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Abstract

Closed form solutions for some optimal stopping problems for stochastic pro-
cesses driven by a Poisson processes N = (IV;);>o are given.
First, cost functions and optimal stopping rules are described for the
problems
s(z) = sup F(max|z, sup (N; — at)] — c71),
T 0<t<r

v(x) = sup E(max[z, sup (bt — Ny)| — c7),
T 0<t<r

with a, b, ¢ positive constants and 7 a stopping time.

Based on the obtained results, maximal inequalities in the spirit of [1] are
obtained.

To complete the picture, solutions to the problems

c(z) =sup E(x + N, —ar)",  p(x) =sup E(x +br — N;)*

are given.



1 Introduction and main results

1.1. Let be given a Poisson process N = (IV;);>0 with intensity A > 0 defined
on a filtered probability space (€2, F, (Ft)i>0, P). Denote by M the class of
all stopping times (that can take the value 4+00), by M the class of finite
valued stopping times, and by M, the class of stopping times with finite
expectation. All stopping times are considered with respect to the filtration
(Ft)e=0-

In this paper we face the problem of giving the cost functions and optimal
stopping times in the following optimal stopping problems:

(1) s(z) = sup E(max|z, Os<1tlET(Nt —at)] — e7),
(2) v(x) = sup E(max|z, Os<1:£)T(bt — N)| —er),

where a, b and ¢ are positive constants, (c is the “price” of one unity of
observation), and x € R.

Problems (1) and (2) are related to the pricing of “Russian Options”
introduced by L. Shepp and A.N. Shiryaev in [2]. In our case, the price
process for the risky asset is driven by a Poisson process instead of a geometric
Brownian motion.

The solutions to these problems are then used to obtain maximal inequal-

ities of the form
(3) sup E|[ sup (N; — at))] < ¢(ET)

TEMo 0<t<r

(4) sup Ef sup (bt — Ny))] < o(E7)

TeEMp  0<t<t
where ¢ = ¢(z), ¥ = ¥(x), r > 0 are the minimal possible functions, that
satisfy (3) and (4).

In relation with this, we refer to the paper of L. Dubbins, L.A. Shepp and
A.N. Shiryaev [1] devoted to the study of optimal stopping rules and maximal
inequalities for Bessel Processes, the work of L. Dubbins and G. Schwartz
2], and to some recent results for linear diffusions of S.E. Graversen and G.
Peskir [4].

Finally, to complete the picture, we give the cost function and optimal
stopping time in the following problems
(5) c(z) = sup E(x + N, —ar)*

TEM



(6) p(z) = sup E(z +br — N,)*
TeEM
where z € R, 2" denotes max(z, 0).
1.2. In order to formulate our results, let us introduce the function
u=u(zr) = u(z;d),x > 0 with d a positive constant, defined by

“+00

(7) u(erd) = Y le

k=0

) = (b + DI sy (2)

where P, = Py(z) is a polynomial of order k:

(8) Pe(z) = diy T

=0

and the coefficients dj, k > 0 are defined by the following recurrence relation:

k -1 l
(9) dy=1, dpsy =1+ el/ddel(dllR =1+ eYP(1/d).
=0 :

Some properties of the function u = u(x) are revisted in section 2.

Denote now by 7. the optimal stopping time in the problem (1), that is,
the stopping time for which the supremum is realized. The price function
s = s(x) and the optimal stopping time 7} are given in the following

Theorem 1
(i) If a+ ¢ < A, then s(z) = +oo, for all x > 0.
(ii) If a > X and ¢ =0, then

(10)  s(z) = E(max[x’ogilglgoo(]vt —at)]) = Q(G)\_ N L@ ; A

(iii) Ifa > 0 and ¢ > A, then s(x) = x and 77 = 0.
(iv) If c < A < a+c, then

_ |z if 2 a
10 o ={ 4 st - ater), 020
and
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where X = (X})1>0 s a stochastic process defined by

(13) X; = max[z, sup (N, — ar)] — (Ny — at),

0<r<t
and the positive constant x; is the solution of the equation

Y
(14) ”iu'(x; SR

We also have, when x < x}

(15) B(r}) = slu(a?, $) = u(a; )

Denote now by 7' the optimal stopping time for the problem (2).The price
function v = v(z) and the optimal stopping time are given in the following

Theorem 2
(i) If c+ A < b, then v(x) = 400, for all z > 0.
(ii) If A > b and ¢ = 0, then

(16) o(x) = B(maxfe, sup (b — N)]) = + ;*ea 3

0<t<+o0

where the constant o* is the unique positive root of the equation

b
(17) 3 +e *—1=0.

