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Abstract. We give a closed form of the ruin probability for Lévy processes, possible killed at a
constant rate, with arbitrary, positive, and mixed exponentially negative jumps.
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1. Introduction.

1.1. Let X = {X;},>0 be a real-valued stochastic process defined on a stochastic basis
(Q, F,F = (Ft);>0, P) that satisfies the usual conditions. Assume that X is cadlag, adapted,
Xo = 0, and for 0 < s < ¢ the random variable X; — X, is independent of the o-field F
with a distribution that depends only on the difference ¢ — s. The stochastic process X is a
process with stationary independent increments (PIIS) or a Lévy process. For ¢ € R, 9(q)
denotes the characteristic exponent of X given by the Lévy—Khinchin formula

1 . o1 . .
¥(q) = 7 log Ee Xt = jbg — 3 o’ + / (e =1 —igqylyy <1y) (dy),
R

where b and o = 0 are real constants and II is a positive measure on R — {0} such that
J@ Ay?)TI(dy) < oo, called the Lévy measure. The function ¥(q), ¢ € R, completely

determines the law of the process. For general reference on the subject see [4], [11], or [3].
1.2. Consider now a Lévy process with measure II given by

7 (dy) it y>o0,
(1) H(dy) = )\Zakakeaky dy lf y < O,
k=1
where 7 is an arbitrary Lévy measure concentrated on (0,00), 0 < a1 < -+ < Qn, ar > 0,

for k=1,...,n and ZZ:1 ar = 1. The magnitude of the negative jumps of X is mixed
exponentially distributed, with parameter aj chosen with probability ax, and they occur
at Poissonian times with rate A. As the process considered has a finite number of negative
jumps on [0, t], we consider a truncation function

(2) h(y) = yl{o<y<1}-

Simple computations give
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We introduce now the Laplace exponent of X. Forpe R, p <0, p# —ay, for k=1,...,n,
denote

1 59 = S p
4 k(p) =ap+ = o"p° + e’ —1—ph m(dy) — A a .
(@ ) =ap+ g+ [ ) 3D
Considered as a function with complex domain, the characteristic exponent iq — 1(q) in (3)
can be extended analytically to the complex strip {z = p +iq: p € (—a1,0]} and, for
—a1 < p £ 0, we have k(p) = ¥(p). As the Laplace transform of X; when —a; < p £ 0 is
given by EePXt = () following [3] we call

(5) rk(p) =t~ " log BeP X

the Laplace exponent of X.

Let us examine the roots of the equation k(p) = 0 for p < 0. Since the integrand in (4)
is convex in p for fixed y, we obtain that x(p) is convex on (—au,0]. From this it follows,
when o > 0, that under the condition

©) #'(0-) = lim 1'€(10)=a+/1 yw(dy)fx\zzfi>o

p—0— D =1

(where the integral can take the value co), the equation k(p) = 0 has n+1 negative roots —pj,
j=1,...,n+ 1, that satisfy

(7) 0<p1<a1<p2<"'<pn<05n<pn+l-

Furthermore, observe that when v > 0, equation x(p) = « has always n+1 negative roots —p;
satisfying (7).

Denote by 7(v) an exponential random variable with parameter v > 0, independent
of X, and for v = 0, put 7(0) = co. We are interested in the random variables
(8) M= sup X; and I= inf X,

0St<7(7) 0St<7(7)

called the supremum and infimum of the process, killed at rate v if v > 0 (see [3]).

The following result gives a closed formula for the ruin probability,

(9) Rz)=P{3tec0,7(y): 2+ X, S0} =P{I < -z}, 220,

for the process with characteristic exponent given by (3).

THEOREM 1.1. Let X be a Lévy process with characteristic exponent given by (3) and
o> 0.

(a) Assume that condition (6) holds. Then P{lim;_..c X; = co} = 1, i.e., the process
drifts to infinity.

(b) Lety = 0. Assume that condition (6) holds when v = 0. Then the ruin probability (9)
is given by

n+1
(10) R(z) =Y Aje ™", x>0,
j=1
where —p1,...,—pny1 are the negative roots of the equation k(p) = ~ and the constants
Aq,..., Any1 are given by
" (1=pj/a
(11) Aj = [y (1= pi/ o) j=1,...,n+1

n+1 ?
k:l,k;ﬁj(l - pj/pk)
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Remark. As noticed by the referee (and can be confirmed from the proof), the existence
of a real negative root in the interval (—oo, —ay) ensures the result (10) also in the case
o=0.

