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1 Introduction

Let X = {X,}:>0 be areal valued stochastic process defined on a stochastic basis
B=(02,F,F = (Fi)t>0, P). Assume thaiX is cadlag, adaptedX, = 0, and for
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0 < s < t the random variabl&; — X is independent of the-field F, with a
distribution that only depends on the differerice s. Assume that the stochastic
basisB satisfies the usual conditions. The procésss a process with stationary
independent increments (PIIS), or &y process.

Consider a model of a financial market with two assets, a savings account
B = {B;}+>0, and astocl§ = {5, }+>0. The evolution ofB is deterministic, with

B, =e¢"t, r >0,

(whereBy = 1 for simplicity), and the stock is random, and evolves according to
the formula
S, = Spe™t, Sy > 0, (1)

whereX = {X,},>¢ is a Lévy process. We call this model &ty market. When
the processX has continuous paths, we obtain the classical Black-Scholes model
(Black-Scholes 1973).

In this model a derivative asset, namely an American option is introduced. This
is a contract between two parts, in which one part, the holder, buys the right to
receive at timer, that he chooses, from the other part, the seller, an an@®{t).

Call and put options have reward functions given®y(S) = (S — K)* and
G,(S) = (K — S)™ respectively. In the financial practice the contract includes an
exercise timel’ (maturity) such that < 7 < T and the mathematical problem
consists in finding a price for this contract and an optimal exercise time, the optimal
stopping time. We are able to find closed solutions only Wit oo, the perpetual
case.

In order to obtain prices and optimal exercise times, we solve an optimal stop-
ping problem, by analogy with the Black-Scholes model. Considerttehe class
of all stopping times relative tB (7 is a stopping time if : {2 — [0, +oo] and{r <
t} € F; forall ¢ > 0). Given a Borel functiorG: R — R, the reward function,

a processX as above, and a discount rate> 0, the optimal stopping problem
consists in finding a real functior and a stopping time* such that

V(So) = sup E(e”""G(S,)) = E(e™"T G(S:)). )
TEM

The cost functiori/ is the price of the perpetual option, and the optimal stopping
time7*, (i.e. the stopping time that realizes the supremum), gives the optimal exer-
cisetime. Asusual, we assume that” G(S;)1,—oc} =limsup, , ., e " G(S).

The main purpose of this paper is to find solutions for optimal stopping problems
with call and put rewards andévy processes as log-prices. In order to introduce
our first results, givetX andr > 0 consider

M= sip X, and I= inf X, ©)
0<t<7(r) 0<t<7(r)

wherer(r) is an exponential random variable with parameter 0, independent
of X, and7(0) = co. M andI will be called the “supremum” and the “infimum”
of X in both cases = 0 andr > 0. Whenr > 0 we say that the process is
killed at rater.
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The first result of the paper gives closed solutions for prices and optimal ex-
ercise times of perpetual call and put option under the given probability measure
for general [evy processes, in terms of the random variaBlésnd I in (3) re-
spectively. These are prices for an investor who wishes to buy an option for its
expected value. A first consequence of the results obtained, is a Black-Scholes type
formula for perpetual options. This is the content of Sect. 2. As a second result,
simple explicit formulae are obtained under the assumption of positive mixed-
exponentially distributed and arbitrary negative jumps for call options, and nega-
tive mixed-exponentially distributed and arbitrary positive jumps for put options.
These results, that generalize the well known Mc. Kean (1965) and Merton (1973)
closed formulae for Brownian motion and other posterior results, are presented in
Sect. 3. The Sect. 4 discusses applications of these results to risk-neutral valuation,
and a simple model with Brownian component and positive and negative jumps
exponentially distributed is considered in order to illustrate the results. The Sect. 5
contains the proofs, and the Segta conclusion.