(iii) If ¢ > b, then v(z) =z and 7,7 = 0.
(iv) If e <b < c+ A, then

(13 o ={ 7 , Trza

v+ Su(ry —x,%), if0<z<aj,

and
7, =inf{t > 0:Y; > 27},

where Y = (Y;)i>0 is a stochastic process defined by

(19) Y; = max[x, sup (br — N,)] — (bt — N),

0<r<t



and the positive constant x} is the solution of the equation

(20) u'(z; <) =1

<
A A
We also have, when 0 < x < x,

1 . c b

(21) E(ry) = m[% —x— X“(ﬁ -, X)]'

1.3. Let My = {7 € My: E(7) < T} denote the set of all the stopping
times 7 with expected value less or equal than 7" > 0. Functions ¢ and ¥ in
(3) and (4) can be defined in the following way

(22) ¢(T) = sup E(sup (N; — at)),

TEMT 0<t<r
(23) Y(T) = sup E(sup (bt — Ny)).
TEMT 0<t<r

In what follows, the stopping times such that the supremum in (22) and
(23) is realized will be called Mp-optimal.

Theorem 3 Let 0 < T < 4o00.
(i) Denote by x(T') the root of the equation

(24) u(z; %) = \T.
Then
(25) o(T) =2 (T)+ (A= a)T

and the stopping time
(T) = inf{t > 0: X; > 25(T)},

is Mqp-optimal for the problem (22), where in the process X = (X;)i>0 defined
in (13) we take x = 0.
Furthermore, when A = a we have

VAT +1 -1 <

(20) S <) VT



and in consequence

. o(T)
(27) LN,

(ii) Denote by x:(T) the positive root of the equation

au/ (23 2) — u(z; 2)

. - Dy
Then
29 U(T) = (T + (6= NT,

and the stopping time

(1) = inf{t > 0:Y, > z3(T)},

v

is Mry-optimal for the problem (23), where in the process Y = (Y;)i>o defined
in (19) we take z = 0.
Furthermore, when A\ = b we have

T
(30) im 20 _
T—+o00 ﬁ
1.4. Denote by 77 the optimal stopping time in the problem (5). The
price function and the optimal stopping time for this problem are given in
the following

1.

Theorem 4
(i) If a < A, then c(x) = +oo for all x € R.
(i) If A < a, then

x if v > af
1 — ) : — c)
(31) c(x) { 4+ (= Du(z) —x,%), ifr <z,
with x} = 2(;‘_/\). The optimal stopping time is
(32) 70 =1inf{t > 0:x + Ny — at > z}}.

Denote finally by 77 the optimal stopping time in the problem (6). The
cost function and the optimal stopping time for this problem are given in the
following



Theorem 5

(i) If b > A, then p(x) = +o0 for all x € R.

(ii) Assume b < A. Denote by a* the positive root of the equation (17).
Then, the cost function is

x, if t > x?,
(33) p<x>={ PR L

*
Tye , i<,

with x, = i, and the optimal stopping time s

(34) 7, =inf{t > 0:x + 0t — Ny > x,}.

2 Some auxiliar results

2.1. In this section we formulate some technical results concerning the func-
tion u = u(z),x > 0 defined in (7). Let us introduce the operator K = K(d)
defined on the set of continuously differentable functions by the following

relation
(35) Kw(z) = dw'(z) + w(z — 2z A1) — w(x), x> 0.

