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ON THE CONSTRUCTION OF ALMOST UNIFORMLY
CONVERGENT RANDOM VARIABLES WITH GIVEN WEAKLY
CONVERGENT IMAGE LAWS!

By MICHAEL J. WICHURA
University of Chicago

1. Introduction. Let S be an arbitrary metric space, with distance function 4, and
let & be its Borel g-algebra. Denote by 2(S) the class of all probability distributions
on (S,%). A net (P,),.r of probabilities P,e2(S) is said to converge weakly to a
probability Pe 2(S) if P(f) = lim, P,(f) for each real-valued bounded continuous
function f on S; here P(f) = [fdP, P(f)= [fdP,. Let 2(S) denote the sub-
class of 2(S) consisting of those probabilities P for which there exists a separable
subset of S'in & of P-probability one. 2,(S) includes the so-called tight probabilities
i.e. probabilities P such that sup {P(K): K compact} = 1 ([5] page 29). The chief
result of this paper is stated in the following.

THEOREM 1. Let (S, d) be a metric space and let (P,),.r be a net of probabilities
P, € P(S) converging weakly to a probability Pe P (S). Then there exists a probability
space (Q, B, 1) and B-S measurable, S-valued functzons X and X (y €T') defined on Q
such that the distributions uX ="' of X and pX,” " of X, are respectively P and P(yeT’)
and such that X, converges to X almost uniformly.

One sometimes ([1], [8]) has occasion to consider the weak convergence of
probability distributions P, which are defined only on certain sub-g-algebras of &,
and it is therefore of interest to know that the requirement in Theorem 1 that the
P, belong to 2(S) can be weakened. To make this precise, let us say that a net
(2,),er of probabilities P, defined on sub-g-algebras o/, of & converges weakly to a
probability Pe 2(S) if 11m ,Py() = P(f) = lim, P,( f) for each real-valued bounded
continuous function f on S here P, and P, denote respectively the upper and lower
probabilities associated with P,:

P(f)=inf{P/(g): f< g, P/(g) defined}
P(f)=sup{P(9): = g, P,g) defined}

(for equivalent formulations of this definition see Theorem 1 of [8]). It is clear that
this definition of weak convergence reduces to the usual one if all the &/, equal &.
Let &, denote the sub-g-algebra of & generated by the open balls of S. We then
have the following extension of Theorem 1:

THEOREM 2. Let S,%, and &, be defined as above and let (P,),.r be a net of
probabilities P, defined on c-algebras o/, containing &, and contained in &, which
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converges weakly to a probability Pe P(S). Then there exists a probability space
(Q, 8, u) and S-valued variables X and X (y €T) defined on Q such that:

1) X is #—-% measurable, X, is B—, measurable (yel)
) pX~'=P, pX,7'=P(yel)
3) X,— X almost uniformly.

We remark that it is consistent with all the usual axioms of set theory to assume
that 2,(S) = 2(S) (see [2] page 252). In this sense, the requirement in Theorems 1
and 2 that Pe 2,(S) can be replaced by the trivial one that P e 2(S).

In the construction used to validate Theorems 1 and 2, Q is the product space
S x [1,erS,, where each S, is a copy of S, # is a g-algebra which contains the
product o-algebra & = x [ [,or#,, u is the prolongation to (Q, %) of a mixture
of product probabilities on (Q, /), and X and X, are the canonical projections of
Q onto S and S,(yeI'). When I' is countable and S separable, one has # = <.
Other constructions have been used to validate special cases of Theorem 1. Working
with sequences (for which almost uniform convergence is equivalent to almost sure
convergence by Egoroff’s theorem) instead of nets, Skorokhod ([7], Theorem
3.1.1) has proved Theorem 1 for S separable and complete; in his construction
Q = [0, 1], the unit interval, & is the o-algebra of its Borel sets, and p is Lebesgue
measure. Again working with sequences, Dudley ([3], Theorem 3) has proved
Theorem 1 for S separable; in his construction, Q is a countable product of copies
of §x[0, 1], # is the product o-algebra on Q, and u is a mixture of product
probabilities on (Q, #). For applications and other constructions of almost surely
convergent processes which are of interest in the theory of weak convergence, see
the survey paper by Pyke [6].

