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Abstract: We characterize the stable convergence of a sequence of density pro-
cesses corresponding to binary filtered experiments to the exponential of a mixture
of gaussian processes, in terms of the convergence of their respective Hellinger pro-
cesses, allowing random Hellinger processes in the limit. Within the applications
we obtain necessary and sufficient conditions for the log–likelihood function of a
supercritical branching process to be asymptotically mixed normal, in terms of the
offspring distributions.
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1.Introduction.

The subject of the present paper is the characterization of the behaviour of the
density processes corresponding to a binary filtered experiment, in case the limit
is the exponential of a proccess with conditionally independent increments; the so
called “local asymptotic mixed normal case”.

Our characterization is done in terms of the “Hellinger processes” h(α), a sort of
predictable characteristics for density processes introduced by Liptser and Shiryaev
[10] with the purpose of studying contiguity of probability measures corresponding
to stochastic processes.

The main difference with previous results is that we allow random Hellinger
processes in the limit.

A similar characterization (in the discrete time case) when the h(α) are deter-
ministic (asymptotic normal case) were obtained by Greenwood and Shiryaev [4],
where also is presented a slightly weaker version of the sufficient condition of our
case. Other relevant results concerning weak convergence of density processes in
terms of Hellinger processes, were obtained by Vostrikova in the continuous time
case when h(α) is deterministic (under a mild additional assumption), giving also
finite dimensional convergence relative to the parameter space [16], and functional
convergence in parameter and time [17].

See also Jacod [6] for the general parameter space case, Höpfner, Jacod and
Ladelli [5] for Markov statistical models, and Jacod and Shiryaev [7] for a general
overview.
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Sufficient conditions in terms of the Hellinger processes and the characteristics
of the observed processes were recently obtained by Kramkov [10] with general
parameter space and quasi–left continuous limit.

For others results about convergence of density processes see Taraskin [15] who
covers a very wide class of limit processes, whose finite dimensional distributions
are mixtures of infinitely divisively laws (including the LAMN case); under con-
ditions on the log–likelihood; Luschy [11], for a similar approach; where LAMN
property (according to Basawa–Scott [1]) is established and some efficient results
are obtained.

The paper is organized as follows:
In section 2 we state the main results. Section 3 is devoted to the study of two

applications. The first one can be stated as “LAMN under loss of information”
and the second concerns supercritical branching processes (or Galton – Watson
processes) where necessary and sufficient conditions are given for stably convergence
of log-likelihood processes to a mixed gaussian limit to hold, in terms of the Hellinger
integrals of the offspring laws. In section 4 we present the proofs of the main results.

For general concepts about semimartingales and their characteristics we refer to
Jacod and Shiryaev [7] chapters I and II.

We will use the following notation:

X.Zt =

∫ t

0

XsdZs Y ∗ νt =

∫ t

0

∫
Rd

Y (ω, s, x)ν(ω, ds, dx)

to denote the stochastic integral of a predictable process X with respect to a semi-
martingale Z, and the integral of a random function Y with respect to a random
measure ν in the interval [0, t].

IA denotes the indicator of the set A (IA(x) = 1 if x ∈ A and IA(x) = 0 if
x 6∈ A), P ∼ Q that P and Q are mutually absolutely continuous, and Pn /Qn that
the sequences of probability measures Pn is contiguous to the sequence Qn (for all
sequences An such that Qn(An)→ 0 we have Pn(An)→ 0).

We will denote the F–stably convergence in D(Rd) by

Xn d−→ X (F − stably)

defined by
E(Y f(Xn))→ E(Y f(X)) as n→ +∞

for all:
Y bounded and F–measurable random variables
f : D(Rd)→ R continuous and bounded functions.

2. Main results.

(E)Let be given a sequence of binary filtered experiments

En = (Ω,F ,Fn;P, P̃n)

where (Ω,F , P ) is a probability space, Fn = (Fnt : t ≥ 0) is a filtration (i.e. an
increasing and right continuous family of sub σ–algebras of F) that satisfies F =∨
{Fnt : t ≥ 0} for each n, and P̃n a sequence of probability measures defined on
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(Ω,F). For each t ≥ 0 we denote Pnt and P̃nt the restrictions of P and P̃n to Fnt
respectively.