As will be shown in section 3, the operator AL is the infinitesimal operator
associated to the process X = (X;);>0 defined in (13) with d = §.

Lemma 1 The function u = u(x) defined in (7) is continously differentable,
and satisfies the following relation

(36) Ku(z) = du'(z) — u(z) + u(z —x A1) =1, x> 0.

Proof. From the definition of the function u = u(z) (see (7), (8) and (9))
follows, that this function is smooth on the intervals (k, k + 1) for any non-
negative integer k.

If v €[0,1), we have u(x) = e*/? — 1, giving that u(0) = 0 and

Ku(x) = du'(z) — u(x) = 1.
If k> 1and x € (k,k+ 1), equation (36) is

du'(z) —u(z) =1—u(x —1).



In view of (7) for z € (k,k+1)

r—k
d

and from (8) follows that Pj(x) = —Py_1(z). Then

u(z) = T Pi(

)= (k+1),

r— - k
du'(z) — u(z) = eTkP,g(xT) +k+1

xT— - k
(37) = 1- T Bi(—
In this way (36) is proved for x € (k,k + 1). It is clear from (35), that in
order to verify (36) when = = 1,2,... it is enough to see that the functions
u = u(z) and v = u/(x) are continuous in these points.
Let us examine the continity of u. In view of (7)

J+k=1—u(z—1)

u(k) =P,(0) — (k+1) =d, — (k+1)
and by (9)

hgﬂlu(&?) =eMip_ (1/d) —k=dy — (k+1),

and the continuity of u follows. For the function «’ in view of (37)

. / - ]- .
lﬁ%u (x) = glﬁg[l +u(x — 1) — u(z)]

1
= [ +u(k—1) —u(k)],

and .
1;%1 u'(z) = 7 1;%1[1 +ulx —x A1) —u(z)]
= L[+ ulk = 1)~ (k)]
concluding the proof. a

2.2. In the following Lemma we study the behaviour of v = u(x) and its
derivative.



Lemma 2 The functions u = u(x) and v’ = u/'(x) satisfy
a) u(0) =0, v (0) = 1.

b) u and u' are strictly increasing.
¢) lim, o u(z) = 400. lim, , o u'(x) =4 4V

+oo, 0<d< 1.
d) If d =1, for all x > 0 we have
? <u(x) <2+ 2.

e) If d =1, then

zu(z) — u(z)

lim =1
T—r—+00 3;'2

Proof. a) As u(x) = e*/? — 1 when z € [0,1) we obtain
uw(0) =0 and u'(0)=-=.

b) In order to prove that u and v’ are strictly increasing, as they are both
absolutely continuous, we will see that

(38) u"(z) is positive and continuous for all x #1, = >0,

As u(z) = e¥/? —1if z € (0,1), by differentiation v”(z) = Fe*/? is
continuous and positive if x € [0,1). Take now x > 1. From (36), for = > 1
we obtain -

(39) du” () :/x u” (y)dy.

~1
As u” is bounded on compact intervals, the continuity if z # 1 follows. In
view of (39) follows that

u”’(z) > 0, x> 1

In fact, let 2o = inf{z > 0:u"(x) = 0}. We have u"(z() = 0 and u"(x) > 0
when = <z, contradicting (39).

So u = u(z) and v’ = u'(x) are both strictly increasing functions.

c) Let us now compute the limits at infinite. If x > 1, then from (36)
follows that

T

du'(z) =u(z) —u(z—1)+1=1 +/ o' (y)dy.

z—1

8



From this, taking into account the monotonicity of the function u' = u/(x)
we obtain

I+ d(z—1) <du(x) <1+ud(x)
and taking limits we obtain the second limit in ¢). Finally, this ensures the

convergence of u(x) — +oo when # — +o0, proving c).
d) Let d = 1. Denote A(x) = u(x) — 2. We want to establish

(40) A(z) >0 forall x>0.
For this function
KA(z) = Ku — K(2*) = 0.