2. Proof for I countable and S finite. The simplicity of our construction is
obscured in the general case by several technical considerations; in order to illus-
trate the general idea we will in this section prove Theorem 1 under the assump-
tions that I' is countable and S is finite. To this end, let (S,, &,) be a copy of
(S, &) for each y, and let (Q, B) = (Sx[[,er Sy & X [ ,er&,) be the product of
the measurable spaces (S, ¥) and (S,, &,)(yel'). Let the canonical coordinate
mappings X and X,(y ') be defined on Q by

“ X((5,(s9)ger)) = 5, Xy((s’ (Spoer)) = Sy(Yer)-

The required measurability properties clearly hold.
Let k:y — k(y) be any function from I" to {0, 1, 2, - -+, 00} such that

) lim, . k(y) = o

(k(y) should be thought of as a measure of the largeness of y and later will be
further specified). For 1 £ k < oo, set

(6) U= Nyxmze i Xy, = X}
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Observe that each U,e 4 since I' is countable and that X, - X uniformly over
each U, in view of (5).

Let Q,(yel') be any family of probabilities on (S, &). It later will be further
specified. Letting d, denote the probability giving mass one to the point se S, let

(7) #j,s = 63 X Hysl'.uj,s,y

(1 £j< o0, se8S) denote the product probability ([4] page 166) on (Q, #) whose
components are respectively: é,, defined on (S, &), and

Hisy =9y if 0= k(y) </,
= d, it j=k(y) £ oo,

defined on (S,, &,). Clearly p; X' =0, p; X,”" =p;,,; moreover, since I
is countable, u; (U,) =1 for j < k. Next, define probabilities p;(1 <j < c0) on

(Q, #) by
(8 Hj= ZseSP{s}Auj,s'
Clearly u; X' = P,
X, =0, if  0=Zk()<j
=P if  j=<k(y) < oo,
and p(U) = 1 if j < k.

Finally, let (w,); <4< be any sequence of numbers w satisfying

9) w20, Yw=1  Y,ow<1(1=k< o) and put
(10) wk=21§j§kwj(0§k§ 00).

Note w, = 0, w,, = 1. Define the probability x4 on (Q, %) by

(11) W= 255k

Clearly uX ' = P

(12) pX, 7 = oy P+ (1= w40, and
(13) H(U,) 2 o (1 £ k < ).

Since lim,., , w;, =1, (13) implies that X, —» X almost uniformly with respect
to u. To complste the proof in this special setting it suffices, in view of (12), to
show that the weak convergence of P, to P implies the existence of k(y)’s satisfying
(5) and probabilities Q, satisfying

(14) P, = wyy) P+(1 —0y))Q,
for all yeT'. Now if k(y) = oo, there exists a Q, satisfying (14) if and only if
(15) P,=P,
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and then any Q, will do. On the other hand, if 0 < k(y) < oo, we see, after setting
(16) qk,s,v = P’y{s} +(wk/(1 —wk) )(Py{s} —P{S})

(17) my ., = minsesqk,s,y’

that there exists a probability Q, satisfying (14) if any only if m,,, =0 and
Y sesdryysy = 1. and then one must take

(18) Qy = Zsesqk(y),s,y 63'

We note that Y (.54 ,, = 1 for all k(0 < k < o) and that m, , = 0. Thus it suffices
to show that (5) is satisfied and (15) holds for £(y) = oo if we put

(19) k(y) = sup {j Z 0: my,, = 0}.
Now since P, — P, we have
(20) P,{s} > P{s}

for each se S(/;5, being a continuous bounded function on the discrete space S).
Hence lim, . g, ,, = P{s} for each s€ S, 1 < k < oo} this, together with the fact
that g, ,, = 0 if P{s} =0, implies that g, , is ultimately nonnegative for each
k (1 £ k < o). Thus since S is finite, there exists for each £ an index y,eI" such
that my , = 0 for all y = y(k). Since m, , =0 implies k(y) = k, (5) is satisfied.
Next, if k(y) = co, we have (recall ) ;. sqy,, = 1)

(21) 0 = P{s}+ (@ /(1—w))(P,{s}~ P{s}) = |

for each seS and arbitrarily large k; since w,/(l—w,)— co, it follows that
P {s} = P{s} for each seS, i.e., that (15) holds. This completes the proof of
Theorem 1 for I' countable and S finite.

3. Proof of Theorem 2 in the general case. Let P, P(yel), &, &,, and
&/ (yel') be as in Theorem 2. Let ¥(P) = {Ce&: P(boundary of C) = 0} be the
class of P-continuity sets. We recall ([5] page 50) that €(P) is an algebra and that
for each se .S, the open ball

(22) {t: d(t,s) < r}e%(P)
for all but at most countably many values of r. The following lemma shows that
the analogue of (20) holds for sets Ce¥%(P) (confer T1.1 of [8]):
LEMMA 1. In the present context, C €€ (P) implies
lim, P, (C) = P(C)= lim, . P(C).

