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0. INTRODUCTIONLet G be a topological group, and � { a probability measure on G. A function fon G is called harmonic if it satis�es the mean value propertyf(g) = Z f(gx) d�(x)for all g 2 G. It is well known that under natural assumptions on the measure � thereexists a measure G-space � with a quasi-invariant measure � such that the Poissonformula f(g) = h bf; g�istates an isometric isomorphism between the Banach space H1(G; �) of boundedharmonic functions with sup-norm and the space L1(�; �). The space (�; �) is calledthe Poisson boundary of the pair (G; �). Thus triviality of the Poisson boundary isequivalent to absence of non-constant bounded harmonic functions for the pair (G; �)(the Liouville property).Let fxig be a sequence of independent �-distributed G-valued random variables,and yn = x1 x2 : : : xnbe the random walk corresponding to the pair (G; �). Suppose that there exists aG-space B such that in a certain sence (which needs to be speci�ed in each particularcase) yn ! y1 = '(y) 2 Bfor almost all paths y = fyng. Denote by � the distribution of the limit point y1 2 B.Then the measure space (B; �) is always a factor-space of the Poisson boundary (�; �),Typeset by AMS-TEX1



2and the Poisson formula permits one to identify the space L1(B; �) with a certainclosed subspace of the space H1(G; �) of bounded harmonic functions.From the probabilistic point of view the Poisson boundary (�; �) can be character-ized as the factor-space of the path space of the random walk fyng with respect to itsstationary �-algebra consisting of all the events in the path space which are invariantwith respect to the time shift. Evidently, the map y 7! y1 is measurable with respectto the stationary �-algebra, and the spaces L1(B; �) and H1(G; �) are isomorphicif and only if the limit points y1 generate the whole stationary �-algebra.For the random walks on Lie groups with transition probabilities absolutely contin-ious with respect to the Haar measure the problem of describing the Poisson boundarywas completely solved by Raugi with an extensive use of the structure theory of Liegroups [22], but topological methods used there can not be applied for discrete groups.Another method of identifying the Poisson boundary with a certain G-space B fordiscrete groups consists in �nding the topological counterpart of the Poisson boun-dary { the Martin boundary, but it needs di�cult estimates of the Green function ofthe random walk which as a rule can be done only for �nitely supported measures �.In this paper we use the entropy approach [17], [20] for obtaining a description ofthe Poisson boundary for random walks on discrete solvable groups. It permits toimpose only relatively mild condition on the group G and measure � (e.g.,�nitenessof the �rst moment). The solvable groups are a natural intermediate class betweennilpotent groups (for which the Poisson boundary is always trivial) and non-amenablegroups (for which the Poisson boundary is non-trivial for an arbitrary non-degeneratemeasure), which makes studying the Poisson boundary for these groups especiallyinteresting. We show that the situation with the Poisson boundary for discrete solv-able groups is similar to the Lie group case only for polycyclic groups, which are anatural discrete analogue of solvable Lie groups and in a sence can be characterizedas \�nite dimensional" discrete solvable groups. For other discrete solvable groupsthe behaviour of the Poisson boundary strikingly di�ers from the Lie case.The structure of the paper is the following.In Section 1 we introduce necessary notions from entropy theory of random walks.The main technical tool is Theorem 1.3 which says that for a �nitely generated groupG a boundary B is in fact isomorphic to the Poisson boundary � if there exists afamily of mappings �n : B ! G such that d(�n(y1); yn) = o(n) for almost all pathsfyng of the random walk (G; �) (here d is a left invariant word metric on G).Section 2 is auxiliary. We introduce length functions and gauges on groups andprove some results connecting random walks on discrete groups with random walkson their subgroups of �nite index.In Section 3 we consider random walks on general semi-direct products and wreathproducts, and give necessary and su�cient conditions for triviality of the Poissonboundary for measures with a �nite �rst moment. The exposition here is based onthe papers [16], [20] by A.M.Vershik and the author.In Section 4 we �rst state a global version of the law of large numbers for splittable