This means -

A(z) = Alz) — Al — 1) = / A(t)dt.
z—1
If z € (0,1), we know A(z) = e* — 1 — 2%, and in consequence A’(z) > 0 on
this interval. So, with the same argument as in the proof of (38) we obtain
that A’(xz) > 0 for all x > 0. As A(0) =0, (40) is proved.
Denote now
§(z) = 2° + x — u(x).

In a similar way, as was done for A, we obtain that

§(z)=2r+1—-¢">0 for 0<z<l,

and for z > 1 .
§(z) = / §'()dt.
rx—1

concluding that 6(z) > 0 for all x > 0 and the proof of d).
e) From d) we obtain

(41) lim

T—+00 $2

u@) _

Now, denoting w(z) = zu/(z) — u(z), we have

So, by L’Hopital rule

. w\x .
lim = lim
z—+oo 2 z—+o00 2 T——+00




But, in view of (41), and L’Hopital rule again

" /
i G N L) B T CoY
z—+o00 9 T—+oo 2 z—+oo 2

proving d). O
3. We will also need the following
Lemma 3 Let d > 1. Then the function w = w(x) defined by
w(z) =x — (d—1)u(z), x>0,

18 strictly increasing and

(42) mgr&ow(az) = d=1)

Proof. By part ¢) of Lemma 2
w'(x)=1—(d—1)u(x) >0 forall x>0

so the funtion w is stricltly incresing. In consequence the limit in (42) exists.
Now, by (36)

Kw(z) = dw'(z) —w(z) =1 -z, xr <1,

and
(43) Kw(z) = dw'(z) — w(x) + w(z — 1) =0, x> 1

Integrating (43) over [1, z], follows

dfu(e) = w)] = [ fw(y) - wly - Dldy

= /:1 w(y)dy + /01 w(y)dy

Taking into account (36)

du(@) = [ wiydy+

Now, the monotonicity of w(x) gives
1 1
w(r —1) + 5 < dw(z) < w(x) + 3
and taking limits as x — 400 we conclude the proof. a

10



3 Proofs of the Theorems

3.1. The process X = (X;)i>0, defined in (13), is an homogeneous Markov
process with stochastic differential

dXt = adt — (Xt, AN 1)dNt

If w= w(z), > 0, is a continously differentiable function, then, Itd’s
formula for pure jump processes gives (see [6] ch. 3 §6)

t
(44) w(X,) = w(z) + )\/ Kw(X,_)dr + M, t>0,
0
with I = KC(%) in (35) and the process M = (M;);>o given by
t
M, = / W(X,— — Xo_ A1) — w(X,_)]d(N, — Ar)
0

is a local martingale. From (44) and Lemma 1 follows, that the process
(u(Xy) = At)e>o is a local martingale, with the function u = u(z; §) defined
in (7) and d = §.

Proof of Theorem 1.

(i) Assume a + ¢ < A, As E(N; — (a+¢)t) = (A —a —¢)t > 0 and
the process { N; — (a+ ¢)t} has stationary independent increments, it follows
that P(sup,(N: — (a + ¢)t) = +00) = 1 (see [7]). Thi s means, that for the
stopping time

Ty = inf{t > 0: N, — (a+c¢)t > H}.

we have P(ty < 4+00) = 1. Then

s(x) > s(0) > E( sup (N, —ar)—cry)

0<r<7g
> E((Nyy, — (a+c)ty) > H.

As H is arbitrary, the proof of (i) is concluded.
(i) Let ¢ = 0 and @ > A. For ¢ > 0 denote

si(z) = E(max|z, sup (N, — ar)]).

0<r<t

By monotnonous convergence

si(x) 1 s(z), t — +oo0.

11



Taking into account, that E(N;) = At, ¢ > 0, we obtain that
si(z) = E(Xy — (a — \)t), Xo =z,

with the process X = (X})i>0 defined in (13).

Denote w(z) = — “2u(x). By Lemma 3, we have

Furthermore, as X; > at — N;, and a > A, then, X; — 400 with probability
one as t — 400. As the process {%

2Au(X;) — (a — M)t} is a martingale, we

obtain
s(a) — " Pula) = i B(si(e)) — B0 — (a - W)
= lim B(X, - ¢ 5 Au(X,)) = Jim B(w(X,)) = 2(a)\—)\)

by bounded convergence, concluding the proof of (ii).

