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Symmetry and duality in Lévy markets
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The aim of this paper is to introduce the notion of symmetry in a Lévy market. This notion
appears as a particular case of a general known relation between prices of put and call options,
of both the European and the American type, which is also reviewed in the paper, and that
we call put–call duality. Symmetric Lévy markets have the distinctive feature of producing
symmetric smile curves, in the log of strike/futures prices.

Put–call duality is obtained as a consequence of a change of the risk neutral probability
measure through Girsanov’s theorem, when considering the discounted and reinvested stock
price as the numeraire. Symmetry is defined when a certain law before and after the change of
measure through Girsanov’s theorem coincides. A parameter characterizing the departure from
symmetry is introduced, and a necessary and sufficient condition for symmetry to hold is
obtained, in terms of the jump measure of the Lévy process, answering a question raised by
Carr and Chesney (American put call symmetry, preprint, 1996). Some empirical evidence
is shown, supporting that, in general, markets are not symmetric.
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1. Introduction

Change of numeraire–change of probability measure is a
well-known technique in derivative pricing. Geman et al.
(1995) observe that any positive price process can be used
as a numeraire, establishing the consequences of the cor-
responding change of probability measure in a market
model of continuous semimartingales; and apply their
results to several derivative pricing situations, unifying
and extending known results.

After other developments, Schroder (1999) uses the
reinvested and discounted stock price process as a numer-
aire, in a semimartingale model, extending an initial
foreign currency result due to Grabbe (1983). He obtains
a call–put relationship that here we name duality. In this
denomination we follow, on one side, the classical notion
of the dual Lévy process to refer to the opposite of a given
Lévy process (see Bertoin (1996)) that appears as the
driving process after the change of numeraire and, on
the other, Shepp and Shiryaev (1994) and Kramkov
and Mordecki (1994) that name as dual measure the
probability measure defined by the Girsanov theorem
when this numeraire is used as the density process.

We go further and refer to the dual market and dual
stock price process to identify the market model under
this new probability measure, and the resulting stock
price process. A review of the notion of put–call duality
in the framework of Itô processes can be found in
Detemple (2001). Our results were announced
in Fajardo and Mordecki (2003). Related results can be
found in Eberlein and Papapantoleon (2005). In Fajardo
and Mordecki (2005) we consider similar problems for
time-changed Lévy processes.

In the presented paper we derive the put–call duality
in the framework of a Lévy driven stock market model.
On one side our results are a particular case of the ones
obtained by Schroder (1999, Corollary 1) but, on the
other, the nature of Lévy processes, besides giving
the possibility of an elementary treatment (without the
use of semimartingale calculus), give a precise description
of the distribution of the dual stock price process in the
dual market. This is done in section 2.

In section 3 we introduce the notion of a symmetric
Lévy market, to distinguish the situation when the dis-
counted and reinvested stock in the original risk neutral
market, and the corresponding dual price process under
the dual measure have the same probability law. Put–call
symmetry was investigated by Carr and Chesney (1996)
for diffusion models, generalizing the symmetry observed*Corresponding author. Email: pepe@ibmecrj.br

Quantitative Finance
ISSN 1469–7688 print/ISSN 1469–7696 online # 2006 Taylor & Francis

http://www.tandf.co.uk/journals
DOI: 10.1080/14697680600680068



in the Black–Scholes model. We observe that the volatility
smile curve constructed from option prices given by a
symmetric Lévy market is a symmetric curve when plotted
as a function of the logarithm of the ratio between the
strike and the futures price.

Our law characterization in the dual market gives as a
consequence necessary and sufficient conditions for sym-
metry to hold, expressed in terms of the Lévy jump mea-
sure of the original process. This generalizes a result by
Bates (1997) obtained in Merton’s (1976) jump diffusion
model.

Furthermore, in section 4, assuming that the Lévy jump
measure corresponding to the driving process has a spe-
cific particular form, that is used in practically all param-
etric models found in practice, we identify a ‘symmetry’
parameter, and explore whether Lévy market models
reported in the literature are symmetric. Our conclusion
is that, in general, symmetry does not hold.

We give some conclusions and propose some topics
for further research in section 5.

