
THE POISSON FORMULA FOR GROUPSWITH HYPERBOLIC PROPERTIESVadim A. KaimanovichAbstract. The Poisson boundary of a group G with a probability measure � on it is thespace of ergodic components of the time shift in the path space of the associated randomwalk. Via a generalization of the classical Poisson formula it gives an integral representa-tion of bounded �-harmonic functions on G. In the present paper we develop a newmethodof identifying the Poisson boundary based on entropy estimates for conditional randomwalks. It leads to simple purely geometric criteria of boundary maximality which bearhyperbolic nature and allow us to identify the Poisson boundary with natural topologicalboundaries for several classes of groups: word hyperbolic groups and discontinuous groupsof isometries of Gromov hyperbolic spaces, groups with in�nitely many ends, cocompactlattices in Cartan{Hadamard manifolds, discrete subgroups of semi-simple Lie groups.0. IntroductionThe classical Poisson integral representation formula for the harmonic functions onthe hyperbolic plane H 2 can be written as(0.1) f(x) = hF; �xiwhere �x are the harmonic measures on the circle at in�nity @H 2 associated with thepoints x 2 H 2 . The right-hand side of (0.1) makes sense for any bounded measurablefunction F 2 L1(@H 2), and (0.1) establishes an isometry between the Banach spaceof bounded harmonic functions f on H 2 and the space L1(@H 2 ). [Throughout thisIntroduction the reader is referred to the author's survey [Ka96] for all historical andbackground references.]In fact, the Poisson formula (0.1) can be put into the much more general contextof the theory of Markov operators (recall that the classical harmonic functions arecharacterized by a mean value property with respect to the heat kernel). For anyMarkov operator P on a Lebesgue measure space (X;m) there exists a space � (thePoisson boundary of P ) endowed with a family of probability measures �x; x 2 X suchthat the Poisson formula (0.1) establishes an isometry between the space of P -harmonicfunctions (i.e., such that Pf = f) from L1(X;m) and the space L1(�). The Poissonboundary is de�ned as the space of ergodic components of the time shift T in the spaceof sample paths of the Markov chain on X associated with the operator P , the measures�x being the images of the measures in the path space corresponding to starting theMarkov chain from points x 2 X.We emphasize that the Poisson boundary is a purely measure theoretical object(unlike the topological Martin boundary). If the Martin boundary is well-de�ned, then,1991 Mathematics Subject Classi�cation. Primary 28D20, 31C05, 53C22, 60J15, 60J50; Secondary05C25, 20F32, 22D40, 22E40, 43A05, 47D07, 53C35, 58F11, 60B15.Key words and phrases. Random walk, harmonic function, Poisson boundary, entropy, �-boundary,conditional process, hyperbolic group, end of group, Cartan{Hadamard manifold, semi-simple Liegroup, discrete subgroup, Furstenberg boundary. Typeset by AMS-TEX1



2 VADIM A. KAIMANOVICHconsidered as a measure space with the representing measure of the constant harmonicfunction, it is isomorphic to the Poisson boundary.By the de�nition, the Poisson boundary is the maximal among all the spaces B suchthat there exists a measurable map � from the path space to B with the property that(0.2) �(x) = �(Tx) for a.e. sample path x = fxng(one can say that the Poisson boundary completely describes the stochastically signi�-cant behaviour of the sample paths at in�nity). An example of such a space (a priorynot maximal!) arises in the situation when X is embedded into a topological space X,and a.e. sample path x converges to a limit �x = limxn 2 X.Often, the state space X is endowed with additional (geometrical, combinatorial,algebraic, etc.) structures, and the operator P complies with (or, is governed by) them.Then a natural question is to identify (describe) the Poisson boundary in terms of thesestructures. This problem usually splits into two quite di�erent parts:(1) To �nd a space B (related to the structure of X) and a map � with the property(0.2). A priori such a space is just a quotient of the Poisson boundary;(2) To prove that the space B is in fact maximal, i.e., is isomorphic to the wholePoisson boundary.In other words, �rst one has to exhibit a certain system of invariants (\patterns") ofthe behaviour of the Markov chain at in�nity, and then to show completeness of thissystem, i.e., that these patterns completely describe the behaviour at in�nity.In the present paper we address the problem of identi�cation of the Poisson boundaryfor the random walk determined by a probability measure � on a countable group G.The transitions of the random walk are x 7! xh, where the increment h is �-distributed,so that the random walk is a Markov chain homogeneous both in time and in space. Inthis situation the Poisson boundary is endowed with a natural action of the group G,and for the purposes of the identi�cation of the Poisson boundary one may consider itsequivariant quotients only (they are called �-boundaries).We develop a new method (announced in author's notes [Ka85], [Ka94]) of provingmaximality of �-boundaries based on entropies of conditional random walks. Denote byP the measure in the path space GZ+ corresponding to starting the random walk fromthe group identity. Since a �-boundary B is a quotient of the path space, the pointsof B determine conditional measures of P. These measures correspond to the Markovchains on G (conditional random walks) which are still homogeneous in time but losethe space homogeneity. Let us say that a probability measure � in the path space GZ+has asymptotic entropy h(�) if its one-dimensional distributions �n have the followingShannon{McMillan{Breiman type equidistribution property: � log�n(xn) ! h(�) for�-a.e. x = fxng 2 GZ+ and in the space L1(�).Theorem 4.6. If the measure � has a �nite entropy, then a �-boundary is maximal i�the asymptotic entropy of almost all associated conditional random walks vanishes.This result generalizes the entropy criterion of the triviality of the Poisson boundarydue to A. M. Vershik and the author [KV83] (announced in 1979) and to Y. Derriennic[De80]. In view of Theorem 4.6, in order to prove the maximality of a given �-boundaryone has to show that, with probability bounded away from zero, the one-dimensionaldistributions of the conditional random walks are concentrated on subsets of subexpo-nential growth. It leads to two simple purely geometric criteria of boundary maximality.



THE POISSON FORMULA FOR GROUPS WITH HYPERBOLIC PROPERTIES 3Both require an approximation of the sample paths of the random walk in terms of theirlimit behaviour. For simplicity assume that G is �nitely generated, and denote by d theleft-invariant metric corresponding to a word length � on G. Let B be a �-boundary,and � be the corresponding projection from the path space onto B.Theorem 5.5 (\ray", or, \unilateral" approximation). If there is a family of measur-able maps �n : B ! G such that P-a.e. d(xn; �n(�x)) = o(n), then B is maximal.The second criterion applies simultaneously to a �-boundaryB+ and to a ��-boundaryB� (where ��(g) = �(g)�1). Denote by Gn the balls of the word metric centered at thegroup identity.Theorem 6.4 (\strip", or, \bilateral" approximation). If there exists a G-equivariantmeasurable map S assigning to pairs (b�; b+) 2 B� �B+ non-empty subsets (\strips")S(b�; b+) � G such that for a.e. (b�; b+) 2 B� �B+(0.3) 1n log��S(b�; b+) \ G�(xn)��! 0in probability P with respect to x = fxng, then both B� and B+ are maximal.The \thinner" are the strips S(b�; b+), the larger is the class of measures for whichcondition (0.3) is satis�ed, i.e., sample paths fxng may be allowed to go to in�nity\faster". If the strips S(
�; 
+) grow subexponentially then condition (0.3) is satis�edfor any probability measure � with a �nite �rst moment , and if the strips grow polyno-mially then (0.3) is satis�ed for any measure � with a �nite �rst logarithmic momentP log �(g)�(g) (Theorem 6.5).As an application, we consider several classes of groups (loosely speaking, we call them\groups with hyperbolic properties"): Gromov word hyperbolic groups, groups within�nitely many ends, fundamental groups of rank 1 manifolds and discrete subgroupsof semi-simple Lie groups. All these groups are endowed with natural boundaries (thehyperbolic boundary, the space of ends, the sphere at in�nity, and the Furstenbergboundary of the ambient Lie group, respectively), and it is known that the samplepaths of random walks on these groups converge to the natural boundaries. We show(Theorems 7.7, 8.4, 9.2, 10.7) that in fact the Poisson boundary for random walks onthese groups can be identi�ed with the natural boundaries under the condition thatthe measure � has �nite entropy and �nite �rst logarithmic moment (in particular, if� has a �nite �rst moment). However, the problem of the identi�cation of the Poissonboundary for an arbitrary measure on these groups still remains open.The proofs are based on the fact that for all considered classes of groups there arenatural \strips" of polynomial growth joining pairs of boundary points. These aregeodesic pencils for hyperbolic groups, unions of cut sets separating two ends for groupswith in�nitely many ends, geodesics for rank 1 groups and geodesic 
ats for discretesubgroups of semi-simple Lie groups. Actually, the existence of strips can be also usedfor proving the boundary convergence (Theorem 2.4). In combination with the stripcriterion the latter gives general conditions (satis�ed for word hyperbolic groups andfor groups with in�nitely many ends) which guarantee the \stochastic maximality" ofa group compacti�cation, i.e., that the sample paths of a random walk converge inthis compacti�cation and that the compacti�cation boundary with the resulting hittingmeasure is isomorphic to the Poisson boundary of the random walk (Theorem 6.6).



