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A FINITE EXACT ALGORITHM TO SOLVE A DICE GAME
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Abstract

We provide an algorithm to find the value and an optimal strategy of the Ten Thousand
dice game solitaire variant in the framework of Markov control processes. Once an
optimal critical threshold is found, the set of nonstopping states of the game becomes
finite and the solution is found by a backwards algorithm that gives the values for each
one of these states of the game. The algorithm is finite and exact. The strategy to find the
critical threshold comes from the continuous pasting condition used in optimal stopping
problems for continuous-time processes with jumps.
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1. Introduction

The emergence of probability theory is closely related to the practice of dice games, as
masterly exposed by Hald [4]. Inspired by this fact, and by the power of the mathematical
method, we consider a popular dice game known as ‘Ten Thousand’.

In this game, played with five dice, several players, by turns, roll the dice several times.
Each possible outcome of a roll has an assigned score, which may be 0. If after rolling the dice,
a strictly positive score is obtained, the player can roll again some of his/her dice to increase
his/her turn score or he/she can stop rolling to add that score into his/her general account, ending
his/her turn; otherwise, if a null score is obtained, the player loses the accumulated turn score,
thus ending his/her turn.

As a consequence, each turn consists of a sequence of rolls, ending either when the player
obtains no score or when he/she decides to stop and add the turn score to his general score
account. Here arises the problem of making an optimal decision. The goal of the game is to
be the first player to attain a certain number of points, usually 10 000. This game, also known
as Zilch and Farkle, among other names, has several versions with minor differences (some of
them played with six dice).

In this paper we consider the problem that faces an individual player who aims to maximize
his turn score, in what can be considered a solitaire variant of the game. By modelling this
optimization problem within the framework of the Markov control processes (MCP) we provide
a finite exact algorithm to obtain the value function and an optimal strategy for the considered
game. We expect that this algorithm can constitute a first step in finding the optimal strategies
for the original multiplayer game.

Received 12 June 2012; revision received 23 March 2015.
∗ Postal address: King Abdullah University of Science and Technology (KAUST), P. O. Box 4700, Thuwal, Jeddah,
23955-6900 Saudi Arabia. Email address: fcrocce@fing.edu.uy
∗∗ Postal address: Centro de Matemática, Facultad de Ciencias, Universidad de la República. Iguá 4225, CP 11400
Montevideo, Uruguay.

91

http://www.appliedprobability.org
mailto:fcrocce@fing.edu.uy?subject=J. Appl. Prob.%20paper%2014473


92 F. CROCCE AND E. MORDECKI

Despite the popularity of dice games and the interest of the probabilistic community in the
topic, only a few references can be found concerning the family of dice games we consider.
Roters [10] solved the solitaire version of the Pig game (a simpler variant with one die; see
Section 5.2). Shortly afterward, Haigh and Roters [3] considered a variant of the same solitaire
game consisting of minimizing the number of turns needed to reach a target. Concerning
competitive games, Neller and Presser [7] solved the competitive version of the Pig game.
More recently, Tijms [11] considered also the competitive Pig game and a simultaneous decision
making variant, named Hog (see also [12] where variants of the game are analysed).

As mentioned before, we consider that the theoretical framework to study the solitaire game
is the theory of MCPs. Our problem happens to be a transient MCP under the expected total
cost criteria, with a countably infinite state space, a finite number of actions at each state, and
an unbounded reward function.

The 1967 article by Blackwell [1] is among the first papers that considered the expected total
cost criteria. A general reference for Markov decision processes can be found in Puterman [9].
Filar and Vrieze [2] considered both solitaire and competitive games with finite state space.
Pliska [8] considered an MCP with infinite state space with bounded payoff function. Our
example does not fit in this framework, and similar simpler examples (see Section 5.2) show
that the dynamic programming equations (DPEs) are not expected to have a unique solution.
This situation is considered by Hernández-Lerma et al. [5], where an ad hoc norm was proposed
to restrict the search space for the value function. Nevertheless, the conditions required in [5]
to prove the transience of the process under all possible strategies require certain uniformity; a
condition that does not seem to be fulfilled in our case.

The rest of the paper is as follows. In Section 2 we describe the rules of the game and in
Section 3 its mathematical model. In Section 4 we present our main result, which consists of
a finite algorithm that provides an exact solution to the DPEs, leading to the solution of the
game. In Section 5 we solve some related games and in Section 6 we present a brief discussion
and some conclusions.

2. Ten Thousand game

In the solitaire version of the Ten Thousand game that we consider, one player aims to
maximize the score of one turn when playing the game described above. This turn consists of
a sequence of rolls.

2.1. Description of one roll

The player rolls n dice (1 ≤ n ≤ 5). A score is assigned to each one of the dice combinations
described in Table 1. We introduce a dice configuration i = [f, o, t] to summarize the outcome
of a roll that has f 5s, o 1s, and three ts for t = 2, 3, 4, 6. By t = 0 we denote the absence of
three of a kind for these numbers.