Models including risky assets with jumps were considered by Merton (1976)
in the case of adding to the Brownian component, a compound Poisson process.
Pure jump vy process appear in the work of Mandelbrot (1963 a,b) and Fama
(1963, 1965) with a Bvy measure of Paretoélry (stable) type. More recent pro-
posals, including statistical work in order to fit empirical data include Generalized
Hyperbolic models introduced by Barndorff-Nielsen (1977), considered also by
Eberlein and Keller (1995). Generalized Hyperbolic distributions are obtained as
the result of a variance-mean mixture of normal and generalized inverse Gaussian
distributions. They include Hyperbolic distributions and normal inverse Gaussian
distributions (Eberlein and Prause 1998). Other works propose the use of the Vari-
ance Gamma processes (Madan et al. 1998), a process obtained as the result of a
time change of a Brownian motion with drift by a Gamma process (subordination),
and more recently, a generalization of the previous models was studied by Carr
et al. (2000). Other empirical proposals include Truncatedylprocesses (Cont
et al. 1997, Matacz 2000). Leblanc and Yor (1998) propose the uséwf juro-
cesses to model financial assets based on theoretical considerations. The problem
of pricing American options in a jump-diffusion framework was considered by
many authors, including Zhang (1994), Pham (1997), Mulinacci (1996), Gerber
and Landry (1998), Gerber and Shiu (1999), Mordecki (1997, 1999). Recently,
Boyarchenko and Levendro$kR000), based on the Wiener-Hopf’s factorization
obtained results related to ours under additional conditions on the characteristic
exponent of the Evy process. See also Boyarchenko and Levendig@01).
Similar results for perpetual options in the Bachelier model (i.e. the stockésy L
process) have been obtained in Mordecki (2001). Based on the leptokurtic feature,
volatility smile and analytical tractability, Kou (2000) proposes a jump diffusion
model similar to the model considered in Sect. 4, and in Kou and Wang (2001), the
method of the infinitesimal generator used in Mordecki (1999) is adapted in order
to obtain (b) in our Theorem 4, within other results. Chan (2000) studies the pricing
of a perpetual put option under @&\y process with no positive jumps, obtaining
an explicit formula for the optimal stopping time and a closed formula numerically
tractable for perpetual put option prices.



476 E. Mordecki

For general reference orelzy processes see Jacod and Shiryaev (1987), Sko-
rokhod (1991), Bertoin (1996), or Sato (1999). For general reference on pricing
perpetual options and related questions see Shiryaev et al. (1994), Karatzas and
Shreve (1998), Merton (1990) or Shiryaev (1999).

2 General results on pricing and optimal stopping

In this section we consider the problem of pricing perpetual call and put options by
its expected value, i.e. the pricing problem under the historical probability measure
P. Risk neutral valuation is discussed in the Sect. 4.

Theorem 1 (Perpetual call options)Consider a levy market and/ given in (3).
(@)If E(e®1) < e” thenE(eM) < oo, the price of a perpetual call option is given
by

_E[S()ejW - KE(eﬂf)}Jr

VC(SO) = E(EM) 9 (4)
and is optimally exercised at the stopping time
i =inf{t > 0: S; > S:}, (5)
with optimal level
S* = KE(eM). (6)

(D)If E(e®X1) = e, thenE(eM) = oo, no optimal stopping time exists, and the cost
function takes the form,(Sy) = Sy. For each0 < e < K/Sy, the deterministic

time
e =g () ™)

is e-optimal in the sense that

So(1 —¢) < E(e" (Srz — K)T) < So.

(©) If e" < E(e*1) < 0o thenE(eM) = 0o and V,.(Sp) = oc. GivenH > 0, the
deterministic time

1 H+ K
H __
Te = log E(eX1—7) og( So )
satisfies
E(e™™ (S;n — K)*) > H. 8)

c

(d) If E(eX1) = oo thenV,(Sp) = oo and E(e~"*(S; — K)T) = oo for each
t>0.
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Theorem 2 (Perpetual put options)Consider a [evy market and given in (3).
(@)Assume either > 0, orr = 0 and P(lim;_,, X; = 0o) = 1. ThenE(e) > 0,
the price of a perpetual put option is given by

E[KE(e!) — Spel]*

V(o) = = ey ©)
and is optimally exercised at the stopping time
7, =inf{t > 0: S; < S}, (10)
where
Sy = KE(e"). (11)

(b) Assumer = 0 and P(liminf; ., X; = —o00) = 1. ThenE(e!) = 0 and
Vp(So) = K. For each0 < ¢ < K, the stopping time

7, =inf{t > 0: 5; <¢e}
is e-optimal in the sense that
K—-e<E(K-S:)"<K.

Remarklt is interesting to note, that the optimal exercise levels given in (6) and
(112) for perpetual call and put options respectively, when assumptions of (a) in
Theorem 1 and > 0 in Theorem 2 hold, satisfy théuality relation

rK?
_— =55 12
r — log E(eX1) SeSp (12)
This is due to the Wiener-Hopf factorization foélky processes, obtained by Ro-
gozin (1966), that states

r

- E zM E zl 1
T_IOgE(e'ZXl) (e ) (e )? ( 3)
for z = igand real. In our case, due to the assumptiBfeX*) < e, the functions
in (13) can be extended to the complex strigt Re(z) < 1 giving the result.

