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Abstract: We characterize the stable convergence of a sequence of density pro-
cesses corresponding to binary filtered experiments to the exponential of a mixture
of gaussian processes, in terms of the convergence of their respective Hellinger pro-
cesses, allowing random Hellinger processes in the limit. Within the applications
we obtain necessary and sufficient conditions for the log-likelihood function of a
supercritical branching process to be asymptotically mixed normal, in terms of the
offspring distributions.

Keywords: Asymptotic mixed normality, Hellinger processes, Binary filtered ex-
periments, Asymptotic mixed normality for supercritical branching processes.

1.Introduction.

The subject of the present paper is the characterization of the behaviour of the
density processes corresponding to a binary filtered experiment, in case the limit
is the exponential of a proccess with conditionally independent increments; the so
called “local asymptotic mixed normal case”.

Our characterization is done in terms of the “Hellinger processes” h(«), a sort of
predictable characteristics for density processes introduced by Liptser and Shiryaev
[10] with the purpose of studying contiguity of probability measures corresponding
to stochastic processes.

The main difference with previous results is that we allow random Hellinger
processes in the limit.

A similar characterization (in the discrete time case) when the h(a) are deter-
ministic (asymptotic normal case) were obtained by Greenwood and Shiryaev [4],
where also is presented a slightly weaker version of the sufficient condition of our
case. Other relevant results concerning weak convergence of density processes in
terms of Hellinger processes, were obtained by Vostrikova in the continuous time
case when h(«) is deterministic (under a mild additional assumption), giving also
finite dimensional convergence relative to the parameter space [16], and functional
convergence in parameter and time [17].

See also Jacod [6] for the general parameter space case, Hopfner, Jacod and
Ladelli [5] for Markov statistical models, and Jacod and Shiryaev [7] for a general
overview.
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Sufficient conditions in terms of the Hellinger processes and the characteristics
of the observed processes were recently obtained by Kramkov [10] with general
parameter space and quasi-left continuous limit.

For others results about convergence of density processes see Taraskin [15] who
covers a very wide class of limit processes, whose finite dimensional distributions
are mixtures of infinitely divisively laws (including the LAMN case); under con-
ditions on the log-likelihood; Luschy [11], for a similar approach; where LAMN
property (according to Basawa—Scott [1]) is established and some efficient results
are obtained.

The paper is organized as follows:

In section 2 we state the main results. Section 3 is devoted to the study of two
applications. The first one can be stated as “LAMN under loss of information”
and the second concerns supercritical branching processes (or Galton — Watson
processes) where necessary and sufficient conditions are given for stably convergence
of log-likelihood processes to a mixed gaussian limit to hold, in terms of the Hellinger
integrals of the offspring laws. In section 4 we present the proofs of the main results.

For general concepts about semimartingales and their characteristics we refer to
Jacod and Shiryaev [7] chapters I and II.

We will use the following notation:

¢ ¢
X.Z, = / XdZ, Y sy = / / Y(w,s,z)v(w,ds,dx)
0 0o Jrd

to denote the stochastic integral of a predictable process X with respect to a semi-
martingale Z, and the integral of a random function Y with respect to a random
measure v in the interval [0, ¢].

I4 denotes the indicator of the set A (Ia(z) = 1 if z € A and I4(x) = 0 if
x ¢ A), P~ Q that P and @ are mutually absolutely continuous, and P"<Q"™ that
the sequences of probability measures P™ is contiguous to the sequence Q™ (for all
sequences A™ such that Q™(A™) — 0 we have P"(A™) — 0).

We will denote the F-stably convergence in D(R) by

X" -4 X (F — stably)

defined by
EYf(X") = EYf(X)) as n— 4o

for all:
Y bounded and F-measurable random variables
f : D(R?) — R continuous and bounded functions.