Mathematically equivalent, to simplify the treatment, we divide all point amounts by 50.
To link our model with the real game, the reader can consider ‘big points’ or ‘chips’ costing
50 points each. Observe that three 5s or three 1s are counted in f and o, respectively. We
denote by 0 = [0, 0, 0] the nonscoring configuration and by I the set of configurations with
a nonvanishing score. The configurations are listed in Table 2. Note that, as we consider
configurations obtained after rolling five or fewer dice, we get the restriction d(i) ≤ 5.
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Table 1: Combination of dice and corresponding scores in the Ten Thousand dice game.

Combination Points Chips Combination Points Chips

Each 5 50 1 Three 4s 400 8
Each 1 100 2 Three 5s 500 10
Three 2s 200 4 Three 6s 600 12
Three 3s 300 6 Three 1s 1000 20

To each configuration i = [f, o, t] we associate a score s(i), a number of scoring dice d(i),
and a number of scoring combinations c(i), through the equations:

s(i) = f + 2o+ 14 1{o≥3} +7 1{f≥3} +2t,

d(i) = f + o+ 3 1{t �=0},
c(i) = f + o+ 1{t �=0},

where 1 is the indicator function. Observe that three 5s or three 1s count as three scoring
combinations.

Definition 2.1. We say that a configuration j is smaller than a configuration i when the set of
scoring combinations of j is a nonvoid strict subset of the set of scoring combinations of i. In
this case, we write j ≺ i and have s(j) < s(i), d(j) < d(i), and 0 < c(j) < c(i).

2.2. Description of the game

We represent by i1, . . . , ik, . . . the successive outcomes of a sequence of rolls, by τk the
points accumulated up to the kth dice roll, and by nk the number of dice available to roll after
the kth roll. The values of τk and nk depend on τk−1, the random outcome ik , and the action
chosen by the player, as explained below. In the first roll the player begins with 0 points and
five dice to roll, i.e. τ0 = 0 and n0 = 5. Depending on the configuration ik obtained in the kth
roll, the player has the following available actions.

(i) If no score is obtained (s(ik) = 0) the player loses the accumulated score (τk = 0) ending
the game.

(ii) If all the dice rolled give a score (d(ik) = nk−1) then the score increases to τk =
τk−1 + s(ik) and the player can either stop, earning τk points and ending the game, or
he/she can roll the five dice again (nk = 5).

(iii) If not all rolled dice give a score and only one scoring combination is obtained (d(ik) <

nk−1 and c(ik) = 1), then the score increases to τk = τk−1 + s(ik) and the player can
either stop, earning τk points, or he/she can roll nk = nk−1 − d(ik) dice.

(iv) If not all the dice rolled give a score and more than one scoring combination is obtained
(d(ik) < nk−1 and c(ik) > 1), then, in addition to the actions described in (iii), the
player can choose a configuration jk ≺ ik (see Definition 2.1), increasing the score only
to τk = τk−1 + s(jk) but obtaining nk = nk−1 − d(jk) dice to roll again (the player
resigns a score to roll more dice).

In Table 3 we summarize the actions described above. After each roll, the player continues
rolling the nonscoring dice (and eventually part of the scoring dice in case (iv)), making decisions
according to (ii)–(iv) until he/she decides to stop or until he/she gets no scoring dice (i). The goal
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Table 2: Configurations obtained in one roll of the Ten Thousand game.

Score dice Confidence Combination Score Frequency

d(i) f, o, t c(i) s(i) f (1, i) f (2, i) f (3, i) f (4, i) f (5, i)

0 0, 0, 0 0 0 4 16 60 204 600

1
1, 0, 0 1 1 1 8 48 240 1020
0, 1, 0 1 2 1 8 48 240 1020

2
2, 0, 0 2 2 1 12 96 600
1, 1, 0 2 3 2 24 192 1200
0, 2, 0 2 4 1 12 96 600

3

3, 0, 0 3 10 1 16 160
2, 1, 0 3 4 3 48 480
1, 2, 0 3 5 3 48 480
0, 3, 0 3 20 1 16 160
0, 0, 2 1 4 1 13 106
0, 0, 3 1 6 1 13 106
0, 0, 4 1 8 1 13 106
0, 0, 6 1 12 1 13 106

4

4, 0, 0 4 11 1 20
3, 1, 0 4 12 4 80
2, 2, 0 4 6 6 120
1, 3, 0 4 21 4 80
0, 4, 0 4 22 1 20
1, 0, 2 2 5 4 65
1, 0, 3 2 7 4 65
1, 0, 4 2 9 4 65
1, 0, 6 2 13 4 65
0, 1, 2 2 6 4 65
0, 1, 3 2 8 4 65
0, 1, 4 2 10 4 65
0, 1, 6 2 14 4 65