3solvable Lie groups (Theorem 4.2). It says that for almost all realizations of anarbitrary stationary sequence fxkg with a �nite �rst moment there exists a groupelement g = g(fxkg) such that d(gk; x1 : : : xk) = o(k), where d is a certain principalgauge (an analogoue of the word metric) on the group. With the help of this theoremwe identify the Poisson boundary for random walks on polycyclic groups with certaincontracting nilpotent Lie groups (Theorem 4.3). It is known that for solvable (andeven more generally, for amenable) Lie groups the Poisson boundary is trivial forall compactly supported probability measures � absolutely continious with respectto the Haar measure [13]. We prove that if the Poisson boundary (G; �) is non-trivial for a certain symmetric probability measure � with a �nite �rst moment on a�nitely generated solvable group G, then G contains an in�nitely generated subgroup(Theorem 4.4). The results in this Section were �rst announced in the author's paper[18].In Section 5 we consider random walks on the a�ne group of diadic rational lineA�(Z[ 12 ]) { the group of the transformations x 7! a x + b, where a = 2k and b =m=2n. The one-dimensional a�ne group (which is often called the \ax + b" group)is the simplest non-trivial solvable group, and �rst results about its boundaries wereobtained as early as in mid-60s. One can easily provide an example of non-trivialboundary behaviour for random walks on this group: if� = Z log a d�(a; b) < 0 ;then the transformations x 7! a x + b are contracting in mean, and for almost allrandom products (a1; b1) : : : (an; bn) = (yn; 'n)there exists the limit '1 = limn!1'n 2 R :It is known that for measures with a �nite �rst moment on the real a�ne group thePoisson boundary is non-trivial if and only if � < 0, and in this case it is completelydescribed by the limit points '1 [9]. For the discrete a�ne group the situation isdi�erent: here a non-trivial boundary behaviour arises also for � > 0 { in this casethe limit '1 also exists, but in 2-adic rather than ordinary topology. Theorem 5.1completely describes the Poisson boundary for random walks on the group A�(Z[12 ])with a �nite �rst moment: it is trivial for � = 0, coincides with the real line R for� < 0, and with the 2-adic line Q 2 for � > 0.Finally, in Section 6 we discuss connections between random walks on wreath prod-ucts and exchangeable �-algebras of Markov chains and apply the techique developedin this paper to obtain a description of the exchangeable �-algebra of random walkson Z with a �nite �rst moment (Theorem 6.2).AcknowledgementsThe author gratefully acknowledges support received from the National ScienceFoundation via grant # 8802126 and from the Ohio State University MathematicalResearch Institute, as well as the warm hospitality of the Ohio State University whilethis paper was being written.



41. POISSON BOUNDARIES OF RANDOM WALKS ON DISCRETE GROUPSIn this introductory Section we de�ne the principal notions connected with randomwalks on discrete and formulate basic results from the entropy theory of random walksused in this paper.1.1. Random walks and Poisson boundariesLet G be a discrete group, and � { a probability measure on G. The random walkon G determined by the measure � is the Markov chain on G with the transitionprobabilities p(g; h) = �(g�1h)which are invaraint with respect to the action of the group G on itself by left trans-lations. Denote by (G1;P) the probability measure in the space of the sample pathsof the random walk (G; �) that start out from the identity e of the group G. Thismeasure can be considered as the image of the Bernoulli measure �1 in the space ofsequences of independent �-distributed increments xn under the mapfxng 7! fyng ;where yn = x1x2 � � �xnis the position of the random walk (G; �) at time n. The distribution of yn (one-dimensional distribution of the measure P at time n) is �n { the n-fold convolutionof the measure �.Denote by A1 the tail �-algebra of the random walk (G; �), i.e.A1 =\n A1n ;where A1n are the coordinate �-algebras generated by the random variables fykgk�n.By S denote the stationary �-algebra of the random walk (G; �) { the subalgebra ofA1 consisting of the measurable subsets of the path space which are invariant withrespect to the time shift fyng 7! fyn+1g. It is well known that for the random walkson groups these �-algebras coincide P - mod0 [7], [20]. The quotient space (�; �)of the path space (G1;P) corresponding to the stationary �-algebra S is called thePoisson boundary of the random walk (G; �). The Poisson boundary is endowed witha natural action of the group G, so that the measure � (the harmonic measure) is�-stationary with respect to this action:� = � � � = Xg2G�(g) g� :In particular, if sgr� = [n�0 supp�nis the semigroup generated by the support of measure � (� the set attainable by therandom walk starting from the group identity e), then the measure g� is absolutelycontinious with respect to the measure � for all g 2 sgr�.