(iii) First we observe, that when ¢ > 0 and a+ ¢ > A the supremum in (1)
can be taken over M. To see this, take an arbitrary stopping time 7 € M
with E(7) = 4+00. Consider § such that A —a < d < c.

E(max[z, sup (N; —at)] —cr) < x+ E[ sup (N, — at) — c7]

0<t<r 0<t<+T

<z+E[ sup (N, —(a+0)t) — (c—6)1] = —00

0<t<+T

because, in accordance with (10)

A

+00.
Now, if ¢ > A\, a > 0 and E(7) < 400, then E(N,) = AE(7) and

E(max[z, sup (N; —at)] —c7)) < x + E( sup (N; — at) — c7)
0<t<r 0<t<r

<z+4+ E(N,—cr)<zx—(c—NE(T) <z

12



On the other hand, taking 77 =0

E(max[z, sup (N; —at)] —er)) =z,

0<t<r*

and follows that 7 = 0 is the optimal stopping time, and s(z) =z, > 0.
(iv) Let ¢ < A < a+ c. In view of Lemma 2 (14) has an unique solution
x; such that 0 < 2z} < +o0.
Let us first prove, that for 77 defined by (12), identity (15) holds.
As u(z) < u(zl) if < %, then

=AMt < w(Xpene) = AM75 A L) < u(xy)

and, as a consequence, the local martingale {u(Xxr;) — A(7) A t)}>0 is in
fact a martingale. Therefore

(45) NE(7: A t) = B(u(Xp: ) — ()

From this, we deduce that E(7) < 400, so P(1} < 4+00) = 1, concluding
that
w(Xrepe) = u(xy) as t— 4o0.

Now, taking limits in (45) as ¢ — 400 we obtain (15).
We know by (iii) that we can take the supremum over My. If 7 € My,
E(1) < +00, then E(N;) = AE(7). In consequence

E(max[z, sup (N; —at)] —cr) = E(X; — (a+c— \)7).

0<t<r
Denote by § = 5(z) by

x, if x >z
s(z) = { xt+ %[u(m, ) —u(zh$)], o< <o

We want to prove § = s with s in (1). The following relation takes place

(A)s(xz) = max(z,2}) — (a+c— N E(1)) = E(X; — (a+c— A7),

that is direct if x > z¥ and follows from (15) when x < z*. In consequence,
in order to complete the proof of the Theorem, it remains to see that for any
stopping time 7 € M,

(B)3(x) > B(X, — (a+c— A7),

13



In view of Lemma 2 the function u = wu(z) is convex, so s(z) > x. To
prove (B) it is enough to see that the process Z = (Z;);>o defined by

Zy =5(Xont) —(@+c—N)(TAE)

is a supermartingale. From (44) follows that the process Z is a local super-
martingale, if

(46) ACS(z) = (a+c— ) <0, x>0,
with K = K(%) defined in (35).

For x < a% (46) takes places in view of Lemma 1 (in fact we have an
identity). If x > z, then §(z) = x and

MCs(x) —(a+c—A)=a+ A5z —xAl)= Az —(a+c—A)

<a+AN(zh —2i A1) — Azl — (a+c—N) = MC8(2) — (a+c—A\) =0,

where we used the convexity of the function §. In this way the process
Z = (Zy)1>0 is a local supermartingale, and as

Zy > —(a+c— M, t>0,

and E(7) < +oo, we deduce that Z is a supermartingale and the proof is
concluded. O

3.2. The process Y = (Y;)>0 defined in (19) is an homogeneous Markov
process with stochastic differential

(47) dY, = AN, — Ly, oybdt.