2. Main results.

(E) Let be given a sequence of binary filtered experiments
E" = (Q, F,F"; P, P")
where (Q, F, P) is a probability space, F" = (F{* : t > 0) 1is a filtration (i.e. an

increasing and right continuous family of sub o—algebras of F) that satisfies F =
VA{F : t > 0} for each n, and P™ a sequence of probability measures defined on
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(Q,F). For each t > 0 we denote P and P the restrictions of P and P" to FI'
respectively.
For simplicity we will always assume

@ Py = By
(b) P and P are mutually absolutely continuous for each t € Rt (P e P)

(This restriction is not essential in obtaining the results; and allow to gain in
simplicity and comprehension in what follows).
With each E™ we associate the following processes:

(1) Z™ = (Z])i>0 defined by Z}* = Zij: , the density process or likelihood pro-
cess.

(2) Y™ = logZ", the log—density or log-likelihood process (under our assump-
tions it is always well defined), whose modified characteristics will be denoted
by (B™, C",v™).

(3) h"(«), with « € (0,1) the Hellinger process of order «, defined by the con-
ditions h"(a)g = 0 and

M™(a), = (Z0)'° + / (20 ) dh" (@),

is a P—martingale (see [7] chapter IV).
(4) I"(a) = e*|1 — e *|I[g 1)0fa,00) (€7 7) * V™ with a € (1,00)
(5) ig(P,P") = e®If-ecpy *v™ with B € (0,1)

The limit experiment is constructed as follows:

(L) £= (2% C,F@CANxt(F ®Co)}iz0: Q. Q)
where (C,C, (C¢)e>0, Pw) is the canonical Weiner space of continuous functions
v = (7)t>0, Pw is the Wiener measure, Q(dw, dy) = P(dw)Pw (d7y), and Q(dw, d~)
defined by :
d(Q|F)
A= W, =Z w, )

where Fy = oo, (F @ Cs), Zi(w,7) = exp{We,w)(7) = 3C:(w)}, W = (Wi(7))i0
is the Wiener process, C' = (Cy(w))i>0 15 a continuous increasing process, that play
the role of change of time, such that Co(w) = 0 and Cy(w) is Fr—measurable for
each t > 0.

Theorem 1. Assume (E) and (L). Let D be a dense subset in RT. The following
conditions are equivalent:
(1) zn =% 7 (F — stably)
(2) h"(a); = 20220, Vie D Vae (0,1)
(3) h(a); —» 202, i e D;
fora=1/2,a=8,a=1-3, for some 8 € (0,1/2)
(4) h"(1/2); =5 1C and I"(1 4+ €); =50 Vte D, Ve >0

Remarks:

(1) Theorem 1 is a generalization of Theorems 1.12 and 1.64 in chapter X of
[7], where the “process” C is deterministic.
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(2) Observe that the condition

I"(a); 250 V>0 Va>1

is a “Lindberg Condition” in the sense that it controls the jumps of Y.
3. Applications.

In order to see how Theorem 1 works, we will examine two related examples.
The first one consist in the problem of “loss of information” formulated in this
way: Take a sequence " = (Q, F,F™, P, ]5”) generated by independent identically
distributed random variables, whose log—density processes are asymptotically nor-
mal, and suppose we are not able to observe all the sample but only up to certain
random times. Under the condition of convergence in probability of the normal-
ized stopping times, and taking a convenient subsequence of (P, }5”)7 we obtain
asymptotic mixed normality for the density processes of the restricted experiment.
The second one is a particular case of the first, where we consider a supercritical
branching process as the restricted experiment.

3.1. Asymptotic mized normality under loss of information.

Consider for each n € N the binary filtered experiment

= (Q,F,F"; P, P")
consisting in the observation of the first n variables of a sequence X1,...,X,,...

of i.i.d. random variables defined on a measurable space (Q, F)
That is

®8

P=®pn P'= @ "

i=1

where p and " are the possible distributions of X1; F™ = (F}*);>0 with F}' = Fp;
and Fr =0 —{X;:0<i<t}

In order to construct the “restricted experiments” G" obtained by loss of infor-
mation consider (T}, : n € N) a sequence of stopping times satisfying:

(a) J(a,) C N strictly increasing, and a random variable £(w) on (€, F) such

that T
- B, &(w) as n — +0o
Qn

(b) 3(by) C N strictly increasing such that: T, > b, Vn

Remark: Condition (b) ensures the “nesting condition” in [3] to hold.
Then consider ~
gn = (97]:7G7I;P7Pan)

with G" = {G" : 0 <t < 1} where G} = Fp,4-

Denote by Z™(€), h*(«, &), Z™(G), h™(a, G) the density and Hellinger processes
of the experiments £ and G" respectively.