2. Lévy processes and duality

Consider a real valued stochastic process X ¼ fXtgt�0,
defined on a stochastic basis B ¼ ð�,F ,F ¼ ðF tÞt�0,QÞ,
being càdlàg, adapted, satisfying X0¼ 0, and such that
for 0 � s < t the random variable Xt � Xs is independent
of the �-field F s, with a distribution that only depends on
the difference t� s. Assume also that the stochastic basis
B satisfies the usual conditions (see Jacod and Shiryaev
(1987)). The process X is a Lévy process, and is also called
a process with stationary independent increments (PIIS).
For general reference on Lévy processes see Jacod and
Shiryaev (1987), Skorokhod (1991), Bertoin (1996) and
Sato (1999). For the Lévy process in Finance see
Boyarchenko and Levendorskii (2002), Schoutens (2003)
and Cont and Tankov (2004).

In order to characterize the law of X under Q, consider,
for q 2 R the Lévy–Khintchine formula, which states

EeiqXt ¼ exp
n
t
h
iaq�

1

2
�2q2þ

Z
R

�
eiqy�1� iqhðyÞ

�
�ðdyÞ

io
,

ð1Þ

with

hðyÞ ¼ y1fjyj<1g

a fixed truncation function, a and �� 0 real constants
and � a positive measure on R n f0g such thatR
ð1 ^ y2Þ�ðdyÞ < þ1, is called the Lévy measure. The

triplet ða, �2,�Þ is the characteristic triplet of the process
and completely determines its law.

Consider the set

C0 ¼

n
z ¼ pþ iq 2 C:

Z
fjyj>1g

epy�ðdyÞ <1

o
: ð2Þ

The set C0 is a vertical strip in the complex plane.
For arbitrary Lévy process this set contains the line

z ¼ iq ðq 2 RÞ, and consists of all complex numbers
z ¼ pþ iq such that EepXt <1 for some t>0.

Due to the martingale condition in financial market
models, we assume that EeX1 <1, concluding that C0

contains the strip 0 � <ðzÞ ¼ p � 1. Furthermore, if
z 2 C0, we can define the characteristic exponent of the
process X, by

 ðzÞ ¼ azþ
1

2
�2z2 þ

Z
R

�
ezy � 1� zhðyÞ

�
�ðdyÞ; ð3Þ

this function  is also called the cumulant of X, having
EezXt <1 for all t� 0, and EezXt ¼ et ðzÞ. The finiteness
of this expectations follows from Theorem 25.3 in Sato
(1999). Formula (3) reduces to formula (1) when <ðzÞ ¼ 0.

2.1. Lévy market

By a Lévy market we mean a model of a financial
market with two assets: a deterministic savings account
B ¼ fBtgt�0, with

Bt ¼ ert, r � 0,

where we take B0¼ 1 for simplicity, and a stock
S ¼ fStgt�0, with random evolution modelled by

St ¼ S0e
Xt , S0 ¼ ex > 0, ð4Þ

where X ¼ fXtgt�0 is a Lévy process.
In this model we assume that the stock pays dividends,

with constant rate � � 0, and that the given probability
measure Q is the chosen equivalent martingale measure.
In other words, prices are computed as expectations with
respect to Q, and the discounted and reinvested process
fe�ðr��ÞtStg is a Q-martingale.

In terms of the characteristic exponent of the process
this means that

 ð1Þ ¼ r� �, ð5Þ

based on the fact that Ee�ðr��ÞtþXt ¼ e�tðr��þ ð1ÞÞ
¼ 1, and

condition (5) can also be formulated in terms of the
characteristic triplet of the process X as

a ¼ r� �� �2=2�

Z
R

�
ey � 1� hðyÞ

�
�ðdyÞ: ð6Þ

For the case when

Xt ¼ �Wt þ at ðt � 0Þ, ð7Þ

where W ¼ fWtgt�0 is a Wiener process, we obtain the
Black–Scholes–Merton (1973) model (see Black and
Scholes (1973) and Merton (1973)).

In the market model considered we introduce some
derivative assets. More precisely, we consider call and
put options, of both European and American types.
Denote by MT the class of stopping times up to a fixed
constant time T, i.e.