1.3. Example. In the following example, the distributions of the supremum and in-
fimum are obtained simultaneously, when jumps are completely specified. Let the process
X = {Xi}i>0 be given by

N
(12) Xt:at+GBt+ZYk,

k=1
where B = {B:};>¢ is a standard Brownian motion, N = {N;},>, is a Poisson process with
parameter A, Y = {Y% }ren is a sequence of independent and identically distributed random
variables with density

Zbkﬁke%’“y it y>o0,
(13) d(y) = ¢ 31
Zakakeaky if y <0,

k=1

with 0 < a1 < -+ < an, 0 < B1 < -+ < Bm, ar and by strictly positive for all k, and
Z;’;l b + ZZ:1 ar = 1. The processes B, N, and Y are independent. The Laplace
exponent (5) is given by

n

1 29 - p p
K =ap+ =0 + A b - A a .
() =ap+5o7p 311 5 5 gil P

A simple application of Theorem 1.1 to X and —X gives the following corollary.
COROLLARY 1.2. Let X be given in (12).
(a) For~ > 0, the infimum I in (8) has a density given by

n+1
(14) fr(z) = ZAkpkep"z, z =0,
k=1
where —p1, ..., —DPnt1 are the negative roots of the equation k(p) =, and A1, ..., Any1 are

gwen by (11).
(b) For~ > 0, the supremum M in (8) has density given by

m+1
(15) fu(z) = Z Byrre "R, 20,
k=1
where r1,...,Tm+1 are the positive roots of the equation k(p) = 7, and the coefficients are

given by
[T, (1 —73/B)

+I g
Z:l,k;éj(l - rj/rk)

(c) If '(0) > 0 (or k'(0) < 0), then the process drifts to oo (or to —o0), and the density
of I (of M) in (8) with v =0 is given by (14) (or (15)).

Remark. (a) and (b) in Corollary 1.2 can also be obtained from [10] by fractional
expansion. In case of Theorem 1.1, in order to use this factorization method, complex
variable results must be considered in order to count and locate the roots of 1(z) = .

1.4. Results related to Theorem 1.1 and applications can be found in [1]. The dis-
tribution of the infimum of a process with no negative jumps was found by Zolotarev [13];
see also [8] or [3] and the references therein. Results giving a double Laplace transform of

B; = j=1,...,m+1.
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finite time ruin can be found in [2], based on combinatorial methods and complex analysis.
Rogozin [10] gives a factorization concerning the ruin of a killed process, extending combi-
natorial identities for random walks by Spitzer [12]. Theorem 1.1 generalizes previous work
in the case of a Wiener process with negative exponential jumps [5] and of a Lévy process
with negative exponential jumps [6]. Within the possible applications, the results are used
to give closed solutions to optimal stopping problems for Lévy processes [7].

The method of proof is direct, along the lines of the barrier problem for simple random
walks, consisting of finding a martingale with value 1 in the stopping region that vanishes if
this region is not attained.

2. Proofs. First we introduce some notation and necessary facts. The infinitesimal
generator of the process X with exponent in (3) is

@Xﬁuﬂzafm»+§aw“m%+/ (f@+y) = f(x) = f'(2) h(y)) n(dy)
(16) A a [ (o) - 1@) awetay
k=1 e

with A in (2). The jump measure of X is

X = i (@, dt dy) =Y Liax.z0y Os,ax.) (dt dy).

s

Its compensator is a deterministic measure given by v = v(dt, dy) = dt II(dy) with II in (1).
The process M = {M;};> given by

M ZUBH'/ h(y)(u™ =),
[0,t] xR

where B = {B:},>¢ is a standard Brownian motion, is a martingale with no negative jumps,
and X has the decompositions

(17) Xmﬂﬂ+w+/ (5 — h()) 1~
[0,t] xR
Nt
(18) = M, +at + Z AXLax,>1 fZYk,
0<s<t k=1

where N = {N:},>, is a Poisson process with parameter A\, Y = {Yi}ren is a sequence of
positive identically distributed random variables with density d(y) = Z:;l
B, N, and Y are independent.

The following result gives (20), the integrodifferential equation that the ruin probability
must satisfy.

LEMMA 2.1. (a) Let 0 < p1 < a1 < p2 < -+ < pn < @n < Pnt1, and define the constants

[T (1 —pj/o)

arare” “kY and

A; = j=1...,n+1
n+1 I I I
k:l,k;ﬁj(l 7pj/pk)

Then

n+1
(19) "

> AP —o k=1,....n
- DPj — Ok
Jj=1
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(b) For the infinitesimal generator L™ in (16), the function R(x) in (10), where now

—Pi,...,—Pn+1 are the negative roots of the equation rk(p) = v (such that (7) holds), and
x > 0, we have
(20) (L R)(z) = YR(x)

with R(z) =1 if x < 0.
Proof. (a) By the theorem on simple fractional expansion, there exist unique constants
Ai,...,Ant1 such that

(21)

[I,_, (1 +p/a;) :g:lAj Pj

n+1 . :
]‘:1 (1+p/pﬂ) j:1 p'j +p

Each equation of the linear system (19) is equation (21) evaluated at p = 0 and p = —ax
for k = 1,...,n, respectively. On the other hand, the relation for A; ( =1,...,n+ 1) is
obtained by standard methods, i.e., multiply (21) by (p; + p)/p; and substitute p = p;.

