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ADAPTIVE WEAK APPROXIMATION OF DIFFUSIONS WITH
JUMPS*
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Abstract. This work develops adaptive time stepping algorithms for the approximation of
a functional of a diffusion with jumps based on a jump augmented Monte Carlo Euler-Maruyama
method, which achieve a prescribed precision. The main result is the derivation of new expansions for
the time discretization error, with computable leading order term in a posteriori form, which are based
on stochastic flows and discrete dual backward functions. Combined with proper estimation of the
statistical error, they lead to efficient and accurate computation of global error estimates, extending
the results by A. Szepessy, R. Tempone, and G. E. Zouraris [Comm. Pure Appl. Math., 54 (2001),
pp. 1169-1214]. Adaptive algorithms for either deterministic or trajectory-dependent time stepping
are proposed. Numerical examples show the performance of the proposed error approximations and
the adaptive schemes.
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1. Introduction. Since the introduction by Kiyoshi It6 of the theory of stochas-
tic integration [26], diffusion processes have become a benchmark model in the math-
ematical sciences. Nevertheless, the study of more complex phenomena, including
abrupt changes, pathwise features different from the ones of diffusions, and heavy
tails, leads to the introduction of models with jumps.

In our view, the introduction of jumps in stochastic modeling is realized at least
in the following three major directions. First, diffusions with jumps, the case we
consider in this work, are obtained by adding jumps to a diffusion-type dynamics.
Jumps have exponentially distributed interarrival times and amplitudes generated by
time-dependent mark distributions. This jump structure ensures the unpredictability
of the epoch and the magnitude of the jumps, a fact that is observed in financial
markets, where it leads to the incompleteness of the market. This first approach
was initiated with the work by Merton [37]. For other models we refer to Cont and
Tankov [11] and the references therein. In a second approach, the jump intensity
depends on the state of the process, implying a certain possibility to predict the jump
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ADAPTIVE WEAK APPROXIMATION OF JUMP DIFFUSIONS 1733

epoch. State-dependent jump diffusion processes are intensively used in default risk
theory, for instance, in the form of affine jump diffusion processes [13]. The third
approach assumes that not only the large movements but also the small movements
observed in the dynamics are generated by jumps. In some works even the Brownian
driving process is replaced by a stable-type process (i.e., a Lévy process with jump
measure with infinite mass around zero). This gives a process with an infinite number
of jumps on every bounded time interval, a situation known as infinite activity. Initial
references to infinite activity are, for instance, [34] and [17]. More recent works include
[10].

The computation of functionals of the above-mentioned stochastic processes,
when closed solutions are not available, led to the development of time discretiza-
tion schemes, following the approach by Maruyama [35]. In this wide field of applied
mathematics, standard references are the books by Kloeden and Platen [31] and by
Milstein and Tretyakov [39]. The main emphasis in these books is on the development
of different numerical schemes and the determination of their order of convergence.
Consider a given functional 6 (for instance, an expectation, related to an option price
in finance) of a stochastic process defined on a time interval [0,7]. Assuming the
necessary regularity, we say that a scheme has (weak) order r if it produces a sample
average approximate value, é\, such that |§— 0 = (’)((Atmax)r + M‘l/z), using a time
discretization {0 =ty < t; < --- <ty =T} and M independent samples.

Motivated by practical reasons, we formulate in this work a weak approximation
problem in the following way: given the functional @, the numerical scheme for time
discretization, and a certain desired accuracy TOL > 0, produce a computable sample
average estimator 6 such that |§ — 8] < TOL with a probability close to one. We also
seek to construct 6 using minimal computational effort.

To solve this problem we use the so-called jump augmented Euler—-Maruyama
scheme (also known as jump adapted Euler—Maruyama scheme; cf. [47]) and develop
novel time discretization error estimation formulas. Based on these computable error
estimates we propose a posteriori adaptive methods that compute the approximation
f and estimate its numerical error due to time discretization and statistical sampling.
If the prescribed accuracy TOL is not yet achieved, the adaptive algorithms decide
whether to subdivide a set of time intervals with largest error contribution or to
increase the number of realizations, up to the point of achieving the accuracy goal.
To the best of our knowledge, there are no references that follow this approach for
any class of jump processes.

Regarding the jump intensity A, we consider a moderate number of jumps, mo-
tivated by reported results from the calibration of jump diffusion models in finance.
For instance, the value A = 0.089 was reported for the calibration of the Merton
model with option prices on the S&P 500 index, and A =~ 1 for the Kou model applied
to the German DAX index; see [1] and [12]. These empirical facts allow us to rely
on the augmentation of the grid with the jump times, reported to be more accurate
for strong approximation of diffusion with jumps [6]. In Remark 4.1 we discuss the
corresponding additional work due to the inclusion of the jump points in the time
discretization.

The main contribution in this work is the generalization of the approach proposed
by Szepessy, Tempone, and Zouraris for diffusions in [51] to the context of diffusion
with large jumps. This generalization is based on the probabilistic properties of
diffusions with jumps, performing two steps of simulation. The first step relates
to the jump structure, and the second relates to the diffusion part. We provide
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1734 E. MORDECKI, A. SZEPESSY, R. TEMPONE, AND G. E. ZOURARIS

corresponding analysis for the approximation errors in each step. In section 2 we
present an example with a singularity and many jumps. There, our new algorithms
save a factor of one hundred in the number of time steps required to produce the
same accuracy as the uniform time stepping algorithm. Furthermore, for one of those
algorithms the additional computational work to generate the adaptive time steps is
negligible.

The other two cases not considered here, namely, diffusions with state-dependent
intensity jumps and high intensity of small jumps, seem to require other techniques
and would therefore be interesting for future work; see the end of section 1.2.1.

Efficient adaptive time stepping methods, with theoretical basis, use a posteri-
ori error information, since in general a priori knowledge is not as precise as the a
posteriori one. Adaptive time stepping methods can be based on Theorem 2.2 or The-
orem 3.1, where error estimates with leading order terms in computable a posteriori
form are obtained. These estimations require the use of stochastic flows and dual
functions in the presence of jumps. Dual functions are standard in optimal control
theory, in particular for adaptive mesh control for ordinary and partial differential
equations (see [4], [5], [16], [28], [29], [41], [43], and [44]) and were successfully applied
in the probabilistic context in [15], [40], [45], and [51].

Alternative deterministic methods involve the numerical approximation of the
Kolmogorov backward equation (2.5), which is a nonlocal partial integrodifferential
equation. Direct discretization of such time-dependent integrodifferential equations
requires the approximation of integrals at each time step and may suffer from the
curse of dimensionality. On the other hand, the Euler-Maruyama method avoids
these expensive computations. Examples of this deterministic approach include the
work by Andersen and Andreasen [1], which uses operator splitting to approximate
the integral term explicitly in Fourier space while approximating the other terms in
the equation implicitly, and the work by Matache, von Petersdorff, and Schwab [36],
which discretizes the partial integrodifferential equation by the #-scheme in time and
a wavelet Galerkin method in space.

For work which proposes and analyzes numerical methods for diffusions with
jumps, we refer the reader to Liu and Li [33], where weak convergence schemes are
analyzed, and Higham and Kloeden [22], [23], [24], where implicit methods for diffu-
sion with jumps are presented, analyzing strong convergence and nonlinear stability.
We refer also to Bruti-Liberati and Platen [6], [7], [8], [9], Kubilius and Platen [32],
and Mikulevi¢ius and Platen [38].

1.1. Problem’s setting. Let d € N, T > 0 and let X : [0,7] — R? be a
stochastic process solving the following stochastic differential equation:

t Lo t
X(t)=X0)+ [ a(s,X(s7))ds+ be(s, X (s7))dW*(s)
[onxenart ]

t
+/ /c(s,X(s‘Lz)p(ds,dz) Vte[0,T]
0 Jz
(see [19, Chap. I1.2], [27, Chap. III.2¢], or [25]), with initial condition X (0) = z( that
we assume deterministic for simplicity (see Remark 2.1 for a random initial condition).

The randomness in this equation is generated by the following:
(i) A standard ¢p-dimensional Wiener process

W ={W(t) = (Wt),...,Wh(t): t €[0,T]},
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defined on a filtered probability space (QY,F",F" PY), where
F" ={F"Y:te€[0,T]}

is a filtration and F}¥ = F".

(ii) A Poisson random measure p(w, dt, dz) on [0, T| x Z, where Z = R\ {0}, with
¢, € N, and deterministic compensator q(dt,dz) = A(t)u(t,dz)dt. Here A: [0,T] —
[0, Amax] is the time intensity of jumps with Apax € (0,400) and, for each fixed ¢t > 0,
the measure pu(t, dz) is a probability on Z. The jump measure is defined in a filtered
probability space (Q7, F’,F/ P’), where F/ = {F/: ¢ € [0,T]} is a filtration and
Fl=F"

As a consequence, the process X is defined on a stochastic basis (Q, F,F, P),
where @ = QY x Q) F = {FY @ F/:t € [0,T]}, and P = P" x P’; as usual in
this framework, the Wiener process and the Poisson random measure are mutually
independent. The coefficients a: [0,7] x RY — R?, b: [0,T] x R? — R¥%_ and
c: [0,T] x R* x Z — R? are assumed to be Borel functions, satisfying regularity
conditions stated in Lemma 2.1.

Given a scalar function g: R — R, a functional of the stochastic process X of
the form 6 = E[ g(X(T))], and a tolerance TOL > 0, the goal of our work is to derive

an algorithm that produces a computable approximation 9 to 0 such that
|6 - 6| < TOL

with a probability close to one and minimal computational effort.

1.2. The jump augmented Euler—-Maruyama simulation scheme. The
scheme has two steps. After choosing an initial deterministic partition of the time
interval [0,7] we sample the jump epochs and magnitudes, to later implement the
numerical method in the augmented grid, including the original points and the jump
points. We first describe the jump structure construction.

1.2.1. Construction of the integral with respect to the Poisson random
measure. Consider a sequence (e;)72; of random variables defined on a probability
space (7, F’, P’), which are independent and have common exponential distribution
with parameter one. Define an auxiliary function

(1.2) A = /Ot Ms)ds, te[0,T].