5

5, 0, 0 5 12 1
4, 1, 0 5 13 5
3, 2, 0 5 14 10
2, 3, 0 5 22 10
1, 4, 0 5 23 5
0, 5, 0 5 24 1
2, 0, 2 3 6 10
2, 0, 3 3 8 10
2, 0, 4 3 10 10
2, 0, 6 3 14 10
1, 1, 2 3 7 20
1, 1, 3 3 9 20
1, 1, 4 3 11 20
1, 1, 6 3 15 20
0, 2, 2 3 8 10
0, 2, 3 3 10 10
0, 2, 4 3 12 10
0, 2, 6 3 16 10



A finite exact algorithm to solve a dice game 95

Table 3: Possible actions after rolling n dice and obtaining configuration i.

s(i) d(i) c(i) Action

0 0 0 Stop
> 0 n Stop/Roll five dice
> 0 < n 1 Stop/Roll n− d(i) dice
> 0 < n > 1 Stop/Roll n− d(i) dice/Roll n− d(j) dice (j ≺ i)

of the game is to maximize the accumulated score at the end of the game. Observe that, unless
situation (ii) is achieved, the number of rolling dice of the subsequent rolls strictly decreases,
as at each step some scoring dice should be set aside. It should be noted that every time the
player decides to roll, he/she risks losing the accumulated turn score and finishing the game
with 0 points.

Remark 2.1. Observe that, according to (ii), the player can theoretically roll the dice an
arbitrary number of times, accumulating an arbitrarily large score.

3. Mathematical model of the solitaire game

We model the solitaire Ten Thousand game as an MCP in which one player aims to maximize
the nondiscounted sum of the rewards. To this end we define the state space X, the sets A(x)

of actions the player can take at each state x ∈ X, and for each pair (x, a) with a ∈ A(x) we
define a reward r(x, a) and a probability distribution q(· | x, a) over the state space X for the
following state.

3.1. States

Each state x of the solitaire game includes three elements: an amount τ of accumulated
chips; the last obtained configuration i = [f, o, t]; and a number n = 1, . . . , 5 of available
dice to roll. Note that, as the amount of rolled dice is at most five, there is a restriction on
the obtained configuration i after the roll, and the amount n of available dice to roll. We have
d(i)+ n ≤ 5. An exception to this rule is when all rolled dice give a score; in this case i ∈ I
and n = 5. It is necessary to add two singular states: the initial state ı = (0, ∅, 5) and a final
absorbing state � = (0, 0, 0). In this way we define the state space of the MCP as

X = {ı, �} ∪ {x = (τ, i, n) ∈ {1, 2, . . . }I{1, 2, 3, 4, 5} : i ∈ I(5− n) if n �= 5},
where I(m) represents the set of scoring configurations with up to m scoring dice, i.e.

I(m) = {i ∈ I : d(i) ≤ m}.
We observe that the state space of the game is a countably infinite set, in accordance with
Remark 2.1. When states x, y, or z are considered we assume that x = (τx, ix, nx), y =
(τy, iy, ny), and z = (τz, iz, nz) to denote their components.

To model the possibility of resigning some scoring dice to obtain more dice to roll (see (iv)
in Section 2.2) the following definition is useful.

Definition 3.1. We say that the state x ∈ X is smaller than y ∈ X, and denote x ≺ y, if:
ny �= 5; τx = τy − s(iy)+ s(ix); ix ≺ iy and nx = ny + d(iy)− d(ix). The interpretation of
this definition is that mto x is an available action from state y.



96 F. CROCCE AND E. MORDECKI

3.2. Actions, transition probabilities, and rewards

When from a state x (x �= �) all the nx available dice are rolled (an action that we call roll
and denote by r) the probability distribution for the next state y is determined by

q(y | x, r) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

f (nx, 0)

6nx
if y = �,

f (nx, j)

6nx
if y = (τx + s(j), j, nx − d(j)+ 5 1{nx=d(j)}),

0 otherwise,

(3.1)

where f (nx, j) are the frequencies listed in Table 2. Observe that the indicator 1{nx=d(j)}
models the right to throw the five dice again when all the dice give a score (case (ii) above).
The previous equation also applies in the x = ı case, in which τx = 0 and nx = 5.

There are several actions the player can choose: to roll all the available dice a = r , to stop
the game a = s, and to ‘make a move’a = m• (which could be a set of actions). We continue by
describing the respective actions associated with each state, with their corresponding rewards
and probability transitions.

1. In the initial state ı = (0, ∅, 5) the player has the only action r , with null reward and
probability transitions q(· | ı, r) given in (3.1).

2. In a state x with one scoring combination (i.e. c(ix) = 1) or with five dice to roll (nx = 5),
the player has two actions: s, with reward τ and probability 1 of going to �; and r , which
has null reward and probability transitions q(· | x, r) given in (3.1).

