S;) — rt is variable in terms of S;, r, and 7.
Then, we must consider this for the computation of Greeks A, I', p, and others.

Lemma 2. Let X, be a Lévy process with triplet (y,o,v) and characteristic
exponent W (z) such that ¥(—i) = 0 and fly\>1 ev(dy) < oo with v > 0. Then,
ifzeiv+ R,

891 = P+ kD [

lyl=<1

Y u(dy) + 2 / (e” + D)v(dy)
[yI>1

and

el)

=2 = (= + 1D(3

2 02 vy
/ Vuldy) +5-) + 2/ (e + Du(dy),
i<t 2 Iyf>1
6.6)

where Wy(z) = [ (¢ —1—iz(e” — 1)) v(dy).

Proof. Let I(z) = [, (€™ — 1 —izylgy<13) v(dy). Applying Taylor’s expansion
with Lagrange error form at point y = 0, there exists 6, with [0, < |y| such that
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el’z@(v

2

¢ — 1 —izyly<ry =izylyypsny — 25

D L . W L
=-y — =+ (lzy—z Y= )1{y|>1}
2 2 izy
=2y — L=y + (€ = Dl
Then
—izh,

Lyi<y + (7 = Dy

27y’ v(dy)

2

(2| < /R

2 e’ 2 vy
<lz| ——yv(dy) + (e + Dv(dy)
b=t 2

[y[>1

s|z|zé / | lyzv(dy)—}- / (€™ + 1)v(dy). 6.7)
V=

2 y>1
Using (6.7), we have

Wi (=2)| =lI(=z) + izl (=D)]

<(|z]? e
<(P + 15 [

lyl=1

Y2 (dy) + 2/ (e + v(dy).

[y[>1

: — (i 2o,
For the continuous part, let ¥c(—z) = (iz — z°) 5-; thus,

W (=2)| =[¥e(=2)| + ¥ (—2)]
el}

<(ap 4 b (5

2
20(d G—) 2 W 4 1)u(dy).
/Myv(ywz + /y|>1(e + Dv(dy)

Lemma 3. Let {X;}:>0 be a Lévy process with triplet (y,o,v) and characteristic
exponent W (z), such that ¥ (—i) = 0 and E[e"**] < co with v > 0.

1. Iffiv-HR |Z|_l|erlp(_z)|dz < 00, then
1 eizx
P(X-L— > x) = — E ;eﬂp(_z)dz’ (68)
w+R
1 oI+
E(* 1gy,oy) = Vg, (6.9)

_E iv+R 1+IZ

2. If

/ |z"e“p(_1)|dz < 00, forsomen=0,1,..., (6.10)
iv+R
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then X, has a density of class C" and 129
0" 1 .
'f(x) _ / (iz)nezzxerlp(—z)dz‘
ox" 27 Jiw+r
Proof. For a call option, the Fourier transform of the payoff function is w(z) = 130
% Then from the option value (6.5), we have, with x = log(K/S;) —rz, 131
& izx ,T¥(—z)
Ci(x) = S— e (6.11)
27 Jiv4r iz(iz + 1)
Then, being x € [, B] and C; = maxy<,<p e ™%, 132

ae(1+iz)xetlll(—z)[l'z(l'z+ 1)]—1
ox

< Cilz7 M|e" | e L' (iv + R),

and by Theorem 2.27 in Folland (1999), we can differentiate under the integral sign. 133
Therefore, with S; = 1, 134

PX, >x) =— e_x% /:X)(es — &")F(ds)

aC izx
+(X) _ _L e_etl[/(—z)dz‘
ox 21 iv+R iz

=—¢F

On the other hand, with S, = 1, 135

o0 a o0
B L) = [ SR =~ [ @ = D@
X X X

de™C aC,
LG 6w
0x 0x
:L / ﬂeﬂ'(_@dz — L el en eIy
27 Jipyw iz(1 + i2) 27 Jiar 02
(14iz)x
_ 1 e Z eI‘I/(—Z)dZ.