MT ¼ f� : 0 � � � T, � stopping time w.r.t Fg
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for the finite horizon case and for the perpetual case
we take T ¼ 1 and denote by M the resulting stopping
times set. Then, for each stopping time � 2 MT we
introduce

cðS0,K, r, �, �, Þ ¼ Ee�r�
ðS� � KÞþ, ð8Þ

pðS0,K, r, �, �, Þ ¼ Ee�r�
ðK� S�Þ

þ: ð9Þ

According to our analysis, (8) and (9) represent auxiliary
quantities; additionally they are interesting in their own
right as random maturity options, as considered for
instance in Schroder (1999) and Detemple (2001). If
� ¼ T, formulas (8) and (9) give the price of the
European call and put options, respectively. For the
American finite case, prices and optimal stopping rules
��c and ��p are defined, respectively, by

CðS0,K,r,�,T, Þ ¼ sup
�2MT

Ee�r�
ðS��KÞþ ¼Ee�r��c ðS��c �KÞþ

ð10Þ

PðS0,K,r,�,T, Þ ¼ sup
�2MT

Ee�r�
ðK�S�Þ

þ
¼Ee�r��p ðK�S��p Þ

þ,

ð11Þ

and, for the American perpetual case, prices and optimal
stopping rules are determined by

CðS0,K, r, �, Þ ¼ sup
�2M

Ee�r�
ðS� � KÞþ1f�<1g

¼ Ee�r��c ðS��c � KÞþ1f��c<1g,

ð12Þ

PðS0,K, r, �, Þ ¼ sup
�2M

Ee�r�
ðK� S�Þ

þ
1f�<1g

¼ Ee�r��p ðK� S��p Þ
þ
1f��p<1g:

ð13Þ

2.2. Put–call duality and dual markets

Lemma 1 (Duality): Consider a Lévy market with driving
process X with characteristic exponent  (z), defined in (3),
on the set C0 in (2). Then, for the expectations introduced
in (8) and (9) we have

cðS0,K, r, �, �, Þ ¼ pðK,S0, �, r, �, ~ Þ, ð14Þ

where

~ ðzÞ ¼ ~azþ
1

2
~�2z2 þ

Z
R

�
ezy � 1� zhðyÞ

�
~�ðdyÞ ð15Þ

is the characteristic exponent (of a certain Lévy process)
that satisfies

~ ðzÞ ¼  ð1� zÞ �  ð1Þ, for 1� z 2 C0,

and in consequence,

~a ¼ �� r� �2=2�
R
R

�
ey � 1� hðyÞ

�
~�ðdyÞ,

~� ¼ �,

~�ðdyÞ ¼ e�y�ð�dyÞ:

8><
>: ð16Þ

Remark 1: The presented Lemma is very similar to
Proposition 1 in Schroder (1999) and the results obtained

in Eberlein and Papapantoleon (2005) and Fajardo and
Mordecki (2005). The main difference is that the particular
structure of the underlying process (Lévy processes are a
particular case of the models considered in Schroder (1999))
allows one to completely characterize the distribution of the
dual process ~X under the dual martingale measure ~Q, and to
give a simpler proof. Considering additive processes similar
result, in the case of European plain vanilla options, were
obtained by Eberlein and Papapantoleon (2005), see
Corollary 4.2 in Eberlein and Papapantoleon (2005).

If we take � ¼ T in the Duality Lemma we obtain the
following put–call relation.

Corollary 1 (European Options): For the expectations
introduced in (8) and (9) we have

cðS0,K, r, �,T, Þ ¼ pðK,S0, �, r,T, ~ Þ, ð17Þ

with  and ~ as in the Duality Lemma.

To formulate the duality result for American Options,
we observe that the optimal stopping rules for the
American Call and Put options have, respectively, the
form

��c ¼ infft � 0:St � BcðtÞg ^ T,

��p ¼ infft � 0:St � BpðtÞg ^ T:

where the curves Bc and Bp are the boundaries of the
continuation region. (See 12.1.3 in Cont and Tankov
(2004), or Theorem 6.1 in Boyarchenko and
Levendorskii (2002).)

Corollary 2 (American Options): For the value functions
in (10) and (11) we have

CðS0,K, r, �,T, Þ ¼ PðK,S0, �, r,T, ~ Þ, ð18Þ

with  and ~ as in the Duality Lemma. Furthermore, when
�> 0, for the optimal stopping boundaries, we obtain that

BcðtÞBpðtÞ ¼ S0K: ð19Þ

In case �¼ 0 we have ��c ¼ ��p ¼ T.

Remark 2: The relation between the stopping boundaries
is analogous to the one for Itô processes obtained by
Detemple (2001) (see equation (30)).

With respect to Perpetual Call and Put American
Options, the optimal stopping rules have, respectively,
the form

��c ¼ infft � 0:St � S�
cg,

��p ¼ infft � 0:St � S�
pg:

where the constants S�
c and S�

p are the critical prices.
(See Theorem 1 and 2 in Mordecki (2002).)