Then the number of jumps of the random Poisson measure p(dt,dz) in an interval
[0,¢] is

k
v(t) = max < k: Zej < A(t)

and the total number of jumps in [0,7] is denoted by v = v(T). The jump times
of the Poisson measure can be defined by 79 = 0, and 7, = A~ '(e; + --- + ej) for

k=1,...,v, and can be computed recursively by solving for 7; in the equations
Tk
(1.3) ek :/ A(s)dt = A(m) — A(mp—1) for k=1,...,v.
Th—1
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Once the jump times are computed, we proceed to sample the marks {Zy}, which,
conditionally on the values of the jumps times, are independent random variables
distributed respectively according to {u(7x,dz)}. Observe that the random measure
p(dt,dz), characterized by its intensity q(dt,dz) = A(¢)u(t,dz)dt, can then be con-
structed as

p(ds,dz) = Z O(rp,z,) (ds, dz).
k=1

Here 6(¢,z)(ds, dz) is a Dirac distribution at the point (¢, 7). As a consequence of this
construction, the stochastic integral with respect to the Poisson random measure, i.e.,
the last term in (1.1), can be computed as a finite sum, i.e.,

t v(t)
/0 / (5, X(57),2) plds,d=) = 3 e(mo, X7 ), Z1), t€ [0,7].

k=1

Some relevant remarks concerning the jump structure and its simulation are in order.
First, the number of jumps in the interval [0, 7] is almost surely finite, its expectation
being A(T) = fOT A(s)ds < AmaxT'- Second, since the time intensity A(¢) is determin-
istic, the jump times {7} can be directly obtained before solving for the process X;
it is enough to find the function A by accurately integrating (1.2) and successively
finding {71} by solving (1.3). Furthermore, if A is a constant, then we simply sam-
ple 7, = (e1 + -+ + ex)/\. The jump augmented Euler-Maruyama scheme admits
a direct generalization in the case of stochastic intensity, as long as this intensity is
independent of the Wiener process and it admits exact simulation. This is the case,
for instance, of a regime-switching intensity process (see, for instance, [2]).

In the second approach described before, the jump intensity A depends on the
current value X () of the process. Then it is not possible to sample the jump times
separately from the process and it is necessary to implement a different algorithm.
For instance, see Glasserman and Merener [20], [21], where a rejection algorithm
is proposed, reducing the case of uniformly bounded state-dependent intensity A =
A(t, ) < Ao(t) < Amax to the case of a time-dependent intensity A = Ao (t) < Amax,
which is our case.

Regarding the third approach described above and the possibility of adapting our
methodology to the case of infinite activity, a possible approach is to separate small
and large jumps, simulating the large jumps and approximating the small jumps by
an additional independent Brownian motion, as suggested by Asmussen and Rosinski
[3]. Nevertheless, one should be cautious, as the efficient use of the jump augmented
Euler—-Maruyama method assumes a moderate number of jumps, while the cut-off
approximation of the small jump part by a Brownian motion may produce a high in-
tensity compound Poisson process. This delicate tradeoff between “small” and “large”
jumps is characteristic in infinite activity Lévy processes problems, should be sepa-
rately examined, and is out of the scope of the present work (see [50]).

1.2.2. Jump augmented Euler—Maruyama time stepping algorithm. Af-
ter constructing the jumps and its marks as in section 1.2.1, we simulate the trajectory
X using the following scheme.

JUMP AUGMENTED EULER-MARUYAMA SIMULATION SCHEME.

Input: Given N, time nodes 0 =ty < t; < --- < ty = T, and sample jump times

0<m(w) < -+ < Ty (w) <T with corresponding marks Z(w), ..., Z, ., (w),
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set the jump counter k = 1.

Time stepping: Consider an augmented partition given by the union

{tn(@)}no = {Entn=o U {7a(w) }; 50,

where k(w) = N 4+ v(w) (a.s.) is the number of time steps.
Set the initial condition X (tg,w) = (.
For time steps n =0,...,k(w) — 1
Compute the remaining approximate grid values, X (t,.1,w),
by first constructing the left limit value of the approximated process,

X(triq,w) = X(tn,w) + altn, X (tn,w)) (tng1 — tn)

Lo
) b (b, X (b, ) (W tng1, w) = Wt w)).
=1
When needed, introduce the correction due to jump discontinuities:
if (tp41 = T(w)) then

(1'5) Y(tn-ﬁ-h w) = Y(’$'7_L+1’ w) + C(tn+17 Y(t;-&-l’ w)’ Z, (w))7
increase k to k + 1

else

(1'6) X(tn+17w) :Y(t;—&-lvw)a

end-if
end-for

Several important particular cases deserve comment. First, taking ¢ = 0 we
obtain the previous algorithm in [51]. For the other particular case when a = b =0
the approximate process X has the same law as X, due to the form of the grid proposed
in the numerical method (see [20]). A similar situation occurs when only b = 0; there,
conditioned on the jumps information, a higher order method for ordinary differential
equation integration should be used to approximate X between jump times, giving a
time discretization error which is essentially negligible with respect to the statistical
€error.

1.3. Error control. The aim, for a given TOL > 0, is to choose time steps
{0 = fo <t < -+ < iy = T} and the number M of independent identically
distributed (i.i.d.) samples {X (- ,wj)};il such that the computational work, defined
as M times the average number of time steps, i.e., M x E[k] is minimal, constrained
by the condition that the computational error, £, defined by

M
(1.7) £ =Elg(X(T))] - 37 ZQ(Y@ w;)),
is such that the event
(1.8) |€] < TOL

has a probability close to one. The computational error £ naturally splits as the sum
of the (deterministic) time discretization error £, and the statistical error €5 given,
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respectively, by

(1.9) &r = E[g(X(T))] - E[9(X(T))],
(1.10) Es = Elg(X(T))] — 37 Y_ 9(X(T,w;)).
j=1

The number M of independent realizations of X is computed from the statistical prop-
erties of £g. Theorems 2.2 and 3.1 state approximations for the time discretization
error in terms of error contributions from each time subinterval, that is,

Erx F <Z p(tm,w)(Atm)2>

(see (2.7) and (3.4)). These approximations are used to estimate the time discretiza-
tion error in the adaptive algorithms that we propose. The error density p(tn,,w;) in
(2.8) and (3.5), respectively, are computed through the discrete dual functions that
we describe in section 1.4.

1.4. Discrete dual equations. This subsection is dedicated to the determina-
tion of the discrete dual functions ¢(t) € RY, ¢'(t) € R¥¥4 and " (t) € RI*dxd
where ¢ is a node of the (stochastic) partition of the time interval [0,7]. First, we
introduce some notation.

DEFINITION 1.1 (local discrete solution operator). Write the Euler time stepping
for the time nodes t = to,t] ,t1,t5 ,ta,... as

(111) Y(t'rLe:zrtv"d) = @(t,X(t)L

where the next computational time is given by

RS R
t — _ .
ner toy i t=tn,

and, correspondingly, the previous computational time is

M L if t=t,
prev t- if  t=t,.

Observe that, depending on w and t, we may have
x+a(t, ) At + b8 (t, ) AWE if t=t,,
O(t,z,w) =< v+ c(t,z, Zp(w)) if t=1t, andt, is the kth jump time,

x if t=t, andt, is not a jump time.

Then, for each realization, ¢, ¢, and ¢” are constructed by the following algo-
rithm.
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DUAL BACKWARD TIME STEPPING ALGORITHM.
Set the initial backward values
(1.12) t="T,
@i(T) = 0;,9(X(T)),
@i (T) = Oirg(X(T)),
while ¢>0 set t=tpreo

(1.13) i(t) = 0;2;(t, X(t)) ¢; (tneat),

(1.14) Pin(t) = 0:®;(t, X (1)) On®p(t, X (1)) ] (tneat)

(1.15) +8m<1> (£, X (#)) ¢; (tnext),

(1.16) Pl (t) = 019 (, X (t))OpLp (£, X (£)) O @y (t, X (1)) (tneat)

+8im<1) (t, X (8) 0Dy (t, X (¢
+ 0i®;(t, X (1)) O @ (t, X (t
+ 0 ®; (t, X (1)) 0m @y (, X (1
+ Oikm ®;(t, X (8)) ) (tneat)-

))@;p(tneﬁ‘)
))W;p (tne;ct)
))‘P;‘p (tneat)

end-while

1.5. Adaptivity. After choosing the initial jump augmented grid, we propose
two different ways of a posteriori refinement or time stepping in order to achieve
the prescribed TOL: a first algorithm that refines simultaneously all the simulated
trajectories, which we call deterministic, and a second one that refines the simulated
trajectories one by one, which we call stochastic.

In the deterministic algorithm, the refinement is taken in order to achieve

(At,)?|E[p(t,,w)]| = constant.

Observe that we can only control the deterministic points #,, and not the whole aug-
mented grid. This is the basis of our adaptive algorithm in section 4.3.
In the stochastic algorithm the time steps are determined by the condition

(At,)?|p(tn,w)| = constant,

where, in contrast to the previous algorithm, there is no expectation. This is achieved
through a test performed at each interval of each realization, to decide whether to
refine the given interval (see section 4.4). In this case, when a node is added, a
Brownian bridge is used to obtain the value of both the Wiener process and the
approximated process, X, at this new intermediate time node.

Stochastic time steps are advantageous for problems with singularities at random
times, but since their use entails more work per realization than the deterministic
time steps they should be judiciously used. A natural application of stochastic time
steps appears in the weak approximation of killed diffusions; see [15]. The optimal
stochastic steps depend on the whole solution X (¢), 0 < t < T, and in particular
the step At(t) at time ¢ depends also on W(u) for ¢ < u. In stochastic analysis
the concept of adaptedness means, intuitively, that the values of the process at time
t depend only on the events generated by the sources of randomness up to time ¢,
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i.e., they do not depend on future events. In numerical analysis a method is said
to be adaptive when the approximate solution is used to control the error, e.g., to
determine the time steps. Our stochastic time stepping algorithm is in this sense
adaptive and nonadapted, since the time steps At(¢) depend on values of W(u) for
t < u, i.e., on future values of the Wiener process. The backward evolutions (1.13)—
(1.14) of the weight functions ¢ and ¢’ avoid solving for the two variables ¢, s present

in gf((;)) , which appears in the forward t-evolution equation for %f((st)) in the identity

i(tn) = 8jg(Y(T))gfj(g)); see (6.25). A solution with two variables s and ¢ would
require work of the order N? for each realization, instead of the corresponding work
of the order N in Theorem 2.2.