4 VADIM A. KAIMANOVICHFor the groups considered in the present paper existence of strips is almost evident,whereas checking the ray criterion (which, in a sense, amounts to proving an appropriategeneralization of the Oseledec multiplicative ergodic theorem) may be rather elaborateif it does not fail altogether. For the sake of comparison we show how both criteriawork for word hyperbolic groups (the ray approximation for Gromov hyperbolic spacesobtained in Theorem 7.2 is interesting on its own). Yet another application of thestrip criterion is the identi�cation of the Poisson boundary for the Teichm�uller modulargroups [KM96] (the natural boundary here is the Thurston boundary, and the strips inthis case are the Teichm�uller geodesics), where existence of a ray approximation remainsan open question.However, there are also situations when the ray criterion is more helpful than thestrip criterion. One can see it already on the example of discrete subgroups of semi-simple Lie groups, where the strip criterion requires a non-degeneracy assumption onthe measure � which is not necessary at all for the ray approximation. A far reachinggeneralization of this example was recently obtained by Karlsson and Margulis [KM99]who proved the ray approximation for an arbitrary group of motions of a non-positivelycurved space and used it for an identi�cation of the Poisson boundary.The paper has the following structure. Section 1 is devoted to background de�ni-tions and notations. In Section 2 the relationship between group compacti�cations and�-boundaries is discussed. In Section 3 we describe the conditional random walks withrespect to a �-boundary, after which in Section 4 we obtain the entropy criterion ofmaximality of a �-boundary. The ray approximation and the strip approximation cri-teria are proved in Sections 5 and 6, respectively. In the remaining Sections 7{10 weconsider the applications to concrete classes of groups.The work on this paper was supported on various stages by EPSRC, CNRS andMSRI. I would also like to thank the UNAM Institute of Mathematics at Cuernavaca,Mexico, where the paper was �nished, for support and excellent working conditions.1. Random walks on groups and the Poisson boundary1.1. Let G be a countable group, and � { a probability measure on G. The (right)random walk on G determined by the measure � is the Markov chain on G with thetransition probabilities(1.1) p(x; y) = �(x�1y)invariant with respect to the left action of the group G on itself. Thus, the position xnof the random walk at time n is obtained from its position x0 at time 0 by multiplyingby independent �-distributed right increments hi:(1.2) xn = x0h1h2 � � �hn :TheMarkov operator P = P� of averaging with respect to the transition probabilitiesof the random walk (G;�) isPf(x) =Xy p(x; y)f(y) =Xh �(h)f(xh) :



THE POISSON FORMULA FOR GROUPS WITH HYPERBOLIC PROPERTIES 5Its adjoint operator � 7! �P acts on the space of measures � on G as the convolutionwith the measure �. If � is the distribution of the position of the random walk at timen, then �P = �� is the distribution of its position at next time n+ 1.Here and below we use the notation �� to denote the convolution of a measure� on G and a measure � on a G-space X (or, on the group G itself).1.2. Denote by GZ+ the space of sample paths x = fxng; n � 0 endowed with thecoordinate-wise action of G. Cylinder subsets of the path space are denoted(1.3) Cg0;g1;:::;gn = fx 2 GZ+ : xi = gi; 0 � i � ng = n\i=0Cigi ;where Cig = fx 2 GZ+ : xi = gg are the one-dimensional cylinders. An initial distribu-tion � onG determines theMarkov measure P� in the path space which is the isomorphicimage of the measure � 
N1n=1 � under the map (1.2). The one-dimensional distri-bution of the measure P� at time n (i.e., its image under the projection x 7! xn) is�Pn = ��n, where �n is the n-fold convolution of the measure �.ByP we denote the measure in the path space corresponding to the initial distributionconcentrated at the group identity e (this is the measure in the path space which is themost important for us). All measures P� = �P are dominated by the (�-�nite) measurePm, where m is the counting measure on G. The space (GZ+ ;Pm) is a Lebesgue space,which allows us to use in the sequel the standard ergodic theory technique of measurablepartitions and conditional measures due to Rokhlin (e.g., see [Ro67]).1.3. Let T : fxng 7! fxn+1g be the time shift in the path space GZ+ . Then(1.4) TP� = P�P = P��for any measure � on G. In particular, the �-�nite measure Pm is T -invariant.De�nition. The space of ergodic components � of the time shift T in the path space(GZ+ ;Pm) is called the Poisson boundary of the random walk (G;�).In a more detailed way, denote by AT the �-algebra of all measurable T -invariant sets(mod 0). Since (GZ+ ;Pm) is a Lebesgue space, there is a (unique up to an isomorphism)measurable space � (the space of ergodic components) and a map bnd : GZ+ ! �such that the �-algebra AT coincides (mod 0) with the �-algebra of bnd -preimagesof measurable subsets of �. Denote by � the corresponding measurable partition ofthe path space into the bnd -preimages of points from �. We shall call � the Poissonpartition. The coordinate-wise action of G on the path space commutes with the shiftT , hence it projects to a canonical G-action on �. The measure � = bnd (P) on thePoisson boundary is called the harmonic measure.Below we shall always endow the Poisson boundary � of the couple (G;�) withthe harmonic measure � = �e determined by the group identity e as a startingpoint. Unless otherwise speci�ed, no conditions are imposed neither on the groupgr (�) nor on the semigroup sgr (�) generated by the support of the measure �.Since bnd (P) = bnd (TP) by the de�nition of �, (1.4) implies that(1.5) � = bnd (TP) = bnd (P�) = �bnd (P) = �� =Xg �(g)g� ;



6 VADIM A. KAIMANOVICHi.e., the harmonic measure � is �-stationary. Therefore, the translation g� is absolutelycontinuous with respect to � for any g 2 sgr (�).1.4. The Bernoulli shift in the space of increments of the random walk determines themeasure preserving ergodic transformation(1.6) (Ux)n = x�11 xn+1of the path space (GZ+ ;P). Since Tx = x1(Ux), we haveLemma. For P-a.e. sample path x = fxng 2 GZ+bndx = x1bndUx :1.5. De�nition. The quotient (�� ; ��) of the Poisson boundary (�; �) with respect toa certain G-invariant measurable partition � is called a �-boundary.Another way of de�ning a �-boundary is to say that it is aG-space with a �-stationarymeasure � such that xn� weakly converges to a �-measure for P-a.e. path fxng of therandom walk (G;�) [Fu73]. We shall denote by bnd� the canonical projectionbnd� : (GZ+ ;P)! (�; �) ! (�� ; ��) ;and by �� the corresponding partition of the path space.If � is a T -invariant equivariant measurable map from the path space (GZ+ ;P) toa G-space B, then (B;�P) is a �-boundary. For example, such a map arises in thesituation when G is embedded into a topological G-space X, and P-a.e. sample pathx = fxng converges to a limit �x 2 X.1.6. De�nition. A compacti�cation of the group G is called �-maximal if the samplepaths of the random walk (G;�) converge a.e. in this compacti�cation, and the arising�-boundary is in fact isomorphic to the Poisson boundary of (G;�).This property means that the compacti�cation is indeed maximal in a measure the-oretical sense, i.e., there is no way (up to measure 0) of splitting further the boundarypoints of this compacti�cation. Below we shall give general geometric criteria for maxi-mality of �-boundaries and �-maximality of group compacti�cations using a quantitativeapproach based on the entropy theory of random walks.2. Group compacti�cations and �-boundaries2.1. Let G = G[@G be a compacti�cation of a countable group G which is compatiblewith the group structure on G in the sense that the action of G on itself by left trans-lations extends to an action on G by homeomorphisms. We shall always assume that Gis separable and introduce the following conditions on G:(CP) If a sequence gn 2 G converges to a point from @G in the compacti�cation G,then the sequence gnx converges to the same limit for any x 2 G.(CS) The boundary @G consists of at least 3 points, and there is a G-equivariant Borelmap S assigning to pairs of distinct points (b1; b2) from @G non-empty subsets



THE POISSON FORMULA FOR GROUPS WITH HYPERBOLIC PROPERTIES 7(\strips") S(b1; b2) � G such that for any 3 pairwise distinct points bi 2 @G; i =0; 1; 2 there exist neighbourhoods b0 2 O0 � G and bi 2 Oi � @G; i = 1; 2 withthe property thatS(b1; b2) \ O0 = ? 8 bi 2 Oi; i = 1; 2 :Condition (CP) is called projectivity in [Wo93], whereas condition (CS) means thatpoints from @G are separated by the strips S(b1; b2). As we shall see below (Theorem6.6), it is often convenient to take for S(b1; b2) the union of all bi-in�nite geodesics inG (provided with a Cayley graph structure) which have b1; b2 as their endpoints.2.2. Lemma. Let G = G\ @G be a compacti�cation satisfying conditions (CP), (CS),and (gn) � G { a sequence such that gn ! b 2 @G. Then for any non-atomic probabilitymeasure � on @G the translations gn� converge to the point measure �b in the weak�topology.Proof. If gnb ! b for all b 2 @G, there is nothing to prove. Otherwise, passing toa subsequence we may assume that there exists b1 2 @G such that gnb1 ! b1 6= b.We claim that then gnb ! b for all b 6= b1. Indeed, if not, then passing again to asubsequence we may assume that there is b2 6= b1 such that gnb2 ! b2 6= b. Takea point x 2 S(b1; b2), then by condition (CS) the only possible limit points of thesequence gnx are b1 or b2, which contradicts condition (CP). Since the measure � isnon-atomic, the claim implies that gn�! �b. Thus, any sequence (gn) with gn ! b hasa subsequence (gnk) with gnk�! �b, so that gn�! �b. �2.3. De�nition. A subgroup G0 � G is called elementary with respect to a compact-i�cation G = G \ @G if G0 �xes a �nite subset of @G.2.4. Theorem. Let G = G \ @G be a separable compacti�cation of a countablegroup G satisfying conditions (CP), (CS), and � { a probability measure on G suchthat the subgroup gr (�) generated by its support is non-elementary with respect to thiscompacti�cation. Then P-a.e. sample path x = fxng converges to a limit �x 2 @G.The limit measure � = �P is purely non-atomic, the measure space (@G; �) is a �-boundary, and � is the unique �-stationary probability measure on @G.Proof. By compactness of @G there exists a �-stationary probability measure � on@G. The measure � is purely non-atomic. Indeed, let m be the maximal weight of itsatoms, and Am � @G be the �nite set of atoms of weight m. Since � is �-stationary,�(b) = Pg �(g)�(g�1b) for any b 2 Am, whence Am is sgr (�)�1-invariant, which by�niteness of Am implies that Am is also gr (�)-invariant, the latter being impossiblebecause the group gr (�) is non-elementary.Since the measure � is �-stationary, P-a.e. sequence of measures xn� convergesweakly to a probability measure �(x) (see [Fu73], [Ma91, Chapter 6]). As gr (�) isnon-elementary, a.e. sample path x = fxng is unbounded as a subset of G. Then byLemma 2.2 �x = limxn a.e. exists, and �(x) = ��x. Put � = �P, so that (@G; �) is a�-boundary (see 1.5). By �-stationarity of �� = �n� =Xg �n(g) g� = Z xn�dP(x) 8n � 0 :Since xn�! ��x, passing to the limit on n we get that � = �. �



8 VADIM A. KAIMANOVICHCorollary. Under conditions of Theorem 2.4 the action of G on @G is mean proximal.Remark. Our approach is di�erent from the usual one which consists in deducing meanproximality from some contraction properties of the action (see [Fu73], [Ma91, Chapter6], [Wo93] for the de�nition and examples).3. Conditional measures and the Doob transform3.1. Denote by H+1 (G;�) the convex set of all non-negative harmonic functions f onsgr (�) (i.e., such that Pf = f) normalized by the condition f(e) = 1. Any functionf 2 H+1 (G;�) determines a new Markov chain (the Doob transform) on sgr (�) whosetransition probabilities pf (x; y) = �(x�1y)f(y)f(x) ;are \cohomologous" to the transition probabilities (1.1) of the original random walk(e.g., see [Dy69] where the term \h-process" is used). Denote by Pf the associatedMarkov measure on GZ+ (with the initial distribution �e). For any cylinder subset (1.3)Pf (Ce;g1;:::;gn) = P(Ce;g1;:::;gn)f(gn) ;so that the map f 7! Pf is a�ne.3.2. If A is a measurable subset of the Poisson boundary with �(A) > 0, then by theMarkov property for any cylinder set Ce;g1;:::;gnP(Ce;g1;:::;gn \ bnd�1A) = P(Ce;g1;:::;gn)Pgn (bnd�1A) = P(Ce;g1;:::;gn)gn�(A) ;whenceP(Ce;g1;:::;gn jbnd�1A) = P(Ce;g1;:::;gn)gn�(A)P(bnd�1A) = P(Ce;g1;:::;gn)gn�(A)�(A) ;i.e., the conditional measure PA(�) = P(�jbnd�1A) is the Doob transform of the mea-sure P determined by the normalized harmonic function 'A(x) = x�(A)=�(A). Now,'A = 1�(A) ZA '
 d�(
) ; '
(x) = dx�d� (
) ;whence (by the fact that the Doob transform is a�ne)PA = 1�(A) ZAP
 d�(
) ;where P
 are the Doob transforms determined by the functions '
 (their harmonicityfollows from �-stationarity (1.5) of the measure �), which by the de�nition of systemsof conditional measures in Lebesgue spaces (e.g., see [Ro67]) means



THE POISSON FORMULA FOR GROUPS WITH HYPERBOLIC PROPERTIES 9Theorem. The measuresP
(Ce;g1;:::;gn) = P(Ce;g1;:::;gn j
) = P(Ce;g1;:::;gn)dgn�d� (
)corresponding to the Markov operators P 
 on sgr (�) with transition probabilitiesp
(x; y) = �(x�1y)dy�dx� (
)are the canonical system of conditional measures of the measure P with respect to thePoisson boundary.3.3. Let now (�� ; ��) be a �-boundary. Then(3.1) dg��d�� (
�) = Z dg�d� (
) d�(
j
�) 8 g 2 sgr (�); ��-a.e. 
� 2 �� ;where �(�j
�) are the conditional measures of the measure � on the �bers of the projec-tion � ! ��; 
 7! 
�. Denote by P
� = P'
� the Doob transforms determined by theRadon{Nikodym derivatives '
�(x) = dx��=d��(
�). Then (3.1) in combination withthe fact that the Doob transform is a�ne implies that for ��-a.e. 
� 2 ��P
� = Z P
 d�(
j
�) ;whence by the transitivity of systems of conditional measures (e.g., see [Ro67]) we haveTheorem. The family of measures P
� ; 
� 2 �� is the family of conditional measuresof the measure P with respect to the �-boundary (��; ��).4. Entropy of conditional walks and maximality of �-boundaries4.1. From now on we shall assume that the measure � has �nite entropy H(�) =�Pg �(g) log�(g). Then there exists the limit h(G;�) = limnH(�n)=n which is calledthe entropy of the random walk (G;�), see [De80], [KV83].Denote by �k1 the partition of the path space (GZ+ ;P) determined by the positionsof the random walk at times 1; 2; : : : ; k (i.e., two sample paths x;x0 belong to the sameclass of �k1 i� xi = x0i for all i = 1; 2; : : : ; k), and put � = �11. Given two measurablepartitions �; � of the space (GZ+ ;P) we shall denote by HP(�) (resp., HP(�j�)) theentropy of � (resp., the conditional entropy of � with respect to �), see [Ro67] for thede�nitions. Since the increments of the random walk are independent and �-distributed,HP(�k1) = kH(�) = kHP(�).4.2. Let � be a G-invariant partition of the Poisson boundary, and (��; ��) { thecorresponding �-boundary.



10 VADIM A. KAIMANOVICHLemma. For any k � 1HP(�k1 j��) = kHP(�j��) = khH(�) � Z log dx1��d�� (bnd� x) dP(x)i :Proof. Given a path x = fxng 2 GZ+ , the element of the partition �k1 containing x isthe cylinder Ce;x1;:::;xk , and the image of x in �� is bnd� x, whence by Theorem 3.3 thecorresponding conditional probability isP(Ce;x1;:::;xk jbnd� x) = P(Ce;x1;:::;xk)dxk��d�� (bnd� x) ;and HP(�k1 j��) = �Z logP(Ce;x1;:::;xk jbnd� x) dP(x)= kH(�) � Z log dxk��d�� (bnd� x) dP(x) :Now, passing to the increments hn by (1.2), telescoping and using Lemma 1.4 we get(4.1) dxk��d�� (bnd� x) = dh1 : : : hk��d�� (bnd� x)= kYi=1 dhi��d�� (x�1i�1bnd� x) = kYi=1 d(U i�1x)1��d�� (bnd� U i�1x) :Since the measure P is U-invariant, the claim follows. �4.3. Theorem. Let � 4 �0 be two G-invariant measurable partitions of the Poissonboundary (�; �). Then HP(�j��) � HP(�j��0), and the equality holds i� � = �0.Proof. Obviously, if � 4 �0, then �� 4 �0�, so that the inequality follows from [Ro67,Property 5.10]. If HP(�j��) = HP(�j��0), then by Lemma 4.2 HP(�k1 j��) = HP(�k1 j��0)for any k � 1. Therefore, again by [Ro67, Property 5.10], all �nite dimensional distri-butions of the conditional measures P
� and P
�0 coincide for �-a.e. point 
 2 �, i.e.,P
� = P
�0 , which means that � = �0. �4.4. De�nition. A probability measure � on GZ+ has asymptotic entropy h(�) if ithas the following Shannon{Breiman{McMillan type equidistribution property:� 1n log �(Cnxn)! h(�)for �-a.e. x = fxng 2 GZ+ and in the space L1(�).