5A function f on the group G is called �-harmonic, if it is an invariant function ofthe Markov operator of the random walk (G; �), i.e.f(g) = Xx2G�(x)f(gx) 8 g 2 G :The Poisson formula f(g) = h bf; g�istates an isometric isomorphism between the space L1(�; �) and the space H1(G; �)of bounded harmonic functions on sgr� with the sup-norm. If the Poisson boundaryis trivial, then all bounded harmonic functions on the set sgr� as well as on itstranslations g sgr� ; g 2 G are constant. Thus, if G coincides with the group gr�generated by supp�, then triviality of the Poisson boundary (�; �) is equivalent toabsence of non-constant bounded �-harmonic functions on the group G (Liouvilleproperty).The Poisson boundary is trivial for all measures on abelian and nilpotent groups(Blackwell [2], Choquet { Deny [5], Dynkin { Malyutov [8]). On the other hand, itis always non-trivial if the group gr� generated by supp� is non-amenable [20], [23].Solvable groups present a natural intermediate class between these two extremities,and already within this class of groups the dependence of the boundary on measuresbears much more complicated character (cf. also [16], [20] for examples of non-trivialPoisson boundaries for discrete amenable groups).1.2. Entropy of random walksFormulate now basic facts from the entropy theory of random walks on discretegroups which will be used below (see [6], [7], [17], [20] for more detailed exposition).The entropy of a discrete probability distribution p = (pi) ;Ppi = 1 is de�ned asH(p) = �X pi log pi :Suppose that the entropy H(�) of a probability measure � on G is �nite. Then theentropies of its convolutions H(�n) are also �nite, and there exists the limith(G; �) = limn!1 1nH(�n) ;which is called the entropy of the random walk (G; �). The entropy h(G; �) satis�esthe following Shannon { McMillan { Breiman type property : for P-a.e. path fyng ofthe random walk (G; �) limn!1 1n log �n(yn) = �h(G; �) :Theorem 1.1 ([6],[20]). Let � be a probability measure on a discrete group G with�nite entropy H(�). Then the Poisson boundary (�; �) of the random walk (G; �) istrivial if and only if the entropy h(G; �) is zero.