Corollary 3 (Perpetual Options): For prices of Perpetual
Call and Put options in (12) and (13) we have

CðS0,K, r, �, Þ ¼ PðK,S0, �, r, ~ Þ, ð20Þ

Symmetry and duality in Lévy markets 221



with  and ~ as in the Duality Lemma. Furthermore, when
�> 0, for the optimal stopping levels, we obtain the relation

S�
cS

�
p ¼ S0K: ð21Þ

2.3. Proofs

Proof of Duality Lemma. Consider the martingale
Z ¼ fZtgt�0 defined by

Zt ¼ eXt�ðr��Þt, ðt � 0Þ:

Following Shiryaev et al. (1994) we introduce the dual
martingale measure ~Q given by its restrictions ~Qt to F t by

d ~Qt

dQt

¼ Zt,

where Qt (resp. ~Qt) is the restriction of Q (resp. ~Q) to F t.
Following (ii) in Theorem III.3.4 in Jacod and Shiryaev
(1987), we know that the fixed time can be replaced by
any stopping time in � 2 MT to give

d ~Q�

dQ�

¼ Z�,

where, as stated before, Q� (resp. ~Q�) is the restriction
of Q (resp. ~Q) to the �-algebra

F � ¼ fA 2 F :A \ f� � tg 2 F tg:

Now

cðS0,K, r, �, �, Þ ¼ Ee�r� S0e
X� � K

� �þ
¼ EZ�e

��� S0 � Ke�X�
� �þ

¼ ~Ee��� S0 � Ke
~X�

� �þ
,

where the last equality is obtained using the martingale
property of Z and the iterated expectations property.
Furthermore, ~E denotes expectation with respect to ~Q,
and the process ~X ¼ f ~Xtgt�0 given by ~Xt ¼ �Xt ðt � 0Þ is
the dual process (see Bertoin (1996)). In order to conclude
the proof, that is, in order to verify that

~Ee��� S0 � Ke
~X�

� �þ
¼ pðK,S0, �, r, �, ~ Þ,

we must verify the dual process ~X is a Lévy process with
characteristic exponent defined by (15) and (16). First, for
a complex z such that 1� z 2 C0, we have

~Eez
~Xt ¼ EZte

�zXt ¼ Ee�ðr��ÞteXte�zXt ¼ et
�
 ð1�zÞ� ð1Þ

�
:

Second, defining ~ ðzÞ ¼  ð1� zÞ �  ð1Þ, we have

~ ðzÞ ¼ að1� zÞþ
�2ð1� zÞ2

2

þ

Z
R

�
eð1�zÞy

�1�ð1� zÞhðyÞ
�
�ðdyÞ

�a�
1

2
�2�

Z
R

�
ey�1�hðyÞ

�
�ðdyÞ

¼�ðaþ�2Þzþ
1

2
�2z2þ

Z
R

�
eð1�zÞy

�eyþ zhðyÞ
�
�ðdyÞ:

The integral term is transformed as follows:

Z
R

�
eð1�zÞy

� ey þ zhðyÞ
�
�ðdyÞ

¼ z

Z
R

ð1� eyÞhðyÞ�ðdyÞ

þ

Z
R

�
e�zy

� 1þ zhðyÞ
�
ey�ðdyÞ

¼ z

Z
R

ð1� eyÞhðyÞ�ðdyÞ þ

Z
R

�
ezy � 1� zhðyÞ

�
~�ðdyÞ,

where we introduced the change of variables y ¼ �u in
the last integral, and denoted ~�ðdyÞ ¼ e�y�ð�dyÞ. The
final calculation, taking into account (6), is

� ~a ¼ aþ �2 þ

Z
R

ðey � 1ÞhðyÞ�ðdyÞ

¼ r� ��
�2

2
�

Z
R

�
ey � 1� hðyÞ

�
�ðdyÞ þ �2

þ

Z
R

ðey � 1ÞhðyÞ�ðdyÞ

¼ r� �þ
�2

2
þ

Z
R

�
ey � 1� hðyÞ

�
~�ðdyÞ:

This concludes the proof. œ

Proof of Corollary 2 (American Options). Formula (18)
is obtained taking the supremum over all � 2 MT

in equation (14). Let us consider then (19). Assume first
that �¼ 0. Then, Merton’s observation about the
optimality of American Call options without dividends
apply, in consequence prices of American Call and
European options coincide with ��c ¼ T. By the Duality
Lemma (or by the same reasoning with put options when
r¼ 0) we obtain that ��p ¼ T.