THE POISSON FORMULA FOR GROUPS WITH HYPERBOLIC PROPERTIES 114.5. Theorem. Let � be a measurable G-invariant partition of the Poisson boundary(�; �). Then for ��-a.e. point 
� 2 ��h(P
� ) = HP(�j��)�HP(�j�) :Proof. We have to check that for ��-a.e. point 
� 2 ��� 1n logP
�(Cnxn) ! HP(�j��)�HP(�j�)for P
�-a.e. sample path x = fxng and in the space L1(P
� ). Since P
� are theconditional measures of the measure P with respect to ��, it amounts to proving that� 1n logPbnd� x(Cnxn)! HP(�j��)�HP(�j�)P-a.e. and in the space L1(P). By Theorem 3.31n logPbnd� x(Cnxn) = 1n logP(Cnxn) + 1n log dxn��d�� (bnd� x) :Since h(P) = h(G;�) (see [De80], [KV83]), the �rst term in the right-hand side con-verges to �h(G;�). On the other hand, telescoping as in (4.1), applying the Birkho�Ergodic Theorem to the transformation U , and using Lemma 4.2, we obtain that thesecond term in the right-hand side converges to H(�)�HP(�j��). It remains to use thefact that HP(�j�) = H(�) � h(G;�) [KV83] . �4.6. It is proved in [De80], [KV83] that h(P) = 0 i� the Poisson boundary is triv-ial. Combining Theorem 4.3 (where for �0 is taken the point partition of the Poissonboundary) with Theorem 4.5 we get the following generalization of that criterion:Theorem. A �-boundary (B;�) �= (�� ; ��) is the Poisson boundary i� h(P
�) = 0 foralmost all conditional measures of the measure P with respect to ��.Corollary. A �-boundary (B;�) = (��; ��) is the Poisson boundary i� for ��-a.e.point 
� 2 �� there exist " > 0 and a sequence of sets An = An(
�) � G such that(i) log jAnj = o(n) ;(ii) p
�n (An) > " for all su�ciently large n, where p
�n (g) = P
� (Cng ) are the one-dimensional distributions of the measures P
� .5. Ray approximation5.1. De�nition. An increasing sequence G = (Gk)k�1 of sets exhausting a countablegroup G is called a gauge on G. Byjgj = jgjG = minfk : g 2 Gkgwe denote the corresponding gauge function. We shall say that a gauge G is� symmetric if all gauge sets Gk are symmetric, i.e., jgj = jg�1j 8 g 2 G;� subadditive if jg1g2j � jg1 + jg2j 8 g1; g2 2 G;� �nite if all gauge sets are �nite;� temperate if it is �nite and the gauge sets grow at most exponentially:supk 1k log cardGk <1.



12 VADIM A. KAIMANOVICHA family of gauges G� is uniformly temperate if sup�;k 1k log cardG�k < 1. Clearly,the family of translations gG = (gGk); g 2 G of any temperate gauge is uniformlytemperate.The gauges considered below are not assumed to be �nite nor subadditive unlessotherwise speci�ed.An important class of gauges consists of word gauges [Gu80], i.e., such gauges (Gk)that G1 is a set generating G as a semigroup, and Gk = (G1)k is the set of words of length� k in the alphabet G1. Any word gauge is subadditive. It is symmetric i� the set G1 issymmetric, and �nite i� G1 is �nite. In the latter case the gauge is temperate. Any two�nite word gauges G;G0 on a �nitely generated group G are equivalent (quasi-isometric)in the sense that there is a constant C > 0 such that1C jgjG0 � jgjG � CjgjG0 8 g 2 G :Thus, for a probability measure � on a �nitely generated group G �niteness of its �rstmoment Pg jgj�(g), or of its �rst logarithmic moment Pg log jgj�(g) are independentof the choice of a �nite word gauge j � j on G.5.2. Lemma (cf. [De86]). If G is a temperate gauge, and j�jG <1, then H(�) <1.5.3. For subadditive gauges the Kingman Subadditive Ergodic Theorem immediatelyimplies (cf. [Gu80], [De80]):Lemma. If G is a subadditive gauge, and j�jG <1, then the limit (rate of escape)`(G;�;G) = limn!1 jxnjGnexists for P-a.e. sample path fxng and in the space L1(P).5.4. Theorem. Let � be a probability measure with �nite entropyH(�) on a countablegroup G, and (B;�) �= (��; ��) { a �-boundary. Denote by � = bnd � the projectionfrom the path space (GZ+ ;P) to (B;�). If for �-a.e. point b 2 B there exists a sequenceof uniformly temperate gauges Gn = Gn(b) such that(5.1) 1n jxnjGn(�x) ! 0for P-a.e. sample path x = fxng, then (B;�) is the Poisson boundary of the pair (G;�).Proof. Condition (5.1) is equivalent to saying that jxnjGn(b)=n! 0 for �-a.e. b 2 B andPb-a.e. sample path of the random walk conditioned by b (see Theorem 3.3). Thus,(B;�) is the Poisson boundary by Theorem 4.6. �5.5. Let now �n : B ! G be a sequence of measurable maps from a �-boundary B tothe group G. Geometrically, one can think about the sequences �n(b); b 2 B as \rays"in G corresponding to points from B. Taking in Theorem 5.4 Gn(b) = �n(b)G, where Gis a �xed temperate gauge on G, we obtain



THE POISSON FORMULA FOR GROUPS WITH HYPERBOLIC PROPERTIES 13Theorem. Let � be a probability measure with �nite entropy H(�) on a countablegroup G, and (B;�) = �(GZ+ ;P) { a �-boundary. If there exist a temperate gauge Gand a sequence of measurable maps �n : B ! G such that1n ����n(�x)��1xn��G! 0for P-a.e. sample path x = fxng, then (B;�) is the Poisson boundary of the pair (G;�).6. Strip approximation6.1. We have de�ned the path space (GZ+ ;P) (see 1.2) as the image of the space ofindependent �-distributed increments fhng; n � 1 under the map(6.1) xn = � e; n = 0xn�1hn; n � 1 :Extending the relation xn = xn�1hn to all indices n 2 Z (and always assuming thatx0 = e) we obtain the measure space (GZ ;P) of bilateral paths x = fxn; n 2 Zgcorresponding to bilateral sequences of independent �-distributed increments fhng; n 2Z. For negative indices n formula (6.1) can be rewritten asx�n = x�n+1h�1�n+1 ; n � 0 ;so that �xn = x�n = h�10 h�1�1 � � � h�1�n+1 ; n � 0is a sample path of the random walk on G governed by the re
ected measure ��(g) =�(g�1). The unilateral paths x = fxng; n � 0 and �x = f�xng = fx�ng; n � 0 areindependent, i.e., the map x 7! (x; �x) is an isomorphism of the measure spaces (GZ ;P)and (GZ+ ;P)�(GZ+ ; �P), where �P is the measure in the space of unilateral sample pathsof the random walk (G; ��).6.2. Denote by U the measure preserving transformation of the space of bilateral paths(GZ ;P) induced by the bilateral Bernoulli shift in the space of increments. It is thenatural extension of the transformation U of the unilateral path space (GZ+ ;P) de�nedin 1.4 and acts by the same formula (1.6) extended to all indices n 2Z: for any k 2Z(6.2) (Ukx)n = x�1k xn+k 8n 2Z;i.e., the path Ukx is obtained from the path x by translating it both in time (byk) and in space (by multiplying by x�1k on the left in order to satisfy the condi-tion (Ukx)0 = e). In terms of the unilateral paths x and �x applying Uk consists(for k > 0) in canceling �rst k factors xk = h1h2 � � �hk from the products xn =h1h2 � � � hk � � � hn; n > 0 (i.e., in applying to x the transformation Uk) and adding onthe left k factors x�1k = h�1k � � � h�12 h�11 to the products �xn = x�n = h�10 h�1�1 � � � h�1�n+1:z }| {� � � ; h�1; h0; z }| {h1; � � � ; hk�1; hk; hk+1; � � �| {z } | {z } :6.3. Denote by �� the Poisson boundary of the measure ��, and by �� the correspondingharmonic measure.



14 VADIM A. KAIMANOVICHTheorem. The action of the group G on the product (�� � �; �� 
 �) is ergodic.Proof. Denote by � the measure preserving projection x 7! (�x;x) 7! (bnd �x;bndx)from the bilateral path space (GZ ;P) to the product space (�� � �; �� 
 �). Then as itfollows from formula (6.2), for any k 2Z(6.3) �(Ukx) = x�1k �(x)(cf. Lemma 1.4). Now, ifA � ���� is aG-invariant subset of ���� with 0 < ��
�(A) < 1,then by (6.3) the preimage ��1(A) is U -invariant with 0 < P(��1A) = �� 
 �(A) < 1,which is impossible by the ergodicity of the bilateral Bernoulli shift U . �6.4. Theorem. Let � be a probability measure with �nite entropyH(�) on a countablegroup G, and let (B�; ��) and (B+; �+) be ��- and �-boundaries, respectively. If thereexist a gauge G = (Gk) on the group G with gauge function j � j = j � jG and a measurableG-equivariant map S assigning to pairs of points (b�; b+) 2 B��B+ non-empty \strips"S(b�; b+) � G such that for all g 2 G and �� 
 �+-a.e. (b�; b+) 2 B� �B+(6.4) 1n log card �S(b�; b+)g \ Gjxnj� �!n!1 0in probability with respect to the measure P in the space of sample paths x = fxngn�0,then the boundary (B+; �+) is maximal.Proof. Denote by �� : x 7! �x 7! bnd�� �x and �+ : x 7! x 7! bnd� x the projec-tions of the bilateral path space (GZ ;P) onto the boundaries (B�; ��) �= (����; ����) and(B+; �+) �= (�� ; ��), respectively (cf. the proof of Theorem 6.3). Replacing if necessarythe map S with an appropriate right translation (b�; b+) 7! S(b�; b+)g, we may assumewithout loss of generality that�� 
 �+�(b�; b+) : e 2 S(b�; b+)	 = P�e 2 S(��x;�+x)� = p > 0 :Using formula (6.3) in combination with the fact that the measure P is U -invariant, wethen have for any n 2Z(6.5) P�xn 2 S(��x;�+x)� = P�e 2 x�1n S(��x;�+x)�= P�e 2 S(x�1n ��x; x�1n �+x)�= P�e 2 S(��Unx;�+Unx)�= P�e 2 S(��x;�+x)� = p :Since the image of the measure P under the map x 7! (��x;�+x) is ��
�+, formula(6.5) can be rewritten as(6.6) Z Z pb+n �S(b�; b+)� d��(b�)d�+(b+) = p ;where pb+n are the one-dimensional distribution of the conditional measure Pb+.