If w= w(x), x> 0, is a continously differentiable function, It6’s formula
gives (see [6])

(48) w(Yy) = w(z) H/ﬂt Lw(Y, )dr + M,
where 5
(49) Lw(x) = —XI{I>0}w,<$) +w(z+1) —w(x),

and the process M = (M;):>0, given by
t
M, = / w(Y,_ + 1) — w(Y,_)|d(N, — Ar)
0

14



is a local martingale.
Proof of Theorem 2.
(i) Let A+ ¢ <b. Take H > 0 and define

g = inf{t > 0:(b—c)t — Ny > H}.

As on the proof of (i) in Theorem 1 we conclude that P(7y < +o00) = 1. We
have
v(xz) > E(max|x, sup (bt — N)| — cTp)

OStSTH
> B((b— c)rir — N,,,) > H.

As H is arbitrary, the proof of (i) is concluded.
(ii) Let ¢ =0 and b < A. For ¢t > 0 denote

v (y) = F(max|x, sup (br — N,)]).

0<r<t

By monotonous convergence

v(y) To(y) as t— +oo.

Taking into account the definition of Y in (19) and the fact that E(N;) = ¢,
we obtain that
v(z) = E[Y; — (A= b)t], Yy = x.

Consider the function © = (z) defined by

1 .
v(r)=o+ —e 7%,
(&) =2+

with o* the positive root of the equation (17) that, as b < A has an unique
positive solution. A direct computation shows that the function v = o(x)
satisfies the equation

ALO(x) — (A —=D)t = 0.
In view of (46) the process K = (K;);>o defined by

Ky =o(Y) = (A= b)t

is a local martingale.

15



From the definition of © = v(x) follows that
1
(50) r<9(x)<z+—, x>0,
a*

and

xgrfm |0(z) — x| = 0.
Notice now, that
(51) max(0, Ny — bt) <Y, <x+ N,

so the local martingale K = (K});>0 is uniformly integrable and in conse-
quence a martingale. Finally, from (51) and A > b follows that

(52) Y, = 400, t— +oo P-as.

From this fact, and (50), we obtain

lim_[5(Y;) — Y| = 0.

t——+o0

So, we have
v(z) = lim w(z) = tngrn E(Y; — (b— M)

t—+o00

= lim E(0(Y;) — (b= Mt) = 0(x),

and the proof of (ii) is concluded.
(iii) Let ¢ > b. Then, for any 7 € M

E(max|z, sup (bt — N)| —er) <y+ (b—c)E(1) <y,
0<t<T

and, if we take 77 =0

E(max[z, sup (bt — Ny) — e1))] = =,
0<t<rr
proving (iii).
(iv) Assume ¢ < b < ¢+ A. Let us see, that in (2) it is enough to take
the supremum over M. Take § positive, such that b — A\ < § < ¢. Consider
an arbitrary stopping time 7 with F(7) = +00. As by (16)

E( sup ((b—0)t— Ny) < o0,

0<t<+o0
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we obtain

E(max|z, sup (bt — N)| —e1)) < 2+
0<t<r

+E( sup ((b—090)t—Ny) — (c—9)E(T) = —0,

0<t<+o0

See now, that in view of Lemma 2 equation (20) has a unique positive
solution x}. Define now the function v = o(z) by

B() = x, T > T
T v+ Suy -2 d), 0< e <

In order to prove (iv) we verify ¢ = v, with v in (2). For this, it is enough to
verify the following two assertions:

(A) If iy =inf{t > 0:Y; > 2}}, then

0(y) = E(max(y, sup (bt — Ny)) — c)).

0<t<rx

(B) For all 7 € M,

0(x) > E(max|z, sup (bt — N;)| — c7),

0<t<r

We begin by (B). If 7 € My then E(N,;) = AE(7) and in consequence

E(max[z, sup (bt — Ny)] —c7) = E(Y, — (c+ XA —b)7)

0<t<r

< E(@(Y7) = (c+A=b)7),

because 0(z) > x, as the function u is convex (Lemma 2).
Then, in order to conclude the proof of (B) it is enough to see that the
process V = (V;);>0 given by

Vi=0Yir) — (c+A=D)(tAT)
is a supermartingale. As V; > —(c+ A — b)t, by (46) it is enuogh to verify