The rest of the paper is organized as follows. Section 2 contains a first error
expansion based on the dual functions and their first variations. Section 3 contains
a second error expansion based on the duals and their first and second variations.
Section 4 presents implementations of adaptive algorithms. Section 5 includes results
from numerical experiments, and section 6 presents the proofs.

2. A first estimate of the time discretization error. In this section we
present in Theorem 2.2 an error expansion in a posteriori computable form for the
time discretization error £, in (1.9) based on the first and second dual functions ¢
and ¢’. All the proofs are given in section 6.

Our analysis uses the fact that the simulated process can be extended to the
interval [0,T]. To do this we first define the piecewise constant coefficients

a(s; X) = altn, X(t,)) Vs € [ta,tnil),

(21) - =< Vi =
b (s;X)=0"(tn, X(tn)) VSE [tn,tnt1), £=1,... 4,

forn=0,...,v — 1, and then consider the stochastic differential equation

t Lo t_,
X(t)=X(0)+ [ a(s;X)ds+ b (5;X) dW*(s)
[oneg

+/01 /ZC(S,Y(S_),Z)p(dS,dZ) Vte[0,T].

A key point of our approach is the possibility of perfect simulation of the jump struc-
ture, avoiding the necessity of the consideration of an approximated jump coefficient
¢. For simplicity we introduce the notation 0y = %, Ok = ﬁ;mv e, O = % and
use the summation convention, i.e., if the same subscript appears twice in a term, the
term denotes the sum over the range of this subscript, e.g., ¢;10kb; = ZZ=1 cikOkb;,
and consequently

i 21]’

DO |

1 1 -
dij = 5 > bibl = -bivh,  di; =
(=1

For a derivative 0, the notation |a] is its order.
LEMMA 2.1. (a) Assume that the following regularity conditions hold:
(i) The functions a(t,x), b(t,x), and c(t,z,z) are continuous in (t,x) and are
twice continuously differentiable with respect to x.
(ii) The partial derivatives of first and second order with respect to x of the func-
tions a and b are uniformly bounded.
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(iii) The function c(t,x, z) satisfies
(2.3)

T
/ / (et 2, 2)] + [Vaclt, 2, 2)[* + [V2e(t, 2, 2)[2) N(B)pu(t, de)dt < C,
0 z

where V. denotes the gradient with respect to x, and the constant C is inde-
pendent of x.
(iv) The function g is twice continuously differentiable, and together with its par-
tial derivatives of first and second order it is uniformly bounded.
Then the cost to go function, defined by

(2.4) u(t,z) = E[g(X(T)) | X(t) = «],

satisfies the Kolmogorov equation
(2.5)

Opu(t, ) + apOxu(t, ) + din Oknu(t, ) + A(¢) /[u(t, x+c(t,z, z))—u(t,z)]u(t,dz) =0,

z

with the boundary condition
u(T,-) =g.

(b) Furthermore, if the following regularity conditions are satisfied:
) the functions Oga(t,-), dgb(t,-), and Ogc(t,-, z) are bounded uniformly in t
and z for 1 < |8] < 8;

(i) the jump intensity A(t) and the measure u(t,dz) have continuous time deriva-
tives; in addition, the functions a(-,x), b(-,x), c(-, x, z) have continuous and
uniformly bounded first order time derivatives;

(iii) fOT I, 1e(t,0,2)[** u(t, dz)dt < oo for all k € N;

(iv) the function g has spatial derivatives Ogg, with polynomial growth for |5 < 8;
then the function u has continuous partial derivatives with respect to x up to the order
8, satisfying the following polynomial growth condition: for alli € {0,1,2} and a € N?
with i + |a| < 8 there exists po,; € N and Cy,; > 0 such that

Jnax. | Didpul(t, x) | < Cosi (1+|z|P>) Vaze RY.

LEMMA 2.2. Assume that the regularity conditions described in paragraph (b) of
Lemma 2.1 hold. Then the time discretization error in (1.9) satisfies

&= [ B[(atX0) - at®) 0wt X )] &
(2.6) 0

T
+ [ B[ (40 X0) - 056 T0)) du(t. X ) | a,

0
where u = u(t, x) is the cost to go function defined in (2.4).

Remark 2.1. It is possible to relax the assumption of the process departing from
a fixed value g € R. We can assume that it departs from a random variable X (0),
independent of the jump structure and the Wiener process, and we can assume that
either this initial random variable admits perfect simulation by Y(O) or it does not.
Both situations easily adapt to our approach, giving (in the latter case) an additional
term of the form E[u(0, X(0)) — u(0, X (0))] in the error expansion in (2.6).
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Lemma 2.2 is combined with stochastic flows to derive the a posteriori error
expansion in Theorem 2.2 below. This error expansion is based on variations of the
processes X and X. The proof of Theorem 2.2 uses mainly the fact that the error
in replacing g(X (7)) in Lemma 2.2 by g(X(T)), in the representation (2.4) of d,u,
yields the small deterministic remainder term fOT O((At)?)dt in (2.7) of Theorem 2.2,
which is analogous to the O(N~2) term in Talay and Tubaro’s expansion, [53], and
needs some a priori estimate to be controlled. Lemma 2.2 can be applied to estimate
this error. The second important ingredient in the proof is the Markov property of
X satisfied at the discrete times ¢,,. Based on the fact that X(¢,) is F;, measurable,
the nested expected values

E[aj (tmy(tn))azj (tn)E[Q(Y(T)) ‘ ftn]:l
in (2.6) can, by the definition of ¢ and its implication (6.25), be decoupled to
E [aj (tn, y(tn))SOj (tn)} )

which reduces the computational complexity substantially; see Lemma 6.3.

THEOREM 2.2 (first error expansion). Suppose that a, b, g, X, and X satisfy
the assumptions in Lemma 2.2. Then the time discretization error in (1.9) has the
expansion

(2.7) N-1 N-1 N-1
Er=E | pllm,w)(Aln)?| + E | Y (Al)? {O(Afm) +> O((AW)H :
m=0 m=0 k=m

where the leading order error term is in computable a posteriori form:

(2.8)
5 _ _ At,
i) = ;zjj [t R, 0) = ot Kt )il 0] 5
N ~N A n
+ % nezjm [(dlk (tn-l-lv X(t;—i-lv w)) —dik (tn’ X(tnv w)))@;k (t;-',-l’ w)] ﬁ

with Ty = {0ty <t <tmirt, m=0,...,N — 1, and the discrete dual functions
o(tn) € RY and ¢'(t,) € R™¥9 defined in (1.13) and (1.14), respectively.

Remark 2.3. When implementing a deterministic time stepping algorithm based
on this result the expectation of the sum of errors in (2.7) is approximated by the
mean of the errors along the M simulated trajectories, i.e.,

N-1 1 M N-1
E Z P(tmaw)(Atm)Q] ~ M Z Z P(tmawj)(Atm)z-
m=0 7j=1m=0

The statistical error of this approximation can be expressed as

N1 1 M N-1 T
] . ) -
E n;)p@m,w)(mm —M;;)p(tm,%)(mm) — /O (g + Jar)dt,

where the distributions of the statistical errors v M Iy, and v M Jy; weakly converge
to normal distributions with mean zero and time interval-dependent variances given
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by
Var Z (ai(tn-‘rhy(t;,—i-l)) - ai(tnay(tn)) )‘Pi(t;-;-l) = O(A{m)
n€EJIm
and
Var | Y (dik(tnr1, X (6,11)) = dik(tn, X (t0)) )ik (tn 1) | = O(A),
n6\71n

respectively. Observe that the number of realizations to determine a reliable error
estimate is in general TOL™!, much smaller than the —proportional to TOL™?—
number of realizations to approximate E[g(X(T))]. For more details on this and the
statistical approximation of the error density p see Remark 2.7 in [51].

3. A second estimate of the time discretization error. In this section we
present in Theorem 3.1 an error expansion in a posteriori computable form for the
time discretization error £, in (1.9) based on the dual functions and its first and
second derivatives ¢, ¢’, and ¢”. The analysis uses the Malliavin derivative, dy ()Y,
which is the first variation of a process Y with respect to a perturbation dW(t), at
time ¢ of the Wiener process; cf. [46]. As we will see, although computationally more
expensive than the expansion in Theorem 2.2, it gives a more precise estimation of
the error, measured through its variance.

We shall restrict the analysis to time steps which are constructed by first sampling
the jump times to augment an a priori given time discretization Af, obtaining At[0]
(see (3.3)). Using the refinement criterion

(3.1) |p(t,w)|(At(t))2 < constant,
we construct the partition At(t) that satisfies
At(t) = At[0](t)/2™ for some natural number n = n(t,w),

with an approximate error density function p, satisfying for s,¢ € [0,7] and all out-
comes w the uniform upper and lower bounds

prow(TOL) < [p(s,w)| < pup(TOL),
0w (1)p(5, )| < pup(TOL).

Here piow and p,, are positive functions with TOL/p;0,(TOL) — 0 as TOL — 0.
For each realization successive subdivisions of the steps yield the largest time steps
satisfying (3.1). The corresponding stochastic increments AW will have the correct
distribution, with the necessary independence, if the increments AW related to the
new steps are generated by Brownian bridges [30], i.e., the time steps are generated
by conditional expected values of the Wiener process.

Let 6 be a constant approximating %, where E[N] is the expected number of
steps. The analysis in this section with adaptive nonadapted time steps, satisfying
(3.1)—(3.2), is based on the stochastic time stepping algorithm described below.

In what follows, Lemma 3.1 and Theorem 3.1 show that although the steps gen-
erated by (3.1)—(3.2) are not adapted, the method indeed converges to the correct
limit, which is the same as the limit of the forward Euler method with adapted time
steps.

(3.2)
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LEMMA 3.1 (strong convergence). Suppose that a,b,c,g, X satisfy the assump-
tions in Lemma 2.2, that X is constructed by the forward Euler method, based on the
stochastic time stepping algorithm above, with step sizes At,, satisfying (3.1)—(3.2),
and that their corresponding AW, are generated by Brownian bridges. Then

— - TOL
sup \/EHX(t)—X(t)H—O(\/TS‘lp)_O( plow(TOL))_)O

0<t<T

as TOL — 0, where Atg,, = sup,, ,, Aty (w).
STOCHASTIC TIME STEPPING ALGORITHM.
Do for M realizations w;, j=1,...,M:
Sample jump times: 0 < 71(w;) < -+ < Ty, (wy) < T
Consider the initial augmented partition given by the union

(3.3) AL[0] = {tn(wi)bncd = {Ea}N_o U {Ta(w)) Yt

that has k(w;) = N + v(w;) (a.s.) time steps.