THE POISSON FORMULA FOR GROUPS WITH HYPERBOLIC PROPERTIES 15Let Kn = min�k � 1 : �n(Gk) � 1� p=2	 ;so that P�jxnj � Kn� = �n(GKn) � 1� p=2 ;or, after conditioning by �+x,(6.7) Z pb+n �GKn� d�+(b+) � 1� p=2 :Since for all (b�; b+) 2 B� �B+pb+n �S(b�; b+) \ GKn� � pb+n �S(b�; b+)�+ pb+n �GKn�� 1 ;(6.6) and (6.7) implyZ Z pb+n �S(b�; b+) \ GKn� d��(b�)d�+(b+) � p=2 ;whence(6.8) �� 
 �+n(b�; b+) : pb+n �S(b�; b+) \ GKn� � p=4o � p=4 :On the other hand, condition (6.4) implies that1n log card �S(b�; b+) \ GKn� �!n!1 0 �� 
 �+-a.e. (b�; b+) 2 B� �B+ ;whence there exist a subset Z � B� � B+ and a sequence 'n with log'n=n! 0 suchthat(6.9) �� 
 �+(Z) � 1� p=8 ;and(6.10) card �S(b�; b+) \ GK(n)� � 'n 8 (b�; b+) 2 Z :Combining (6.8), (6.9) and (6.10) shows that there exists a sequence of sets Xn �B� �B+ such that �� 
 �+(Xn) � p=8 ;pb+n �S(b�; b+) \ GKn� � p=4 8 (b�; b+) 2 Xn ;card �S(b�; b+) \ GKn� � 'n 8 (b�; b+) 2 Xn :Thus, taking Yn to be the projection of Xn to B+, we have that �+(Yn) � p=8, and fora.e. b+ 2 Yn there exists a set A = A(b+; n) with pb+n (A) � p=4 and cardA � 'n, sothat the boundary (B+; �+) is maximal by Theorem 4.6. �6.5. Subexponentiality of the intersections �S(b�; b+) \ Gjxnj� is the key condition ofTheorem 6.4. Thus, the \thinner" are the strips S(b�; b+) themselves, the larger is theclass of measures satisfying condition (6.4) of Theorem 6.4 (i.e., sample paths fxng maybe allowed to go to in�nity \faster"). We shall illustrate this trade-o� by giving twomore operational corollaries of Theorem 6.4.



16 VADIM A. KAIMANOVICHTheorem. Suppose that G is a subadditive temperate gauge on a countable group Gwith gauge function j � j = j � jG (particular case: G is �nitely generated, and G is a�nite word gauge), and � is a probability measure on G. Let (B�; ��) and (B+; �+)be ��- and �-boundaries, respectively, and there exists a measurable G-equivariant mapB� �B+ 3 (b�; b+) 7! S(b�; b+) � G. If either(a) The measure � has a �nite �rst momentP jgj�(g), and for ��
�+-a.e. (b�; b+)1k log card �S(b�; b+) \ Gk�! 0(the strips S(b�; b+) grow subexponentially with respect to G);or (b) The measure � has a �nite �rst logarithmic moment P log jgj�(g) and �niteentropy H(�), and for �� 
 �+-a.e. (b�; b+)supk 1log k log card �S(b�; b+) \ Gk� <1(the strips S(b�; b+) grow polynomially);then the boundaries (B�; ��) and (B+; �+) are maximal.Proof. (a) By Lemma 5.2, the measure � has �nite entropy, and by Lemma 5.3 thereexists the rate of escape `(G;�;G). Now, for any g 2 Gcard �S(b�; b+)g \ Gjxnj� = card �S(b�; b+) \ Gjxnjg�1�� card �S(b�; b+) \ Gjxnj+jg�1j� ;whence condition (6.4) is satis�ed.(b) The proof is analogous to the proof of part (a), except for now we have to showthat log jxnj=n! 0. Indeed,jxnj = jh1h2 � � �hnj � jh1j+ jh2j+ � � �+ jhnj ;where hn are the independent �-distributed increments of the random walk. Since themeasure � has a �nite �rst logarithmic moment, a.e. log jhnj=n! 0, which implies thata.e. log jxnj=n! 0. Now, for �� 
 �+-a.e. (b�; b+) and P-a.e. path fxng1n log card �S(b�; b+)g \ Gjxnj� � 1n log card �S(b�; b+) \ Gjxnj+jg�1j�= log(jxnj+ jg�1j)n � log card �S(b�; b+) \ Gjxnj+jg�1j�log(jxnj+ jg�1j) ! 0 : �6.6. Let us introduce the following condition on a group compacti�cation G = G[ @G.(CG) There exists a left-invariant metric d on G such that the corresponding gaugej � jd on G is temperate and for any two distinct points b� 6= b+ 2 @G(i) The pencil P (b�; b+) of all d-geodesics � in G such that b� (resp., b+) isa limit point of the negative (resp., positive) ray of � is non-empty;(ii) There exists a �nite set A = A(b�; b+) such that any geodesic from thepencil P (b�; b+) intersects A(b�; b+).Combining Theorems 2.4 and 6.5 then gives



THE POISSON FORMULA FOR GROUPS WITH HYPERBOLIC PROPERTIES 17Theorem. Let G = G \ @G be a separable compacti�cation of a countable group Gsatisfying conditions (CP), (CS), (CG), and � { a probability measure on G such that(i) The subgroup gr (�) generated by its support is non-elementary with respect tothis compacti�cation;(ii) The measure � has a �nite entropy H(�);(iii) The measure � has a �nite �rst logarithmic moment with respect to the gaugedetermined by the metric d from condition (CG).Then the compacti�cation G is �-maximal in the sense of De�nition 1.6.Proof. Theorem 2.4 yields uniqueness of the measure � = �+ and convergence, whichimplies that (@G; �+) is a �-boundary. We shall deduce maximality of this boundaryfrom Theorem 6.5. Indeed, the re
ected measure �� satis�es conditions of Theorem 2.4simultaneously with the measure �. Let �� be the unique ��-stationary measure on @G.Since the measures �� and �+ are purely non-atomic, the diagonal in @G � @G haszero measure �� 
 �+, so that by condition (CG) for �� 
 �+-a.e. (b�; b+) 2 @G � @Gthere exists a minimalM =M(b�; b+) such that all geodesics from the pencil P (b�; b+)intersect a M-ball in G. Obviously, the map (b�; b+) 7! M(b�; b+) is G-invariant, sothat it must a.e. take a constant value M0 by Theorem 6.3. Now de�ne the stripS(b�; b+) � G as the union of all balls B of diameter M0 such that any geodesic fromthe pencil P (b�; b+) passes through B. This map is clearly G-equivariant, and for anygeodesic � from S(b�; b+) the strip S(b�; b+) is contained in the M0-neighbourhood of�. Thus, the strips S(b�; b+) have linear growth, so that conditions of Theorem 6.5 aresatis�ed. �7. Hyperbolic groups7.1. In this Section we identify the Poisson boundary for the Gromov hyperbolic groups(see [Gr87], [GH90] for the de�nitions). For the sake of comparison we shall use hereboth the ray and the strip approximations (Theorems 5.5 and 6.5, respectively).De�nition. A sequence of points (xn) in a Gromov hyperbolic space X with metric dis called regular if there exists a geodesic ray � and a number l � 0 (the rate of escape)such that d�xn; �(nl)� = o(n), i.e., if the sequence (xn) asymptotically follows the ray�. If l > 0, then we call (xn) a non-trivial regular sequence.This notion is an analogue of the well-known notion of Lyapunov regularity (see[Ka89] and 10.2 below). The idea of the proof of the following result belongs toT. Delzant. For Cartan{Hadamard manifolds with pinched sectional curvature anotherproof (using the Alexandrov Triangle Comparison Theorem) was given in [Ka85].7.2. We shall �x a reference point o 2 X, and put jxj = d(o; x). Denote the Gromovproduct with respect to o by (xjy) = 1=2�jxj+ jyj � d(x; y)�.Theorem. A sequence (xn) in a Gromov hyperbolic space X is regular i�(i) d(xn; xn+1) = o(n);(ii) jxnj=n! l � 0.Proof. Clearly, we just have to prove that (i) and (ii) imply regularity under the as-sumption that l > 0. Then (xn�1jxn) = nl + o(n), and applying the quasi-metric