3. In a state x with more than one scoring combination (i.e. c(ix) > 1) and nx < 5, besides
the same two actions described in item 2, the player has the possibility of making a move
to a smaller state y (see Definition 3.1). This action, which is denoted by mto y , has null
reward and probability 1 of going to the state y.

4. For the sake of completeness, we assume that the state � is absorbing and has a unique
action wait w with null reward.

It should be noted that the only nonnull reward corresponds to action s and after taking this
action the game ends. Thus, we have an MCP under the total-cost criteria, where (if xj is the
state at time j , and aj is the action taken at that time)

∞∑
j=0

r(xj , aj ) =
∞∑

j=0

τj 1{aj=s} .

Therefore, the objective function has only one nonvanishing addend (the accumulated score at
the stopping moment) or vanishes after a nonscoring roll.

The possible moves m• the player can make from a given state can be described by enu-
merating the scoring dice he resigns, i.e. the difference between the original configuration ix
and the new configuration iy . With this observation in mind, the number of possible actions is
reduced to 16, which are described in Table 4.

3.3. Markov control problem

Given a countable state space X and a countable set of actions A(x) for each x ∈ X,
consider K := {(x, a) : x ∈ X, a ∈ A(x)}, H0 := X, and Hn := K

n × X. An element
hn = (x0, a0, . . . , xn) ∈ Hn is called an n-history. A strategy is a sequence π = (π0, π1, . . . ),
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Table 4: Possible actions.

Notation Description

s Stop
r Roll all the nonscoring dice
m5 Resign one 5
m1 Resign one 1
m55 Resign two 5s
m51 Resign one 5 and one 1
m11 Resign two 1s
m551 Resign two 5s and one 1
m511 Resign one 5 and two 1s
mtk : k = 1, . . . , 6 Resign a turn of k

w Wait

where πn is a stochastic kernel defined on Hn such that πn(· | hn) is supported on A(xn). If
for every n and for every hn ∈ Hn, the measure πn(· | hn) is supported in just one action
a ∈ A(xn), the strategy is said to be pure, and each πn can be seen as a function that,
given the history, chooses the next action. A strategy π is said to be Markovian if it satisfies
πn(· | hn) = πn(· | h′n) provided that the last state in both histories coincide, in this case the
notation πn(· | xn) is used instead of πn(· | hn). A Markovian strategy is said to be stationary
if πn(· | xn) = πm(· | xm) provided that xn = xm; in this case one can avoid the n in the
notation using just π(· | xn).

Remark 3.1. Denoting A = ⋃
x∈X A(x), a pure stationary strategy π can be understood

as function A : X → A that satisfies the constraint A(x) ∈ A(x) for all x ∈ X, where
A(x) is the action that has full probability to be picked when the system is in the state x, i.e.
π(A(x) | x) = 1. In this case we say that the pure stationary strategy π has rule of decision A.

Given a strategy π and an initial state x ∈ X, a probability measure P
π
x on K

∞ with the
product σ -algebra is determined in a canonical way. Denoting by E

π
x the expectation under P

π
x

the player expects to receive when starting from x and following the strategy π ,

V (x, π) = E
π
x

( ∞∑
j=0

r(xj , aj )

)
. (3.2)

For a more detailed exposition and subclasses of strategies we refer the reader to [5], and [9].
Denoting by � the set of all possible strategies, our objective is to find the value function
V ∗ : X→ R ∪ {∞} and an optimal strategy π∗ ∈ � such that

V ∗(x) = sup
π∈�

V (x, π) = V (x, π∗) for all x ∈ X. (3.3)

Observe that, from the definition of the MCP, V (�, π) = 0 for all possible strategy π , then we
have V ∗(�) = 0.

Denote by F(X, R ∪ {∞}) the set of extended real functions with domain X, and consider
the operator L : F(X, R ∪ {∞})→ F(X, R ∪ {∞}) acting by

L V (x) = sup
a∈A(x)

La V (x) (3.4)

with La V (x) = r(x, a)+∑
y∈X V (y)q(y | x, a).
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The value function V ∗ is the smallest nonnegative solution of the DPE

V = L V. (3.5)

Furthermore, defining the sequence of extended real functions {Wk : k ∈ N} with domain X,
such that W0 is the null function and Wk+1 = L Wk(k = 0, 1, . . . ), it follows that the defined
sequence is monotone nondecreasing for every x and

V ∗(x) = lim
k→∞Wk(x). (3.6)

The previous assertions are proved in [1, Theorem 3] for the case of a bounded reward function r .
To see that the result remains valid in our case we consider for any m = 1, 2, . . . an MDP with
the same state space, actions, and transition probabilities as the one already defined but with a
bounded reward function rm such that rm(x, a) = r(x, a) ∧m. For this new MDP we denote
by Vm(x, π) and V ∗m(x) the quantities defined in (3.2) and (3.3), respectively, and we denote
by Wm,k(x) the sequence on the right-hand side of (3.6).