6Corollary. The Poisson boundary of random walk (G; �) is trivial if and only if thereexist a sequence of �nite sets An � G and a positive number " > 0 such thatlog cardAn = o(n)and �n(An) > " 8n � 0 :Theorem 1.1 gives a necessary and su�cient condition for triviality of the Poissonboundary in entropy terms. The next results generalizes Theorem 1.1 and gives acriterion that a certain boundary is in fact maximal , i.e. coincides with the wholePoisson boundary.Let � : (G1;P) ! (B; �) be a homomorphism of the path space (G1;P) onto acertain measurable G-space, so that the measure � on B is an image of the measureP on G1. Suppose that � is measurable with respect to the stationary �-algebraS in G1, and G-equivariant, i.e. �(gy) = �(y) for (gy)n = gyn. Then the measurespace (B; �) coincides with the factor-space (��; ��) of the Poisson boundary (�; �)with respect to a certain G-invariant measurable partition �. We shall say that themeasure space (B; �) is a Furstenberg boundary of the random walk (G; �) (cf. [10]).Clearly, there exists a maximal Furstenberg boundary, which is the Poisson boundaryitself, and maximality of a Furstenberg boundary means that it is isomorphic to thePoisson boundary. In particular, maximality of the trivial one-point Furstenburgboundary means that the Poisson boundary of the random walk (G; �) is trivial.The typical situation when a Furstenberg boundary (B; �) can arise is when Bis a certain topological or combinatorial boundary of the group G, and almost allpaths fyng of the random walk (G; �) converge (in a certain sence which needs to bespeci�ed in each particular case) to a limit point '(y) = y1 2 B. Then the space Bconsidered as a measure space with the resulting hitting distribution � (the harmonicmeasure on B) is a Furstenberg boundary of the random walk (G; �).Almost all points 
 of a Furstenberg boundary (B; �) �= (��; ��) can be identi�edwith (unbounded) �-harmonic functions on sgr� by means of the Radon{Nikodymtransform '
(g) = dg��d�� (
) :Denote byP
 the conditional measures of the measureP in the path space conditionedby the points 
 2 ��. Then for almost all 
 the measure P
 is the measure in thepath space of the Markov chain on G with the transition probabilitiesp
(g; h) = '
(h)'
(g)�(g�1h) ;which is the Doob transform of the random walk (G; �) corresponding to the harmonicfunction '
 . Let p
n be the one-dimensional distributions of the conditional randomwalks at the time n:p
n(g) = P
� y 2 �1 : yn = g � = '
(g)�n(g) :



7Now de�ne the entropy of the conditional random walks as the limit (provided thatit exists) h(G; �; 
) = � limn!1 1nH(p
n) :Theorem 1.2 ([17]). Let (B; �) �= (��; ��) be a Furstenberg boundary of the randomwalk (G; �). Then for almost all 
 2 �� the entropy h(G; �; 
) exists and is inde-pendent of 
. The Furstenberg boundary (��; ��) is maximal (i.e. coincides with thePoisson boundary) if and only if h(G; �; 
) = 0 for almost all 
 2 ��.Once again the entropy of the conditional random walks satis�es the Shannon {McMillan { Breiman property: under the conditions of Theorem 1.2 for almost all
 2 �� and for P
- almost all paths fynglimn!1 1n log �
n(yn) = �h(G; �; 
) :Corollary. A Furstenberg boundary (B; �) �= (��; ��) of random walk (G; �) is max-imal if and only if for almost all points 
 2 �� there exist a positive number "(
) anda sequence of �nite sets A
n � G such thatlog cardA
n = o(n)and p
n(A
n) > "(
) 8n � 0 :Theorem 1.3([17]). Suppose that G is a �nitely generated group, and �n : B ! Gis a family of measurable mappings from a Furstenberg boundary (B; �) of a randomwalk (G; �) to the group G such thatd (�n(y1); yn) = o(n)for P-almost all paths y = fyng 2 G1, where y1 is the point of the Furstenbergboundary B corresponding to the path y, and d is the distance on G corresponding toa certain principal gauge on G (see below). Then the Furstenberg boundary (B; �) ismaximal, i.e. coincides with the Poisson boundary of the random walk (G; �).2. GAUGES ON LOCALLY COMPACT GROUPSThis Section is auxiliary. We de�ne notions of lenght functions and gauges forlocally compact groups, and prove some results connecting random walks on discretegroups with random walks on their subgroups.2.1. Length functions and gaugesLet G be a compactly generated locally compact group, K � G - a compactgenerating subset, i.e. G = [n�0Kn ;