RemarkPart (a) of Theorem 1 is a consequence of Darling et al. (1972), where
similar results for random walks were obtained. Theorem 2 has an obvious “dual”
form with respect to Theorem 1. Its proof is based on similar results for random
walks stated in Sect. 5.
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2.1 Black-Scholes type formula

A simple transformation of formulae (4) and (9) in Theorems 1 and 2 respectively
allows to present prices of perpetual American options in a way similar in certain
extent to the classical Black-Scholes formula for European options (compare (14)
and (15) with (16) and (17)). To this end, let us write the Black-Scholes formula
in a convenient way. Tak&; = oW, + (a — 02 /2)t in the stock (1), withiV =
{W,}+>0 a standard Wiener process. The case r corresponds to the risk neutral
situation without dividends. The price of an European call option with matifrity
and exercise pric& under the historical probability measure is

BS. = E(e”"" (S — K)*) = SoE(e*™ 15,5 1y) — Ke 7" P(Sr > K)
= Spel @ T P(Sy > K) — Ke " P(Sr > K). (14)
where the measur® is defined by
dP = " Wr=("/2Tgp,
In the put case, with the same maturity and exercise price,
BS, = Ke "'P(Sy < K) — Spel® T P(Sr < K). (15)

Theorem 3 (Black-Scholes type formula)Consider a lEvy market.
(@) If E(eX1) < e, the price of the perpetual call option is

Vo(So) = SoP.(Spe™ > S*) — KP(SpeM > ) (16)

whereM is given in (3),S) = KE(eM) and P, is the measure defined by

The optimal strategy is given by (5).
(b) Under the conditions af)in Theorem 2 the price of the perpetual put is given

by
Vp(So) = KP(Soe’ < S3) — SoPy(Soe’ < S), (17)

wherel is given in (3),5, = KE(e'), and P, is the measure defined by

The optimal strategy is given by (10).
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3 Explicit solutions for mixed exponential jumps

In order to obtain explicit expressions for prices of perpetual options, we specify
the jump distribution of the underlying processglfe R, the Levy-Khinchine
formula states

. 1 .
E(e'%t) = exp {t[ibq — 502q2 + / (" —1— iqh(y))H(dy)} }, (18)
R

with h(y) = ylyy <1} a fixed truncation function; ando > 0 real constants,
and!I a positive measure aR — {0} such thatf (1 A y?)II(dy) < +oo, called
the Levy measure. The tripléb, o2, IT) is the characteristic triplet of the process,
and completely determines its law. We always assume that the process does not
degenerate, i.ex # 0 or II # 0. Consider the set

Co = {c cR: eV I1(dy) < oo}. (19)

{lyl>1}

The setCy is convex, contains the origin, and consists ofcalé R such that
E(e“Xt) < oo for somet > 0. Furthermore, ifz € C and®(z) € Co we can
define the characteristic exponent

1
P(z) = bz + 50222 +/ (e*¥ — 1 —izh(y))I(dy) (20)
R
having E|e*Xt| < oo for all t > 0, andE(e*Xt) = e'¥(2), Observe that it = iq
the preceding formula gives (18).

Givena = (ai,...,a,) with -7 ar = 1,a;, > 0fork = 1,...,n, and
a=(a1,...,an),With0 < a1 < ag < -+ < ay, denote by

n
hn(yia,0) = arage™ ™Y,y >0,
k=1

the density of a mixture of exponential random variables with parameters. . . ,
a, and mixture coefficienta, ..., a,. A random variable with this density will
be called a mixed-exponential random variable.

3.1 Call options

Consider a vy processX with Lévy measure given by

A (y; @, a)dy, y > 0,

I(y) =
m(dy), y <0,

wheren(dy) is an arbitrary [evy measure with support of-c0,0), anda, «
are as before. The proceishas mixed-exponentially distributed positive jumps,
and arbitrary negative jumps. In this case, theGGgtin (19) contains the interval
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[0,1) and the characteristic exponent has an analytical continuation to the set
{z€ C:R(2) >0,z # ay,k=1,...,n} given by

1 0 - z
U — - 2.2 2y 1 — . 21
(2) az+20 z +/_Oo(e zh(y))ﬂ(dy)—i—)\;akakiz (21)

The random variabl@/ in (3) for this class of processes, is also mixed expo-
nential (see Mordecki 1999b), giving the following result.

Corollary 1 Consider a levy market whose driving proce&shas characteristic
exponent given in (21) witkh > 0.
(@) Under the conditions; > 1, and E(eX1) < e", i.e.

— 1 o ’ y ~ax
(1) =a+ 57 —|—/_Oo(e —1—h(y))7r(dy)+)\];ak_1 <r, (22)
we have
n+1 i
EEeM) =>4 , 23
(e™) ; For— 1 (23)

wherep, (k =1,...,n+ 1), are the positive roots aF (p) = r, and satisfy
I<pi<a;<py<-<ap<ppt1- (24)

The coefficientsl; are given by

[T (e = 1)
H’Z+i k;é]( - ]‘)
Furthermore, the price of a perpetual call option is given by

n Pk .
Zkl_% p?ﬁl (%’) Sp < Sc’

Ve(So) =
So— K Sj < So,

A= . j=1,...n+1 (25)

with Sy =K,
b)Ifa; > 1 andw( ) = r conclusmn ofb) in Theorem 1 holds. |(ﬁz1 > 1and

(1) > r, conclusion ofc) in Theorem 1 holds. Ifi; < 1 conclusion of(d) in
Theorem 1 holds.

