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AN EDGE BUT NOT VERTEX TRANSITIVE CUBIC GRAPH* 

( rece ived M a r c h 5, 1968) 

I. Z . Bouwer 

Let G be an und i rec ted graph, without loops or mu l t i p l e e d g e s . 
An a u t o m o r p h i s m of G is a p e r m u t a t i o n of the v e r t i c e s of G that 
p r e s e r v e s ad jacency . G is v e r t e x t r a n s i t i v e if, g iven any two v e r t i c e s 
of G, t h e r e is an a u t o m o r p h i s m of the g raph that m a p s one to the o t h e r . 
S imi l a r ly , G is edge t r a n s i t i v e if for any two edges (a, b) and (c, d) 
of G t h e r e ex i s t s an a u t o m o r p h i s m f of G such that { c , d } = {f(a),f(b)} . 
A g r a p h is r e g u l a r of d e g r e e d if each v e r t e x belongs to exact ly d e d g e s . 

In [1 , § 3], J . F o l k m a n d e s c r i b e s a c l a s s of g r aphs which a r e 
r e g u l a r of even d e g r e e , and which a r e edge t r a n s i t i v e but not v e r t e x 
t r a n s i t i v e . He a s k s [1 , p . 232 (4 .5) ] if t h e r e ex i s t s an edge but not 
v e r t e x t r a n s i t i v e g r aph which is r e g u l a r of d e g r e e d, w h e r e d is 
p r i m e . In this note we d e s c r i b e a cubic g r aph (that i s , a g r a p h which 
is r e g u l a r of d e g r e e 3) which has this p r o p e r t y . This g raph has 54 
v e r t i c e s and it m a y wel l be the s m a l l e s t cubic g raph which is edge but 
not v e r t e x t r a n s i t i v e . 

The g r a p h m a y be d e s c r i b e d as fo l lows: It has a Hami l ton ian 
c i r c u i t C (that i s , a s imp le c losed cu rve C m a d e up of edges and 
p a s s i n g th rough a l l the v e r t i c e s ) , and if the v e r t i c e s a r e numbered 
f rom 1 to 54 in the o r d e r in which they appear on C, then the o ther 
edges a r e given by: 

(1 ,42) , (2 ,15) , (3 ,28) , (4 ,33) , (5 ,44) , (6 ,53) , (7 ,48) , (8 ,21) , (9 ,32) , 

(10 ,45) , (11 ,24) , (12 ,41) , (13 ,20) , (14 ,31) , (16 ,35) , (17 ,40) , (18 ,49) , 

(19,54), (22 ,51) , (23 ,30) , (25 ,38) , (26 ,43) , (27 ,52) , (29 ,36) , (34 ,47) , 

(37 ,50) , (39 ,46 ) . 

A second r e p r e s e n t a t i o n of the g raph is the fol lowing: Cons ider 
t h r e e copies of the T h o m s e n g raph K ( 3 , 3 ) . F o r a p a r t i c u l a r edge y of 

*The g r aph d e s c r i b e d in this note was d i s cove red by D r . M a r i o n C. G r a y 
in 1932. The author has independent ly r e d i s c o v e r e d it and be l i eves that 
it h e r e a p p e a r s in p r in t for the f i r s t t i m e . 
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K(3, 3), i n s e r t a v e r t e x in the i n t e r i o r of y in each of the t h r e e cop ies 
of K(3, 3), and jo in the r e s u l t i n g t h r e e v e r t i c e s to a new v e r t e x . 
R e p e a t th i s for each edge y of K(3, 3) . (An i s o m o r p h i s m be tween the 
two r e p r e s e n t a t i o n s of the g r a p h can be found by le t t ing the v e r t i c e s 
7, 19, 21 , 49, 51 and 53 of the f i r s t r e p r e s e n t a t i o n c o r r e s p o n d to the 
v e r t i c e s of one of the copies of K(3, 3) . ) 

We p r o v e that the g r aph is edge t r a n s i t i v e . The following two 
p e r m u t a t i o n s (wr i t t en in the cyc l ic notat ion) a r e s een to be a u t o m o r p h i s m s 
of the g r a p h : 

R = (2 54 42) (3 53 43) (4 6 44) (7 45 33) (8 10 32) (11 31 21) 

(12 14 20) (15 19 41) (16 18 40) (22 24 30) (25 29 51) 

(26 28 52) (34 48 46) (35 49 39) (36 50 38) 

( v e r t i c e s not men t ioned a r e left f ixed), and 

S = (1 7 11 37 15 53 9 25 35) (2 6 10 38 16 54 8 24 36) 

(3 5 45 39 17 19 21 23 29) (4 44 46 40 18 20 22 30 28) 

(12 50 14 52 32 26 34 42 48) (13 51 31 27 33 43 47 41 49) . 

The a u t o m o r p h i s m R l eaves fixed the v e r t e x 1, and cyc l i ca l ly p e r m u t e s 
i ts t h r e e ne ighbours 2, 42 and 54 . Thus , in o r d e r to p r o v e edge 
t r a n s i t i v i t y , we need only show that any odd n u m b e r e d v e r t e x can be 
mapped , by an a u t o m o r p h i s m of the g raph , to the v e r t e x 1. It is e a s y 
to check that th is can be done by f o r m i n g p r o d u c t s of R and S (for 
i n s t ance , the v e r t e x 3 can be mapped to 1 by f i r s t mapp ing it to 53 

4 
under R and then by mapp ing 53 to 1 under S ). 

The g r aph cannot be v e r t e x t r a n s i t i v e , s ince we note that f r o m an 
odd n u m b e r e d v e r t e x it is p o s s i b l e for t h r e e d i f ferent pa ths of length 
4 to lead to a c o m m o n f inal v e r t e x (for i n s t a n c e , f r o m the v e r t e x 1 to 
the v e r t e x 5), while f r o m an even n u m b e r e d v e r t e x th is i s not p o s s i b l e . 
(By a pa th of length n we m e a n an o r d e r e d s equence of n + 1 d i s t inc t 
v e r t i c e s such that each two consecu t ive v e r t i c e s a r e joined by an edge . ) 

We conclude by s ta t ing , without proof, two fu r the r p r o p e r t i e s 
conce rn ing the s y m m e t r y of the g r a p h : 

(1) F o r any two pa ths of length 3 (length 4) whose in i t i a l v e r t i c e s a r e 
odd n u m b e r e d (even n u m b e r e d ) , t h e r e ex i s t s an a u t o m o r p h i s m of the 
g r aph t r a n s f o r m i n g the one to the o t h e r . (The r e s p e c t i v e pa th lengths 
3 and 4 in this s t a t e m e n t cannot be b e t t e r e d . ) 

(2) F o r any two pa ths of length 4 whose in i t i a l v e r t i c e s a r e even 
n u m b e r e d , t h e r e ex i s t exac t ly two a u t o m o r p h i s m s t r a n s f o r m i n g the one 
to the o t h e r . Using th is we c a l c u l a t e that the o r d e r of the a u t o m o r p h i s m 

3 
group of the graph is 2.27.3.2 = 1296. 
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