- E iv+R 1 + iz
For the second part, observe in (6.8) that if x € [, B] and C; = maxg<x<p e, 136

gntl ﬁerlp(—z)
124

RS < Glz|"e™ | e L' (iv + R).
X

The result is obtained from Theorem 2.27 in Folland (1999). 137
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We conclude the preliminaries of this section with some notations. As (6.2) 138
holds, the relation dQ = ¢"7d Q defines a probability measure Q, known as the 139
dual martingale measure. A call option price with payoff (6.4), and log-forward 140
moneyness' x = In(K/Sy) — rt, can be computed by 141

) =5 (QU > 0 — e QX > ).

Furthermore, if X; has a c~lensi~ty f:(x) under Q, i.e., if condition (6.10) holds with 142
n = 0, its density under Q is f;(s) = €°f;(s). In order to obtain Greeks in terms of 143
the risk-neutral measure, we replace P by Q in (6.8), and consequently (6.9), (6.10), 144

and (6.11) are related to the probability measure Q. 145
6.3.1 First-Order Greeks for Call Options 146
In this section, we do not assume general requirements. We specify the requirements 147
in each case. 148
6.3.1.1 Delta 149
Assume that [, o |z|7"|e™9|dz < 00 and S, € [A, B]. From (6.11), we obtain 150
i _IGx(S)
! 08,
(Ti2)x(S1)
Do L [ iy,
aS; 27 Jipgr iz(1 + iz)
(1+iz)x (1+iz)x
A v L[ L vy,
27 Jipar iz(1 + iz) 27 Ji+r B2
1 e(l+iz)x

=~ — | S = QX > ).
2w iv+R 14z ¢ ¢ Q( X)
6.3.1.2 Rho 151

Denote now x = In(K/S;) — rt, that depends on the interest rate r. Assume that 152
Jovar 1217 e™ T2 dz < oo and r € [Ry, Ry]. Then 153

I'This seems to be the standard definition, although in Cont and Tankov (2004) it is defined as the
opposite quantity.
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ac 1 (1+iz)x
ptL :M =8— _‘Ce.—e“p(_z)dZ = 185" Q(X; > x).
or 27 Jiv+R iz

6.3.1.3 Vega 154

In Black—Scholes, vega shows the change in variance of the log price. In exp-Lévy 155
models, the derivative of C,(x) w.r.t. ¢ does not give exactly the same information. 156
We assume that X; has density f [see (6.10)] and z € iv + R. Let 157

ol T fa (e —1—iz(e—1)v(dy)

2
h .0 :etiz(l+iz)”7’ 7) = : :
z0) &) iz(1 + iz)

Thus, %h(z, o) is bounded. On the other hand, fw+R lg(@)|dz < oo because 158
|E(e7 "ty < E(e™r) < oo, where J, is the jump part of X,. By Lemma 1, 159

we can differentiate under the integral sign. Then, 160
dC(x) e e et (=2)
yE = =S8 — ———toiz(1 +iz)d
! do 27 Jowsr izliz + 1) iz(1 + iz)dz
=S,;toe'f; (x).

In order to complete the information provided by vega, we can calculate the 161

derivative with respect to the jump intensity, when this intensity is finite, i.e., when 162

v(dy) = AG(dy) for a probability distribution G, and assume the existence of a 163

density (6.10). Denote 164
et (e —1+iz(e~1)) G(dy)

T Ju(e™™ — 1 +iz(e’ — 1)) G(dy)’

izt D yriz(14) %

h(z,A) =

)=——"#— 71 e 1 4 iz(e) — 1)) G(dy),
()= | (¢~ 1) Gldy
where % is bounded and from Lemma 2 fiv +r |8(2)|dz < oo; then by Lemma 1, 165
we obtain 166

dz

dC(x) 9 1 / LIz Dx T (=2)
A OAT2m Jysr izliz+ 1)