STEP 1: Set k = 0. Start with the initial coarse mesh At[0] and compute
AW/0].

STEP 2: For the piecewise constant mesh function At[k] with corresponding
noise AW k], compute X[k] and the weight function p[k] defined in (3.4)—
(3.5).

STEP 3: Define r(t) = |p[k](t)|(At[k](t))? and let for all ¢

Atk 4 1](8) = { AR i r(t) <8 ()
Atk)(t)/2 ifr(t) > 6, (%)
and in the refinement case (x) construct AWk 4 1] by Brownian bridges
based on the already known AW/k].
STEP 4: If at least one step of At[k] is refined by (%), increment k by 1 and
goto Step 2. Else all steps of A¢[k] satisfy (f); thus accept the approximation
g(X(T,w;)) and goto the next realization of p and W.
Enddo
If the statistical error, E[g(X(T))] — & Z;Vil g(X(T,wj)), is sufficiently small
stop, else restart with a larger M.
Endif
For a detailed description of the stochastic time stepping algorithm see section 4.4.
Proof of Lemma 3.1. The proof relies on the two-step simulation scheme that we
construct and on the fact that the jump nodes do not contribute to the global error.
Observe that F” is the o-algebra generated by the jumps and marks constructed in
section 1.2.1. Consider the conditional expectation E[|X (t) — X (¢)|* | F“] and apply
Lemma 3.1 from [51], using also that there is no time discretization error at the jump
nodes. a
In addition to the dual functions ¢ and ¢’ in Theorem 2.2, the new error expansion
for stochastic time steps in Theorem 3.1 below also uses, for ¢t = ¢, ;, the discrete
dual variation ¢”(t) defined in (1.16). It derives an error estimate applicable both
to adaptive deterministic time steps and to the stochastic time stepping algorithmy;
the assumptions and the proof of the theorem focus on stochastic steps; however,
a modification to deterministic time steps is straightforward. The computable error
density p of this error estimate can then be cut off for small and large values to satisfy
(3.2). This truncation procedure is explained in formulas (4.6) and (4.15).
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THEOREM 3.1 (second error expansion). Suppose that the functions a,b, ¢, g, and
the process X satisfy the assumptions in Lemma 2.2 with X (0) deterministic. Let X be
constructed by the forward Euler method with step sizes At,, satisfying (3.1)—(3.2) and
let the corresponding AW, be generated by Brownian bridges, following the stochastic
time stepping algorithm in Lemma 3.1. Then the time discretization error defined in
(1.9) has the following expansion, based on both the drift and diffusion fluxes and the
discrete dual functions ¢, @', and ¢ given in (1.13)—(1.16), with computable leading
order terms:

(3.4)
o S 0 (5 o) (280 ) ]

for any € > 0 and where

- 1 _
ptn,w) = 3 ((@ak + 0jara; + 8ijakdij)apk(tn+l)
(3.5) + (atdkm + Ojdgma; + 0ijdimd;; + 2ajakdjm)<p;€m(t7:+l)
+ (28Jdkmdj7")(pgmr(t;+l))

and _the terms in the sum of (3.5) are evaluated at the a posteriori known points
(tn, X(tn)), i.e.,

aaa = aaa(tnyy(tn))7 aozb = 6ab<tn7y(tn))7 aozd = 8ad(tnay(tn))

Observe that the constant in O that appears in (3.4) may not be uniform with
respect to the value e. Thus, in practice one chooses ¢ = ¢(TOL) to minimize the
contribution of the remainder term to the error expansion (3.4).

4. Adaptive time stepping algorithms. Here, we describe two adaptive time
stepping algorithms for the weak approximation problem based on the approximation
error formula (3.4). They are very similar to those introduced in [45]. Algorithm
D augments a mesh that is the same for all realizations with jump times that are
sampled differently for each realization; its adaptive strategy is based on averaged
information from the a posteriori error formula. On the other hand, Algorithm S
can adapt the mesh differently for each realization. Both adaptive algorithms choose
adaptively the number of realizations and the size of time steps to efficiently bound
the approximation error by a prescribed error tolerance.

4.1. Computational error splitting. As we described in section 1.3 the weak
approximation computational error £ of the jump augmented Euler—-Maruyama scheme
naturally splits into time discretization and statistical errors, namely, £ = £, + Es.
Thus, the control of the computational error is related to the combined control of the
time discretization error via the choice of the time steps At, and of the statistical
error via the choice of the number M of realizations. Therefore, we split a given
computational error tolerance, TOL > 0, into a statistical error tolerance TOLg and
a time discretization error tolerance TOL; (see [51], [45]) by

(4.1) TOL, = %TOL and TOL, = %TOL.
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M

4.2. Control of the statistical error. For M independent samples {Y (w;)}72,
of a random variable Y, with E [ |Y|6} < 00, define the sample average by

1 M
AY; M) = MZY(%)

and the sample standard deviation by
S(Y; M) = {AY* M) - (AY; M))*}* .

Let oy = {E[|Y — E[Y]|"]}? and Z,, = YA (A(Y; M) — E[Y]) with cumulative dis-
tribution function Fyz,, (z) = P(Zy < 2), v € R. Let v = (E[|Y — E[Y]]?])'/3 /oy <
00. The Berry—Essen theorem [14] gives the following estimation in the central limit

theorem:

sup |z, () = N (z)] < <=

for the rate of convergence of Fz,, to the distribution function A of a normal random
variable with mean zero and variance one, i.e.,

(4.2) N(@) = /_ m \/% exp (-}2) ds.

Provided M is sufficiently large, i.e., M >> 36~%, the statistical error
£4(Y; M) = E[Y] — A(Y; M)

satisfies, by the Berry—Essen theorem, the probability approximation

oy

In practice choose some constant ¢, > 1.65, so the normal distribution satisfies 1 >
2N (c,) —1 > 0.901 and the event
S(Y; M)

v M
has probability close to one, which involves the additional step to approximate oy by
S(Y;M); cf. [18]. Thus, in the computations Eg(Y; M) is a good approximation of
the statistical error E5(Y; M).

For a given TOLg > 0, the goal is to find M such that Eg(Y; M) < TOLg. The
following algorithm adaptively finds the number of realizations M to compute the
sample average A(Y; M) as an approximation to E[Y]. With probability close to one,
depending on c,, the statistical error in the approximation is then bounded by TOL;.

routine Monte-Carlo(TOLg, My; EY)
Set the batch counter m = 1, M[m] = My and Eg[m| = +o0.
Do while (Eg[m] > TOLg)

(4.3) E5(YV; M)| <Eg(Y; M) =e,

Compute M[m] new samples of Y, along with the sample
average FY = A(Y; M[m]), the sample standard deviation
S[m] = S(Y; M[m]) and the statistical error estimation
Eg[m + 1] = Eg(Y, M[m]). Compute M[m + 1] by
change M (M[m], S[m], TOLg; M[m + 1]).

Increase m by 1.

(4.4)
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end-do

end of Monte-Carlo

routine change M (M, Sin, TOLg; Myyt)

N2
M = min{integer part (C%(fﬁg ) , MCH x Mm},

(4.5) n = integer part (logo M™) + 1,
Moy = 27

end of change M

Here, M; is a given initial value for M, and MCH > 1 is a positive integer
parameter introduced to avoid a large new number of realizations in the next batch
due to a possibly inaccurate sample standard deviation S[m]. Indeed, M[m+1] cannot
be greater than MCH x M [m].

4.3. Deterministic time stepping algorithm. Following closely [40] and [45],
we present an adaptive algorithm based on the cut-off of the error density p in (3.5)
of Theorem 3.1 which is defined as

(4.6)

Py = min (max (

The error expansion in Theorem 3.1 motivates us to approximate the time discretiza-
tion error by

—— > (At)*p(te, X)

1
2
(B &=

,TOLé> ,TOL—1>, n=1,...,N.

(4.7) & S E

N
E Tn|,
n=1

where the error indicator, r,, is defined by
(4.8) = p" (AL)%, n=1,...,N.

The main advantage of the deterministic time stepping algorithm over the stochas-
tic time stepping algorithm is that the number M7y of realizations necessary to de-
termine the optimal deterministic stepping scheme is considerably smaller than M,
whereas, in the stochastic time stepping algorithm, a refinement of the partition is
carried out in each one of the M trajectories, leading to a considerably larger amount
of computational work.

As pointed out before, the error expansion derived in Theorem 3.1 is also valid
with deterministic time steps. Therefore, we have some flexibility in the choice of
error densities for the adaptive algorithm with deterministic time steps because we
can also use the results from Theorem 2.2. There are some practical differences to
mention. On the one hand, the variance of the averaged error density from (2.8) is
O( AfnlMT ). This feature has been observed in [42] and [51], where a local filtering
procedure was proposed to reduce the variance of the error density estimator. A
positive feature of this error density is that it does not require the computation of the
second variation, ¢, which may be computationally expensive for large d. On the
other hand, the averaged error density from (3.5) has a much smaller variance O(ﬁ)
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which does not need filtering but requires the computation of ¢”. In this work, based
on the comments above and on previous experience (mainly [51]), we do not discuss
further this choice and only show numerical results with adaptive deterministic time
steps based on the error density (3.5).

The approximation of the time discretization error in the right-hand side of (4.7)
can be separated into two parts,

N N N N
zrn] < (zrn;MT> + zrn] 4 (zm@
n=1 n=1 n=1 n=1

where the second error term in the right-hand side of (4.9) is with probability close
to one asymptotically bounded by

i] A <§M>

n=1 n=1

(4.9) E E

9

(St

VM
and the first term defines Erp = A(Zﬁ;l rn; Mr). Then for a given TOL7 > 0, the
goal is to construct a partition At of [0,7] with as few time steps and realizations
Mt as possible, such that Er + Erg < TOL;. To this end, first split the time
discretization tolerance TOL into two positive parts, TOLr+ and TOL, ¢ for E-+ and

Ers, respectively. The statistical error of the time discretization using the density (4.6)

is O(At—\/Mf‘;) Therefore the percentage of the tolerance, TOL, devoted to the control
of the statistical time discretization error can be arbitrary small as Atg, — 0. In

practice we choose

(4.10) |E

< Ers =co

~

(4.11) TOLyy = gTOLT = STOL TOLpg = %TOLT = éTOL.