Assume now �>0. To prove (19), we apply the Duality
Lemma for the optimal stopping time ��c :

CðS0,K, r, �,T, Þ ¼ cðS0,K, r, �, �
�
c , Þ

¼ pðK,S0, �, r, �
�
c , Þ

¼ PðK,S0, �, r,T, Þ,

where the last equality follows from the fact that for
each stopping time we obtain a call price equal to the
corresponding put price, and ��c gives the supremum.
We express the stopping time ��c in terms of ~X, the dual
process:

��c ¼ infft � 0:S0e
Xt � BcðtÞg ^ T

¼ inf t � 0:Ke�Xt �
KS0

BcðtÞ

� �
^ T:

As, on the other side

��p ¼ infft � 0:St � BpðtÞg ^ T,

and the stopping region is unique, we obtain the
identity (19). œ
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Proof of Corollary 3 (Perpetual Options). We have to
distinguish between cases �>0 and �¼ 0. (a) Assume
first that �>0. We claim that

lim
t!1

Xt � rt ¼ �1:

As 1þ x � ex, and the Lévy process does not degenerate,
the claim follows from

EðX1 � rÞ < EeX1�r
� 1 ¼ e ð1Þ�r

� 1 ¼ e�� � 1 < 0,

and the knowledge of the asymptotic behaviour of a
Lévy process with negative expectation, obtained by
Rogozin (1966). Based on our claim, for an arbitrary
stopping time �, possibly taking the value 1, when
T!1, we have

Ee�rð�^TÞ S�^T � Kð Þ
þ
! Ee�r�

ðS� � K Þ
þ
1f�<1g: ð22Þ

Introduce

Mr ¼ sup
0�t<�ðrÞ

Xt and Ir ¼ inf
0�t<�ðrÞ

Xt, ð23Þ

where �(r) is an exponential random variable with
parameter r>0, independent of X, and �ð0Þ ¼ 1. For
the optimal stopping rule (Mordecki 2002), given by

��c ¼ ft � 0:St � S�
c g,

with S�
c ¼ KEeMr , we know that

Ee�rð��c^TÞðS��c^T � KÞþ � sup
�2MT

Ee�r�
ðS� � KÞþ

� sup
�2M

Ee�r�
ðS� � KÞþ1f�<1g:

From this, taking into account (22), we obtain that

lim
T!1

CðS0,K, r, �,T, Þ ¼ CðS0,K, r, �, Þ:

The argument for the Put perpetual option is similar,
giving

lim
T!1

PðK,S0, �, r,T, ~ Þ ¼ PðK,S0, �, r, ~ Þ:

The equality in (20) then follows taking limit as value
T!1 in (18).

(b) Assume now �¼ 0. By Merton’s observation, we
have

sup
�2MT

Ee�r�
ðS� � KÞþ ¼ Ee�rT

ðST � KÞþ,

similarly for the Put case, and the conclusion follows
as before.

Let us see (21). For the perpetual put, on the dual
market, the critical level is given by

S�
p ¼ S0

~Ee
~I� ,

as follows from Theorem 2 in Mordecki (2002). We
express this quantity in the risk-neutral market:

~Ee
~I� ¼

Z 1

0

~Eeinf0�s�tð�XsÞ�e��tdt

¼

Z 1

0

E
�
e�ðr��ÞteXt�sup0�s�t Xs

�
�e��tdt

¼
�

r

Z 1

0

E
�
eXt�sup0�s�t Xs

�
re�rtdt

¼
�

r
EeX�ðrÞ�Mr ¼

�

r
EeIr :

Here we used the change of probability measure from
the dual martingale measure, and, in the last line, a
fluctuation identity (section VI.2 in Bertoin (1996)).
Now, applying the Wiener–Hopf equation due to
Rogozin (1966), we have

S�
cS

�
p ¼

�
KEeMr

��
S0

�

r
EeIr

�
¼ KS0

�

r�  ð1Þ
¼ KS0,

because r�  ð1Þ ¼ �. This concludes the proof. œ

2.4. Dual markets

The Duality Lemma motivates us to introduce the follow-
ing market model. Given a Lévy market with driving
process characterized by  in (3), consider a market
model with two assets, a deterministic savings account
~B ¼ f ~Btgt�0, given by