Now we can state the following

Theorem 2. Suppose E™ satisfies

27(&) "B eapiw, — %t}
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Then G™ satisfies

Z(G) L+ exp{ Wiy — %E(w)t} F — stably

Proof. Chose a € (0,1) and ¢ € RT. In view of Theorem 1 with C; = ¢ we know:

all —a)

h* (e, ) £, 5

t

Furthermore

[nt]
W0, €) = S (1 H{a ) = [t (1 — H(o o i)

i=1

(see [7] IV.1.64). As the Hellinger processes is defined trough the condition of
certain process to be a martingale and this property is stable under stopping, we
obtain:

(Tnt]
W)= Y (1= Hloo i) = [Tt) (1~ Hla, i, ™))

Then as [nt](1 — H(«a, p, ™)) — @t we get

Eoll 1= B o)) T

[Tot](1 — H(av, p, 1)) = a T2

and Theorem 1 gives the result. [

3.2. Asymptotic mized normality for supercritical branching processes.

In this section we show that the experiments corresponding to supercritical
branching processes can be fitted in our first application, obtaining necessary and
sufficient conditions for asymptotic mixed normality for the density processes in
terms of the Hellinger integrals corresponding to the offspring laws, giving light
into a problem stated in Le Cam and Yang [9] in reference to a paper of Davies [2].
See also Basawa and Scott [1] for LAMN models and in particular results about
branching processes.

Denote the by p = (p;) a probability measure on the positive integers {1,2,...}
called the offspring distribution. Denote m = Zj:olo ip;. We assume 1 < m < +00,
corresponding to the supercritical case.

Consider My, ..., M, random variables defined on a probability space (2, F, P);
M,, stands for the number of individuals of the nt"* generation and My = 1 . If the
nt" generation contains M,, individuals, each of them independently of the “history”
an the other individuals transform itself into ¢ individuals with probability p; .

In what follows we will need the following results:

Proposition. Let My,..., M, be a supercritical branching process defined on a
probability space (Q, F, P) with m = E(M;) € (1,400). Then there exist an a.s.

nonegative random variable £(w) on (Q, F, P) with E(§(w)) <1 such that
(1) %:1' —¢(w) P —a.s.

(2) %%g(w) P—a.s.
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Proof. (1) is a consequence of the Doob’s Theorem applied to the martingale %
(2) is a consequence of the Kronecker’s Lemma (see for instance [14] ch. 4.3) O

Let us now consider the experiments £" = (9, F,F"; P, ]5") constructed as in
3.1 with g =p and g" =p"
In order to construct the restricted experiments G™ consider the random walk

RO0)=1 R1)=1+X; ... Rn)=1+X1+--+X,

Define T, by the following relations:

My=T(0)=1 M =T(1)=T(0) ... M,=T(n)—T(n—1)

then (Mo, My, ..., M,) is a branching process with offspring law p or p™.
Now by (2) in the Proposition as T,, = My + My + --- + M,, taking a, =
[1+m+ -+ m"] we obtain
Tn P
— — ¢{(w)

an

So considering .
gn = (Q7 f? Gn; P? Pa”)

as in 3.1 we obtain the following result:

Theorem 3. The following conditions are equivalent:
d
(1) 27(G) ~L exp{Weguy — b)) (F — stably)
(2) Hayp,p'n) =1 2052 2k + o)

Proof. As in Application 3.1
W@, G) = [Tut](1 — H(a,p, j*)) -

if and only if (2) holds O

Remark: In refernece to the works of Davies [2] and Le Cam and Yang [9] we can
observe that in Theorem 4.1 of Davies [2] it is not stated whether the normalization
“5p(0)” is changed and how in the restricted experiments G", though this fact
becames clear in the applications.