18 VADIM A. KAIMANOVICH�(x; y) = exp(�(xjy)) (see [GH90]) yields convergence of xn to a point x1 2 @X in thehyperbolic compacti�cation of the spaceX. Now we �x geodesics �n (resp., �1) joiningthe origin o with the points xn (resp., x1), and denote the points on these geodesics atdistance t from the origin by [xn]t = �n(t) (resp., [x1]t = �1(t)).Choose a positive number " < l=2, and letN = N(") = minfn > 0 : (xn�1jxn) � (l � ")ng :In particular, jxnj � (l � ")n for n � N , and the truncations x"n = [xn](l�")n are wellde�ned. The points x"n�1; x"n belong to the sides of the geodesic triangle with verticeso; xn�1; xn, so thatd(x"n�1; x"n) � ��jx"n�1j � jx"nj��+ 4� = l � "+ 4� 8n � Nbecause jx"n�1j; jx"nj � (xn�1jxn), and geodesic triangles in X are 4�-thin [GH90,pp. 38, 41]. Therefore, for any two indices n;m � Nd(x"n; x"m) � jn�mj(l+ 4�) ;d(x"n; x"m) � ��jx"nj � jx"mj�� = jn�mj(l � ") � jn�mj l=2 ;which means that the sequence (x"n)n�N is a quasigeodesic, and by [GH90, p. 101] thereexists a geodesic ray � starting at the point x"N such that d(x"n; �) � H for any n � Nand a constant H = H(�; l). Since (xnjx"n) = n(l � ") ! 1, the sequence (x"n) alsoconverges to the point x1, so that the geodesic rays � and �1 are asymptotic. Thus,d(x"n; �1) � H + 8� andd(xn; �1) � H + 8� + d(xn; x"n) = H + 8� + �jxnj � n(l � ")�for all su�ciently large n (see [GH90, p. 117]). Since " can be made arbitrarily small,the claim is proven. �7.3. A subgroup of a hyperbolic group G is elementary with respect to the hyperboliccompacti�cation in the sense of De�nition 2.3 i� it is either �nite or a �nite extension ofZ; otherwise it is non-amenable, see [Gr87], [GH90]. Therefore, the Poisson boundaryof a measure � on G is non-trivial i� gr (�) is non-elementary, e.g. see [KV83]. Nowassume that � has a �nite �rst moment and denote by ` the corresponding rate of escape(Lemma 5.3) with respect to a certain �xed word gauge j�j onG. If the Poisson boundaryof � is non-trivial, i.e., if gr (�) is non-elementary, then by Theorem 5.5 ` > 0. Further,since the measure � (i.e, the lengths of the increments jhnj = jx�1n�1xnj = d(xn�1; xn))has �nite �rst moment, d(xn�1; xn) = o(n). Applying Theorem 7.2 we obtainTheorem. Let � be a probability measure measure with a �nite �rst moment on ahyperbolic group G such that the group gr (�) is non-elementary. Then a.e. samplepath of the random walk (G;�) is a non-trivial regular sequence in G.7.4. For any � 2 @G choose a geodesic ray �� from e to � in such a way that the map� 7! �� is measurable (e.g., take for �� the lexicographically minimal ray among allthe rays joining e and �), and let �n(�) = ��([n`]), where ` is the rate of escape of therandom walk (G;�) and [t] is the integer part of a number t. Then by Theorem 7.3d�xn; �n(x1)� = o(n) for P-a.e. sample path fxng, so that by Theorem 5.5 we obtain



THE POISSON FORMULA FOR GROUPS WITH HYPERBOLIC PROPERTIES 19Theorem. Let � be a probability measure measure with a �nite �rst moment on ahyperbolic group G such that the group gr (�) is non-elementary. Then a.e. samplepath of the random walk (G;�) converges in the hyperbolic compacti�cation, and thehyperbolic boundary @G with the resulting limit measure is isomorphic to the Poissonboundary of (G;�).7.5. Using the strip approximation instead of the ray approximation allows us to obtaina stronger result in a simpler way.Proposition. The hyperbolic compacti�cation of a non-elementary hyperbolic groupsatis�es conditions (CP), (CS), (CG) from 2.1 and 6.6.Proof. Condition (CP) follows immediately from the de�nition of the hyperbolic com-pacti�cation. For any two distinct points �� 6= �+ 2 @G let S(��; �+) be the union ofpoints from all geodesics in G joining �� and �+. Then condition (CS) is implied by thequasi-convexity of geodesic hulls of subsets in the hyperbolic boundary [Gr87, 7.5.A]and condition (CG) follows from the fact that any two geodesics in a hyperbolic spacewith the same endpoints are within uniformly bounded distance one from another. �Applying Theorems 2.4 and 6.6 we then get7.6. Theorem. Let � be a probability measure on a hyperbolic group G such thatthe subgroup gr (�) generated by its support is non-elementary. Then almost all samplepaths fxng converge to a (random) point x1 2 @G, so that @G with the resultinglimit measure � is a �-boundary. The measure � is the unique �-stationary probabilitymeasure on @G.7.7. Theorem. Under conditions of Theorem 7.6, if the measure � has �nite entropyH(�) and �nite �rst logarithmic moment P�(g) log jgj (particular case: � has a �nite�rst moment), then (@G; �) is isomorphic to the Poisson boundary of (G;�).Remarks. 1. Another proof of Theorem 7.6 in the case when gr (�) = G is given in[Wo93]. Unlike ours, it uses the contractivity of the G-action on @G.2. If the measure � is �nitely supported and sgr (�) = G, then the Martin boundaryof the random walk coincides with the hyperbolic boundary [An90], so that in this caseTheorems 7.6, 7.7 follow from the general Martin theory.3. Theorems 7.6, 7.7 are easily seen to hold for any discrete discontinuous group ofisometries of a Gromov hyperbolic space X (in this case instead of a word gauge on Gone should take the gauge induced by the ambient metric on X).8. Groups with in�nitely many ends8.1. The space of ends E(G) of a �nitely generated group G is de�ned as the space ofends of its Cayley graph with respect to a certain �nite generating set A. Neither thespace E(G) nor the end compacti�cation G = G[ E(G) depend on the choice of A. Foran end ! 2 E(G) and a �nite set K � G denote by C(!;K) the connected component ofGnK containing !. The sets C(!;K) form a basis of the end topology in G at the point! (e.g., see [St71]). Clearly, any geodesic ray in G converges to an end. Conversely, bystandard compactness considerations for any two distinct ends from E(G) there existsa geodesic (not necessarily unique!) joining these ends.



20 VADIM A. KAIMANOVICHThe simplest example of a group with in�nitely many ends is the free group Fd ofrank d � 2. This group is also hyperbolic. However, in general, a hyperbolic group mayhave trivial space of ends (e.g., the fundamental group of a compact negatively curvedmanifold), and a group with in�nitely many ends need not be hyperbolic (e.g., the freeproduct of two copies of the group Z2). Nonetheless, groups with in�nitely many endsstill share important for us geometric properties with hyperbolic groups.8.2. Lemma. The end compacti�cation of a �nitely generated group with in�nitelymany ends satis�es conditions (CP), (CS), (CG) from 2.1 and 6.6.Proof. Condition (CP) is trivial. For verifying condition (CS) let S(!1; !2) be the unionof all geodesics in G with endpoints !1 6= !2 2 E(G). Take !0 6= !1; !2 2 E(G),then there is a �nite set K � G such that C(!0;K) 6= C(!1;K); C(!2;K), so thatthe intersection with C(!0;K) of any geodesic joining points in C(!1;K) and C(!2;K)must be contained in the (�nite) union of all geodesic segments with endpoints from K.Finally, (CG) immediately follows from the de�nition of the space of ends. �Now Theorems 2.4 and 6.6 imply8.3. Theorem. Let G be a �nitely generated group with in�nitely many ends, and �{ a probability measure such that the subgroup gr (�) generated by its support is non-elementary. Then almost all sample paths fxng of the random walk (G;�) convergeto a (random) end x1 2 E(G), so that the space of ends E(G) with the resultinglimit measure � is a �-boundary. The measure � is the unique �-stationary probabilitymeasure on E(G).8.4. Theorem. Under conditions of Theorem 8.3, if the measure � has �nite entropyand �nite �rst logarithmic moment (in particular, if � has �nite �rst moment), then thespace �E(G); �� is isomorphic to the Poisson boundary of the pair (G;�).Remark. Our proof of Theorems 8.3, 8.4 is synthetic and does not evoke at all Stallings'structure theory of groups with in�nitely many ends. If gr (�) = G Theorem 8.3 wasproved by Woess [Wo93] using contractivity properties of the action of G on E(G). Aparticular case of Theorem 8.4 when the measure � is �nitely supported and sgr (�) = Gwas proved by Woess [Wo89] by applying the Martin theory methods.9. Fundamental groups of rank 1 manifolds9.1. Let M be a compact Riemannian manifolds with non-positive sectional curvature,and fM { its universal covering space. Denote by @fM the sphere at in�nity of fM , whichis the boundary of the visibility compacti�cation of fM , e.g., see [Ba95]. The embeddingg 7! go 2 fM (where o 2 fM is a �xed reference point) allows one to consider the visibilitycompacti�cation of fM as a compacti�cation of the fundamental group �1(M). If fM isirreducible (i.e., is not a product of two Cartan{Hadamardmanifolds), then by the RankRigidity Theorem (e.g., see [Ba95]) fM is either a symmetric space of non-compact typewith rank at least 2, or fM has a regular geodesic �, i.e., such that there is no non-trivialparallel Jacobi �eld along � perpendicular to _�. In the latter case M is said to haverank 1. Note that the sectional curvature of a rank 1 manifold M is not necessarilybounded away from 0, and its universal covering space fM is not necessarily hyperbolicin the sense of Gromov.