P 1 / e(iz+1)xet¢/(—z)a ( )d
=Tor7— . e N —2)az,
271 Jogn iz 1)



Author's Proof

F. De Olivera and E. Mordecki

with ¥;(—z) = [ (7™ —1+iz(e¥ — 1)) G(dy). Using Fubini’s theorem, we 167
obtain 168

aTC 9 1 (iz4+1)x ,7¥(—2)
() g / e e dz
iv+R

A oA 2w iz(iz + 1)

1 e(iz+l)xerl11(—z) - )
=tSi0— | | (¥ —1+iz(e’ — 1)) G(dy)dz
"2 /w+R iz(iz + 1) /R( (€' = 1)) G(dy)

&Y ) erlI’(—z)
=15, [/ (e}’ / elZ(X_y)%dZ
R\ 27 Jayr iz(1 +iz)

X ¥ (—z)
e izx e

— 5 —dz
2 iv+R lZ(l + IZ)

, & ‘xertI/(—z)
e i dz) G(d
e =Dos /w+Re 1+ Z) (y)}

=t [ [ (eet—n-cw-se-na, > x))G(dy)} .

The use of Fubini’s theorem is justified by (6.7) and the additional hypothesis 169

fm_R le™¥I|dz < o0. 170
6.3.1.4 Theta 171
Assume condition (6.10) holds with.z = 2, and let 172
h 7.7) = e(iz+1)x,etkll(—z)’ 7) = - S
@) 8@ iz(1 + iz)
Then, [, . |2(2)|dz < co; moreover, from (6.6) and [, ,  [%¢™9|dz < oo, 173
oh(z, .
(aZT 'C) :e(zz+1)x,etkll(—z)( _ r(l + iZ) 4 W(—Z))
is bounded, and by Lemma 1, 174
oL — 0:Ci(xr) i L / el D pr¥(=2) dz
! ot At 27 Jiur  iz(iz+ 1)
1 e(iz+l)x,erl1/(—z)
:S_ 7(W —Z _r1+iZ)dZ.
"2n /w+R iz(1 4 iz) =2 = )

Using Fubini’s theorem, we obtain 175
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. 1 e(iz+l)x, eﬂI/(—Z)
e =S,— %(W—Z —rl—}-iz)dz
‘T /iv+R iz(1 + iz) o —rll+i)

r e(iz+ D, ertI/(—z)
s[o L[ ety
iv+R 1z

1 e(iz+l)x,erl1/(—z) 02
+ — %Gz 1+i7)—
2 LMLR iz(iz+ 1) ( ) 2

+ /R (7™ —1+iz(e" — 1)) V(d)’))dz]

o2
:S,[re"’ QX; > x;) + Tex’ft(xf)

[t [
R 27 Jiwiw iz(1 + iz) 21 Joar iz(l +iz)

§ . et\II( Z)
e i dz)v(d ]
e )27T /iv+]Re 1+iz z)v( »)

2
=Si[re QUt: > x) + T )]

+ [ (00 = = Gl <5 =<DK > x0)v(@y),

The use of Fubini’s theorem is. justified by (6.7) and the additional hypothesis 176

Joir 122" TI)dz < oc. 177
6.3.2 Second-Order Greeks for Call Options 178
6.3.2.1 Gamma 179

Once delta is obtained, we must only differentiate again with respect to S;, to obtain 180

gamma. We assume that X; has density f and S, € [A, B], then 181
e azcg(;crz(sf)) PQUX. 20D L €
6.3.2.2 Vanna 182
We assume that [, |ze™9|dz < c0and 0 < ¥| < 0 < X», then 183
PG T woeia(s) — e (5 +£0(5))

= —t0e'fl(x).
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6.3.2.3 Vomma

We assume that [, o |?e™9|dz < coand 0 < ¥} <0 < Xy, letz € iv + R,

and denote

. N
2 riz(1+i2) & ,

ot T Jr (€ —1—iz(e'—1))v(dy)

h(z,0) =7ze glr) = 5

V4

Thus, 2&9 s bounded, and Jovar l8€@Idz < oo, because |E(e™)| <

do

E(e?’7) < oo, where J; is the jump part of X,. By Lemma 1, we can differentiate

under the integral sign

3*C,(x) ot s

902 o 27 Jivar

=S,7¢e" (f,(x) + 02 (f/(x) + £/ (%)) )