In the last example of section 3 given by Le Cam and Yang [9] the measures “p™”
and “g"” are not changed when constructing the “bigger” experiments £ (this is
equivalent in the set up of Davies to have the same rates “0,,(0)” for both exper-
iments) obtaining that if the bigger experiments are contiguous, their restrictions
tends to the totally uninformative experiment.

In Theorem 3 seems clear that to construct the bigger experiments £" form
the restricted ones; it would be necessary to enlarge the sequences of probability
measures in such a way that the measures in G" result a subsequence of the measures
in £™ with the adequate rate of mutual approximation as n tends to infinity.
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4. Proofs.
4.1 We begin with some preliminary results.

Proposition 1. Denote by £ any of the experiments considered in (E), by Z and
Y = logZ the corresponding density and log—density processes respectively. Y°
denotes the continuous martingale part of Y, (B,C =< Y¢ Y > 1Y), (C’) its
characteristics (modified second characteristic) under P.

Then:

(1) h(a,P,P) =202 cye yes 4o ()« vY
where 9o (u) = a+ (1 — a)u —ul .
(2) B=—[3 <Y%Y®> +(e”" —1— h(z)) * Y]
(3) C=<YY°>+h*(x)«v¥ =) (AB,)’
s<-
(4) ig(P, P) =Tjpg)(e”) x ¥

Proof of (1). First we apply Ito’s formula to Y = logZ.

Denote by M the local martingale M = (Z_)~'.Z , by M¢ and p™ its continuous
martingale part and jump measure respectively.

We obtain:

1
Y:M—§<MC,MC>+(log(1+a:)—x)*,uM

SO
<YOYC>=< M, M >
and

AY =log(1+ AM)
So for any real function g(x) :

g(@) x ¥ = g(log(1 + z)) * u™

and this for g(x) = 1+ x — €* gives:
(1+2z—e")xpu” = (logl +z)—z)* p™M
o )
Y:M—§<Y‘:,YC>+(1+:1:—€1)*MY (4.1)
setting y(z) = e® — 1 — z we obtain that
1
Y + 5 < YYE > 4y(x) s v¥
is a local martingale.
Now apply Ito’s formula to f(Y) = exp{(1 — a)Y }:
1
fY)=1+(1—a)f(Y_).Y + 5(1 —a)*f(Y.). <Y Y >

+ ) [f(Ye) = f(Yel) = (1= a) f(Ya_)AY]

=1+1—-a)f(Y_).[Y + % <YE Y > 4y(x) x Y]

a(l —a)

2 <YY> +pa(e”) * VY]

- f(Y2)
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As the first integral is a local martingale; the uniqueness of h(«) gives the result. O

Proof of (2). Consider
Y(h)y=Y -V

with
Y(h) =Y AY, - h(AY,) = (z — h(z)) * p¥

s<-

In view of (4.1)

1
Y(h)zM—i <Y Y > +(1+h(x) —e®) xp¥

= M+ (L+hiz) — ) x (¥ =)

1
<YLY +(1 4 h(z) — %) x ¥

And as Y(h) has buonded jumps, and the first two summands are local mar-

tingales, the uniqueness of the decomposition of a special semimartingale gives
(. O

Proof of (3). (3) is a general fact, see for instance 11.2.17 in [7].
Proof of (4). Let us see that
AY = AlogZ = —Alog(1)Z) = —AY

if Y =logZ =log(1/2); Z; = Z? so for any real function g(x) ,

g(@) * p¥ = g(—w) * p*
and this relation carries over the compensators with respect to P:

Y,P

g(x) xv"" = g(—x) * VP

Now to obtain the relation between v¥-* and v¥-P

rem for random measures (see [7] chapter III)

we will apply Girsanov’s Theo-

2 = :% =%« pY (dt,dzr) a.s.
This gives
Mi(i/ﬁ) =e”
i Vy,ﬁ — ot VP
Then

iB(P, P) = €zﬂ{efz§5} * I/~’13
= e_xﬂ{emgﬁ} s« VP

= Lercpy ¥ "
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O
Let us consider the following conditions:
8-D] Br-tB, vteD
[supB — D] sup,<, |Bf' — By 250 vteD
y-D] Cr 250, vteD
6= D] Ifjajsey *v =20 V€D VYe>0
Lemma 1. Assume (E).