THE POISSON FORMULA FOR GROUPS WITH HYPERBOLIC PROPERTIES 219.2. Theorem. Let � be a probability measure on the fundamental group G = �1(M)of a compact rank 1 Riemannian manifold M such that sgr (�) = G, and � has a �nite�rst logarithmic moment and �nite entropy. Then a.e. sample path of the random walk(G;�) converges in the visibility compacti�cation, and the sphere @fM with the resultinglimit measure � is isomorphic to the Poisson boundary of the pair (G;�).Proof. Convergence of sample paths was established by Ballmann for an arbitrary prob-ability measure on G with sgr (�) = G [Ba89, Theorem 2.2]. Moreover, gn�! �
 weaklyin fM [ @fM for any sequence (gn) � G such that gn ! 
, i.e., the Dirichlet problem for�-harmonic functions with boundary data on @fM is solvable [Ba89, Theorem 1.8].It remains to prove maximality of the �-boundary (@fM;�). Denote by �+ = � and�� the hitting measures on @fM determined by the measures � and ��, respectively.SinceM has rank one, the set R � @fM �@fM of pairs of endpoints of regular bi-in�nitegeodesics in fM is open non-empty, and for any pair of points (��; �+) 2 R there is aunique geodesic �(��; �+) joining these points [Ba95]. Then solvability of the Dirichletproblem and quasi-invariance of the measures ��; �+ with respect to the action of G(see 1.3) implies that �� � �+(R) > 0, whence �� � �+(R) = 1 by Theorem 6.3.Since the quotient manifoldM is compact, there exists a number d > 0 such that forany point x 2 eX the d-ball centered at x intersects the orbit Go. Then the strips in Gde�ned as S(��; �+) = fg 2 G : dist�go; �(��; �+)� � dgare non-empty, and the map (��; �+) 7! S(��; �+) is G-equivariant (here dist is the Rie-mannian metric on fM ). The gauge jgj = dist(o; go) on G is temperate and subadditive,and, since M is compact, it is equivalent to any �nite word gauge on G, so that themeasure � has �nite �rst logarithmic moment with respect to j � j. Clearly, all stripsS(��; �+) (being neighbourhoods of geodesics) have linear growth with respect to thegauge j � j, and conditions of Theorem 6.5 (b) are satis�ed. �Remarks. 1. For measures � with a �nite �rst moment Theorem 9.2 was �rst provedby Ballmann and Ledrappier [BL94]. Our \strip approximation" criterion (Theorems6.4, 6.5) was inspired by the use of bilateral geodesics in [BL94], and the �rst part ofour proof of Theorem 9.2 (existence of bilateral geodesics) is the same as in [BL94].However, Theorem 6.5 allows us to obtain the result in greater generality and to avoidat the same time tedious dimension estimates (Section 3 in [BL94]).2. In view of the rank rigidity theorem (e.g., see [Ba95]) Theorem 9.2 in combinationwith the results from Section 10 allows one to identify the Poisson boundary with (asubset of) the sphere at in�nity for an arbitrary cocompact group of isometries of aCartan{Hadamard manifold. Karlsson and Margulis [KM99] have recently obtaineda generalization of the Oseledec multiplicative ergodic theorem which (with the helpof the ray approximation criterion) leads to the same result for random walks with a�nite �rst moment on an arbitrary discrete group of isometries of a Cartan{Hadamardmanifold. 10. Discrete subgroups of semi-simple Lie groups10.1. Let G be a connected semi-simple real Lie group with �nite center, K { itsmaximal compact subgroup, and S = G=K { the corresponding Riemannian symmetric



22 VADIM A. KAIMANOVICHspace with the origin o �= K. Fix a dominant Weyl chamber A+ in the Lie algebra A ofa Cartan subgroup A, and denote by A+1 (resp., by A+1 ) the intersection of A+ (resp.,of its closure A+) with the unit sphere of the Euclidean distance k � k determined by theKilling form h�; �i. Any point x 2 S can be presented as x = k(exp a)o, where k 2 K,and a = r(x) 2 A+ is the uniquely determined radial part of x. Then the Riemanniandistance dist(o; x) from o to x equals kr(x)k.Denote by @S the boundary (the sphere at in�nity) of the visibility compacti�cationof S (cf. 9.1). We identify points from @S with geodesic rays issued from o. TheG-orbits in @S are parameterized by vectors a 2 A+1 : the orbit @Sa consists of thelimits of all geodesic rays of the form �(t) = g exp(ta)o. Stabilizers of points � 2 @Sare parabolic subgroups of G, which are minimal i� � 2 @Sa; a 2 A+1 . Thus, the orbits@Sa corresponding to non-degenerate vectors a 2 A+1 are isomorphic to the Furstenbergboundary B = G=P, where P = MAN is the minimal parabolic subgroup determinedby the Iwasawa decomposition G = KAN (i.e., M is the centralizer of A in K), andthe orbits @Sa corresponding to vectors a from the walls of the Weyl chamber A+are isomorphic to quotients of the Furstenberg boundary (i.e., to quotients of G by non-minimal parabolic subgroups) [Ka89]. Moreover, there exists a canonical map A+1 �B !@S such that fag � B ! @Sa is one-to-one for a 2 A+1 (cf. below 10.4).10.2. We call a sequence of points xn 2 S regular if there exists a geodesic ray � anda number l � 0 such that dist�xn; �(nl)� = o(n) (cf. De�nition 7.1). If l > 0, then xnconverges in the visibility compacti�cation to the same point as the ray �.Theorem [Ka89]. A sequence of points xn in a non-compact Riemannian symmetricspace S is regular if and only if dist(xn; xn+1) = o(n) and there exists a limit a =lim r(xn)=n 2 A+.Remark. The de�nition of regular sequences is inspired by the notion of Lyapunov regu-larity (for the symmetric space SL(n;R)=SO(n) these notions coincide, see 10.9), andTheorem 10.2 is a geometric counterpart of the Oseledec multiplicative ergodic theorem[Ka89]. Therefore we call the vector a the Lyapunov vector of the sequence xn.10.3. Theorem. Let � be a probability measure on a discrete subgroup G � G of asemi-simple Lie group G with a �nite �rst moment Pdist(o; go)�(g) <1. Then(i) P-a.e. sample path fxng of the random walk (G;�) is regular, and the Lyapunovvector a = a(�) = lim r(xno)=n 2 A+ does not depend on fxng;(ii) If a 6= 0, then for P-a.e. sample path fxng the sequence xno converges in thevisibility compacti�cation to a limit point from the orbit @Sa;(iii) If a = 0, then the Poisson boundary of the pair (G;�) is trivial, and if a 6= 0 itis isomorphic to @Sa with the limit measure determined by (ii).Proof. Existence of the Lyapunov vector follows from Lemma 5.3 applied to matrixnorms of �nite dimensional representations of G, see [Ka89]. Moreover, �niteness of the�rst moment of the measure � implies that P-a.e. dist(xno; xn+1o) = o(n) (cf. theproof of Theorem 7.3), so that (i) and (ii) follow from Theorem 10.2.Since the growth of S is exponential, the gauge g 7! dist(o; go) on G induced by theRiemannian metric dist is temperate (see De�nition 5.1), and combining Lemma 5.2and Theorems 5.5, 10.2 we get (iii). �



THE POISSON FORMULA FOR GROUPS WITH HYPERBOLIC PROPERTIES 23Remark. If the group gr (�) generated by the support of � is non-amenable, then thePoisson boundary of (G;�) is non-trivial (e.g., see [KV83]), and thereby a 6= 0.10.4. If the measure � does not have a �nite �rst moment and the rank of G is greaterthan 1, convergence in the visibility compacti�cation does not necessarily hold anymore. However, in this situation one can use another compacti�cation of the associatedsymmetric space by imposing some irreducibility conditions on the group gr (�).The map go 7! gm, where m is the unique K-invariant probability measure on B,determines an embedding of S into the space of Borel probability measures on B, whichgives rise to the Satake{Furstenberg compacti�cation of S obtained as the closure of thefamily of measures fgmg in the weak topology. The boundary of this compacti�cationconsists (unless S has rank 1) of several G-transitive components, one of which is B(corresponding to limit �-measures). If a sequence xn 2 S converges in the visibilitycompacti�cation to a point b from a non-degenerate orbit @Sa �= B; a 2 A+1 , then xnalso converges to b 2 B in the Satake{Furstenberg compacti�cation [Mo64].Another de�nition of the Furstenberg boundary B (analogous to that of the visibilityboundary @S) can be given in terms of maximal totally geodesic 
at subspaces of S(
ats) [Mo73]. For a given 
at f any basepoint x 2 f determines a decomposition off into Weyl chambers of f based at x. Then B coincides with the space of asymptoticclasses of Weyl chambers in S (two chambers are asymptotic if they are within a boundeddistance one from the other).10.5. A 
at with a distinguished class of asymptotic Weyl chambers is called an ori-ented 
at . For an oriented 
at f denote by �f the same 
at with the orientationopposite to that of f , and let �+(f ) 2 B (resp., ��(f ) = �+(�f)) be the correspondingasymptotic classes of Weyl chambers (the \endpoints" of f ). Denote by f0 the stan-dard 
at f0 = exp(A)o with the orientation determined by A+. Let b0 = �+(f0), andbw = �+(wf0); w 2 W , where W is the Weyl group which acts simply transitively onorientations of f0. Denote by w0 the element of W (opposite to the identity) which isdetermined by the relation w0f0 = �f0. Then the Bruhat decomposition of the groupG and transitivity of the action of G on the space of oriented 
ats implyTheorem. The G-orbitsOw = G(b0; bw); w 2W determine a strati�cation of the prod-uct B � B, and Ow0 is the only orbit of maximal dimension. For any oriented 
at fthe pair of its endpoints ���(f ); �+(f )� belongs to Ow0 , and, conversely, for any pair(b�; b+) 2 Ow0 there exists a unique oriented 
at f(b�; b+) with endpoints (b�; b+).Remark. In the rank 1 case 
ats are bilateral geodesics in S, and Weyl chambers aregeodesic rays in S. The Weyl group consists of only 2 elements, and the orbits in B�Bare the diagonal and its complement.10.6. Theorem [GR85]. Let G be a discrete subgroup of a semi-simple Lie group G,and � { a probability measure on G such that(i) The semigroup sgr (�) generated by the support of � contains a sequence gnsuch that h�; r(gno)i ! 1 for any positive root �;(ii) No conjugate of the group gr (�) is contained in a �nite union of left translationsof degenerate double cosets from the Bruhat decomposition of G.Then(j) For P-a.e. sample path fxng of the random walk (G;�) the sequence xnoconverges in the Satake{Furstenberg compacti�cation of the symmetric space S;