For simplicity we will always assume

(a) Pn0 = P̃n0

(b) Pnt and P̃nt are mutually absolutely continuous for each t ∈ R+ (P
loc∼ P̃ )

(This restriction is not essential in obtaining the results; and allow to gain in
simplicity and comprehension in what follows).

With each En we associate the following processes:

(1) Zn = (Znt )t≥0 defined by Znt ≡
dP̃n

t

dPn
t

, the density process or likelihood pro-
cess.

(2) Y n = logZn, the log–density or log–likelihood process (under our assump-
tions it is always well defined), whose modified characteristics will be denoted

by (Bn, C̃n, νn).
(3) hn(α),with α ∈ (0, 1) the Hellinger process of order α, defined by the con-

ditions hn(α)0 = 0 and

Mn(α)t = (Znt )1−α +

∫ t

0

(Zns−)1−αdhn(α)s

is a P–martingale (see [7] chapter IV).
(4) In(a) = ex|1− e−x|I[0, 1a ]∪[a,∞)(e

−x) ∗ νn with a ∈ (1,∞)

(5) iβ(P, P̃n) = exI{e−x≤β} ∗ νn with β ∈ (0, 1)

The limit experiment is constructed as follows:

(L) E = (Ω× C,F ⊗ C, {∩s>t(F ⊗ Cs)}t≥0;Q, Q̃)
where (C, C, (Ct)t≥0, PW ) is the canonical Weiner space of continuous functions

γ = (γt)t≥0, PW is the Wiener measure, Q(dω, dγ) = P (dω)PW (dγ), and Q̃(dω, dγ)
defined by

d(Q̃|F̄t)
d(Q|F̄t)

(ω, γ) = Zt(ω, γ),

where F̄t =
⋂
s>t(F ⊗ Cs), Zt(ω, γ) = exp{WCt(ω)(γ)− 1

2Ct(ω)}, W = (Wt(γ))t≥0
is the Wiener process, C = (Ct(ω))t≥0 is a continuous increasing process, that play
the role of change of time, such that C0(ω) = 0 and Ct(ω) is Ft–measurable for
each t ≥ 0.

Theorem 1. Assume (E) and (L). Let D be a dense subset in R+. The following
conditions are equivalent:

(1) Zn
d−→ Z (F − stably)

(2) hn(α)t
P−→ α(1−α)

2 Ct ∀t ∈ D ∀α ∈ (0, 1)

(3) hn(α)t
P−→ α(1−α)

2 Ct ∀t ∈ D;
for α = 1/2, α = β, α = 1− β, for some β ∈ (0, 1/2)

(4) hn(1/2)t
P−→ 1

8Ct and In(1 + ε)t
P−→ 0 ∀t ∈ D, ∀ε > 0

Remarks:

(1) Theorem 1 is a generalization of Theorems 1.12 and 1.64 in chapter X of
[7], where the “process” C is deterministic.
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(2) Observe that the condition

In(a)t
P−→ 0 ∀t ≥ 0 ∀a > 1

is a “Lindberg Condition” in the sense that it controls the jumps of Y n.

3. Applications.

In order to see how Theorem 1 works, we will examine two related examples.
The first one consist in the problem of “loss of information” formulated in this
way: Take a sequence En = (Ω,F ,Fn, P, P̃n) generated by independent identically
distributed random variables, whose log–density processes are asymptotically nor-
mal, and suppose we are not able to observe all the sample but only up to certain
random times. Under the condition of convergence in probability of the normal-
ized stopping times, and taking a convenient subsequence of (P, P̃n), we obtain
asymptotic mixed normality for the density processes of the restricted experiment.
The second one is a particular case of the first, where we consider a supercritical
branching process as the restricted experiment.