6.3.2.4 Charm

Assume that (6.10) holds for n = 3, take z € iv + R, and let

hZ,T zze(iz+1)x,etlll(—z)’ 7) = —
(z,7) (@) A+

Then, [}, |¢(x)|dx < 0o, and by Lemma 2,

oh(z, ) .

£ Ze(z’z+l)xretl1/(—z)( _ r(l + iZ) + ‘I/(—Z))

is bounded. By Lemma 1,

dz

PG QX >x) _ 9 1 / (et €
= _ e T
atas, at 0t 21 Jiar 1+ iz

T 1 +iz

Using Fubini’s theorem, we obtain

2 w(—
°Ci(x) 1 / QlicH e eV
iv+R

atdS, 27 l—i—iz(

r(1 + iz) — lI/(—z))dz

02

=re"fr (x;) — Texzfz/(xr)

1 ) etlI/(—Z)
/ e(’”l)"f—(r(l + iz) — lI/(—z))dz.
iv+R

e .
= Ste'fi(x) + S;to0— eZe™ o (iz — 2)dz

6.12)

184

185
186

187

188
189

190

191

192

193

194



Author's Proof

6 Computing Greeks for Lévy Models: The Fourier Transform Approach

Xr—y ¥ (—z) X7 W (—z)
_ / [eye / £i2e=y) ¢ dz — ¢ / s ¢ dz
R 2 iv+R 1 + iz 2w iv+R 1 + iz

X

+ (e — 1){e / e et gy
2n iv+R

X ) t¥(—z2)
_¢ / Pl dz}]v(dy)
27 Jiwsr l+iz

0.2
=—reT ‘L'(x‘L') + 7€Xzfr/(xr)

+ [ [-ee > 3+ Qex, > x)

+e = D{S @) + Qe > x0)} |v(dy)

02

=re" fi(x;) — Tex’f;(xf)

B O

(e — 1)er ,(xt)]v(dy). (6.13)
The use of Fubini’s theorem is justified by (6.7) and the additional hypothesis 195
j;‘v+R |73 (79|dz < oo. 196
6.3.2.5 Veta 197

We assume that [, |2*¢™9|dz < oc. Similar to Charm,, we assume that T € 108
[ 71, 2] and z € iv + R and denote 199

) 1
h(Z, ‘L’) — Zze(tz+l)x,e‘tllf(—z)7 g(z) — Z_z

Then, f;,, 18(2)|dz < 00, and by Lemma 2, 200
oh(z, ;
(aZT ‘L') :Zze(zz+l)x,ertp(—z)< _ V(l 4 iZ) + W(—Z))
is bounded. By Lemma 1, we can differentiate under the integral sign, 201

PCi(x) Y BStoefi(x)
dodr 9t Jat
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e d .
=S,0 I:exrfr(xr) - ”—exzfr (xc) + T— / —eluzeﬂp(_z)dZ]
2r iv+R It

=S,0 [ex, fe(xr) —rrefi(xr)

Te" iZX. ¥(—z) .
20V (=) — riz)dz|. 6.14
+ o L+Re e ( (—2) rlz) Z] ( )

Using Fubini’s theorem, we obtain

=S,0| " fi(x) = rre" (o)

e :
I T / s ertI/(—z) (W(—Z) _ riz) dz
2 Jw+r

=S0e" [fl’ (xr) —r7 (f‘t(xl') +f‘1,{(x‘17))

2

T . o

+ ezzxrertll(—z){ (iZ _ ZZ)
27 Jiv+r 2

T 1 iz — dy)\d
—i—/l;(e 1+ iz(e" — 1))v(dy)} z]
2
=$,0¢" | (x0) = e (o) +11(x0)) + T (/) +£/(0)
+o [ (e —fle + @ =R a@n]. 619)

The use of Fubini’s theorem is justified by (6.7) and the additional hypothesis
Joir 120" TIdz < 0.