(b) Denote fp(z) = e*P’“"+7 where 2t = max(z,0). As Z;Lill Aj; =1, we can write

n+1

R(z) =Y A;fp, ().
For =z > 0,

(LX fp)(z) = e P* (; o’p® —ap+ / (e7" — 1+ ph(y)) W(dy)>

n 0
_ xT + —pT (o5
+/\Zak/ (e p(z+y) —ep)ake kydy
k=1 —oo

B 1 oo B n p
— pT -2 2_ py_l
e (20 p ap+/0 (e +ph(y)) m(dy) + A 5:1 a'“%—p)

AN e L () A Y e L
k=1

— g

In conclusion, for > 0,

n+1

L¥R(z) =Y A; (L f,,)(x)
k=1

n+1 n n+1

= Aie Pi%k(—ps) + A are” “F* A, P R(z),
Z (=ps) Z lepj_ak TR(z)
j= = j=

since k(—p;) = for j=1,...,n+ 1, and (19).

The next lemma summarizes the application of the Meyer—It6 formula to the process X
with ¢ in (3) and the function R in (10). Denote Y = {Y; = 2 + X },>¢.

LEMMA 2.2. Let 7o = inf{t 2 0: 2+ X; < 0}. For R in (10)

(22) R(Yinry) — R(x) = / Y (LXR)Y )y ds + M(R)unn,
with L* in (16) and M(R) = {M(R):},>¢ given by

(23) MRy = [ RO)an+ /[ W -,
0 0,t] xR
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is a local martingale, where W (s,y) = R(Ys— +y) — R(Ys—) — R’ (Ys—) h(y).

Proof. Since the function R is not C*(R) we will apply the Meyer-It6 formula [9, TV.51]
denoting by m(da) the signed measure that is the second derivative of R in the sense of
distributions, when restricted to compacts:

R(Y:) — R(z) = / tR/(Ys->dYs+ > (R(Y:) = R(Y.-) - R/(Y.-) AY,)

0 0<s<t

1 %
(24) 3 /Rl (a,t) m(da),

where 1Y (a,t) is the local time of the process Y at level a and time t.

First, observe that m(da) = R"(a)da + R'(0+) 80(da) with R"(a) the second derivative
of Rif a # 0, R'(0+) the right derivative of R at the point z = 0, and §o(da) the point mass
at z = 0. Applying Corollary 1.2 to Theorem IV.51 in [9],

(25) /ly(a,t)m(da):/ R'(Y,_)d(Y®,Y°) >5 +R'(04+)17 (0,1).
R 0

In view of (17) and (25), as d (Y, Y°), = o°ds, (24) gives

R(Yt)—R(a:):/ R'(st)dMva/ (;UZR”(K)JFOLR’(Y;)) ds

(26) FLRODIO0+ Y W(sAX.),

0<s<t

Now, we compensate the jumps in the last term. As R is bounded, the left-hand side in (26)
is a special semimartingale. On the right-hand side, the first term is a local martingale and
the second and third are continuous processes and, in consequence, locally integrable. We
can apply I1.1.28 in [4], obtaining

> W(s,AXs):/ WuX:/ W(u"—v>+/ W
[0,t] xR [0,t]xR [0,t]xR

0<s<t

(27) :/[o,t]xRW(“X —u)+/ot {/RW(s,y)H(dy)} ds.

In order to evaluate (26) at 79, observe that I* (0, 79) = 0 because x4 X; > 0 on the set [0, 7o)
and the local time is continuous in ¢ (see [9, p. 165]). In view of (26) and (27), (22) follows.
Proof of Theorem 1.1. (a) In order to see that

(28) P{ lim X; = oo} =1

t—oo

consider the decomposition (18). Denote d = A"} ax/ax. By (6) there exists e > 0 such
that

(29) a+/ooy7r(dy)—(d+5)>0.

Consider X" = {X/},50 and X? = {X?},>, with

Nt
X} =at+ M+ Y AXolaxey —(d+e)t, X7 =(d+e)t—» Yi
k=1

0<s<t
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On the one hand, as X' has only positive jumps, by (29) and VII.1.2 in [3] we deduce
P{lim; ., X{ = 0o} = 1. On the other hand, as E(X?) = et > 0, we have P{lim; o, X7 =
oo} =1 and conclude (28).

Proof of (b). According to Lemma 2.2, {R(Y;nr,)} is a semimartingale. So the quadratic
covariation [R(Yiar,),e” "] = 0 since the deterministic process {e~ 7"} is continuous and has
bounded variation. This gives

TNt ToAt
¢ ) R(Yipry) — R(z) = / €7 dR(Yonry) — / R(Yanro—)ye " ds
0 0

ToNt ToNt
:/ e P[LYR(Y: ) —yR(Y._)]ds +/ e 7P dM(R)s
0 0

ToNAL
- / e dM(R),
0

with M(R) in (23), by Lemma 2.1(b), as Y;— =z + X,_ > 0 on [0, 70] and (20). Since the
function R is bounded, taking expectations and limits as ¢ — oo

R(z) =E(eT"R(z+ X)) =Ee " =P{ro < 7(7)} =P{It € [0,7(7)): = + X £ 0}

concludes the proof.
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