(53) ACO(x) — (c+A—=b) <0 for x>0.
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with £ defined in (48). Extend the definition of the function u in a continuous
way, as u(z) = 0 if z < 0. Now, using Lemma 1 we obtain, for 0 < z < z

ALi(z) = —bLgym0)[1 — gu'(:c: )]+ A+ cfulet —x — 1) — u(at — 2)]

= —b+ A+ cKu(y)|y=zr—2 =c+ A =0 <0.
When z > 7}, then v(z) = z and

ALO(z) — (e+ A —b) = —c <0,

holds and (B) is proved.

and in this way the inequality (51)
(Vi")e=o by

Let us see (A). Define V* =
Vi =0Yiams) —(c+A=D)(tAT)).

In view of (46) and (52) V* is a local martingale. Furthermore, this process
is bounded on each interval of the form [0,7], T' < 400, and in consequence
is a martingale. So

(54) B(x) = B(V?) = E(@(Ying)) — (c+ A= BE(t A7),

As 0 < 9(Yinr:) < max(z,x}), we can take limits as ¢ — +o00 in (54) obtain-
ing

5(x) = B(5(Ys; — (e+ A= b)) = E(¥ig = (c+ A= b)7)
= E(max[z, sup (bt — Ny) — c7))).

0t}

concluding (A). From (54), we also deduce (21)

1 1
E(T;) - m(N(fE;) - 6(1’)) = m(l‘z i ;U(l’z — x))
concluding the proof of Theorem 2. a

3.3. Proof of Theorem 3.
(i) For T' > 0 equation (24) has an unique positive root z%(7") by Lemma
2. The constant ¢(T") defined by

Ay ) =1,



satisfies
A—a<c(T) <A\

So, by (iv) in Theorem 1 the stopping time
(T) = inf{t > 0: X; > 2X(T)},

with X = (X});>0 defined by (11) is optimal for the problem (1). By the
election of ¢ = ¢(T'), and (15)

E(r*(T)) =T.

Also, in view of (1), (11) and (24)

E( sup (Ny—at))=s(0)+c(T)T =2:(T)— (AN—a)T,

0<t<7x(T)
and for any 7 € My

E(sup (Ny —at)) <s(0)+c(T)E(T) < z:(T) — (A —a)T.

0<t<r

proving (25). Finally, (26) and (27) are direct consequences of ¢) in Lemma
2, concluding (i).
(ii) For a positive T, define z(7") as the root of the equation

xu' () — u(x)
1+ (1-2)u(z)

(55) = AT,

where u = u(z) = u(z;2). In order to see that the equation (55) has an

unique root, we note, that for b > A the function

o/ (x) —u(z)
N e

is increasing (because is the quotient of an increasing function over a decreas-
ing one), f(0) =0 and f(z) — 400 if v/(z) — (£ —1)7%.
If b < A\, L'Hopital rule gives lim,_, ., f(z) = +o0, and, as f(0) = 0, we

confirm the existence of only one root, because

u'(@)[x + u(z) (1 — §)]

, B 1
P = I A= Dt

> 0.
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Let us see that the constant ¢(7T") defined by the relation

T
(56) “Wtayry ) =1
satisfies b — A < ¢(T) < b. As, by Lemma 2 o/(z}(T)) > v/(0) = 2,
A
I——)
T W@

On the other side, if b < A the second inequality is inmediate. If A < b, then
by b) in Lemma 2,

1/ % . / o
W(@(T)) < lim_w(@) =

and the second inequality follows.
Then, we are in case (iv) of Theorem 2. The stopping time

7H(T) = inf{t > 0:Y; > (T)}

is optimal for the problem (2) with ¢ = ¢(T"), x = 0. Then,
B(I(T)) = ——— @i(T) = Su(el) =T
T, = o yul@) =T.