(1) Assume [0 —RT]. Then
sup |ABY| 20 (4.2)
s<t
(2) Assume [6 — R*] and (Var(Bp)|Pf) is tight. Then
SaBr? o

s<t
Proof of Lemma 1. (1) follows from

|ABY| = h(z) * v"({s},dx) < e+ Alfjpsey ¥ V¢ <€+ fjasey ¥4
(assuming h(x) = x in the set {|z| < e} and |h(z)] < 1). So

sup |ABZL| <e+ H{|m‘>€} * Uy
s<t

obtaining (4.2) by [§ — RT].
(2) is a consequence of (1) if we observe that
> (ABY)? < (sup |AB)Var(BY)
o<t s<t
0

Lemma 2. Assume (E).

(1) Suppose the following conditions hold, for some fized t € RT.

Ifjz|>ey * V4 50
ah—>nolo limnsup P(lggsay ¥ >n)=0 Vn>0
Je > 0 such that (1{zj<cyz® * v} |P}") is tight
Then
éh"(a)t - Mwm)t Py
(2) And if furthermore

(Var(Bi)|P) is tight (4.6)
then:

h" () — M@n 2.0
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Proof of (1).
1 . al-a), , 1 o al—a z n
()~ D), = ga(er) - 200, @)y
After computations
1 o ol—a z -
(Gea(e) — o) ()] < sy + Kaliesiorsan

+ 2% o)<} + [zc—a)
So let § > 0 be given: Chose a and ng such that
P(e™gsay x 1 >6/4) < /4 Vn>ng

as Ly j<cp2? x 1" is tight for some e and € (2°®)I{ | 1<c} * V) < €€ (2%)L{jpj<cy * V)"
we can chose g and ny such that

P(.’L‘366]I{‘I|<E}*l/?>(5/4)<(5/4 Vn > nq

As p
(Le<iai<ay T Ljac—a}) x v — 0

(1) follows.
Proof of (2).

a(l —a) ~ a(l —a)

W (@) = =50 = [pale”) = =——h(@)’ 1} + Y (ABL)?

s<t

=T+ g

Now J7' L5 0asin (1) because the integrands are continuous and have the same
behaviour at x = +00, z = —oo0 and x = 0.

Finally J3' 20 by (2) in Lemma 1. O
4.2. Proof of Theorem 1.

Proofs of (3) = (1).

According to Theorem VIIL.5.42 in [7] (see also [3]) and Lemma 1 in [12] (that
gives when D is dense in RT, [3 — D] = [sup8 — D] ) it is enough to verify |8 — D],
[y — D] and [§ — D]. Let us then choose t € D.

Proof of [6 — D]

We know that

R (8): + h™(1 = B); — 88(1 — B)R™(1/2); = 0

This means

[0+ @1-5 — 8B8(1 — B)p1](e”) x 1) =50

Denote Ag(e”) = [ps+p1-5—8B(1—PB)p
we obtain

1
2

J(e*) and np =1-4B(1-B); 0<n<1,

1
2

| 1/2
As(e") = €3 [2neh(w/2) — 2ch(1—a) +2(1 — )



ASYMPTOTIC MIXED NORMALITY AND HELLINGER PROCESSES 11

by derivation becomes clear that
Ag(e®) >0 and Mg(e®)=0iff z =0
Furthermore
Ag(e®) ~ne® if x— +oo
Ag(e®) ~n if z— —o0

And we obtain the following two facts: for any € > 0

Iasepe® ¥ =50, Tppe o xvf =50 (4.7)

which clearly implies [0 — D].