~Bt ¼ e�t, � � 0,

and a stock ~S ¼ f ~Stgt�0, modelled by

~St ¼ Ke
~Xt , ~S0 ¼ K > 0,

where ~X ¼ f ~Xtgt�0 is a Lévy process with characteristic

exponent under ~Q given by ~ in (15). The process ~St

represents the price of KS0 dollars measured in units of
stock S. This market is the auxiliary market in Detemple
(2001), and we call it dual market; accordingly, we call
Put–Call duality the relation (14). It must be noticed
that Peskir and Shiryaev (2001) propose the same denomi-
nation for a different relation. Finally, observe that in the
dual market (i.e. with respect to ~Q) the process fe�ð��rÞt ~Stg

is a martingale. As a consequence, we obtain the Put–Call
symmetry in the Black–Scholes–Merton model: in this
case �¼ 0, we have no jumps, and the characteristic
exponents are

 ðzÞ ¼ ðr� �� �2=2Þzþ �2z2=2,

~ ðzÞ ¼ ð�� r� �2=2Þzþ �2z2=2:

and relation (14) is the result known as put–call symme-
try. In the presence of jumps like the jump-diffusion
model of Merton (1976), if the jump returns of S under
Q and ~S under ~Q have the same distribution, the Duality
Lemma implies that by exchanging the roles of � by r and
K by S0 in (14) and (16), we can obtain an American call
price formula from the American put price formula.
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Motivated by this analysis we introduce the definition
of symmetric markets in the following section.

3. Market symmetry

It is interesting to note that in a market with no jumps
(i.e. in the Black–Scholes model), the distribution of the
discounted and reinvested stock both in the given risk-
neutral and in the dual Lévy market, taking equal initial
values, coincide. It is then natural to define a Lévy market
to be symmetric when this relation holds, i.e. when

L
�
eXt�ðr��Þt

j Q
�
¼ L

�
e�Xt�ð��rÞt

j ~Q
�
, ð24Þ

meaning equality in law. In view of (16), and due to the
fact that the characteristic triplet determines the law of a
Lévy processes, we obtain that a necessary and sufficient
condition for (24) to hold is

�ðdyÞ ¼ e�y�ð�dyÞ: ð25Þ

This ensures ~� ¼ �, and from this follows
a� ðr� �Þ ¼ ~a� ð�� rÞ, giving (24), as we always have
~� ¼ �. Condition (25) answers a question raised by Carr
and Chesney (1996).

3.1. Diffusions with jumps

Consider the jump-diffusion model proposed by Merton
(1976). The driving Lévy process in this model has Lévy
measure given by

�ðdyÞ ¼ �
1

�
ffiffiffiffiffiffi
2�

p e�ðy��Þ2=ð2�2Þdy;

it is easy to verify that condition (25) holds if and only
if 2�þ �2 ¼ 0. This result was obtained by Bates (1997)
for future options, the result being obtained as a
particular case, if we replace the future price as being
the underlying asset, when r ¼ �.

3.2. Bates’s x%-rule

If r ¼ � we can take the future price F as the underlying
asset in Corollary 1. Then, we can obtain the Bate’s x%
rule in a more general Lévy market.

Corollary 4: Assume (25) holds (or in the particular case
(31), assume � ¼ �1=2), we have

cðF,Kc, r, �, Þ ¼ x pðF,Kp, r, �, Þ, ð26Þ

where Kc ¼ xF and Kp ¼ F=x, with x>0.

From here, calls and puts at-the-money should have the
same price and if the call and put options have strike
prices x% out-of-the money relative to the future price,
then the call should be priced x% higher than the put.

Remark 3 (Implied volatility): Any model satisfying (25)
must have identical Black–Scholes implicit volatilities for
calls and puts with strikes lnðKc=FÞ ¼ ln x ¼ � lnðKp=FÞ,
where x>0 is arbitrary. That is, the volatility smile
curve is symmetric in the moneyness lnðK=FÞ. Remember
that prices satisfy (26) and by put–call parity, European
calls and puts with same strike and maturity must have
identical implicit volatilities.

4. Asymmetry in Lévy markets

Our intention is to review several concrete models
proposed in the literature. We restrict ourselves to Lévy
markets with jump measures of the form

�ðdyÞ ¼ e�y�0ðdyÞ, ð27Þ

where �0ðdyÞ is a symmetric measure, i.e. �0ðdyÞ ¼
�0ð�dyÞ, everything with respect to the risk neutral
measure Q.

As a consequence of (25), we obtain that the market is
symmetric if and only if � ¼ �1=2. In view of this, we
propose to measure the asymmetry in the market through
the parameter �þ 1=2. When �þ 1=2 ¼ 0, we have a
symmetric market.