6.3.2.6 Vera

Assuming that fw+R |z I|dz < coand 0 < X <0 < X,

02Ci(x,) _3"//tL
dodr  or

= = 5720 (£ o) + £1(x).

- S,toe""( —tfi(x,) — zf;(x,))

202

203
204

205

206
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6.3.3 Third-Order Greeks for Call Options
6.3.3.1 Color
We assume that [, - [z*¢™9|dz < 00, 7 € [7, 7). Letz € iv + R and
h(Z, ‘L') :ZZe(iz-H)x,ertI/(—z)
1
8(z) = 2

Then, |,

wir 1€(0)]dx < 00, and by Lemma 2,

Bhgz, T) :ZZE(iz+l)x,erlI/(—z)( _ r(l + iZ) + W(—Z))
T

is bounded. By Lemma 1, we can differentiate under the integral sign.
Thus,

PC(x) _art 1
3820t dt S22«

Using Fubini’s theorem, we obtain

33Ct(x) _ 1
3820t S22

[ e e o (=i 1 4w

=§_j[_ r(fe0) + £ () + %z(f’(x) +/1"())
oL [ e /R 1 k(@ — D(dy)d:]

—— S + ) - 7 (0 +)

+ [ (0 =A== @ = 1w Joia |

Fubini is justified by (6.7) and the hypothesis f

war 1€ Tdz < oo,

6.3.3.2 Speed

Assuming that [; o |z¢™9|dz < oo,

/ e(iz+1)x,etkll(—z)( _ r(iz + 1) + lI/(—Z))d
iv+R

207

208

209

210

211
212

Z.

(6.16)

213

6.17)

214

215

216
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PCi(x,) ort e"‘s"(— 5/ () = 5.f; (x(S,)))S, — & f (x(S))
as? as, 2

= S0 +7w).

6.3.3.3 Ultima 217

(n)
We assume that fw+R |z6e7¥(79)|dz < oo. First, we calculate W forn = 0,1,2. 218
AQ3 For0 < X <o < X,and z € iv + R, we denote 219

izx
ha(z,0) = (i2)"t2e™ 9, g(z) = 2

Thus, waR |g(z)|dz < oo and % is bounded for n =0, 1,2. By Lemma 1, we 220

can differentiate under the integral sign. Then, 221
fr(x) 9 1 - \n e T¥(—2)
- n izx T )d
do 0o 21 iv_HR(lZ) ¢/ 7
1 .
-1 — [(iZ)n+l N (iz)n+2]etzxert11(—z)dz
21 Jiv+r
- (f§"+1>(x) 4 ) (x)). (6.18)
Now, we have 222

PO 8S,te"(fr @) + 702 (F/(x) + £ (x)) )
do3 do

=S5i720e* (3(11(0) + 1) + 107 (1) + 21 () + 1 ) ).

6.3.3.4 Zomma 223

We assume that fM_R |2e™ (I |dz < coand 0 < X} < 0 < X,. Then, 224

PC(x,) dVannal  dtoe"SIfl(x(S)))
38200 3S, as,

toer
Sy

(e +1/ ).
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6.4 Examples 225

6.4.1 The Black—Scholes Model 226

If we assume that the Gaussian distribution and density are exactly computed in 227
R software, we can compare the Greeks for Black—Scholes model using Lewis 228
representation. To approximate the Fourier transform, we cut the integral between 229

—A/2 and A/2 and take a uniform partition of [-A/2,A/2] of size N: 230
‘ 4z AN
/ e“g(z)dz ~ / e“g()dz ~ — Z wre™* g(zc), 231
R —A/2 N k=0
where z; = —% + kﬁ and wy are weights that correspond.to the integration 232
numerical rule. 233

Table 6.1 shows the £ -errors in the Black—Scholes model via Lewis represen- 234
tation and fast Fourier transform using S; = 1,r = 0.05,T = 1,0 = 0.1,A = 300, 235
and N = 2?2, Denoting by GL the value for the Greek given by our Lévy formula, 236

and by G the direct computation, the {o-errors are 237
{s-error(GL) = ~max |GL— G|, (6.19)
x€[—0.7,0.7)

for x = In(K/S;) — rr.