Remarklin view of the duality relation (12) and (23) we also obtain the optimal
exercise level for the perpetual put option in theviy market of Corollary 1 when
Y(1) < r. NamelyS; = (fM)T o I (1) = r, the smallest real root in
(24) isp, = 1, and the distribution of\/ obtained in Mordecki (1999b) gives, for
R(z) <1

n+1
E(ezM)

i (A +T§A L(l_z)).

-z
b2 Pk
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Asr = 1(1), from (13) we obtain

T 1—=2

Ay + Y00, A2 (1) — ()

z

E(ezl)

As the limit exists ag — 1 inthe l.h.s. of the last expression, we obtain the optimal
stopping exercise level for the perpetual put, as

Kr
A (1)

Formula (26) was obtained in Chan (2000) fé@wy process with no positive jumps.
In this casel(e*M) = (1 — z)~1 and4; = 1.

* I
S, =KE(e') =

(26)

3.2 Put options

In order to obtain closed form solutions for prices of perpetual put options the
negative jumps of the driving process are specified X dte a Levy process with

Lévy measure
{ m(dy) y >0,

,Ufhn(fy; b7 ﬁ)dya Y < Oa

wherer(dy) is an arbitrary levy measure with support on the g6toc), b =
(b1,....by), with >} br = 1,bp > 0,and3 = (41,...,0,), With0 < 8; <
B2 < -+ < B,. The setCq in (19) contains the intervdl- 3, 0] and the charac-
teristic exponent has an analytical continuation to the set C: R(z) < 0,z #
—Bk,k=1,...,n} given by

(y) =

1 & "~ z

U — - 2.2 / 2y 1 — _ 27

(2) =az+50%0+ | (e zh(y))w(dy) u;bkﬁkJrz (27)
The random variablé in (3) in this case is also mixed exponential, as follows

by considering the distribution of the maximum of the dual proce&s

Corollary 2 Consider a [evy market whose driving proce&shas characteristic
exponent given in (27) with > 0.
(&) Assume: > 0, or r = 0 and

/ . ¥(p) / ~
?'(0-) = lim ——~ = (dy) 28
()pgg)lfp a+1y7fy kE (28)
ThenP(lim; o X; )=1and
n+1 -
Iy _
E@)_E:BM%+y (29)
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where—ry, (k =1,...,n+ 1), are the real and negative roots %f(p) = r, and
satisfy
0<rm <fr1<rg< - <ry<PBpn<Tnti

The coefficientds;, are given by
Bj l;lfl 1( — )
Hk 1 k;ﬁj( -1)
Furthermore, the price of a perpetual put option is given by
K - S() SO S S;:

V(o) = (31)
n+1 S; Tk "
Zkil rkBil (ST)> Sp < S0,

, j=1...,n+1. (30)

with S; = K 3071 By,
(b) OtherW|se the conclusion @b) in Theorem 1 hold.

RemarkAs in Corollary 1, in view of (12) and (29) we obtain the optimal exercise
level for the perpetual call option in the model of Corollary 2 wijéh) < r, given
by S¥ = COEETOR If ¢»(1) = r see (b) in Theorem 1.

RemarkThe formulas (22) and (28) correct respectively the formulas (11) and (8)
in Mordecki (1999).

4 Risk neutral valuation

Consider a Evy market as in Sect. 1, where the stock pays a continuous dividend
at a fixed rate > 0. If the market is complete, rational pricing is equivalent to the
solution of an optimal stopping problem under the risk neutral martingale measure.
In our context, this situation is verified only in two extreme cases: wiies 0,
or whens = 0 andIl(dx) = A\, (dx), corresponding respectively to the Black
Scholes model and to the pure jump Poisson model. If the completeness does not
hold, a variety of prices can be obtained, depending on the election of the risk-
neutral martingale measure, and some criteria must be used in order to choose a
convenient (in some sense) martingale measure. Any of these measures is called an
admissible measurend the resulting price aadmissible priceObserve, that as
follows from 111.3.24 in Jacod and Shiryaev (1987), condition®being a levy
process under an admissible measure does not requiseing a levy process
under P, nor is a consequence of it. Let us also notice, that in view of results in
Eberlein and Jacod (1997), Jakubenas (1998), and Gushchin and Mordecki (2001),
the range of admissible prices for European options with convex payoff uésgr L
processes, or more generally, in the presence of jumps in the stock, is in general
very large.

In accordance with our discussion, we suppose that a me#&Sui® chosen
such that

e The process( is a Lévy process undeP* with characteristic exponent*,
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e The procesge("=9%S,),~ is a martingale undepP*.
Observe that

Ss .