Our proposal is similar, in a certain sense, to the skew-
ness premium introduced by Bates (1997). That is, when
the market is symmetric, the skewness premium is
obtained using the x%-rule. The idea is to describe
numerically the departure from the symmetry, the main
difference with Bates (1997) is that the parameter � is
a property of the market, independent of the derivative
asset considered.

Although from a theoretical point of view the assump-
tion (27) is a real restriction, most models in practice
share this property, and furthermore, they have a jump
measure that has a Radon–Nikodym density. In this case,
we have

�ðdyÞ ¼ e�ypðyÞdy, ð28Þ

where pðyÞ ¼ pð�yÞ, i.e. the function p(y) is even. See
Kou and Wang (2004) for the case p ¼ q ¼ 1=2, and the
examples below, in 4.1.1, 4.1.2 and 4.2.1.

More precisely, many parametric models that we found
in the literature, concerning Lévy markets, including dif-
fusions with jumps, can be reparametrized in form (28).
As we will see, empirical risk-neutral markets are not
symmetric, and in view of (28), we propose to model the
asymmetry of the market through the parameter �þ 1=2.
Before considering concrete examples, we review the
Esscher transform.

4.1. Esscher transform and asymmetry

We now review some notation and useful facts. All the
developments up to now were with respect to the risk-
neutral martingale measure Q. Now we consider that
there is an historical probability measure P and that Q
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is the consequence of an Esscher transform. It is clear
that this is one of several possibilities, and we refer to
Chan (1999) and Shiryaev (1999) for a discussion on
this topic. In consequence, when necessary, we add a
subscript P to refer to parameters under the historical
probability measure P, i.e.  P, �P, and even sometimes
we use the subscript Q to distinguish risk-neutral
parameters. As we said, the link between P and Q is
given by the Esscher transform, and this is stated through
the change of measure

dQt ¼ e�Xt�t Pð�ÞdPt, ð29Þ

where � is a parameter to be determined. Since from (29)
it follows that

 ðzÞ ¼  QðzÞ ¼  Pðzþ �Þ �  PðzÞ, ð30Þ

as we require that the discounted and reinvested stock is
a martingale under Q, i.e. fe�ðr��ÞtStg is a Q-martingale,
we obtain that

 ð1Þ ¼  Pð1þ �Þ �  Pð1Þ ¼ r� �,

and this determines �. It is relevant for us that from (30)
follows

�QðdyÞ ¼ e�y�PðdyÞ:

(See Theorem VII.3.2 in Shiryaev (1999).) If we combine
this result with our model assumption (27) we conclude
that

e�y�0ðdyÞ ¼ e�y�PðdyÞ,

meaning that the form of the jump measure under P is

�PðdyÞ ¼ eð���Þy�0ðdyÞ ¼ e�Py�0ðdyÞ, ð31Þ

that is, the same form with a translated parameter. We
conclude that, under the Esscher transform, our model
assumption (27) is equivalent to assumption (31), and
that the relation between the symmetry parameters is

� ¼ �Q ¼ �P þ �: ð32Þ

4.1.1. The generalized hyperbolic model. This model
was proposed by Eberlein and Prause (2002) and these
distributions allow for a more realistic description
of asset returns (see Eberlein and Prause (2002)
and Eberlein et al. (1998)). This model, under P,

has �¼ 0, and a Lévy measure given by (31), with

pðyÞ

¼
1

jyj

Z 1

0

exp
�
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2zþ 	2

p
jyj
�

�2z
�
J2�ð�

ffiffiffiffiffi
2z

p
Þ þ Y2

�ð�
ffiffiffiffiffi
2z

p
Þ
�dzþ 1f��0g�e

�	jyj

 !
,

where 	,�P, �, � are the historical parameters that satisfy
the conditions 0 � j�Pj < 	, and �>0; and J�, Y� are the
Bessel functions of the first and second kind (for details
see Eberlein and Prause (2002)). Particular cases are
the hyperbolic distribution, obtained when �¼ 1; and
the normal inverse Gaussian (NIG) when � ¼ �1=2.

Using daily returns from the Brazilian Index Ibovespa
for the period 07/01/1994 to 12/13/2001, Fajardo and
Farias (2004) estimate the parameter �P ¼ �0:0035 for
the NIG distribution and the estimate �Q ¼ 80:65
for the risk neutral distribution, given by (32). They
also estimate the parameters for various Brazilian assets
finding �Q 6¼ �1=2. This indicates absence of symmetry.