Table 6.1 {oo-errors iI.I the Greek Expression Loo-error 2.1
Black—Scholes model via -
Lewis representation and fast Call C =SE(e —e)T | 1.2e07 2.2
Fourier transform using Delta 9sC(x) 2.4e-07 2.3
S, =1,r=005T=1, Rho 9,C,(x) 1.9¢-07 2.4
0 =0.1,A =300, and Vega 3, C(x) 9.5¢-08 25
N =22 Theta | 9,C(x) 1208 s
Gamma | 9%C(x) 9.5e-07 2.7
Vanna | 024C(x) 6.3e-07 2.8
Vomma | 32, C(x) 7.5e-07 129
Charm | 9% C(x) 6.8e-08 2.0
Veta 92 .C(x) 8.9¢-08 t2.11
Vera 92,.C(x) 5.8e-07 t2.12
Color | 33, C(x) 5.6e-07 1213
Speed | 33¢C(x) 6.3e-06  t2.14
Ultima | 93, C(x) 1.2e-05 w215

Zomma |33, C(x) 9.5e-06  t2.16

238
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6.4.2 The Merton Model 239

In this section, we show some results for the Merton model. The Merton model 240
has four parameters (o, i, 07, A) where o is the diffusion parameter, A is the jump 241
intensity, and pu; and o are the mean and standard deviation of the jump which are 242
Gaussianly distributed. The characteristic function for the Merton model is 243

2 o2 2 ) o2
E(e“7) = exp %iz[% — A(e T — 1)] + ZZ% F AT )L
(6.20)

All Greeks for At The Money (K = Spe™'T) are shown in Table 6.2 following 244
Sect.6.3. To evaluate errors, we compute first a reasonable value GL and then 245
increase the precision with the corresponding time cost, to obtain G, that we assume 246
is the true value, and apply (6.19). Hence, we took A = 500, N = 2?%and A = 500, 247
N = 222. the error is in all Greeks lower than 107>, In Fig. 6.1, the curves are 248
shown in terms of x = In(K/Sy) — T for all Greeks with the comparison of the 249
Black—Scholes model with volatility equal to implied volatility At The Money. 250

The characteristic function in this case is (6.20). To compute sensitivities w.r.t. 251
Wy, 0, and A, we only need to differentiate the characteristic exponent with respect 252
to these parameters: 253

al]/(—z) :Aizlieuj+03/2 _ e—izuj—zzai/z]’
o

Table 6.2 Greeks in Merton model with: Sy = 1, r = 0.05, x = 0,
T=10=0.1pu;,=-00050;=01A1A=1

A= 500,N =2% |A=500,N=2% | Error

Call C 0.0547129 0.0547129 2.6e-08 5.1
Delta | 95C 0.5273560 0.5273562 2.5e-07 5.2
Rho 3,C 0.4726431 0.4726433 2.2e-07 5.3
Vega | d,C 0.3077754 0.3077755 1.5e-07 5.4
Theta |9,C 0.0524286 0.0524286 2.5e-08 5.5
Gamma | 9%,C 3.0777536 3.0777550 1.5e-06 5.6
Vanna | 324C 0.1538877 0.1538878 7.3e-08 5.7
Vomma |32 C 0.9091776 0.9091780 4.3e-07 5.8
Charm | 8%,C 0.1682859 0.1682860 8.1e-08 5.9
Veta a2.C 0.1222075 0.1222076 5.8e-08 5.10
Vera 32,C | —0.1538877 —0.1538878 7.3e-08 5.11
Color | 33, C 1.8556786 1.8556795 8.8e-07 5.12
Speed | 03C | —4.6166303 —4.6166325 2.2e-06 5.13
Ultima | 33,,C | —11.5390901 —11.5390956 5.5e-06 5.14