E*(em 0S| Fy) = 5 exp{[¥"(1) = (r = 9)](t - 5)},
so our second condition is equivalentt¢(1) = r — ¢. The P*-admissible price
of the perpetual option with rewafd=(.S;)} is then
V(So) = sup E*(e""G(S,)).

TEM

and results in Sects. 2 and 3 apply.

4.1 Levy market with exponential jumps

In order to illustrate our results, consider ady market withX in (1) given by

Ny

Xy =at + oW, + Y _ Y, (32)

=1
whereW = {W,},>¢ is a standard Wiener process,c > 0 are real constants,
N = {N,};>0 is a Poisson process with intensity+ u, andY = {Y; }ren is @
sequence of independent random variables with identical distribution given by the
density

A a iz
h(y) = e Y1gys0y + )\+uﬁeﬁy1{y<o}

for A > 0, p > 0, anda, 3 real and positive. The process jumps upwards
at rate\, downwards at ratg, and the magnitude of the jumps is exponentially
distributed with parameteks and 3 respectively. The processé8 = {W,};>o,
N = {N;};>0 andY = {Y,, },en are defined on a stochastic basisand are
mutually independent.

In order to choose the risk-neutral martingale measure in the model considered,
we apply the Esscher transform, as proposed by Gerber and Shiu (1994). This
means thaP* is defined by its restrictions t6; by

dp; = Xt gp,
where~y is the unique root of the equation

Yy +1) =(y) =r—0.

The characteristic exponent &f underP* is given byy* (z) = ¥(z +v) — ¥ (%),
and from this follows that the log-price of the stock is a jump-diffusion process as
in (32) with risk-neutral parameters given by

A 1B
CL*:(1+ 0_2 0_*:0_7 /\*: , *__ T
Yo, a—r M T Ey
o =a—v, =0+
According to our previous results, risk-neutral prices of perpetual options will be
given.
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Theorem 4 Consider a levy market withX the Levy process given in (32). Then
(a) For positive dividend raté > 0, andr > 0 denote

A A
S::K( 1P 2p2>
pr—1 p—1

wherepy, p2 (1 < p1 < a* < py) are the positive roots ap*(p) = r, and the
coefficients4,, A, are given by

A=) pip =)
a*(p2 — p1) a*(p2 — p1)
The price of a perpetual call option under the risk neutral martingale measure is

p1 D2
A1 So Ao So *
p1—1(52‘) +P2_1(S:) SOSS(,'?

Ve(So) =
SO — K S() > 5:7

The optimal exercise is given by the stopping time in (5).
(b) Denote foré > 0, and positive interest rate > 0

Sr=K

p

( By Bary )
T1 + 1 T2 + 1 ’

where—ry, —ro (0 < 7 < 8% < 19), are the negative roots af*(p) = r, and the
coefficientsB, B, are given by

ro(B* — 1) r1(r2 — 8%)
B =—— By =—*~—~<.
! B*(re — 1) 2 B*(ra —7r1)
The price of a perpetual put option under the risk neutral martingale measure is
K-S So < 5,5,
Vp(S0) =

wN\ T1 *\ T2
B, (Sp By (55 *
7’1+1<So) +7’2-0-1(50 ’SO>SP'

The optimal exercise is given by the stopping time in (10).

5 Proofs

In the proof of the Theorem 1, we use the following auxiliary result, related to a
similar result for random walks in Darling et al. (1972).

Lemma 1 Consider a levy processX with characteristic exponenp in (20),
r >0, andr(r), M asin(3). The following two conditions are equivalent.

(@) E(eM) < .
(b) E(eX1) <em.
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Proof (a)=> (b). If r > 0, asE(e*X1) = ¢*(1) we can write
e(w(l)fr)t = E(eXt].{T(r)>t}) < E(6N11{7(7>)>t}) —0

if t = oo, givingy(1) < r.If r =0, P(M < oo0) = 1, implieslim;_,, X; =
—oo P-a.s., as only three possible asymptotic behaviourskf@re possible. As
eXt < M we obtain by dominated convergence

e?Wt = B(eXt) - 0 ast — oo,

and in conclusion)(1) < 0.
(b)=(a) We knowy(1) < r. Choose: > 1 ande > 0 such that

M) 0(1) +e+ [inn(e? — DI (dy) <,
(i) 6=1(1)+e>0if r>0.

Denote

UH2) = (b= 08)z + 30227 + [, 4 (e¥* — 1 = zh(y)) I (dy),

V2(2) = 02+ [54(e¥* — DII(dy),

and consider a pair of independeriéy processeX ! and X2 with characteristic
exponents)! andv? respectively. As) = ' + > we haveX =¢ X! + X2,
Furthermore

BL1) = (b= 8) + So% + [, oy (e¥ — 1 — h(y))[T(dy) <O,

P2(1) =0+ f{ch}(ey — DII(dy) <.