3.1.Asymptotic mixed normality under loss of information.
Consider for each n ∈ N the binary filtered experiment

En = (Ω,F ,Fn;P, P̃n)

consisting in the observation of the first n variables of a sequence X1, . . . , Xn, . . .
of i.i.d. random variables defined on a measurable space (Ω,F)

That is

P =
∞
⊗
i=1
µ P̃n =

∞
⊗
i=1
µ̃n

where µ and µ̃n are the possible distributions of X1; Fn = (Fnt )t≥0 with Fnt = Fnt
and Ft = σ − {Xi : 0 ≤ i ≤ t}

In order to construct the “restricted experiments” Gn obtained by loss of infor-
mation consider (Tn : n ∈ N) a sequence of stopping times satisfying:

(a) ∃(an) ⊂ N strictly increasing, and a random variable ξ(ω) on (Ω,F) such
that

Tn
an

P−→ ξ(ω) as n→ +∞

(b) ∃(bn) ⊂ N strictly increasing such that: Tn ≥ bn ∀n
Remark: Condition (b) ensures the “nesting condition” in [3] to hold.

Then consider
Gn = (Ω,F ,Gn;P, P̃ an)

with Gn = {Gnt : 0 ≤ t ≤ 1} where Gnt = F[Tnt].
Denote by Zn(E), hn(α, E), Zn(G), hn(α,G) the density and Hellinger processes

of the experiments En and Gn respectively.
Now we can state the following

Theorem 2. Suppose En satisfies

Zn(E)
L(P )−→ exp{Wt −

1

2
t}
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Then Gn satisfies

Zn(G)
d−→ exp{Wξ(ω)t −

1

2
ξ(ω)t} F − stably

Proof. Chose α ∈ (0, 1) and t ∈ R+. In view of Theorem 1 with Ct = t we know:

hn(α, E)
P−→ α(1− α)

2
t

Furthermore

hn(α, E) =

[nt]∑
i=1

(1−H(α, µ, µ̃n)) = [nt](1−H(α, µ, µ̃n))

(see [7] IV.1.64). As the Hellinger processes is defined trough the condition of
certain process to be a martingale and this property is stable under stopping, we
obtain:

hn(α,G)t =

[Tnt]∑
i=1

(1−H(α, µ, µ̃an)) = [Tnt](1−H(α, µ, µ̃an))

Then as [nt](1−H(α, µ, µ̃n))→ α(1−α)
2 t we get

[Tnt](1−H(α, µ, µ̃an)) =
[Tnt]

an
an(1−H(α, µ, µ̃an))

P−→ α(1− α)

2
ξ(ω)t

and Theorem 1 gives the result. �

3.2. Asymptotic mixed normality for supercritical branching processes.
In this section we show that the experiments corresponding to supercritical

branching processes can be fitted in our first application, obtaining necessary and
sufficient conditions for asymptotic mixed normality for the density processes in
terms of the Hellinger integrals corresponding to the offspring laws, giving light
into a problem stated in Le Cam and Yang [9] in reference to a paper of Davies [2].
See also Basawa and Scott [1] for LAMN models and in particular results about
branching processes.

Denote the by p = (pi) a probability measure on the positive integers {1, 2, . . . }
called the offspring distribution. Denote m =

∑+∞
i=1 ipi. We assume 1 < m < +∞,

corresponding to the supercritical case.
Consider M0, . . . ,Mn random variables defined on a probability space (Ω,F , P );

Mn stands for the number of individuals of the nth generation and M0 = 1 . If the
nth generation containsMn individuals, each of them independently of the “history”
an the other individuals transform itself into i individuals with probability pi .

In what follows we will need the following results:

Proposition. Let M0, . . . ,Mn be a supercritical branching process defined on a
probability space (Ω,F , P ) with m = E(M1) ∈ (1,+∞). Then there exist an a.s.
nonegative random variable ξ(ω) on (Ω,F , P ) with E(ξ(ω)) ≤ 1 such that

(1) Mn

mn → ξ(ω) P − a.s.
(2) M0+···+Mn

1+m+···+mn → ξ(ω) P − a.s.
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Proof. (1) is a consequence of the Doob’s Theorem applied to the martingale Mn

mn .
(2) is a consequence of the Kronecker’s Lemma (see for instance [14] ch. 4.3) �

Let us now consider the experiments En = (Ω,F ,Fn;P, P̃n) constructed as in
3.1 with µ = p and µ̃n = p̃n