The control of the statistical time discretization error determines the number of re-
alizations Mp necessary to ensure a reliable choice of the time discretization in the
deterministic time stepping algorithm. Similarly as in [45], here it is optimal to
equidistribute the error contributions from different time intervals. Thus, the goal of

the adaptive algorithm described below is to construct a deterministic time partition
At of [0,T] such that

TOLpr
N )

(4.12) Tn = A(rp; Mr) < dy n=1 N

goeeey B

where dy = 2; see [45, Remark 3.9].
To achieve (4.12), start with an initial partition At[1] and then specify iteratively
a new partition At[k + 1], from At[k], using the refinement strategy
for n=1,2,...,N[k]
(4.13)  if 7y k] > dy T2 then divide Af,[k] into 2 uniform substeps.

N[
else let the new step be the same as the old
endif
endfor

until the following stopping criteria is satisfied:

(4.14) if( max mk]<D1%

th Stop.
1<n<NIk] NIk ) en stop

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



ADAPTIVE WEAK APPROXIMATION OF JUMP DIFFUSIONS 1749

Here Dy is a given constant satisfying Dy > 2d;, where é ~ 1/2; see [45]. The
combination of (4.9) and (4.14) asymptotically guarantees a given level of accuracy,
Err < DiTOLpp. The positive number D1 is introduced to avoid slow convergence
in case almost all 7, satisfy (4.14), as in section 4.4.
Now we are ready for the detailed definition of the adaptive algorithm with de-
terministic steps.
ALGORITHM D.
Initialization Choose:
1. an error tolerance, TOL = TOLg + TOL77 + TOL7g,
a number N[1] of initial uniform steps A#[1] for [0, T,
a number M|[1] of initial realizations and set Mp[1] = M[1],
anumber d; = 2 in (4.13) and é = 1/2+1/20 to compute D; using Dy > 2dy,
a constant ¢y > 1.65 and an integer MCH> 2 to determine the number of
realizations in (4.5), and
6. a constant e = 1/2 used to control the statistical error in the time discretiza-
tion error estimate.
Set the iteration counter, k, for time refinement levels, to 1 and set the statistical
error, Epg = +oo and 7[k] = +oc0.
Do while ( 7[k] violates the stopping criterion (4.14) or Epg > TOLpg )
Compute the sample averages and the error estimates on A#[k]
by calling Euler. Set Mr[k + 1] = Mr[k] and Atk + 1] = At[k].
Set 'I’_(SiT&G = max(TOLrg, eErr).
If (ETS > 'f(\)_iTsyé)
Update Mk + 1] by change M (My[k], Sps[k], TOLrg,c; My [k + 1)).
elseif ( 7[k] violates the stopping criterion (4.14) )
For all time steps ¢ = 1,..., N[k], do the refinement process (4.13)
to update Af[k + 1] from Af[k].
end-if
Increase k by 1.
end-do
Compute an approximation, Eg, for E[g(X (T))] with fixed time mesh At = Af[k]
by Monte-Carlo(TOLg, Mr[k]; Eg) in (4.4).
Accept Fg as an approximation of E[g(X (T'))], since the estimate of the
computational error is bounded by TOL.

G o

routine Euler

For each M, [k] new realizations, sample jump times with their corresponding
marks.

As described in section 1.2, use Af[k] to compute corresponding realizations
of the Euler method.

Update the approximations of the time discretization error indicators 7[k]
and the statistical time discretization error Erg[k] and compute the sample standard
deviation Srg[k] = S(g(X(T)); Mr[k]).

end of Euler

4.4. The stochastic time stepping algorithm. Now we describe an adap-
tive algorithm with stochastic time steps based on a cut-off of the error density p
introduced in (3.5) of Theorem 3.1, pg, defined as

(4.15) pY = min (max (|ﬁ(tn,Y)|, TOL%) ,TOL_l) , n=1,... k.
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Following the error expansion in Theorem 3.1, the time discretization error is
approximated by

(4.16) €| S E

>l

n=1

where the error indicator, r,, is defined by

(4.17) = p2 (AL)2 n=1,... k.

In this case it is optimal (cf. [45]) to equidistribute the error contributions among all
time steps and all realizations. In other words, the goal of the adaptive algorithm is
to construct a time partition At of [0, T for each realization such that

TOL
(4.18) rn < 81 E[H]T7 n=1,...,k,

where s; = 2; see Remark 3.1 in [45]. Note that in practice the quantity E[x] is
not known and we can only estimate it by a sample average A(x; M) from the previ-
ous batch of realizations. The statistical error |E[k] — A(k; M)| is then bounded by
Es(k; M), with probability close to one, by the same argument as in (4.3).

Let &[j] = A(k; M[j]) be the sample average of the final number of time steps in
the jth batch of M[j] realizations. To achieve (4.18) for each realization, start with
an initial partition At[1] and then specify iteratively a new partition At[k + 1], from
At[k], using the following refinement strategy:

for each realization in the jth batch

for each time step n = 1,..., k[k]
if rp[k] > s1 g[?ffp then divide At,[k] into 2 uniform substeps.
(4.19) else let the new step be the same as the old
endif
endfor
endfor

The refinement strategy (4.19) motivates the following stopping criteria: for each
realization of the jth batch

. TOL
(4.20) if <1§T§i§[k] T [K] <51M> then stop,

where S; > %51 with é ~ %; see [45].
Now we are ready for the detailed definition of the adaptive algorithm with
stochastic steps.
ALGORITHM S.
Initialization Choose:
1. an error tolerance, TOL = TOLg + TOL,
2. a number N[1] of initial uniform steps At[1] for [0,T] and set & = N[1],
3. a number M[1] of initial realizations,
4. a number s; = 2 in (4.19) and é = 3 + 5 to compute S using S; > 2 54,
and
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5. a constant ¢y > 1.65 and an integer MCH> 2 to determine the number of
realizations in (4.5).
Set the iteration counter for batches m = 1 and the stochastic error Eg[m| = +o0.
Do while ( Eg[m] > TOLg )
For realizations j = 1,..., M[m]
Set k=1 and r[k] = +o0.
Generate the jump times and their marks (7, 2Z) = {(7¢, Z¢) }}_;.
Start with the initial partition At¢[k] and generate AW [k].
Compute g(X(T))[J] and N[J] by routine Control-Time-Error.
end-for
Compute the sample average Eg = A (g(X(T)); M[m]), the sample
standard deviation S[m] = S(g(X(T)); M[m]) and the a posteriori bound
for the statistical error Eg[m] = Eg(g9(X (7)), M[m]) in (4.3).
if ( Es[m] > TOLg )
Compute M[m + 1] by change M (M[m], S[m], TOLg; M[m + 1]),
(see (4.5)) and update & = A (k[J]; M[m]), where the random variable
k[J] is the final number of time steps on each realization.
end-if
Increase m by 1.
end-do
Accept Eg as an approximation of E[g(X(T))], since the estimate of the
computational error is bounded by TOL.

routine Control-Time-Error(At[k], AWIk],7[k],(r,Z);g(X(T))[J], N[J])
Do while ( r[k] violates the stopping criterion (4.20) )
Compute the Euler approximation X [k] in section 1.2 and the error
indicator r[k] in (4.8) using the error density (4.15) on At[k] with the
known Wiener increments AWk].
If ( r[k] violates the stopping criterion (4.20) )
For time steps i = 1,..., N[k]
Do the refinement process (4.19) to compute At[k + 1] from A¢[k]
and compute AW [k + 1] from AW k] using Brownian bridges.
end-for
end-if
Increase k by 1.
end-do
Set the number of the final level J =k — 1.
end of Control-Time-Error

Remark 4.1 (computational limitations of the jump augmented Euler scheme).
Since the Euler method has weak order one, the number of discretization points
needed to control the time discretization error is O(1/TOL). Therefore, as long as
the product A(T)TOL <« 1, we can still use the jump augmented Euler method to
solve the weak approximation problem with an amount of computational work that
is similar to that required to solve the same problem without jumps. We still find
it important to emphasize that our error approximation theory does not rely on the
assumption A(T)TOL < 1; the key point is that it may become too costly to apply it
if this condition does not hold. Indeed, if A(T)TOL ~ 1 (or larger), one can suggest
(for overall computational efficiency reasons) using another time discretization which
does not include jump times in the computational grid, for instance, one related to
those discussed in [22] and [33].
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5. Numerical experiments. This section shows numerical results from the im-
plementation of the a posteriori error approximation formula presented in section 2
and of the adaptive algorithms described in section 4. Our implementation uses
double-precision FORTRAN 77 and is an extension of the code written for the nu-
merical experiments in [51]. For the numerical simulation of the uniform distribution
U(0,1) and the normal distribution N (0, 1), we implemented a double-precision mod-
ification of the functions ranl and gasdev proposed in [48], with a user-provided
initial seed which must be a negative integer. In particular, we use three different
seeds for the independent sources of randomness in our equations, namely, iseed for
the simulation of the Wiener process increments, zseed for the simulation of the jump
marks, and tseed for the simulation of the jump times.

Ezample 1. Consider the stochastic differential equation (1.1) with d = 2, ¢y =
=1,

Al

a(t,m):(—m% $1+;>\(t)$2>, bl(t73;‘): ( i

and a time-dependent intensity A(t) = (1+¢)~!. The distribution for the jump marks
is time dependent and such that F[ZZ] = 1. In particular, we use Zj = cos(277g) +
sin(2n7;) 23 (Uy — 1), where {7} are the jumps constructed in section 1.2.1 and
{Uy} is a sequence of U(0, 1) i.i.d. random variables. In this case, the inverse function
A1 is given explicitly by A=1(s) = exp(s) — 1. This example is a generalization of
Example 5.1 in [33]. Here, we have both time-dependent jump intensity and mark
distribution for the underlying Poisson process. Taking g(z) = |z[?, T = 1, and
X(0) = (0,0), the exact solution of the corresponding weak approximation problem
is given by the formula

sin(z), O) ,

c(t,z,z) = <O, z

A(s) 1 1

T
E[g(X(T))] = |X(0)[ */0 e R e

The value of the parameters needed in the simulations are MCH = 10, ¢y = 1.65,
iseed = —7, zseed = —101, and tseed = —20. We note that the expected value
of the number of jump points equals A(T) = A(1) = log(2) ~ 0.693. Therefore, the
computational cost of including the jump times of the process X in our discretization
is fairly low; see the statistic for the sampled number of jumps, v. In fact, the extra
work to simulate the exact jump times of the process is asymptotically negligible as
the required accuracy, TOL, tends to zero.