DenotingM" = sup,, X} andM? = sup<;, () X; (with 7(r) independent
of X!, X2) we have
E(eM) < E(eM)E(M).

In order to verify thatE(eMl) is finite, see that the function® has an analytical
continuation in(z) > 0 due to the fact thak'! has bounded by positive jumps.
As'(1) < 0 we deduce the existence of a real constant 1 such that)(w) = 0
and in consequendan,, ., e“*P(M! > z) = C with 0 < C < 1 (see Bertoin
and Doney 1994), concluding thEte™ ") is finite. Let us see that (e™”) is finite.
If » > 0, asé > 0 the process{? is nondecreasing a.s., and

T

E(eﬂfz) S E(BXQT(T)) = m < 0Q0.

Consider now = 0. By (i) we haved < 0 and the finiteness cE(eMz) reduces
to the corresponding result for in Darling et al. (1972) for random walks in the
following way. Define the sequence of stopping times

To=0, Ty =inf{t>Ty: AX, > 1}.
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The processV = { N, }:>( defined byN, = sup{k: T}, < t} is a Poisson process
with parameten = f{y>c} II(dy) that we assume to be positive (in case- 0,

X2 = 6t <0). X? can be represented as

N,
X7 =Y AXy, +6t.
k=1

If Z, = AXp, + 6(T, — Tp—q) fork=1,2,...,andZ, =0, asé < 0,

n
M? = supr = supX%n = supZZk.

t>0 n>0 k=0
By Theorem 184.3 in Skorokhod (1991)
1
E(e%) = B(eAXn Ty = —— eYII(dy) < 1,
A=0 Jiyze)

and, according to Darling et al. (19721@”12) < oo follows concluding the proof.

RemarkAn alternative shorter proof can be based on (13).

Proof of Theorem 1In all cases, the finiteness or notBfe?) follows from the
Lemma 1. Consider the case (a). Puttiig= ¢*, and denoting/(z) = V.(e*) =
Ve(So), g(x) = (e* — K)*, (4) becomes

—rT E[GIJFJW - KE(e]\/f)]Jr
v(z) = sup E(e™g(z+ X7)) = B
In order to verify this formula, on one side we recall the fact that the cost function
of the optimal stopping problem considered is the minimakcessive majorant
function of the reward, and satisfies

v(z) = lim lim QNg(x) (33)

n—o00 N—o00

where the operatap,, is given by

Qng(z) = max{g(z),e "> "E(g(z + Xo-n))},

andQY is the N*" iteration ofQ,,. (see Shiryaev 1978, and VIII.2.4 in Shiryaev
1999) Fix nown. The limitlimx_, ., QY g(x) is the cost function for the optimal
stopping problem for the random wakK"™ = { X;,-~: k € N} discounted at rate

a, = e "2 " with rewardg, (Theorem 11.23 in Shiryaev 1978).
Let7(r) be as in (3). For fixed, andr > 0
()] +1
n on
(with [z] the integer part oft) is a geometric random variable taking values on
the set{ 5, 2, ..., ==, ... } with parametery,, = e~ ", i.e. P(r,, > k27") =
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(e="/2")k If + = 0 put7,, = co. On the other side Darling et al. (1972) give the
solution to this discrete time optimal stopping problem. In conclusion

) E IJFM”*KE M™\1+
A}EHOOQQIQ(%): e E(eMn)(6 ) (34)

where the r.h.s. is the formula in Darling et al. (1972), and
M"™ = sup{Xpo-»: 0 < k27" < 7, },

M™ < M andE(eM") < oo. Now we maken — oo. First

M, = sup Xpo-»= sup Xpz-n—>M
0<k<Ty 0§k‘<7’(1”)
= sup X, P —a.s. (35)
0<t<7(r)

becauser, > 7(r), 7, — 7(r) and X is cadlag. The result then follows taking
limits in (34). The |.h.s. has limit(z) by (33) and

Ele"tM" — KE(eM")t  E[e*™™ — KE(eM)]*
E(e) - E(eM)

in view of (35) and dominated convergence site’ ) < co. The fact that* is
the optimal stopping rule follows exactly as in Darling et al. (1972).

Proof of (b) We follow the proof of Theorem 1(a) i§8 of Shiryaev et al. (1984).
First, asX is non-degeneraté]( X; —rt) < E(eX*~"*—1) = 0andin consequence
lim;_, oo Xy — rt = —00. Take nowr € M.