In order to construct the restricted experiments Gn consider the random walk

R(0) = 1 R(1) = 1 +X1 . . . R(n) = 1 +X1 + · · ·+Xn

Define Tn by the following relations:

T (0) = 1 T (1) = R(T (0)) . . . T (n) = R(T (n− 1))

and let us observe that if

M0 = T (0) = 1 M1 = T (1)− T (0) . . . Mn = T (n)− T (n− 1)

then (M0,M1, . . . ,Mn) is a branching process with offspring law p or p̃n.
Now by (2) in the Proposition as Tn = M0 + M1 + · · · + Mn taking an =

[1 +m+ · · ·+mn] we obtain
Tn
an

P−→ ξ(ω)

So considering
Gn = (Ω,F ,Gn;P, P̃ an)

as in 3.1 we obtain the following result:

Theorem 3. The following conditions are equivalent:

(1) Zn(G)
d−→ exp{Wξ(ω)t − 1

2ξ(ω)t} (F − stably)

(2) H(α, p, p̃an) = 1− α(1−α)
2

m−1
mn+1 + o( 1

mn+1 )

Proof. As in Application 3.1

hn(α,G) = [Tnt](1−H(α, p, p̃an))
P−→ α(1− α)

2
ξ(ω)t

if and only if (2) holds �

Remark: In refernece to the works of Davies [2] and Le Cam and Yang [9] we can
observe that in Theorem 4.1 of Davies [2] it is not stated whether the normalization
“δn(θ)” is changed and how in the restricted experiments Gn, though this fact
becames clear in the applications.

In the last example of section 3 given by Le Cam and Yang [9] the measures “pn”
and “qn” are not changed when constructing the “bigger” experiments En (this is
equivalent in the set up of Davies to have the same rates “δn(θ)” for both exper-
iments) obtaining that if the bigger experiments are contiguous, their restrictions
tends to the totally uninformative experiment.

In Theorem 3 seems clear that to construct the bigger experiments En form
the restricted ones; it would be necessary to enlarge the sequences of probability
measures in such a way that the measures in Gn result a subsequence of the measures
in En with the adequate rate of mutual approximation as n tends to infinity.
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4. Proofs.

4.1 We begin with some preliminary results.

Proposition 1. Denote by E any of the experiments considered in (E), by Z and
Y = logZ the corresponding density and log–density processes respectively. Y c

denotes the continuous martingale part of Y , (B,C =< Y c, Y c >, νY ), (C̃) its
characteristics (modified second characteristic) under P .

Then:

(1) h(α, P, P̃ ) = α(1−α)
2 < Y c, Y c > +ϕα(ex) ∗ νY

where ϕα(u) = α+ (1− α)u− u1−α.
(2) B = −[ 12 < Y c, Y c > +(ex − 1− h(x)) ∗ νY ]

(3) C̃ =< Y c, Y c > +h2(x) ∗ νY −
∑
s≤·

(∆Bs)
2

(4) iβ(P̃ , P ) = I[0,β](ex) ∗ νY

Proof of (1). First we apply Ito’s formula to Y = logZ.
Denote by M the local martingale M = (Z−)−1.Z , by M c and µM its continuous

martingale part and jump measure respectively.
We obtain:

Y = M − 1

2
< M c,M c > +(log(1 + x)− x) ∗ µM

so
< Y c, Y c >=< M c,M c >

and
∆Y = log(1 + ∆M)

So for any real function g(x) :

g(x) ∗ µY = g(log(1 + x)) ∗ µM

and this for g(x) = 1 + x− ex gives:

(1 + x− ex) ∗ µY = (log(1 + x)− x) ∗ µM

so

Y = M − 1

2
< Y c, Y c > +(1 + x− ex) ∗ µY (4.1)

setting γ(x) = ex − 1− x we obtain that

Y +
1

2
< Y c, Y c > +γ(x) ∗ νY

is a local martingale.
Now apply Ito’s formula to f(Y ) = exp{(1− α)Y }:

f(Y ) = 1 + (1− α)f(Y−).Y +
1

2
(1− α)2f(Y−). < Y c, Y c >

+
∑
s≤·

[f(Ys)− f(Ys−)− (1− α)f(Ys−)∆Ys]