Furthermore, (2), (18) and (56) gives

E( sup (bt — Ny)) =v(0) +c(T)E(T}(T)) = C()\T)u(x:(T)) +c(T)T

v
0<t<73(T)

_ “(fflzg();))” — 2(T) — (A — BT,

v

concluding the proof of (31).
To see (30), take b = A, and denote w(x) = zu/(z) — u(z). We have
25(T) = w™(T) = (T). We know,

v

tim ),
r—+00
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this means
T

(w=H(T))?

and taking square roots, we obtain (30) concluding the proof of Theorem 3.
O

— 1,

3.4. Proof of Theorem /.
(i) Assume A > a. For H > 0, denote

y={t>0:2x+ N, —at > H}.
As in the proof of (i) in Theorem 1, we obtain P(7y < 400 = 1). Then

c(z) =sup E(x + N, —ar)" > E(x + N,,, —atg)t > H.
>0

As H is arbitrary, the proof of (i) is concluded.
(ii) Take a > A. Denote U; = x + N; — at. The process U = (U)s>0 has
an infinitesimal operator of the form

Uf(z) = Af(z+1) = f(z)) — af'(z).
[t6’s formula in this case reads, with ¢ in (31)
(57) (V) = (o) + [ U, Ydr + M, 120,
with the process M = (M,);>0 given by
My = [ eV + 1) = U, AN, ~ Ar)
a local martingale. Let us now verify that for the function ¢ = ¢(x) defined

in (31)
(58) Ue(x) =0 if z<=x

(59) Uc(x) <0 if z>x
In fact, (59) is inmediate. In order to see (58), taking into account (36)

Uc(x) = Mc(z +1) —c(x)) — ad (z)
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=A—a+(a—N(u(z —1) —u(zl —x) + %u’(xz —z)) =0.

Now, from (57) we obtain that the stopped local martingale M* = { Mar+ }+>0
with 77 in (32) is uniformly bounded:

—C(ZU) S Mt/\q—c* S C(I‘:) + 1,

so, taking expected values and limits, we obtain F(M..) = 0 that means, by
(31). As on the set {7} = +o0} we have

c(x+ No» —ar)) = (x 4+ Ny —ar))" =0.

we deduce
(A) c(z) = E(c(x + Np» —at))) = E(x + Ny» —at))".
To complete the proof, we will see
(B) For any 7 € M

c(x) > E(x + N, —ar)™.
For the process M defined by (57), as —Uc(z) > 0 we have
M, > —c(z).

This fact, and Fatou’s Lemma gives, that the process M is a supermartingale.
Now, using this fact, and c(xz) > 2% we obtain

c(z) > E(c(x + N, —ar)) > E(x + N, —ar)™,

concluding the proof of Theorem 4. a

3.5. Proof of Theorem 5.

(i) Is analogous to the proof of (i) in Theorem 4.

(ii) Take b < A. Denote D; = = + bt — N;. The process D = (D;);>o has
in infinitesimal operator of the form

Df(x) =bf'(z) = AM(f(z — 1) — f(2)).
It is direct to see that

(60) { Dp(x) :2, if <.



[td’s formula in this case is
t
(61) p(Dy) = p(z) + /O D(D,_)dr + M,, >0,

with the process M = (M,);>0 given by

My = [ [p(D,- — 1) = p(D. (N, — \r)

a local martingale. Now, from (60) we obtain that the stopped local martin-
gale M* = {MMT; }i=0 with 7> defined in (34) is uniformly bounded:
—p(l’) S Mt/\T; S p('r;) = ,T;,

so, taking expected values and limits, we obtain F (pr*) = 0. As on the set
{7y = +oo} we have = p(D.) = (D)™ =0, (61) gives

(A) p(z) = E(p(x + b1 — Npx) = E(z + b1y — N2 )™

To complete the proof, we will see

(B) For any 7 € M

p(x) > E(x +br — N,)*.
For the process M defined by (61), as —Dp(z) > 0 we have
M, > —p(x).

This fact, and Fatou’s Lemma gives, that the process M is a supermartingale.
Now, using this fact, and p(x) > x* we obtain

p(x) > E(p(x +br — N,)) > E(x + br — N,)*,

concluding the proof of the Theorem O
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