4.1.2. The Meixner model. The Meixner process was
proposed to model financial data by Grigelionis (1999)
and by Schoutens (2002). The Lévy process derived
from this distribution has, under P, the following Lévy
measure:

�ðdyÞ ¼ c
e
b
ay

y sinhð�y=aÞ
dy,

where a , b and c are parameters of the Meixner density,
such that a>0, �� < b < � and c>0. The Lévy mea-
sure also corresponds to one of the form (31), if we take
�P ¼ b=a and

pðyÞ ¼
c

y sinhð�y=aÞ
:

Using daily returns from various indexes, Schoutens
(2001) found parameter estimates â and b̂ for the period
1/1/1997 to 31/12/1999. We summarize these results and
the corresponding parameter �Q ¼ b̂=âþ � in table 1.

4.2. Market risk-neutral measure

In order to see what happens if we use another risk-
neutral measure different from that given by the Esscher
transform, we give the following example, where the

Table 1. Estimates of the Meixner distribution.

Index â b̂ � �Q þ 1=2

Nikkei 225 0.02982825 0.12716244 0.42190524 5.18506
DAX 0.02612297 �0.50801886 �4.46513538 �23.4123
FTSE-100 0.01502403 �0.014336370 �4.34746821 �4.8017
SMI 0.02954687 �0.33888717 �3.97213216 �14.9416
Nasdaq Comp. 0.03346698 �0.49356259 �5.95888693 �20.2066
CAC-40. 0.02539854 �0.23804755 �5.77928595 �14.6518
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risk-neutral measure used is the measure obtained from
the observed option market prices.

4.2.1. The CGMY model. This Lévy market model, pro-
posed by Carr et al. (2002) is characterized by �¼ 0 and
the Lévy measure given by (31), where the function p(y) is
given by

pðyÞ ¼
C

jyj1þY
e�	jyj:

The parameters satisfy C>0, Y<2, and G ¼ 	þ � � 0,
M ¼ 	� � � 0, where C,G,M,Y are the parameters used
in Carr et al. (2002).

For studying the presence of a pure diffusion
component in the model, condition �¼ 0 is relaxed, and
risk-neutral distribution is estimated in a five-parameter
model. Values of � ¼ ðG�MÞ=2 are given for different
assets in table 3 in Carr et al. (2002) and, in the general
situation, the parameter � is negative, and less than �1=2.
The condition needed in this case for the market to be
symmetric is G ¼ M� 1. It is worth noting that the finite
moment log-stable (LS) model of Carr and Wu (2003) can
be regarded as a limit case of the CGMY model with
G¼ 0 (no exponential factor) and M ¼ 1 (no positive
jumps). This market model is not symmetric.

5. Conclusions

Departing from duality, a relation between call and
put prices, obtained through a change of numeraire, and
corresponding to a change of probability measure in a
Lévy market model under a given risk-neutral probability
measure, the main contribution of this paper is the char-
acterization of symmetry in these market models, a
notion that is also introduced. Symmetric markets have
symmetric volatility smile curves in the log of the ratio
strike/futures prices.

This characterization allows one to introduce a param-
eter in the risk-neutral model that, in a certain sense,
measures the asymmetry of a Lévy market model. We
also find the expression of this asymmetry parameter in
the historical market model, assuming that we rely in the
Esscher transform to obtain the given risk-neutral mea-
sure. We analyse popular models used in the literature,
concluding that, in general, markets are not symmetric.
Further research is (i) a more detailed empirical investiga-
tion of the asymmetry parameter in several models,
(ii) the study of the relation between call and put option
prices depending on this parameter, and finally, (iii) a
conclusion about the opportunity of using the Esscher
transform, as it induces certain asymmetry relations that
can be different from the one observed in option prices.
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and Advanced Lévy Models, edited by A. Kyprianou,
W. Schoutens and P. Wilmott, pp. 99–128, 2005 (Wiley:
New York).

Eberlein, E. and Prause, K., The generalized hyperbolic model:
financial derivatives and risk measures. In Mathematical
Finance—Bachelier Congress 2000, edited by H. Geman,
D. Madan, S. Pliska and T. Vorst, pp. 245–267, 2002
(Springer Verlag: Berlin).

Fajardo, J. and Farias, A., Generalized hyperbolic
distributions and Brazilian data. Brazilian Rev. Econ., 2004,
24(2), 249–271.

Fajardo, J. and Mordecki, E., Duality and derivative pricing
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