= 1 + (1− α)f(Y−).[Y +
1

2
< Y c, Y c > +γ(x) ∗ νY ]

− f(Y−).[
α(1− α)

2
< Y c, Y c > +ϕα(ex) ∗ νY ]
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As the first integral is a local martingale; the uniqueness of h(α) gives the result. �

Proof of (2). Consider
Y (h) = Y − Y̌

with
Y̌ (h) =

∑
s≤·

∆Ys − h(∆Ys) = (x− h(x)) ∗ µY

In view of (4.1)

Y (h) = M − 1

2
< Y c, Y c > +(1 + h(x)− ex) ∗ µY

= M + (1 + h(x)− ex) ∗ (µY − νY )

− 1

2
< Y c, Y c > +(1 + h(x)− ex) ∗ νY

And as Y (h) has buonded jumps, and the first two summands are local mar-
tingales, the uniqueness of the decomposition of a special semimartingale gives
(1). �

Proof of (3). (3) is a general fact, see for instance II.2.17 in [7].

Proof of (4). Let us see that

∆Y = ∆logZ = −∆log(1/Z) = −∆Ỹ

if Ỹ = logZ̃ = log(1/Z); Z̃t = dPt

dP̃t
so for any real function g(x) ,

g(x) ∗ µY = g(−x) ∗ µỸ

and this relation carries over the compensators with respect to P̃ :

g(x) ∗ νY,P̃ = g(−x) ∗ νỸ ,P̃

Now to obtain the relation between νY,P̃ and νỸ ,P̃ we will apply Girsanov’s Theo-
rem for random measures (see [7] chapter III)

Z

Z−
=

eY

eY−
= ex ∗ µY (dt, dx) a.s.

This gives

MP
µ (

Z

Z−
/P̃) = ex

so
νY,P̃ = exνY,P

Then

iβ(P̃ , P ) = exI{e−x≤β} ∗ νỸ ,P̃

= e−xI{ex≤β} ∗ νY,P̃

= I{ex≤β} ∗ νY,P
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�

Let us consider the following conditions:

[β −D] Bnt
P−→ Bt ∀t ∈ D

[supβ −D] sups≤t |Bnt −Bt|
P−→ 0 ∀t ∈ D

[γ −D] C̃nt
P−→ Ct ∀t ∈ D

[δ −D] I{|x|>ε} ∗ νnt
P−→ 0 ∀t ∈ D ∀ε > 0

Lemma 1. Assume (E).

(1) Assume [δ − R+]. Then

sup
s≤t
|∆Bns |

P−→ 0 (4.2)

(2) Assume [δ − R+] and (V ar(Bnt )|Pnt ) is tight. Then∑
s≤t

(∆Bns )2
P−→ 0

Proof of Lemma 1. (1) follows from

|∆Bns | = h(x) ∗ νn({s}, dx) ≤ ε+ ∆I{|x|>ε} ∗ νns ≤ ε+ I{|x|>ε} ∗ νnt
(assuming h(x) = x in the set {|x| < ε} and |h(x)| ≤ 1). So

sup
s≤t
|∆Bns | ≤ ε+ I{|x|>ε} ∗ νnt

obtaining (4.2) by [δ − R+].
(2) is a consequence of (1) if we observe that∑

s≤t

(∆Bns )2 ≤ (sup
s≤t
|∆Bns |)V ar(Bnt )

�

Lemma 2. Assume (E).

(1) Suppose the following conditions hold, for some fixed t ∈ R+.

I{|x|>ε} ∗ νnt
P−→ 0 (4.3)

lim
a→∞

lim sup
n

P (1{x>a} ∗ νnt > η) = 0 ∀η > 0 (4.4)

∃ε > 0 such that (1{|x|<ε}x
2 ∗ νnt |Pnt ) is tight (4.5)

Then
1

8
hn(α)t −

α(1− α)

2
hn(1/2)t

P−→ 0

(2) And if furthermore

(V ar(Bnt )|Pnt ) is tight (4.6)

then:

hn(α)t −
α(1− α)

2
C̃nt

P−→ 0
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Proof of (1).