Deterministic time stepping algorithm. First, we perform overkilling runs in order
to test how realistic the a posteriori error approximation of the time discretization
error described in Theorem 2.2 is. The results, shown in Table 5.1, confirm that
the ratio of the computational error and its computable approximation tends to 1 as
the number of uniform time steps N increases. For each value of N, we choose the
number of realizations M large enough in order to keep the total statistical error at
the level of 1% of the size of the obtained approximation of the time discretization
error. Then Table 5.2 contains the results of the Algorithm D with an adaptive choice
of both the deterministic time steps and the number of realizations. The program
starts with M = 100 and N = 5 subintervals as an initial uniform partition of the time
interval [0, 7] = [0,1]. The tolerance TOL = 0.02 is divided into TOLg = 0.01333,
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TABLE 5.1
Computing the efficiency index of the Algorithm D in Example 1.

1753

Adaptive choice of M

co =165 | iseed=-7 | A= 7ETT7E557ETS B = 7ETT+E£S+ETS
N M Err Es +Ers [min{A, B}, max{A, B}]
5 10x108 | —6.02x 1072 5.87x107% [1.026, 1.046]
10 | 50x10% | —3.14x1072 2.33x1074 [1.019, 1.035]
20 | 100x106 | —1.59x1072 1.54x 1074 [1.008, 1.028]
TABLE 5.2

and At with Algorithm D when TOL = 0.02 in Example 1.

Iter. | N M & Err Ers Es
1 5 100 —2.66x1072 | —5.22x1072 | 1.82x1072 | 1.44x10~!
2 10 100 —9.19%x1073 | —248x1072 | 8.74x1073 | 1.35x10~!
3 20 100 9.16x1072 —1.16x1072 | 4.25x1073 | 1.30x10~1!
4 20 | 1000 | —1.78x10~2 - — 4.54x1072
5 20 | 10000 | —1.77x10~2 — - 1.50x 102
6 20 | 14088 | —1.29x 102 — — 1.23x10~2

TOL, = 0.00444, and TOL,s = 0.00222. When the algorithm stops, the size of the
total approximation error is less than 2TOL according to the stopping criterion (4.14),
and it agrees with the size of the computational error.

Stochastic time stepping algorithm. To observe the performance of the stochastic
time steps Algorithm S, we apply it for different values of TOL, starting with a
number of realizations M = 100 and a number of uniform time steps N = 5. Table
5.3 contains the obtained results which show that Algorithm S is also effective in
giving us an approximation of the quantity of interest within the margin of 2TOL due
to the criterion (4.14).

Example 2. The second example motivates the use of adaptivity by applying
Algorithm D to a linear one-dimensional (d = 1) stochastic differential equation with
time-dependent coefficients. It is interesting to observe that although here the evolu-
tion of X has many jumps, computing with Algorithm D based on jump augmented
grids is still substantially more economical than doing the time stepping on a uniform
mesh. The goal of the computation is given by the function g(z) = x, the initial
condition xg = 1, and the final time T = 1. The coefficients of the equation have the
form

a(t,z) = a(t)x, b(t,z)= c(t,z, 2) = cpxz,

x
\/57
where ¢, > 0 is a given constant defined below. The compensator of the jump measure
is given by q(dt,dz) = A(t)u(dz)dt, where u(dz) is the uniform distribution in the
interval [—+/3, /3], and the jump intensity exhibits two different regimes,

() {gNJ

with Ny = 322 = 1024. Thus, we expect in the mean N; = 1024 jumps per realization.
The time varying drift function is

if0<t<2/3,
if2/3<t<1,

if + < 1/3,

0
G,(t):{ 1 .
o f1/8stsl

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



1754 E. MORDECKI, A. SZEPESSY, R. TEMPONE, AND G. E. ZOURARIS

TABLE 5.3
Adaptive runs with Algorithm S corresponding to different required accuracies in Example 1.

TOL M A(k; M) | [Kmin, fmax] | S(k; M) | Vmax Es £

0.040 3.2x103 8.3 [5, 41] 5.2 6 0.0250 | —0.002
0.020 12x103 10.9 [5, 73] 9.2 6 0.0130 —0.006
0.010 48x 102 20.5 [10, 146] 16.9 6 0.0066 | —0.010
0.005 | 186x103 30.1 [10, 193] 32.2 7 0.0033 | —0.003

Finally, the constant that defines the jump amplitude is ¢, = 1/4/N;. The exact
solution of the corresponding weak approximation problem is

E[g(X(T))] = exp </OT a(t)dt) = exp (\/T —1/3+TOL* - TOL2> :

Due to the time discontinuity of the drift function and to ensure optimal conver-
gence of the adaptive algorithms, we modify the diffusion step in the Euler method
by

X(tyy1) — X(tn) = a(t, X)) Aty + X (tn)AW,, n=0,....5— 1,
where we choose the stochastic evaluation time ¢ € {tn,tnt1} by
|a(£, Yn)‘ = max(|a(tn,yn)|, |a(t;+1,yn)|).

Observe that the use of ¢ does not change the adapted nature of the Euler method.
To illustrate the problem dynamics, Figure 5.1 shows three realizations of the ap-
proximate process, X, and the backward dual function, ¢(t,). The latter represents
the pathwise sensitivity of g(X(T)) with respect to perturbations in the initial data
of X at time t,. It coincides in this example with the first variation of X, namely,
Y/(T; t,). Figure 5.2 and Table 5.4 show information related to the adaptive runs for
two values of the accuracy tolerance, starting in both cases with M = 102 realizations
and N = 10 uniform time steps. In particular, Figure 5.2 shows the adaptive time
steps needed to control the numerical error. Observe that these deterministic time
steps are prior to the augmentation with the sampled jump times and are the ones we
can choose to control the time discretization error. Figure 5.2 shows that although
we may have more than a thousand time steps added in the interval [2/3,1] due to
jump times, we still need to significantly refine our deterministic time steps near the
singularity at ¢ = 1/3. Table 5.4 shows information related to the computational ef-
fort necessary to solve the problem. There we can see that the amount of realizations
needed to find our deterministic time steps, Mr, is much smaller than the amount
needed to solve the problem, M. For instance, when TOL = 1.0 x 10~2? we need
only My ~ M x 1073 realizations to control the time discretization error, making the
adaptivity procedure completely inexpensive. Using the approximate error density
we have also estimated the number of uniform time steps, Ny, needed to achieve the
prescribed accuracy. Table 5.4 shows that Ny is approximately 100 times larger than
the number of deterministic time steps, IN. This fact motivates further the use of
Algorithm D in this problem. Finally, we emphasize that the computational effort
due to the augmentation of the time discretization with the jump times decreases
as TOL decreases. Even in this case with N; = 1024 jump times in the mean we
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Fic. 5.1. Three sample realizations of the processes X (above) and ¢ (below) obtained with
modified Euler in Example 2.
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Fic. 5.2. Final time discretizations (jumps not included) for the adaptive runs with Algorithm
D and TOL = 2.5 x 1072, TOL = 1 x 10~2 in Ezample 2.

TABLE 5.4
Adaptive choice of M and At with Algorithm D in Example 2.

TOL M N Mr Ny £
2.5%1072 | 2.0x10% | 220 | 1.7x10% | 2x10% | —2.0x10~2
1.0x1072 | 1.45x10% | 450 | 1.7x103 | 6x10% | —1.4x102
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anticipate that for a smaller value of TOL ~ 1073 the number of deterministic time
steps needed to control the discretization error will be approximately 4 times larger
than the mean number of jumps.

6. Proofs. This section contains the proofs postponed in the previous sections.

6.1. Proof of Lemma 2.1. The proof follows closely the proof of Corollary
I1.2.2 to Theorem I1.2.6 (pp. 237-238 in [19]). The main two differences with this
result are (i) our process has finite Lévy measure, while there a general Lévy measure
is considered; (ii) our jump distribution depends on time, while there it does not.
Theorem I1.2.6 in [19] covers our case, and our regularity conditions on a and b are
the same as in the mentioned corollary. Concerning the jumps, it is direct to see that
(2.3) replaces the corresponding condition on the jump coefficient in Corollary 11.2.2
in [19], following now the result from Theorem II1.2.6 [19, p. 237]. The other minor
difference consists of the compensation of the jump part of the differential equation
(1.1). Defining

at,x) = a(t,x) + A(¥) / c(t, x, z)u(t, dz),

V4

we see that our equation can be written as

t Lo t
= ol s S~ S £ S S~ es
X(t)—X(0)+/O (s, X(s7))d *;_;/ob( X(s57)) dW(s)
+ / / o(5,X(s7),2) (p(ds, dz) — q(ds, dz)),

which is the form of the equation in [19]. This concludes the proof of part (a).

Part (b) is a consequence of the representation of the derivatives in terms of
the fluxes, by application of the chain rule, as developed in formulas (6.9)—(6.12).
We apply the Cauchy—Schwarz inequality to each summand in each representation
to obtain the estimates based on the respective polynomial growth of the function g
and its derivatives, and the boundedness of the moments of the process X and its
variations. Since the full proof is somewhat lengthy, we do not include it here. 0

6.2. Proof of Lemma 2.2. Based on Lemma 2.1 we know that the cost to go
function wu(t, z) is the solution of the Kolmogorov backward equation (2.5), satisfying
the regularity conditions described in (iv) of part (b) of Lemma 2.2. The It6 formula
for processes with jumps (cf. [25, p. 66]) applied to (2.2) gives

uw(T, X(T)) =u(0, X(0)) + /OT[atu(t,X(t)) +a;(t; X) Opu(t, X(t7)) ] dt
+ /T am(t,Y) Blju(t,Y(f)) dt
0
+ / ' b (: X) u(t, X (7)) AW (t)
0

+/0 /Z [u(t, X(t7) +c(t, X (), 2)) —u(t,X(t7))] p(dt,dz),
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which is written equivalently as
u(T, X(T)) =u(0,X(0) + /OT [Qu(t, X (t7)) + a;(t; X) u(t, X(t7)) ] dt
+ /T Eij (t,Y) 8”u(t7Y(t_)) dt
0
+ /T Ef(t;f) dyu(t, X (7)) dW*(t)
0
/ )\(t)/ [u(t, X(t) + e(t, X (1), 2)) — u(t, X(t)) ] plt, d=)dt
/ / )+ et X(47),2)) — ult, X(0)] (pldt, d2) — g(dt, d2),

where the last equality is obtained by the compensation of the integral with re-
spect to p (remember that q(dt,dz) = A(t)u(t,dz)dt). Now, use (2.5) to substitute
Oyu(t, X (t7)) in the latter formula to obtain

(6.1)

= [ (e X07) et X)) = . KO (platsz) = ).