From the aforementioned result in [1], we know that Wm,k(x) is monotone nondecreasing
in k and

sup
π∈�

Vm(x, π) = V ∗m(x) = lim
k→∞Wm,k(x) = sup

k

Wm,k(x).

Taking the supremum over all m and interchanging the order of supremum, we obtain

sup
π∈�

sup
m

Vm(x, π) = sup
k

sup
m

Wm,k(x).

To verify (3.6), it remains to verify that

V (x, π) = sup
m

Vm(x, π), Wk(x) = sup
m

Wm,k(x). (3.7)

The first statement in (3.7) follows from the monotonous convergence theorem, observing that
supm rm = r . The second follows by induction on k. For k = 0 the result is trivial. Assuming
that the equality holds for k = l − 1 observe that

sup
m

Wm,l(x) = sup
a

(
r(x, a)+ sup

m

∑
y∈X

Wm,l−1(y)q(y | x, a)

)
.

The supremum on the right-hand side can be substituted into the sum since Wm,k is nondecreas-
ing with m. Using the inductive hypothesis the proof is completed. Up to this point we have
proved (3.6). To see that this limit is indeed the smallest solution of (3.5), we refer to the proof
of [1, Theorem 3] since the hypothesis of r being bounded is not used to prove this fact.

Introducing the notation

Vr(τ, n) =
∑
k∈I

f (n, k)

6n
V (τ + s(k), k, n− d(k)+ 5 1{n=d(k)}), (3.8)

the DPEs of our model can be written as

V (x) =

⎧⎪⎨
⎪⎩

τx ∨ Vr(τx, nx) ∨max{V (τy, iy, ny) : y ∈ X, y ≺ x} if x /∈ {ı, �},
Vr(0, 5) if x = ı,

0 if x = �,

(3.9)
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where the maximum in the first case is assumed to be 0 if the set is void. It is useful to observe
that the mentioned maximum (let us denote it by M) coincides with

M ′ = max{τy ∨ Vr(τy, ny) : y ∈ X, y ≺ x}.
It is clear that M ′ ≤ M . To see that the equality holds we need to observe that if an optimal
action from state x is mto x1 , and an optimal action from x1 is mto x2 then x2 ≺ x and from
the state x the action mto x2 is as good as mto x1 . As the number of moves in a row that can be
performed is bounded (by the amount of scoring dice minus 1), the previous situation finishes
(after a bounded number of steps) in a state y in which the optimal action is s or r . For that y,
we have M = V (τy, iy, ny) = τy ∨ Vr(τy, ny) = M ′.

4. Main result

We state our main result, whose proof can be found at the end of this section.

Theorem 4.1. There exists a pure and stationary optimal strategy π∗ for the considered game.
Calling A the rule of decision of π∗ and V ∗ the value of the game, it follows that if τx ≥ 56
then V ∗(x) = τ and A(x) = s; while for states x with τx < 56, V ∗(x) and A(x) are exactly
obtained by our algorithm. About the algorithm, for states with two available actions V (x) is
already initialized with its final value V ∗(x), while if moves are available V (x) may need as
many updates as states y : y ≺ x are available. The value of the game from its initial state is
V ∗(ı) = 5.872 019. In Tables 5 and 6 we summarize the outcome of the algorithm. Actions
m11, m551, m511, and mtk : k = 1, . . . , 6 are never optimal.

To construct a finite algorithm, given the fact that the number of states is infinite, we need to
reduce the number of relevant states to a finite amount. For this aim, a first step in the algorithm
design is the determination of a set of states in which it is optimal to stop immediately, i.e. states
such that V ∗(τ, i, n) = τ . The search is based on the fact that for large values of τ we expect
it not to be optimal to risk the accumulated score, so the optimal action would be to stop and
obtain V ∗(τ, i, n) = τ . We mimic the search of the solution to optimal stopping problems for
continuous-time processes with positive jumps that verify integral equations; see, for example,
[6]). Assuming that there exists a critical threshold τ ∗ such that

τ ∗ = min{τ : V ∗(τ, i, n) = τ for all (i, n)},
and based on the nature of the game, it is natural to suppose that the minimum is attained in a
state with n = 5. We then compute

τ ∗(5) = min

{
τ ∈ Z

+ : τ ≥
∑
k∈I

f (5, k)

65
(τ + s(k))

}
,

or, equivalently (using
∑

k∈I f (5, k)+ f (5, 0) = 65),

τ ∗(5) = min

{
τ ∈ Z

+ : τ ≥
∑

k∈I f (5, k)s(k)

f (5, 0)

}
,

obtaining τ ∗(5) = 56. The following lemma includes the intuitive fact that for τ ≥ 56 the
optimal action is to stop.
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Table 5: Value function and optimal strategy for n = 2, . . . , 4. For n = 5 see Table 6. Cells with ‘–’ are
unreachable. The missing values mean that the optimal action is s, so the value coincides with τ (this is
the case for the omitted rows τ ≥ 19). Column n = 1 (and also n = 2 for ‘other i’) is omitted, since
the optimal action is always s. The optimal action for the present values on the table depends only on the
column and is indicated in the last row. Note the following observations. All present values are greater
than τ , otherwise the optimal action would be s. Values in columns for which the optimal action is a move
appear also in other columns (the destination of the move). These columns could be completed ‘by hand’.