1

8
hn(α)t −

α(1− α)

2
hn(1/2)t = [

1

8
ϕα(ex)− α(1− α)

2
ϕ 1

2
(ex)] ∗ νnt

After computations

|(1

8
ϕα(ex)− α(1− α)

2
ϕ 1

2
(ex))| ≤ exI{x>a} +KaI{ε≤|x|≤a}

+ x3eεI{|x|<ε} + I{x<−a}

So let δ > 0 be given: Chose a and n0 such that

P (exI{x>a} ∗ νnt > δ/4) < δ/4 ∀n ≥ n0

as 1{|x|<ε}x
2 ∗ νY n

t is tight for some ε and eε(x3)I{|x|<ε} ∗ νnt ≤ εeε(x2)I{|x|<ε} ∗ νnt
we can chose ε0 and n1 such that

P (x3eεI{|x|<ε} ∗ νnt > δ/4) < δ/4 ∀n ≥ n1

As
(I{ε≤|x|≤a} + I{x<−a}) ∗ νnt

P−→ 0

(1) follows.

Proof of (2).

hn(α)t −
α(1− α)

2
C̃nt = [ϕα(ex)− α(1− α)

2
h(x)2] ∗ νnt +

∑
s≤t

(∆Bns )2

= Jn1 + Jn2

Now Jn1
P−→ 0 as in (1) because the integrands are continuous and have the same

behaviour at x = +∞, x = −∞ and x = 0.

Finally Jn2
P−→ 0 by (2) in Lemma 1. �

4.2. Proof of Theorem 1.

Proofs of (3) ⇒ (1).
According to Theorem VIII.5.42 in [7] (see also [3]) and Lemma 1 in [12] (that

gives when D is dense in R+, [β−D]⇒ [supβ−D] ) it is enough to verify [β−D],
[γ −D] and [δ −D]. Let us then choose t ∈ D.

Proof of [δ −D]
We know that

hn(β)t + hn(1− β)t − 8β(1− β)hn(1/2)t
P−→ 0

This means
[ϕβ + ϕ1−β − 8β(1− β)ϕ 1

2
](ex) ∗ νnt

P−→ 0

Denote λβ(ex) = [ϕβ+ϕ1−β−8β(1−β)ϕ 1
2
](ex) and η = 1−4β(1−β); 0 < η < 1,

we obtain

λβ(ex) = e
1
2x[2ηch(x/2)− 2ch(

η1/2

2
x) + 2(1− η)]
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by derivation becomes clear that

λβ(ex) ≥ 0 and λβ(ex) = 0 iff x = 0

Furthermore
λβ(ex) ∼ ηex if x→ +∞

λβ(ex) ∼ η if x→ −∞

And we obtain the following two facts: for any ε > 0

I{x>ε}ex ∗ νnt
P−→ 0, I{x<−ε} ∗ νnt

P−→ 0 (4.7)

which clearly implies [δ −D].
Proof of [γ −D]

As hn(α)t
P−→ α(1−α)

2 Ct, (2) in of Lemma 2 will give the result if we verify (4.5)
and (4.6).

(We have just verified (4.3) and (4.4)). Let us now see (4.5).
As ϕ1/2 ∼ 1

8x
2 if x → 0 the tightness is a consequence of 1{|x|<ε}x

2 ∗ νY n

t ≺
8hn(1/2)t (where A ≺ B stands for B −A is an increasing process)

Similarly (4.6) follows from the fact

V ar(Bnt ) ≺ K0h
n(1/2)t (4.8)

for some K0, and this is a consequence of the existence of K1 such that

|ex − 1− h(x)| ≤ K1ϕ 1
2
(ex)

Proof of [β −D]
From (2) in Proposition 1 we obtain:

−2Bnt =< Y n, Y n >t +2(ex − 1− h(x)) ∗ νnt

As C − 2B = 0 in the limit, it is enough to prove Cnt − 2Bnt
P−→ 0

Now

Cnt − 2Bnt = [2(ex − 1− h(x))− h(x)2] ∗ νnt +
∑
s≤t

(∆Bns )2

= I{|x|≥ε}[2(ex − 1− h(x))− h(x)2] ∗ νnt
+ I{|x|<ε}[2(ex − 1− h(x))− h(x)2] ∗ νnt
+
∑
s≤t

(∆Bns )2

= Kn
1 +Kn

2 +Kn
3

Kn
1

P−→ 0 as a consequence of (4.7)
In what respects Kn

2 as |2(ex− 1− h(x))− h(x)2| ≤ x3eε in the set {|x| < ε} we

obtain Kn
2

P−→ 0 by the same argument as in Lemma 2 (1).

Kn
3

P−→ 0 by (2) in Lemma 1. �



12 ERNESTO MORDECKI

Proof of (1) ⇒ (2) in Theorem 1.
Let us first verify the hypothesis of Theorem 2 in [13] for Y n and Y .
As for any t ∈ R+ Zt > 0 a.s. and E(Zt) = 1 we obtain

(Pnt ) / (P̃nt ) / (Pnt ) (4.9)

From Theorem V.2.3 in [7] applied to (P̃nt , P
n
t ), we obtain (hn(1/2, Pn, P̃n)t|Pnt )

is tight, and (V ar(Bnt )|Pnt ) is tight follows from (4.8). In consequence Theorem 2
in [13] gives

C̃nt
P−→ Ct ∀t ≥ 0

Let us now verify conditions of Lemma 2:
(4.3) is a consequence of the fact that Y is continuous.
(4.5) is a consequence of

I{|x|<ε}x2 ∗ νnt ≺ Kεh
n(1/2)t

Let us verify (4.4). The contiguity (P̃nt ) / (Pnt ) gives, by Theorem V.2.3 in [7]

lim
a→∞

lim sup
n

P̃n(I{x>a}ex ∗ νnt > η) = 0 ∀η > 0 (4.10)

but in (4.4) instead of P̃n we need P . The possibility of changing P̃n into P

follows from the fact (Pnt ) / (P̃nt ) by the following argument:
Denote

F (n, a) = {I{x>a}ex ∗ νY
n

> η}

and observe that F (n, a) ⊂ F (n, b) if a < b. From (4.10) we know that there exist
two sequences ak ↗∞ and (nk) subsequence of N such that

P̃nk(F (nk, ak)) ≤ 1

k

Then suppose
lim
a→∞

lim sup
n

P (F (n, a)) = θ > 0

We have
lim sup

n
P (F (n, a)) ≥ θ

for all a, so exists n
′

k ≥ nk such that P (F (n
′

k, ak)) ≥ θ for all k.

Since P̃nk(F (n
′

k, ak)) ≤ 1
k this contradicts (Pnt )/ (P̃nt ) and (4.4) follows, so (4.8)

and (4.4) gives

hn(α)t
P−→ α(1− α)

2
Ct ∀t ≥ 0

Proof of (2) ⇔ (4).
Finally we have to prove:
Under

hn(1/2)t
P−→ 1

8
Ct (4.11)
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Int (1 + ε)
P−→ 0 ∀ε ≥ 0 ⇔ hn(α)t

P−→ α(1− α)

2
Ct α ∈ (0, 1)

Proof of (⇒)

Int (1 + ε) = [(1− ex)I{ex<1/(1+ε)} + (ex − 1)I{ex>1+ε}] ∗ νnt
P−→ 0

clearly implies (4.3) and (4.4) in Lemma 2. As hn(1/2)t converges in probability it
is tight, giving (4.5). Then (4.11) and (1) in Lemma 2 give the result.

Proof of (⇐)
As in the proof of Theorem 1 we obtain (4.7) and

Int (1 + ε) ≤ [I{x<−log(1+ε)} + exI{x>log(1+ε)}] ∗ νnt

concludes the proof of (2) ⇔ (4). The proof of Therem 1 is concluded observing
that (2) ⇒ (3) is trivial �

Aknowledgements:. The author is in debt with A.N. Shiryaev, D.O. Kramkov
and A.A. Guschin for helpful discussion.
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