E(e—r7—<ea:+X,. _ K)+) < E(ex—&-XT—m—) _ E(tlim el‘-‘rXT/\t—T'(T/\t))
—00

< lim E(exJFXTM*T(TM)) =e"
~ t—oo

where we used Fatou's Lemma. Denote ribw: 75 in (7). Ke~ ™! = ee® and, as
+
T >x

E(e (et — K)H) > E(e (e TX7 — K)) =¢® — Ke™'™T = e%(1 —¢)
completing the proof of (b).
Proof of (c) For anyt > 0

v(z) > Ble " (e — K)T) > B(e"T X ) _ K = W=t _ K (36)

Taking supremum over > 0 in (36), asy(1) = log E(eX*) > r we obtain
v(x) = co. Formula (8) is obtained replacirtg= 7 in (36), and observing that
(S—K)t>S—-K.

Proof of (d) If ¥(1) = oo, (36) shows thaE(e~"(e*+Xt — K)*) = oo. This
concludes the proof of Theorem 1.
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The proof of Theorem 2 goes as the proof of Theorem 1, based on aresult onrandom
walks of independent interest, that follows. Introduce a sequ&ncé;, Xo, ...
of i.i.d. random variables with partial sums denoted by

U():O, Un:ZXka ?7,:1,27...
k=1

andr denotes a stopping time with respect to the filtration generated by the random
walk U = {U,}nen. The optimal stopping problem for this random walk with
rewardg and discount rate: € (0, 1] consists in finding a paifV, 7*) such that

v(z) = sup E(a"g(z +U;)) = E(a” g(z + Us+)). (37)

Let7(a) be a geometric random variable wikh{(r(«) > k) = o*, independent of
U with a € (0, 1), and denote (1) = oo. The infimum of the random walk killed
at ratea is

Iy= inf U, (38)

0<n<7(a)

Proposition 1 Assumé) < « < 1, or & = 1 and P(lim,, U,, = o0) = 1. Then
E(e'v) > 0, and the solution to (37) with reward functigp(z) = (K — e*)* is
given by the cost function

E[KE(e'v) — erHu]t

v(x) = F(elo) , (39)
and optimal stopping rule
™ =inf{n > 0: x + U, <log KE(e'")}. (40)

(b)Under the conditiomx = 1 and P(lim inf,, U,, = —c0) = 1, we haveF (elv) =
0, and the solution to (37) is given by the cost functign) = K, no optimal
stopping time exists, and aroptimal stopping time=, in the sense

K—-e<EB(K -tV <K (41)

is given by
7 =inf{n > 0: 2+ U, <loge}. (42)

RemarkObserve that, by Theorem 1 in XII.2 of (Feller, (1966) II) all possible limit
behaviors for the random walk are considered.

Proof (a). The random variable in (38) is proper,B¢e’v ) > 0. Following Darling
et al. (1972), in order to obtain the results it is enough to verify thabhd 7 in
(39) and (40) respectively satisfy the following three conditions, for eaeiR:

() v(z) = (K —e”)*,

(i) v(z) > ozE(v*(:c + X)),
(iiiy v(x) = E(a™ (K —e*tVUr)T),
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In order to verify (i), as the function(y) = (K E(efv) — y)* is convex iny,
v(x)E(e!V) = E[KE(e'V) — ")t > [KE(e!V) — " E(e!V)]F
= E(e!V)(K —e*)*,

by Jensen’s inequality.

To see (ii) introduce a binomial random variabléndependent ofU,, } taking
values0 or 1 with probability 1 — « anda respectively. Taking into account that
aP(tr=k)=P(r=k+1)and

—(X + Iy)” =inf(0, X + Iy) =¢ inf U,
( * U) m( + U) 0§n<12(a)+1

wherez~ = max(—z,0), we verify that the random variabldg and—J(X +
Iyy)~ have the same distribution. Fer= ig, with¢g € R

E(e—zJ(X-i-IU)’) —1—a +aE(e—z(X+IU)7)
= P(t = 1) + aE(e* Mosn<r@+1Un) = E(eZIUl{Tzl})

+ Y B(erMosnarn Ung ) = B(e”).
k=1

As —x~ <uz,
v(z)E(e!V)=E[KE(ev)—e*/ X+ 1+ > 0 B[K E(e'v)—e?~(X+1u) 7]+
> aE[KE(elV) — e* X+ )+ — g E(elV)Bu(z + X),

concluding (ii).

Let us finally see (iii). Denotel = log K E(e!v). Based on the spatial homo-
geneity and the strong Markov property of the random walk, and on the lack of
memory ofr(«a)

E(e" My, <ay) = BTV el U 1,0, <ay)
= E(GIU)E(€w+UT* 1{$+IUSA})'
In conclusion

E[KE(e'v) — e V|1, 1, <ay
v(x) = Bl =

E(K — "™ \pir,<ay

_ E(K _ ew+UT*)1{T*<T} — EO[T* (K . ea;—f—U.,.* )+

concluding the proof of (a).
(b) We haveP(lim inf,, U,, = —o0) = 1, so for arbitraryH the stopping time

g=inf{n>0:2+U, < H}

is finite with probability one. So, given > 0 (41) holds forr< in (42).
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Proof of Theorem Za) In this case, the random variadles proper, andz(ef) > 0
follows. (9) and (10) are obtained considering the auxiliary random walks as in
Theorem 1. The proof of (b) follows as the respective proof of (b) in Proposition 1.