The expected value of the last two integrals is zero, the first one by the martingale
property of Ito integrals and the second one due to the fact that p(dt, dz)—q(dt, dz) is a
compensated random measure (i.e., a martingale measure). Using the representation
of u in (2.4) we obtain E[u(0,X(0))] = E[g(X(T))]. Therefore, taking expected
values in both sides of (6.1) we arrive at the error representation (2.6). ad

6.3. Proof of Theorem 2.2. The main content of Theorem 2.2 is the replace-
ment of the (noncomputable) error estimate in Lemma 2.2 by an error expansion with
computable leading order term. For this purpose the derivatives of the expected value

dau(t, ) = 0o E[g(X(T))|X(t) = z]

appearing in the integral in Lemma 2.2 are approximated by the corresponding deriva-
tives of

u(t, x) = Elg(X(T)) | X(t) = 2],

which depends on the simulated solution X. The proof is divided into three steps:
(i) in Lemma 6.1 we estimate the quadrature error;
(ii) in Lemma 6.2 we bound the error in replacing d,u by 9,4 with the use of
stochastic flows and its variations;
(iii) in Lemma 6.3 we use the discrete dual functions ¢ and ¢’ (which solve the
backward evolution problems; see (1.13)—(1.14) in section 1.4) to derive a
computable representation of J,u.
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Step 1. We begin with the estimation of the error of the quadrature approxima-
tion.

LEMMA 6.1. Let T = {n ity <t < tg1} form = 0,...,N — 1. If the
assumptions in Lemma 2.2 hold, then the following quadrature error estimates hold:

7 Bl X))~ 00700 e, X )t = Quna) + (A5

m

and

/{5 o E[(dij(t, X(t7)) = dij (t; X)) Dijult, X (¢7))] dt = Qu(dij) + O((AL)?)

m

form=0,...,N — 1, where

Qm(a;))=E

Z % [ai(tns1, X (t41)) — ai(tn, X ()] 8iu(tn+1,X(tn+l))]

nETm

and

Z % [dij(tn+17y(t;+1)) - d” (tn,Y(tn))] Biju(th,Y(t;H))
n€Tm

Proof. Denote by F” the o-algebra generated by the jumps and marks iniO, T
constructed in section 1.2.1. Observe that in [t,,t,+1) the conditioned process X has
no jump discontinuities, and introduce the auxiliary functions

H(t, X (7)) = [dig(t, X(t7)) — dij (5 X) | Ogju(t, X(t7)),

t_tn ~/—
Atn H(tn+1,X(tn+1)), n = O,...,KJ— 1.

Then we have

x " B () dt = F
62)

3 /t+ E[H(t X)) F] dt]

n€JIm

> /t"+1 E[H(t, X (t7)) — Ha(t)|F’] dt] .

n€EJm

= Qm(dlj) + F

Observing that the function E|H,(t)|F’] is the linear interpolant of the smooth
function E[H(t,X(¢t7))|F’] at the nodes {t,,t,+1}, a standard interpolation error
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estimate yields

[ Bpue X - Aol# dt]

2 tnt1
< o |
T8,

Denoting LH = O, H+a;0;H —|—Eij 0i;H, 1t6’s formula and the conditions in Lemma 2.1
show that there exist constants K1, K5 and p € N such that

(6.3) P

dt?

E[Ht, X(t))|F’]| dt

& B X (4 )|F) = BLCH( X ()
SKl +K2E[ max |Yt |2p|]:J]7
t€[0,T]
(6.4)
d2

BH(t, X (t))|F] = EIL*H(t, X (t7))|F7]

<K+ K E[trel%(?}’]{“] |Yt|2p|fj]7

dt?

as all the functions involved in the derivatives of H (¢, z) in the computation of LH and
L?H have polynomial growth, and X has bounded moments of all order, uniformly
with respect to Aty,q, (from this fact follows the finiteness of the moments of the
supremum of the process). The combination of (6.2), (6.3), and (6.4) proves the
estimate of the diffusion term in the lemma. The estimate of the drift term follows
analogously. 0

Step 2. In the second step of the proof the derivative d,u and its approximation
0,0 are evaluated, respectively, through expected values of stochastic flows of X and
X and its variations, which we now introduce. Let

o _Jo i#k
FEV1, =k

The following equation for the first variation of the process X at time s > ¢ holds:
dX;(s) = Opai(s, X (s7)) Xp;(s 7) ds + Opbi(s, X (s 7)) Xp;(s7) dW*(s)
(6.5) /8kcZ 5,X(s57),2) Xp;(s7) plds, dz),
Xi;(t) = 4.
Similarly, for the second variation of the process X at time s > ¢ we have
AX7,(5) = [Okai(s, X (7)) Xijn(s7) + Okrai(s, X (s7)) Xp;(s7) X7, (s7)] ds
+ [0 (5, X (7)) Xiju(s7)
+ by (5, X (7)) Xpi(s7) Xy (s7)] dW(s)
+ [ s, X(57).2) Xy (57)
+Okrei(s, X(s7), 2) X (s7) X7 (s7)] p(ds, dz),

X/ () =0.

ijn
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For the third variation of the process X at time s > t we have

AX [ (5) = | Dhai(5. X (57)) X (s7)
+ Oprai(s, X (s7)) Xp;(57) X[ (s7)
+ Okrai(s, X (s7)) X (s7) X[ (s7)
+ Oprai(s, X (s7)) Xpn (s )X;/Jn(si)
+ Okroi(s, X (s7)) Xy,

b (s, X (s7)) X (57)

k:jnm

+ O b (5, X (57)) X (s7) X (s7)

™mm

+ Oprbl (s, X (s7)) Xp(s7) X1 (57)

rjm

)
+ Okrbi (5, X (57)) Ko (57) X (57)
)

VA

—~

§7) Xpn(s7) X (s7) | ds

rIn

+ Okrobi (5, X (57)) Xiy(s7) X (57) Xip(s7) | W (s)

+/|:8kcl(87X(S_))Xlleljlnm( )

z
+ akrci(s7 X(si), Z) Xllcg (S )le“lnm( 7)
+ 8k:rci(87 X(S_)7 Z) Xllcn(s ) X';/gm(s_)
+ Orci(s, X(s7), 2) Xppn (5™ )XLQH(S’)

+ Druci(s, X (57),2) Xpy (57) X (57) X;m(s—)} plds, dz),

X (t) =0,
and similarly for the fourth variation of the process X at time s > t:

(6.8) AX" = ..., X! () =0.

ijnmp ijnmp

Let I%%? be the d x d identity matrix. The equations above imply the represen-
tation of the derivatives of expectations with stochastic flows (cf. [19], [49], and [52])
as follows: for the first order derivatives

(6.9) Ou(t,x) = B[ 0;9(X(T)) Xiy(T) | X' (1) = (x, 1) ]
with X' = (X, X'); for the second order derivatives
Opnu(t, ) = E[0ig(X(T)) Xjn(T)
+0irg (X (1)) X3 (T) X7, (T) | X(8) = (2, 1%, 0)]
with X# = (X, X’ X"); for the third order derivatives
Opnmu(t, x) = E[0ig(X(T)) ﬁc'nm( ) + 0irg(X(T)) X3 (T) X0, (T)

+ 05 g (X (1)) X3, (T) X (T)

+ 6z7vg(X(T)) ik (T) X/ (T) X7/17rz (T)

+ 0irg(X (1) Xip (T) X (T) | XM (8) = (2,1¢,0,0)]
with X = (X, X', X" X'""); and, analogously, for the fourth order derivatives

(6.12) Oknmpu(t, ) =

(6.10)

(6.11)

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



ADAPTIVE WEAK APPROXIMATION OF JUMP DIFFUSIONS 1761

Let Y = (X, X/, X" X" X""T. Then the system consisting of (1.1) and (6.5)—(6.8)
can be written as

dY (t) = A, Y (t7)) dt+B¢(t Y (7)) dW(t)
(6.13) /C (t,Y(t7), ) p(dt,dz), t>to,

Y (to) = (z ,Idxd,o,(xo) .

Furthermore, in order to simplify the writing of the formulas (6.9)—(6.12), we introduce
below additional notation:

fi(Y(T)) = 0g(X(T)) Xps(T),
fi; (Y (T)) = 0ug(X(T)) X5 (T) + Okng(X (1)) X35(T') X7,5(T),
fiim(Y(T)) = Org(X(T)) Xiijm(T) + Oeng(X(T)) X35 (T) X770 (T)
(6.14) + Okng(X(T)) X1y (T) X333 (T)
+ O g(X(T)) X (T) XT/le’L( )
+ Oknog(X(T)) X3y (T) X35 (T) X (T),
figmn(Y(T)) = ...

The Euler approximation of Y, the solution of (6.13), is denoted by
v= (V7 7Yy

and can be extended as the solution of the stochastic differential equation with piece-
wise constant drift and diffusion fluxes

(6.15) AV = At:Y) dt + B (1Y) dW'(t) /C (t,Y, 2) p(dt,dz),

defined as in (1.4), (1.6), and (2.2), with coefficients defined as in (2.1).
An important consequence of the Euler method is that the variation and the Euler
discretization commute. This yields for each « the representation

Oqu(t, x)—0su(t, x)
= E[fa(Y(D)) = foa(Y(D)) | Y (1) = Y () = (,17%?,0,0,0)"].

Now we rely on Lemma 2.2 applied to the process Y to obtain the representation

(6.16)

E[fo(Y(T)) — fo(Y(T)) | Y (1) = Y (1) = (x,17%%,0,0,0)"]
(6.17) = /t E[(A — A)p O (s,Y (s7) | Y (1) = (x,ldxd,ao,o)ﬂ ds

+/ E[(D—ﬁ);ma,my (5,Y(s7))|Y(2) (x,IdXd,O,O,O)T} ds
t

to be used in Lemmas 6.2 and 6.3 below, where the cost to go function v is, for each
fo in (6.14), defined as

v (ty) = E[fa(Y(T)) | Y (t) = y].
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—l =
Ban7

We use the notation Dy, = 2B{B! and Dy, =
Kolmogorov backward equation for ¢ > T is

3 and the corresponding

[:YVQ = 0™ + AR + Dy, Orn v
+ A(t) /[V”‘(t, Y +C(tY,2) — vt Y)] p(t,dz) =0,
z
Va(Tv ) = fa-

We are ready for the second step.