000

Zomma |93, C | —21.6857596 —21.6857699 1.0e-05 5.15
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Call
0.0 0.2 0.4
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Fig. 6.1 Greeks in terms of x = In(K/Sp) — rT for the Merton model with parameters equal
to Table 6.2 (continuous line). Discontinuous line: Black—Scholes model with volatility equal to
implied volatility in x = 0 (0jp(0) & 0.137)

LI/(—z) =/XUJ[iZe“J+03/2 - zze_"z"l_zzf’i/z]
an '
3l1/(—z) =iz|:eu1+03/2 _ 1] + e—izﬂj—1203/2 -1

A ’

254
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and for 0 = u,;,0,,A, 255
aC e et gy (—
9(x) :tS,—/ P . o ( Z)dz.
06 21 Joar  iz(14+iz) 06
The differentiation under the integral sign is justified as above. 256
Using the same parameters presented in Table 6.2, we obtain the sensitivities for 257
ATM given in Table 6.3. 258
In Fig. 6.2, we show the Greeks in terms of x = In(K/Sp) — rT. 259

In Kienitz (2008) are shown some results for a digital option in the Merton model, 260
which were obtained by applying finite difference approximations to the formula 261
for the option prices in Madan et al. (1998). Now we will deduce delta, gamma, and 262
vega for a digital option, and thus, we will compare the results. 263

A digital option has a payoff given by 264

15, —k>0y = Lix,—x>0-

Using Lewis representation, the value for a digital option is given by (6.8) (with Q 265
instead of P). If (6.10) holds with n = 0 and n = 1, respectively, differentiation 266
leads to: 267

aD(x) 1
as, _S_tff(x)’ (6.21)

Table 6.3 Sensitivities for the Merton model with: Sy = 1, » = 0.05,
x=0,T=1,0 =041, u;=—0.0050,=0.1,A =1

A =500,N =22 |A = 1000, N = 2> | Error t8.1
M ;-Sensitivity | 0.006703850 0.006703855 4.7e-09 t8.2
o ;-Sensitivity . | 0.239001059 0.239001230 1.7e-07 8.3
A-Sensitivity | 0.013407701 0.013407711 9.6e-09 t8.4
—C".B —6.2 04‘0 0‘.2 04‘4 04‘6 ° —0‘46 —6,2 0‘.0 Oj2 04‘4 O‘.B ° —646 —C‘LZ 0‘.0 04‘2 014 04‘6

Fig. 6.2 Sensitivities in terms of x = In(K/Sy) — rT for the Merton model with parameters equal
to Table 6.3
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Table 6.4 Digital option and greeks in the Merton model with: § = 0.01,
So = 100, K =100, T = 1,r = 0.07,0 = 0.2, u, = 0.05, 6; = 0.15,
and A = 0.5

D D-Delta D-Gamma D-Vega t11.1
N =2% 10.531269863 | 0.016610445 | -0.000280032 |-0.560064360 t11.2
N =22 |0.531270245 | 0.016610457 |-0.000280032 |-0.560064763 t11.3
Error 3.8e-07 1.2e-08 2.0e-10 4.0e-07 t11.4

Table 6.5 Greeks and p-sensitivity for variance gamma model with (p, v, 6) =
(0.2,1,—0.15),r = 0.05,T = 1, Sy = K = 100 (x = —0.05)

Call Delta Gamma e t14.1
N =22 §=0.01 |11.26689113 |0.72818427 |0.01427437 |23.04334371 t14.2
N =2%2§=0.01 | 11.26689919 |0.72818479 |0.01427438 |23.04336021 t14.3
err< 8.1e-06 5.2e-07 1.0e-08 1.6e-05 t14.4
3*D(x) 1 ,
=— —(f.(0) +f(x ) 6.22
dD(x)
E— (ft (x) + /" (x)). (6.23)
filed
In (6.23), differentiation under the integral sign is similar to (6.18). 268