Proof of Corollary 1 (a) Observe that the conditian > 1 ensured € Cgp, andin
consequencE (eX1) = ¥ < co. Furthermore, a&(eX1) < 7, (@) in Theorem
1applies. As seenin Mordecki (1999B),in (3) is a mixture of exponential random
variables, with density given by

v (y) = hosa(y; A, p) (43)

wherep = (p1,...,pnt1) IS the set of positive roots af(p) = r, and A =
(A4y,...,A,41) are given by (25).

In order to use (43) we observe thatrif= 0 conditiont)’(0+) < 0 follows
from (22) by convexity ofy(p) for p € [0,«1). In both cases = 0 orr > 0
condition (22) ensureg; > 1 and M has the density given in (43). Then

n+1

BE) = [ bl Apdy = Y v P
0 1 Pr —

Furthermore, from (4) and (43), witi* = K E(eM), for Sy < S,

Ve(So) =

E[Soe™ — KE(M)[* _ ”z*:l Ay <&)pk

E(eM) = pr— L\SE

For Sy > S*, Spe™ — KE(eM) > 0 and

E[SpeM — KE(eM)]*+
E(eM)

(b) If oy > 1 then E(e®X1) < oo. Conditiont(1) = r is E(eX1) = " and
conclusion in (b) of Theorem 1 follows. The case> 1 andy (1) > r corresponds
toe” < FE(eX1) < oo and conclusion in (c) of Theorem 1 holds. Finatly, < 1
implies E(eX1) = oo and conclusion in (d) of Theorem 1 follows.

V(o) = =Sy — K.

Proof of Corollary 2 (a) From (28) followsP(lim; X; = co) = 1, see for instance
Mordecki (1999a). Thed is a proper random variable. From (43) applied to the
dual process- X, we obtain that the negative of the infimum of the proc&ss
has a mixed exponential distribution with parametarswith —r; the real and
negative roots o (p) = r and mixture coefficient®;, given by 30. From this,
(29) and the form o¥/,(Sp) in (31) follows as in the proof of the Corollary 1. (b)
Observe that if)’(0—) < 0, this quantity is necessarily finite. 4f (0—) < 0 then
EX; =¢'(0—) < 0 andlim;_,o X3 = —o0. If ¢/(0—) = 0 we haveEX; = 0,
and in consequendén inf; ., X; = —oo a.s. (see Theorem 2 in Rogozin 1966).
In both cased = —oo andE(el) = 0.

Proof of Theorem 3a) AsE(eX1) < ¢, (a) in Theorem 1 holds, giving
M M

e +
~SoF g

Ve(S0)=E[So 5 — K|

E'(eM) 1{SgeMsz} — KP(SOGM > S:)
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= Sy P.(SpeM > 8F) — P(Spe™ > S7).
(b) We apply (a) in Theorem 2
I

E(el)

V,(So) = E[K — S |7 = KP(Soe! < 8%) — P,(Soe! < S%),

concluding the proof.

6 Conclusion

The presented paper gives closed formulae for prices of perpetual call and put
options on a stock driven by a generd\y process, respectively in terms of the
distribution of the supremum and the infimum of the process, killed at a constant
rate, the interest rate in the market. From a mathematical point of view, the optimal
stopping problem for a&vy processX, with the classical rewards of call and put
options, is reduced to the computation of the distribution of the supreiuamd
infimum I of X. It is interesting to note, that the optimal stopping problem in the
case of a Markov process, leads to the solution of a free boundary problem, and
the computation of the distribution of the supremum of a process is a problem with
fixed boundary conditions. The closed formulae allows to obtain a Black Scholes
type formula for prices of perpetual options.

Second, recent results on exact distributions of the supremuméfyagdrocess
when positive jumps are distributed according to a mixture of exponentials are used,
in order to obtain: (a) an explicit formula for prices of perpetual call options when
the driving Levy process has mixed exponential positive and arbitrary negative
jumps generalizing Merton’s (1973) classical result for Brownian motion, and (b)
an explicit formula for perpetual put options when the driving process has mixed
exponential negative jumps and arbitrary positive jumps generalizing Mc. Kean’s
(1965) result.

Third, on the assumption tha is a diffusion with jumps, risk-neutral prices
of perpetual call and put options are obtained in a simple case by choosing the risk-
neutral martingale measure by the Esscher transform. Proofs are based on general
results of approximation of optimal stopping problems for continuous time Markov
process by discrete time Markov chains (random walks in our case).
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