PRrROOF. Let F be a closed subset of S. Since the continuous bounded functions
Juis = max((1—nd(s, F)), 0) decrease to the indicator function of F, the weak
convergence of P, to P implies that limsup, P,(F) < limsup, P.(f,) = P(,) | P(F).
The dual relation for open sets is seen to hold by taking complements; thus for
any Ce% we have

(23) P(C) £ lim inf, P,(C) < lim sup, P,(C) < P(C),
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where C (resp. C) denotes the interior (resp. closure) of C. When Ce%(P), the
extreme members of (23) are equal. []

We shall need a sequence of “finite approximations” to S. For this, choose and
fix any two numerical sequences (A,); <x <o, and (&); <x<« such that

(24) A>0,  lim, A, =0
(25) & >0, Y& <oo.

Letting d(C) = sup{d(y, z):y, ze C} denote the diameter of a subset C of S, we
then have

LEMMA 2. In the present context, there exist positive integers m(1 < k < o) and
disjoint subsets C,,, ... (0 <m; < n; 1 £j=<k)of Ssuch that

(26) Coyoo o vmer = Zoémk§”kcmh"'ymk—lvmk
@7 MaXo <y <n 1 2 i<k MAXy <z ACony, - m) = A
(28) Yozmzni i<k PComy oo me- 1) S &
(29) Cotro oo i €EPYNF(0=m; S n;, 1l j k).

PROOF. Let E be a separable subset of S such that P(E) = 1 and let {s,,n = 1} be
acountable dense subset of E. In view of (22), there exists for each n = 1 an open ball
in S, call it E,, centered at s, with radius greater than $A, but less than A,, such that
E,e%(P). Since the union of these balls covers E and hence has P-probability
one, there exists a positive integer n; such that P(u,c,, E,) Z 1—e¢;. Setting
le = Em1 _Zlgm<mlCm(1 é my é n1)9 CO =5~ Unngn = S—ZI §m1_S_n1le’ Weget
S = 20§m1§nlcmp max, SmisSny d(le) é Al» P(CO) é €1, CO’ C19 T Cm E%(P)ﬁyo'
The proofis completed by inductionon k. []

Let []«(1 £ k < o0) be the finite partition of S whose members are the C,,, ... ..,
and put [ [, = {S}. Choose and fix numbers w, satisfying (9) and define w, by (10).
For0 £ k <, Ce[ [, and y €T, set (confer (16), (17), and (19))

Gy = PAC)+(P,(C)— P(C) X/ (1~ )

(30) mk,y = minEe I qk,E,y
k(y)=sup{j=0:m;, =0}

In view of (29) and Lemma 1, the convergence of P, to P implies (see the argument
following (20) ) that

(31) lim, ¢ rk(y) = .
For y such that 0 < k(y) < oo, put (confer (18))
(32) Q)‘ = ZCE My (y) qk(y),C,y Py(' ‘ C)’

where P,(- | C) denotes the probability on (S, «,) obtained from P, by conditioning
on the occurrence of the event C. It is easy to see that Q, is itself a probability on
(S,,,) and that (confer (14))

(33) Oy Cce iy, Py | OP(C)) +(1 — 0,))Q, = P,
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Now for each yel, let S, be a copy of S, and let (Q, &) =(Sx[],.rS)
& x[1,ere,) be the product of the measurable spaces (S, %) and (S,, &,)(yeT).
Let C, , denote the element of [ |, containing se S, and let (confer (7))

(34) Vs = 0s X [ 1V
be the product probability on (Q, /) whose components are respectively: d,,
defined on (S, %), and

Visy =9y if 0= k(y) <,
= P)'(' ! Ck()'),s) if J=k(y) < o,
= J; if  k(y) = o0,

defined on (S,, #,). For each j, the mapping s —v; (4) is a random variable on
(S, &) whenever 4 € o is a cylinder set with a finite-dimensional base (since for each
yel, each of the finitely many C in [],,, belongs to &), and hence ([4] page 74)
this mapping is a random variable for each 4 € «/. Thus ({4] page 76) we may define
a probability v; on (Q, /) by the formula (confer (8)) v; = {sv; <P(ds). Finally
(confer (11)), define the probability v on (Q, &7) by

(35) V=2isj<w WiV
Once again, let the coordinate mappings X and X, (yeI') be defined on Q by (4).
We have

LEMMA 3. In the present context,

(36) X is o/ — & measurable, X, is o/ — s/, measurable (yeT’)
(37) yX~'=pP '
(38) vX,”' = P (yel).

ProOF. Relations (36) and (37) follow directly from the definitions. For (38),
observe that
VX, "' = gy Qeem, Py OPC)) +(1 =)@, if 0= k(y) < oo,
=P restrictedto o, if k(y) = 0.