Proof of [y — D]

As h™(a)s N MC}, (2) in of Lemma 2 will give the result if we verify (4.5)
and (4.6).

(We have just verified (4.3) and (4.4)). Let us now see (4.5).

As @1/ ~ x? if 2 — 0 the tightness is a consequence of 1 <p2? * 1" <
8h™(1/2); (where A < B stands for B — A is an increasing process)

Similarly (4.6) follows from the fact

Var(By) < Koh(1/2); (4.8)
for some Ky, and this is a consequence of the existence of K; such that
" =1 — h(z)| < Ky (¢7)

Proof of [ — D]
From (2) in Proposition 1 we obtain:

—OBM =< YY" >, 42(e% — 1 — h(x)) * ]

As C' — 2B = 0 in the limit, it is enough to prove C}' — 2B} 20
Now

CP— 2B} = [2(e” =1 — h(z)) — h(z)*] x " + > _(ABL)?
Lz (e — 1= h(a)) — h{a)?) o]
+ Ifjzj<ey [2(e” = 1 = h(z)) — h(x)?] * vP
+) (ABY)?

s<t

= K7 + K3 + K

K7 Li0asa consequence of (4.7)

In what respects K5 as [2(e® — 1 — h(z)) — h(x)?| < 23€° in the set {|z| < e} we
obtain KJ 250 by the same argument as in Lemma 2 (1).

Ky 20 by (2) in Lemma 1. O
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Proof of (1) = (2) in Theorem 1.
Let us first verify the hypothesis of Theorem 2 in [13] for Y™ and Y.
As for any t € RT Z; > 0 a.s. and E(Z;) = 1 we obtain

(PM) < (Pl) < (P (4.9)

From Theorem V.2.3 in [7] applied to (15[”, Pl"), we obtain (h™(1/2, P™, p”)t\Pt")
is tight, and (Var(By)|P/") is tight follows from (4.8). In consequence Theorem 2
in [13] gives

cr o >0

Let us now verify conditions of Lemma 2:
(4.3) is a consequence of the fact that Y is continuous.
(4.5) is a consequence of

H{‘w|<€}1‘2 * l/? < thn(l/Q)t
Let us verify (4.4). The contiguity (P*) < (P*) gives, by Theorem V.2.3 in [7]

lim lim supP (Ifzsaye” * v >n) =0 Vnp>0 (4.10)

a—r 00

but in (4.4) instead of P" we need P. The possibility of changing P™ into P
follows from the fact (P/*) < (P!*) by the following argument:
Denote
F(n,a) = {Iz>a€” * V> n}

and observe that F'(n,a) C F(n,b) if a < b. From (4.10) we know that there exist
two sequences ai ' oo and (ng) subsequence of N such that

Then suppose
li_>m limsup P(F(n,a)) =0 >0
We have
limsup P(F(n,a)) >0

for all a, so exists ny > ny, such that P(F(ny,ay)) > 6 for all k.

Since P (F(n,,ay)) < + L this contradicts (P*)<(P}) and (4.4) follows, so (4.8)
and (4.4) gives

p all—a)

hn(Oé)t — D) Ct Vt>0

Proof of (2) & (4).

Finally we have to prove:
Under

h(1/2), 2 é(}t (4.11)
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P Oz(l —a)

IMl+e) 50 vVe>0 < W) 2 5 C ac (0.

Proof of (=)

n xr xr n P
IP(14e) =[(1 - e")ercijateyy + (€° = Dlfers i) x v — 0

clearly implies (4.3) and (4.4) in Lemma 2. As h™(1/2); converges in probability it
is tight, giving (4.5). Then (4.11) and (1) in Lemma 2 give the result.

Proof of (<)

As in the proof of Theorem 1 we obtain (4.7) and

I (1 +e€) < [[uc—togite)y + € Liastogre)y) * V¢

concludes the proof of (2) < (4). The proof of Therem 1 is concluded observing
that (2) = (3) is trivial O

Aknowledgements:. The author is in debt with A.N. Shiryaev, D.O. Kramkov
and A.A. Guschin for helpful discussion.
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