τ

n = 2 n = 3 n = 4

[2, 1, 0] [1, 2, 0] [2, 0, 0] [2, 0, 0] [0, 2, 0] other i all i[1, 1, 0] [1, 1, 0]
0 – – – – – – –
1 – – – – – – 4.338
2 – – – 4.338 – 3.447 5.021
3 – – 3.447 5.021 – 4.123 5.743
4 5.021 – 4.123 5.743 5.021 4.837 6.476
5 5.743 5.021 6.476 5.743 5.552 7.212
6 6.476 7.212 6.476 6.266 8.001
7 7.212 8.001 7.212 8.840
8 8.001 8.840 8.001 9.679
9 9.679 10.517
10 10.517 11.357
11 11.357 12.196
12 12.196 13.035
13 13.035 13.875
14 14.715
15 15.554
16 16.394
17 17.234
18 18.073
a m55 m51 r m5 m1 r r

Lemma 4.1. The following facts hold for a state x:

(a) if τx ≥ 56 then V ∗(x) = τx;

(b) if τx < 56 and nx = 5 then V ∗(x) > τx;

(c) if τx < 56 then V ∗(x) ≤ 56.

Proof. The proof is based on the fact that V ∗(x) is the limit of the nondecreasing sequence
Wk(x); see (3.6). Let us prove Lemmas 4.1(a) and 4.2(c). First, observe that for any x, we
have W1(x) = τx . To see this, remember that W1 = L W0, which is (see (3.4))

W1(x) = max
a∈A(x)

La W0(x).

The maximum is attained with the action a = s, which is the only action such that La W0(x) >

0; in fact, Ls W0(x) = r(x, s) = τx . We continue by proving by induction that for any
k ∈ Z

+, Wk(x) < 56, if τx < 56, and Wk(x) = τx , if τx ≥ 56: the k = 1 case is already
proved. Assume that the result holds in the k < m case and let us see if it remains valid for m.
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Table 6: Value function and optimal strategy for n = 5. See the caption of Table 5.

τ
n = 5

τ
n = 5

τ
n = 5

τ
n = 5

all i all i all i all i

0 5.8721 14 17.413 28 30.181 42 43.075
1 6.6070 15 18.291 29 31.102 43 43.997
2 7.3550 16 19.170 30 32.022 44 44.919
3 8.1070 17 20.060 31 32.943 45 45.840
4 8.8830 18 20.972 32 33.864 46 46.762
5 9.7130 19 21.893 33 34.785 47 47.684
6 10.5530 20 22.814 34 35.706 48 48.607
7 11.3940 21 23.734 35 36.627 49 49.529
8 12.2350 22 24.655 36 37.548 50 50.452
9 13.0770 23 25.576 37 38.469 51 51.375
10 13.9180 24 26.497 38 39.390 52 52.298
11 14.7790 25 27.418 39 40.312 53 53.221
12 15.6550 26 28.339 40 41.233 54 54.144
13 16.5340 27 29.260 41 42.154 55 55.066

a r a r a r a r

We have

Wm(x) = max
a∈A(x)

{La Wm−1(x)}.

Let us prove that in the case τx ≥ 56 the maximum is attained with the action s (giving
Wm(x) = τx): an action mto y , if possible, would imply a transition with full probability to a
state y : y ≺ x. In this case τy = τx − s(ix) + s(iy) < τx . Then we have Lmto y Wm−1(x) =
Wm−1(y), which is less than or equal to τx by induction hypothesis. On the other hand, for the
action r , we have (using the notation x = (τ, i, n))

Lr Wm−1(x) =
∑

k∈I(n)

f (n, k)

6n
Wm−1(τ + s(k), k, n− d(k)+ 5 1{n=d(k)})

=
∑

k∈I(n)

f (n, k)

6n
(τ + s(k))

= τ +
∑

k∈I(n)

f (n, k)

6n
s(k)− τ

f (n, 0)

6n

< τ,

since, for τ ≥ 56,

τ >

∑
k∈I(n) f (n, k)s(k)

f (n, 0)
,

not only for n = 5 but also for n = 1, 2, 3, 4 (this fact can be verified directly). If x = (τ, i, n)

with τ < 56 then La Wm−1(x) < 56 for all possible actions. For actions s and m this fact is a
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direct consequence of the induction hypothesis, while for the action r , we have

Lr Wm−1(x) =
∑

k∈I(n)

f (n, k)

6n
Wm−1(τ + s(k), k, n− d(k)+ 5 1{n=d(k)})

<
∑

k∈I(n)

f (n, k)

6n
(56+ s(k))

= Lr Wm−1(56, i, n)

≤ 56.