Then, our results via FFT are shown in Table 6.4. In Kienitz (2008), these 269
values are (by finite difference): D=0.531270, D-Delta= 0.016610, D-Gamma= 270
—2.800324 x 1074, D-Vega= —0.560070. To obtain a given strike, we define 271
8 = 2N%. 272

6.4.3 The Variance Gamma Model 273

In this section, we will compare some results from the literature. As an example, in 274
Glasserman and Liu (2007), some results are shown for the variance gamma model 275

with parameters (p, v, 8) where the characteristic function is: 276
' T 2 2.2
E[¢™*T] = exp —[izln (1—6v— p_v) —In(1—iz6v + <P V)] )
v 2 2
To obtain a given strike, we define § = 271%. Thus, in Table 6.5, we 277

present two results for N = 2% and N = 2?2 with § = 0.01. The error shows 278
the convergence of the complex integral. In Glasserman and Liu (2007), these 279
results are obtained by applying finite difference approximations to the formula 280
for the option prices in Madan et al. (1998), call= 11.2669, delta= 0.7282, and 281
p-derivative = 23.0434, and in general with the LRM method, the error is worse 282
than 1072, 283



Author's Proof

F. De Olivera and E. Mordecki

6.5 Conclusions

Greeks are an important input for market makers in risk management. A lot of
options are path dependent and they do not have an explicit formula. However,
for the European options in the exponential Lévy models, we have the Lewis
formula, which allows us to obtain closed formulas for Greeks, many of which
are only density dependent; others require integration. In general, all Greeks can
be approximated with high accuracy because they are a simple integral, similar to
the Black—Scholes model.

A large number of papers are dedicated to obtain Greeks for more complex
payoff functions. However, in order to estimate the accuracy of their methods, Greek
approximations are computed through the finite difference technique.

For a fix strike K, we consider x = In(K/S;) — rt, with t = T — 7 the time to
maturity. Thus, the Greeks for call options can be calculated through Table 6.6.

We observe that if the density of X; is known, then many of the Greeks can be
exactly obtained. Some examples of these are normal inverse Gaussian, variance
gamma, generalized hyperbolic, Meixner, and others.

Table 6.6 Greeks in exponential Lévy models in terms of x = In(K/S)—
rt

First order

Delta ACs(x) = QX, > x)
Rho dC,(x) = 18¢" Q(X; > x)
Vega 0C, (x) = Stoe'f; (x)

fv=2AF |0Ci() = r[/R (¢ca—y—cm

—S(e" = DQW: > 1)G(@)]
Theta IC, (x) = s[re* QX, > x) + %2 ‘ff(x)] + %ack(x)
Second order
Gamma % Cgs(x) = S~ (x)
Vanna 3% Crs(x) = —toef!(x)
Vomma 2 Cyy(x) = Ste* (ff(x) + 102 (fr/(x) +ff”(x)))
Charm 8% Cs. (x) = see (6.12) and (6.13)
Veta 82Cye (x) = see (6.14) and (6.15)
Vera 32C,(x) = —St20¢" (f, (x) —i—ff'(x))
Third order
Color 83C53f(x) = see (6.16) and (6.17)
Speed P Coss0) = =52 (260 +£/(0)
Ultima 8 Cono () = S0 (3(/(0) + £ )

+10 (1) + 2 () +£7 () )
Zomma 83 Cys6 (x) = —10S™ e <fr/(x) +f7"(x))

284

285
286
287
288
289
290
291
292
293
294
295
296
297
298
299

171
7.2
7.3

7.4

7.5

t117.6

7.7
t117.8
7.9

t17.10
7.1

t17.12

t17.13

t17.14

t17.15

t17.16

t17.17
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