LEMMA 6.2 (approximation of d,u). Let the piecewise constant mesh function
At be defined by At(s) = Aty, for s € [tn,tny1) and n =0,...,k — 1. Suppose that
the assumptions in Lemma 2.2 hold. Then the discretization errors of the stochastic
flows, for |a| < 4, satisfy

T
(6.18) O — ) (tn, X (tn)) = /t E[O(At(s)) | Fi, ] ds = O(Atyas)-
Furthermore
E[ I:ai(t’rkl*lvy(t'r:«l»l)) - ai(tmy(tn))] 9i(u — 1) (tn+1’y(t;+1)) | F
(6.19) ™
= At, O(At(s)) ds
and

B [dijtarr, X (b)) = digltas X (6))] 05 (0 = Dt X(t7,1)) | F

= At, /T O(At(s)) ds.

tn41

(6.20)

Proof. The combination of (6.16) and (6.17) gives

O~ 1)1 X (1) = [ " B[(A - ) 0w (s, V(s7)) | 7] ds
(6.21) o
—|—/t E[(DU — E”) 8ijl/a(8,?(8_)) | ftn] ds.

n

Now, for t,,, <t < t;,41, introduce the notation
h(t,Y (1) = (Ai — A)0iv® (,Y (1)) + (Dij — Dij) 007 (£, Y (1))
and
Low(t,y) = (Oyw + Ap0pw + DiyyOrnw) (t,y),

£V w(t,y) = Lowlt,y) + A®) / [ty + Clt.y,2)) — w(t,)|ult, dz).

z

Observe that h(tm, Y (tm)) = 0, and apply It6’s formula in the interval [t,,, t] to obtain
(6.22)

EhtY () | F, ] = /tt E[Evh(s,Y(s_)) | Fo lds = O(Atym), tm <t < tmi1,
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where the bound follows as in (6.4). Combining (6.22) with (6.21) proves (6.18).
The estimate (6.20) follows similarly by defining now

Rt X (1)) = (diy — i) (u — ) (8, K (1)),
Then, as in (6.3)—(6.4), the It6’s formula shows

Eht, X)) | F'] = tE[zoiL(sj(s—))mJ]ds, ty <t <tpyii.

tn

The final step to proving (6.20) is to establish

N e T
ElLoh(s, X(s7)) | 7] :/ O(At(r))dr.

The function Lo h(s, X (s~)) splits into the two types of terms h; = (d — d)v and
he = v9,(u — ), with smooth functions v of (s, X(s)). The It6 formula again shows
that

Elhi(s,X(s7)) | F'] = /s E[Lohi (1, X (7)) | F'ldr = O(Aty,), tn <8 <tpi1.
Moreover (6.18) implies
Elha(s X(s7)) | 7] = [ 0(at(r)ar,

and consequently (6.20) holds. The estimate (6.19) of the drift terms follows analo-
gously. |

Step 3. The last step is to show a result on the representation of the derivative
of @ using discrete duals.

LEMMA 6.3. Suppose that the assumptions in Lemma 2.2 hold. Then the dual
functions ¢ and o', defined in (1.13) and (1.14), satisfy fort =t, andt =1,

(6.23) dyu(t, X(t)) = Elpi(t) | Fil,

(6.24) Oiju(t, X (1) = Elgi;(t) | 7.

Proof. Equations (2.2), (6.5), and (6.9) show that the first variation of the Euler
approximation X is in fact equal to the Euler approximation of the first variation X',
and consequently

diu(t, X (t)) = El0;9(X (T)X;,(Tst) | Fi,

where Y;l(s,t) (s > t), is the Euler approximation (6.15) of X’ with initial data
—/
Fort=...,tn,t, q,..., let
¢i(t) = Oa,(19(X(T)),

ie.,

(6.25) ilt) = 8;9(X(T)) X ;5(T ).
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We prove inductively that ¢, () is the solution of the corresponding problem in (1.12)—
(1.13). Since (1.12) is trivially true it remains to prove the inductive step. By the
chain rule we have

!

g (X(T)X i (T3 1) =0 9(X(T) X 1 (T trewt) X g (tneat 1)
or, in other words,
(626) @l(t) = @5 (tnezt)ai(I)j (t7 Y(t))a

which is equivalent to (1.12)—(1.13), which is what we wanted to prove.
The equality (6.25) implies that

diu(t, X (t) = E[@mj(t)gpi(t) | Ftl.
The next step is to verify that the first variation of ¢,

Dpi(t; X(t) = x)
8l‘j ’

(6.27) 9023' (t) = 5xj(t)80z‘(t)

satisfies the backward recursive equation (1.14). First, differentiate the equation
(6.26) to obtain

(p;k(t) = 6lq)jaxk(t)<pj (tnemt) + 6kazq)7(pj (tnewt)a t < T7

@;k(T) = 0ikg(X(T)).

Observe that problem (1.12)—(1.16) shows that ¢(t,e.¢) depends only on the point
values

(6.28)

{X(s) : tneat <5 <T},
so that
(6.29) Or (195 (tnewt) = O, (tnee) P (bnewt) Ory (1) X p(Ereat).
Finally, the definitions of X and @ in (2.2) and (1.11) imply
(6.30) Op®p(t, X (1)) = Oty Xp(tneat);
which together with (6.28)—(6.29) proves that ¢’ satisfies the recursive equation
Pin(t) = 0i®;5 @l (tnewt) Ok Pp(t; X (1) + ODi®; @j(tnear), t<T,
¢ie(T) = Oing(X(T)),

which is equivalent to (1.12)—(1.14). d

Remark 6.1. The measurability of (a;(t; 1, X (t;, 1)) — @i(tn, X(tn))) € F,

(6.31)

1
proves that for £ = ¢, ,; and any random variable 3 we have

E[(as(t, X (1)) = @(ta, X (0a))) EI8 | Fi]] = B[B[(as(t, X (1) — @(t; X)) 8| Fil]
= E[(ai(t,Y(t)) - ai(tn;y))ﬁ] ]

and in a completely similar way we obtain the same result for the diffusion terms, i.e.,

E[(dij(t, X(t)) — dij(tn; X)) E[B | F]] = B[(dij(t, X (1)) — dij (tn; X)) 5]

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



ADAPTIVE WEAK APPROXIMATION OF JUMP DIFFUSIONS 1765

The proof of Theorem 2.2 is now concluded by combining Lemmas 6.1, 6.2, and
6.3, Remark 6.1, and the central limit theorem to estimate I, and Jy;. We have

/t~ m41 E[(ai(tvy(t_)) _ ai(t;Y)) aiu(tvy(t_))]dt

m

At, — — —,
=E Z T I:ai (tn+17 X(tn+1)) — a4 (t’l’h X(t’n))] aiu(tn+1, X(tn+1))]
nETm
+ ) 0((ALn)?)
m=0
Aty — — _ —
=F Z 5 [ai(tn+1ax(tn+1)) - ai(th(tn))] 3iu(tn+1,X(tn+1))
n€EJIm
T N-1
+ZE§: tn)? O(At(s)) ds| + Y O((Aty)?)
nETm tnt1 m=0
Aty — —
=k Z 5 [ai(tnr1, X (1)) — ailtn, X (tn)) | Elpi(tatr- ‘ft }
n€EJIm
+Y B[ (At) / O(At(s ®+20At
m=0 n€EJIm bnt1 m=0
Aty - _
=E Z o [ai(tn+1aX(tn+1)) - ai(th(tn))] ©i(tny1-)
TLEJ'm
N-1 T N—1 ~
+2ﬁ?§:@%ﬁ/ O(AH(s)) ds| + 3 O((AF)?)
m=0 nETm tnt1 m=0
The expansion of the diffusion term appearing in (2.8) follows analogously. 0

6.4. Proof of Theorem 3.1. We consider the difference

9(X (1) — g(X (1))

and apply Theorem 3.3 from [51], using also the fact that there is no time discretization
error at the jump nodes. To this end, denote the set of stochastic time nodes by
J ={0=to,t],t1,t5 ,t2,...,tx = T} and recall that the notation

(632) X(tnext) = (I)(Y(t)), teJ,

introduced in Definition 1.1 denotes one step with the Euler method. Write similarly
one step with the exact solution

(6.33) X (tnewt) = ®(X (1), teJ.

Introduce the notation X* = X (¢) and X' = X (t). Now verify the representation

(6.34) 9(X(T)) = g(X(T)) = D (DX () = (X (t0)))iBi b 11);
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where the weight functions are defined recursively by linear backward recursion:

5:(T) = / Brg(sX(T) + (1 — )X (T))ds,
(6.35) 0

5= ([ 0,0 + (1= 9K ()5 st 1€ T,

To verify (6.34), first observe that by construction of the Euler method at every jump
point ¢ = ¢, there is no local error in computing the next X value at time ¢,, i.e.,

so (6.34) is equivalent to

t —t

(6.36) 9(X(1) = g(X(1) = Y (X)) = &(X))iiltnea)-

Then telescoping cancellation gives

(6.37) g(X(T)) — g(X(T)) = Y ((Xtert = X" )i@i(bnear) — (X' — X )ipi(1)).
teJ

Use the definitions (6.32) and (6.33) and split the first term in the sum of (6.37) into

(B(X) = B(X) + (X') = (X)) ipi(tnean)
The two first terms above and the last term in the sum of (6.37) combine to zero by
(6.35):

which proves (6.34).

The next step is to use the Malliavin derivative to analyze the expectation of the
representation (6.34) by studying the dependence of X and ¢ on a small increment
dW . This follows exactly the lines of the proof of Theorem 3.3 from [51], and it is not
reproduced here. 0

Remark 6.2. The assumptions in Theorems 2.2 and 3.1 can be relaxed. For
instance, the results of Theorem 2.2 also hold when \ and p are piecewise continuously
differentiable, provided that (i) they have a finite number of discontinuities; (ii) those
discontinuity times are included in the time discretization; and (iii) for each time
subinterval between discontinuities, the first derivatives of A and p are bounded and
have lateral limits.
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