Now that we know the result for all k ≥ 1 we can take limit to obtain Lemmas 4.1(a) and 4.1(c).
To prove Lemma 4.1(b) consider x = (τ, i, 5), with τ < τ ∗(5) = 56. We already observed

(in general) that W1(x) = τ . By the very definition of τ ∗(5) we know that Lr W1(x) > τ. So
W2(x) > τ . Finally, we can use the monotonicity of Wk and take the limit, to conclude the
proof. �

Once we know V ∗(x) = τx in the case τx ≥ 56, we can use the fact that V ∗ is a solution of
(3.9) to compute V ∗(x) for the remaining states. In Algorithm 4.1 we use a backward induction
to make this computation. All states x : τx < 56 are considered once. The ‘currently considered
state’ x is assigned in line 3 in the nx = 5 case and in line 7 for the rest of the states. The
initial state ı is considered separately in line 15. The following lemma proves that the values
obtained by the algorithm complete a solution of (3.9). We use the notation V ∗r (τ, n) with the
same meaning as in (3.8) in the particular case in which the function V there considered is the
value function V ∗.

Algorithm 4.1. 1. for τ = 55 downto 1

2. for i ∈ I

3. x ← (τ, i, 5) (x is the currently considered state)

4. V (x)← Vr(τ, 5), A(x)← r

5. for n = 4 downto 1

6. for i ∈ I(5− n)

7. x ← (τ, i, n) (x is the currently considered state)

8. if Vr(τ, n) ≤ τ then

9. V (x)← τ , A(x)← s

10. else

11. V (x)← Vr(τ, n), A(x)← r

12. for states y : x ≺ y, τy ≤ 55

13. if V (y) < V (x) then

14. V (y)← V (x), A(y)← mto x

15. V (ı)← Vr(0, 5)
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Note that Vr(τ, n) should computed according to (3.8) and taking into account the boundary
condition V (τ, i, n) = τ for τ ≥ 56.

Lemma 4.2. When the state x is considered by our algorithm.

(a) V (x) is initialized with the maximum between τx and V ∗r (τx, nx).

(b) The value of V (x) is only updated if a move (mto y) is available and gives more expected
reward. In this case the update is performed when y is considered.

(c) V (ı) is initialized as V ∗(ı) in line 15.

Proof. Let us start by analysing the algorithm and proving the lemma under the assumption
Vr(τ, n) = V ∗r (τ, n) (which is proved below). In line 4 the value V (x) is initialized for
x : nx = 5. It gets V ∗r (τx, 5) which is τx ∨ V ∗r (τx, nx) (see the proof of Lemma 4.1(b)).
In the 1 ≤ nx < 5 case, the initialization of V (x) is performed either in line 9 or 11 with
the maximum between τx and V ∗r (τx, nx). This completes the proof of Lemma 4.2(a). To
prove Lemma 4.2(b) observe that the value V (x) is not updated again during the consideration
of state x itself. The only other lines in which V is modified are 14 and 15. The latter is
where the initial state is considered. In line 14 the value of V (y) is updated if x ≺ y and
τx ∨ V ∗r (τx, nx) > V (y), which is to say, if a move to x is available from y and gives a
better expected reward (considering as available actions at x just s and r; the comment after
(3.9) shows that this is enough). Observe that this possible update is considered just for states
x : 1 ≤ nx < 5 if V ∗r (τx, nx) > τx . In the nx = 5 case the verification would be superfluous,
since there is no y : x ≺ y, while in the τx ≥ V ∗r (τx, nx) case it would not make sense to
update V (y) since V (y) ≥ τy > τx . Interchanging the roles of x and y, Lemma 4.2(b) is
proved. Lemma 4.2(c) is trivial once we know that V (x) = V ∗(x) for the rest of the states.

It remains to prove that Vr(τ, n) computed in the algorithm coincides with V ∗r (τ, n). In
the first iteration (of the for in line 1), in which τ = 55, the assertion is valid, since Vr(τ, n)

depends only on values that are known by the boundary condition and no update of values V (y)

for y with τy > 55 is foreseen in the algorithm, which means that for τ = 55 the values of
Vr(τ, n) are never updated in later iterations. Assume that the result is valid in the first k − 1
iterations (2 ≤ k ≤ 55) and let us prove that it remains valid in the kth iteration (in which
τ = 56− k). We need to prove that Vr(τ, n) depends on values of V (y) that are already final
(V (y) = V ∗(y)). Taking into account the induction hypothesis, and the algorithm operation,
the problem is reduced to proving that V (y) is not updated (in line 14) when a state z : z ≺ y is
considered. To prove that this is not the case, observe that if y is involved in the computation
of Vr(τx, nx) then, according to (3.8), we have τy = τx + s(iy). On the other hand, if z ≺ y

then τz = τy − s(iy)+ s(iz) with 0 < s(iz) < s(iy), which renders τz = τx + s(iz) > τx . As
the algorithm considers first states with greater τ , the fact that τz > τx for every z ≺ y implies
that V (y) is not updated after x is considered. This concludes the proof of the lemma. �

Proof of Theorem 4.1. The claim about the value function has been proved in lemmas 4.1
and 4.2. It remains to prove that the strategy π∗, with rule of decision A attains the value V ∗
already found. For this purpose, we show that [9, Theorem 7.1.7(b)] can be applied. By
construction of the algorithm, the optimal action A(x) for states x = (τ, i, n) with τ ≤ 55 is
such that

LA(x) V ∗(x) = L V ∗(x) = V ∗(x).



104 F. CROCCE AND E. MORDECKI

The same equality holds for states x = (τ, i, n) with τ ≥ 56 and A(x) = s. The condition is
also fulfilled for x = � with A(�) = w, taking into account that V ∗(�) = 0. This means that
the pure stationary strategy π∗ is what in [9] is called conserving. It just remains to verify that
the strategy is equalizing, which means that

lim sup
N→∞

P N
A V ∗(x) = 0 for all x ∈ X,

where the operator PA acts on V ∗ by PAV ∗(x) = LA(x) V ∗(x) and P N
A V ∗ refers to the

application N times of the same operator. This condition is trivially fulfilled in our case, since
no matter what the initial state is, when the player follows rule A, after at most 57 dice rolls
the system will be in the final state �. This is due to the fact that in any roll a positive score
must be accumulated, or the game will go to the final state. Assuming the worst case, that the
player starts for ı and always gets just one chip, it will take at most 56 dice rolls to arrive to
one of the states in which the optimal action is to stop. To compute a bound of the number of
transitions of the Markov control problem that are necessary to arrive to the final state we could
think that after any roll the player makes as many moves as possible before rolling again. The
maximum number of moves that can be made in a row is strictly less than the number of scoring
combinations, which is at most five. This means that P N

A V ∗(x) = 0 for all N ≥ 56 × 4 + 1
and for all states x ∈ X. Taking the lim sup, we complete the proof. �

5. Other related games

5.1. Ten Thousand with restricted actions

A natural game related with the one studied in this paper is the stop or roll solitaire Ten
Thousand game. It is essentially the same game but without the possibility of taking action m

(the player can only take actions s and r). It has value VS/R = 5.576 326 and the algorithm to
solve it is Algorithm 4.1 without lines 12, 13, and 14.

Other games that require restricting the total number of possible actions of the original game
can also be solved. The values (from the initial state) of some of these games are presented in
Table 7.

5.2. The solitaire Pig game

The solitaire Pig game is similar, played with only one die. The only actions the player has
are to roll again or to stop (for details see [10]). The state can be modelled with just τ ,
the accumulated score. The problem is, in this case, an optimal stopping problem. The
corresponding DPEs are

V (τ) = max{τ, 1
6 (V (τ + 2)+ V (τ + 3)+ V (τ + 4)+ V (τ + 5)+ V (τ + 6))}. (5.1)

The critical threshold is τ ∗ = 20. Computing backwards, we obtain V ∗(0) = 8.14. In this
example, we find it instructive to observe that the difference equation

V (τ) = 1
6 (V (τ + 2)+ V (τ + 3)+ V (τ + 4)+ V (τ + 5)+ V (τ + 6))

has an infinite number of solutions, under the condition that V (τ) ≥ τ , for instance V (τ) =
V (0)1.0461τ for all large enough V (0). The value function is the minimal solution of (5.1),
which satisfies V (τ) = τ for all τ ≥ τ ∗.
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Table 7: Values of restricted actions games.

Number of actions Possible actions1 Value of the game

2 s, r 5.576 326 278 2
3 s, r , m5 5.801 218 003 7
4 s, r , m5, m1 5.815 334 063 9
5 s, r , m5, m1, m55 5.870 748 432 6
6 s, r , m5, m1, m55, m51 5.872 018 918 5
15 all 5.872 018 918 5

6. Conclusions

The theory of MCPs is a powerful tool to analyse dice games. Nevertheless, although in
general it is possible to write the DPEs of the game, in many concrete situations the number
of states and actions make it very difficult to effectively solve the game. In these situations,
when possible, it is necessary to take into account the particular characteristics of the game
in order to solve the problem. Usually, these equations are solved by iteration. In this paper
we obtain a very simple and exact algorithm to solve the solitaire Ten Thousand game. It is
interesting to note that the value function is characterized as the smallest solution to the DPEs,
in a framework where the uniqueness of the solution to this equation is not assured. The same
idea is also used to solve some related simpler games. Whether a similar type of algorithm can
be used in the competitive Ten Thousand game remains an open question.
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