In view of (33), (38) holds when 0 < k() < co. It remains to show that (38) holds
when k() = o0 ; the argument here is similar to, but more complicated than, that at

(21). Put

(39) Dk=ZO§Mj§nj.l§j<kZI§mk§nkCm1."',mk(kg l); D=1imlnkak
and observe that (28) and (25) imply
(40) P(D) = 1.

Let %, be the sub-algebra of &, made up of sums of members of ]_Ik and put
% = Uiz 1% since (in view of (26) )
(41) t1cbrc b b e
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% itself is a sub-algebra of . Let 6{&)ND (resp. &,NnD,S ND) be the trace on
D ([4] page 19) of a{%) (resp. #,, &), and let &, denote the Borel g-algebra of D.
In view of (24), (27), and (39), each open subset of D is a union, necessarily count-
able, of sets of the form Cn D with Ce%; it follows that & ,c6{¥nD) = 6{C>ND.
Since D, belongs to €,, we have De (%), and since ([5] page 5) &¥p = FND, we
have

42) Ded,NnDcSND =S pcal{¥).

In view of (41) and the additivity of P and P,, the condition k(y) = co implies (see
(30) and (21)) that for each Ce% the inequalities 0 < P(C)+(P,(C)—P(C))
(w,/(1 — ;) = 1 hold for arbitrarily large values of k; since lim, _, ,, w,/(1 — w,) = o0,
it follows that P, and P coincide over %, hence over 6{%, and hence, in view of
(42), over o/,nD. But then, in view of (40), we have Py(D') = P(D) =1, so that P

and P, coincide over «/,. This completes the proof of the lemma. (]
Now put A, = 0 and set (confer (6) and (24))

(43) Uy = ny:k(y)gk {d(Xy’ X) = Ak(y)}'

The U, need not belong to & in general, although they will if I is countable and S
is separable (so that d(X,, X) is «/-measurable (confer [5] page 6)). For any subset
Q. of Q, let v¥(Q) = inf {v(4):Q.cAe/} denote the outer probability of Q-
under v.

LEMMA 4. In the present context,
(44) X,— X uniformly over each U,
(45) lim,_, , v¥(U) = 1.

Proor. We get (44) from (24), (31), and (43). For (45) put E, = inf,,5,D,(1 =
k < o), where D,, is defined by (39). Suppose that U,cAe/. Then there exists
([4] page 81) a countable subset I'; of I' such that 4 depends only on X and the X,
with yeI"; it follows that

Nyeraumze {dXy, X) S Ay} =4

(the set on the left need not belong to «/). Thus for j £ k we have (confer (34) and
(27))

v(A) = [sv; (An{X = s})P(ds)
2[5 Vi Nyera iz 14X, 8) £ Axiy D P(ds)
= P(E,).

By (35), W(A) = Y ;< ,w;v(4) = w, P(E}); it follows that v¥(U,) = w,P(E,). But (28)
implies P(E,) = 1 =Y .5 1&,; (45) now follows from (9) and (25). [J

‘We note that the U, increase with k. In view of Lemmas 3 and 4, to complete the
proof of Theorem 2 it suffices to establish
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LEMMA 5. Let (Q, s/,v) be any probability space and let (U,),», be an increasing
sequence of subsets of Q of outer probabilities v¥(U,). Let B be the c-algebra
generated by o and the U(1 < k< ). Then v may be prolonged to a probability n
on (Q, B) such that

(46) wU) =v*(Uy)

foreachk.

Proor. Put B, =U,—U,_(1 £k <), put B, = (supU,)°, and choose
B, *e o such that v(B,*)=v*(B)(l £ k £ ). According to [4] page 43, %
coincides with the class of sets of the form ) ,4,B,, where A, €/ ; moreover the
formula

47 #Qk A BY) = Y fi dv

defines a probability p on (Q, #), whose restriction to (Q, /) is v, provided that
each f, is a nonnegative, /-measurable random variable vanishing off of
B*(1 £k = oo)andthat ), f, = 1.

Let f, be the indicator function of B,*—J;<,B;*(1 £ k < o) and define u by
(47). Then

(48) w(Uy) =H(Zj§kBj)=Zj§kIfjdV= V(UjékBj*)'
Since |J;<,B,* is an &/-measurable set containing U,, we have
(49) v(Uj§k Bj*) 2 V*(Uk)‘

On the other hand, suppose U,c A€, so that B;= A4 for j < k. Then each B;*,
and hence also |J;<,B;*, is contained in 4 up to a v-equivalence. It follows that
v(A4) = (U <:B;*) and that

(50) V*(Uk) 2 V(Uj§k Bj*)'
Together (48), (49), and (50) imply (46). []
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