24 VADIM A. KAIMANOVICH(jj) The corresponding limit measure � is concentrated on the Furstenberg boundaryB, and it is the unique �-stationary measure on B.(jjj) For any point b� 2 B the set fb+ 2 B : (b�; b+) 2 Ow0g has full measure �,where Ow0 is the maximal dimension stratum of the Bruhat strati�cation inB �B de�ned in 10.5.Remark. As it was noticed in [GM89], in the case when G is an algebraic group con-ditions (i) and (ii) follow from Zariski density of the semigroup sgr (�) in G. However,these conditions can be also satis�ed without sgr (�) being Zariski dense [GR89].10.7. Conditions (i) and (ii) of Theorem 10.6 are clearly satis�ed simultaneously forthe measure � and for the re
ected measure ��, and by Theorem 10.6 (jjj) the product����+ of the limit measures of the random walks (G; ��) and (G;�) is concentrated onthe orbit Ow0. Since the 
ats in S have polynomial growth, the strips in G de�ned asS(b�; b+) = �g 2 G : dist�go; f(b�; b+)� � R	 ;where f(b�; b+) is the 
at in S with endpoints b�; b+, also have polynomial growth (andthey are a.e. non-empty for a su�ciently large R). Theorem 6.5 (b) then impliesTheorem. Under conditions of Theorem 10.6, if the measure � has �nite �rst logarith-mic momentP log dist(go; o)�(g) and �nite entropy H(�), then the Poisson boundaryof (G;�) is non-trivial and it is isomorphic to the Furstenberg boundary B with thelimit measure determined by Theorem 10.6 (jj).10.8. Remarks. 1. Theorem 10.3 was �rst announced in [Ka85]. For discrete sub-groups of SL(d;R) another proof (under somewhat more restrictive conditions) wasindependently obtained in [Le85].2. Conditions of Theorem 10.7 on the decay at in�nity of the measure � are moregeneral than those of Theorem 10.3. As a trade-o�, Theorem 10.7 requires irreducibilityassumptions (i) and (ii) from Theorem 10.6, whereas Theorem 10.3 does not impose anyconditions at all on the support of the measure �. Note that if the measure � has a �nite�rst moment, then under the conditions of Theorem 10.6 the vector a(�) from Theorem10.3 belongs to A+ [GR85], so that the orbit @Sa is isomorphic to B, and the descriptionsof the Poisson boundary given in Theorems 10.3 and 10.7 coincide. Actually, Theorem10.6 can be also used for identifying the Poisson boundary for measures with a �nite�rst moment without the irreducibility assumptions (i) and (ii). In this case instead of
ats one has to take the symmetric subspaces of S corresponding to pairs of boundarypoints which are not in general position with respect to the Bruhat decomposition anduse the fact that the rate of escape along these subspaces is sublinear.3. Our description of the Poisson boundary for Zariski dense subgroups (Theorem10.7) coincides with the description of the Poisson boundary for absolutely continuousmeasures on semi-simple Lie groups obtained by Furstenberg [Fu63]. He proved that thePoisson boundary for an arbitrary initial distribution is a �nite cover of B determined byperiodicity properties of the measure �, and this cover is trivial for the initial distributionconcentrated at the group identity (cf. 8.5).4. The limit measure � on B does not have to be absolutely continuous with respectto the Haar measure on B. Namely, for any �nitely generated Zariski dense discretesubgroup G � G the author has constructed a symmetric �nitely supported measure �on G with gr (�) = G such that � is singular (to be described elsewhere).



THE POISSON FORMULA FOR GROUPS WITH HYPERBOLIC PROPERTIES 2510.9. Example. Let G = SL(d;R) with a maximal compact subgroup K = SO(d).The map gK 7! pgg� identi�es the symmetric space S = G=K with the set of positivede�nite d � d matrices with determinant 1, and the origin o �= K corresponds to theidentity matrix. Then the action of G on S takes the form (g; x) 7! pgx2g�. Take fora Cartan subgroup A � G the group of diagonal matrices with positive entries, so thatits Lie algebra A is the space fa = (�1; �2; : : : ; �d) 2 Rd : P�i = 0g, and choose adominant Weyl chamber in A as A+ = fa 2 A : �1 > �2 > : : : �dg. The radial partr(x) 2 A+ of a matrix x 2 S is the ordered vector of logarithms of its eigenvalues.Geodesic rays in S starting from o have the form �(t) = �t1, where �1 2 S is a matrix atdistance 1 from the origin o (i.e., such that kr(�1)k = 1), so that the visibility boundary@S (� the space of geodesic rays issued from o) can be identi�ed with the set S1 ofall such matrices, and a sequence xn 2 S converges in the visibility compacti�cation to�1 2 S1 �= @S i� log xn=kr(xn)k ! log �1.Matrices �1 2 S1 are parameterized by their eigenvalues and eigenspaces. However,it is more convenient to deal instead with the associated 
ags in Rd. Namely, let�1 > � � � > �k be the distinct coordinates of the vector r(�1) = a. Denote the eigenspaceand the multiplicity of an eigenvalue �i by Ei � Rd and di = dimEi, respectively. Then�1 is uniquely determined by the vector a and the 
ag V1 � V2 � � � � � Vk = Rd, whereVi = Lkj=k�i+1Ej . The spaces Vi can be described by using the Lyapunov exponents�(v) = lim log k�t1vk=t; v 2 Rd of the ray �(t) = �t1 as Vi = fv : �(v) � �k�i+1g (hereand below we assume �(0) = �1).Thus, for a given vector a 2 A+1 the corresponding G-orbit @Sa � @S is the variety of
ags in Rd of the type (dk; dk�1+dk; : : : ; d2+d3+� � �+dk), where di are the multiplicitiesof components of a. The Furstenberg boundary B = G=P of S is isomorphic to non-degenerate orbits @Sa; a 2 A+1 and coincides with the variety of full 
ags in Rd, theminimal parabolic subgroup P being the group of upper triangular matrices.For G = SL(d;R) the �rst moment condition from Theorem 10.3 takes the form(10.1) X log kgk�(g) <1 ;and part (i) of the Theorem is equivalent to saying that there exists a vector a 2 A+such that for P-a.e. sample path fxng the sequence of matrices x�n is Lyapunov regularwith the Lyapunov spectrum a (see [Ka89]). Namely, for any v 2 Rd n f0g there existsa limit �(v) = lim log kx�nvk=n 2 f�1 > � � � > �kg, and the subspaces Vi = fv 2 Rd :�(v) � �k�i+1g have dimensions dimVi = dk�i+1 + � � � + dk, where �i are the distinctcomponents of a with multiplicities di. If a 6= 0, then the limit of the sequence pxnx�nin the visibility compacti�cation belongs to the orbit @Sa=kak and is determined by theLyapunov 
ag fVig of the sequence x�n. Therefore, Theorem 10.3 identi�es the Poissonboundary for a measure � on a discrete subgroup of SL(d;R) satisfying the momentcondition (10.1) with the space of corresponding Lyapunov 
ags (the type of these 
agsis determined by the degeneracy of the Lyapunov spectrum).The standard 
at f0 in S is the set of diagonal matrices with positive entries, and thepositive orientation on it determines the standard 
ag b0 consisting of the subspacesEi � � � � � Ed, where Ei are the coordinate subspaces of Rd. The Weyl group W isisomorphic to the symmetric group of the set f1; 2; : : : ; dg, and it acts on f0 by permutingthe diagonal entries. The element w0 2W is the permutation w0 : (1; 2; : : : ; d� 1; d) 7!(d; d� 1; : : : ; 2; 1); the 
ag bw0 = w0b0 opposite to b0 is obtained by reversing the order



26 VADIM A. KAIMANOVICHof coordinates and consists of subspaces E1 � � � � � Ei. For any vector a 2 A+ thematrices exp(ta) 2 S converge in the Satake{Furstenberg compacti�cation to b0 (resp.,to bw0) when t!1 (resp., t! �1). More generally, a pair of 
ags (b�; b+) belongs tothe G-orbit of maximal dimension Ow0 in B�B i� there exists a matrix g 2 G such thatthe sequence gno = �gng�n�1=2 (resp., the sequence g�no = �g�ng��n�1=2) converges inthe Satake{Furstenberg compacti�cation to b+ (resp., b�), i.e., i� the spectrum of g issimple, absolute values of its eigenvalues are all pairwise distinct, and the Lyapunov 
agsof the sequences g�n and g��n are b+ and b�, respectively. In fact, the strati�cation ofB into the subvarieties fb+ 2 B : (b�; b+) 2 Owg obtained for a �xed b� 2 B is the wellknown Schubert strati�cation of the 
ag variety.Theorem 10.7 allows then to identify the Poisson boundary with the 
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