8where Kn = fg1 � � � gn : gi 2 Kg :The function �K(g) = minfn : g 2 Kngis called the length function corresponding to the set K. A non-negative function �on G is called a gauge [13] if there exists a positive constant C such that�(g1g2) � �(g1) + �(g2) + C 8 g1; g2 2 G :We shall say that a gauge � dominates another gauge �0 if there exist positiveconstants a; b such that �0(g) � a �(g) + b 8 g 2 G :Two gauges are equivalent if they dominate each other. Evidently, the length function�K is a gauge and all gauges �K are pairwise equivalent for di�erent compact generat-ing sets K. A gauge � is a principal gauge if it is equivalent to the length function �Kfor a certain (or, equivalently, for every) compact generating set K. If � is a gauge,let d = d� be the corresponding left-invariant function on the pairs (g1; g2) 2 G� Gmeasuring \how far" is g1 from g2:d(g1; g2) = �(g�11 g2) :In the case when G is a �nitely generated discrete group, the length function �Kcorresponding to a �nite generating set K is the usual word length function on G,and dK(g1; g2) = �K(g�11 g2) is a left invariant metric on G if the set K is symmetric.If � is a probability measure on a compactly generated group G, we shall say that� has a �nite �rst moment ifh�; �i = Z �(g) d�(g) <1for a certain principal gauge � on K. Evidently, this de�nition does not depend onthe choice of the principal gauge �. If � is a measure with a �nite �rst moment ona group G, then one can de�ne the rate of escape of the random walk (G; �) withrespect to a gauge � as ��(G; �) = limn!1 1n h�; �ni <1 :As it follows from Kingman's subadditive ergodic theorem (cf. [6], [13]),limn!1 1n� (yn) = �� (G; �)for almost all paths fyng of the random walk (G; �). In particular, if G is a �nitelygenerated group, and � is a principal gauge on G, then ��(G; �) = 0 implies trivialiyof the Poisson boundary of the random walk (G; �) (see Theorem 1.1).



92.2. Random walks and gauges on normal subgroupsLemma 2.1. Let G be a �nitely generated group with a principal gauge �, and G0 � Gbe its normal subgroup of �nite index. Then the group G0 is also �nitely generated,and the restriction of � onto G0 is a principal gauge on G0.Proof. Denote by � the homomorphism � : G ! G=G0 = A, where A is a �nitegroup, and choose for each a 2 A a representative [a] 2 ��1(a). In particular, put[eA] = eG, where eA and eG are identity elements of the groups A and G, respectively.Let [A] = f[a] : a 2 Ag and g = [�(g)] 2 [A] be the representative in [A] of the image�(g) 2 A for g 2 G. Now, every element x of the group G can be uniquely representedas the product x = x0x with x0 = x(x)�1 2 G0. Remark that x0 = x for all x 2 G0.Let xi 2 G and the product g = x1 � � �xk belong to G0. Then we can writexi = x0ihi with hi = xi. Letyi = h1 � � �hi�2 hi�1x0i (h1 � � �hi�1)�1 ;and h = h1 � � �hk�1 hk ;then(1) g = y1 � � � yk h :Now let K � G be a �nite set generating G. If xi 2 K and g 2 G0, then theformula (1) means that g can be presented as the product of k + 1 elements from a�nite subset K0 of the group G0 de�ned asK0 = fh1h2x0(h1h2)�1 : x 2 K ;h1;2 2 [A]g(h1 � � �hk = eG and h1 � � �hk�1hk 2 K0, since g 2 G0).Thus we have proved that G0 is �nitely generated and that the principal gauge onG0 corresponding to the subset K0 � G0 is dominated by the restriction of � ontoG0. On the other hand, if K contains a generating set K 0 for G0, then one can easilysee that the gauge �K0 dominates the restriction of the gauge �K onto G0. �Lemma 2.2 (cf. [10]). Let G be a discrete group, � a probability measure on G, andG0 { a subgroup of G, which is a recurrent set for the random walk (G; �). De�nea probability measure �0 on G0 as the distribution of the point where the randomwalk issued from the identity of G returns for the �rst time to G0. Then the Poissonboundaries �(G; �) and �(G0; �0) are isomorphic.Proof. State a one-to-one correspondence between the spaces of bounded harmonicfunctions H1(G; �) and H1(G0; �0). From the de�nition of the measure �0 followsthat the restriction f0 of any function f 2 H1(G; �) onto G0 is a �0-harmonicfunction on G0. Conversely, let f0 2 H1(G0; �0). Letf(g) = Z f0(y� ) dPg(y) ;



10where � = �(y) is the time when the path y for the �rst time hits the subgroupG0, and Pg is the probability measure in the path space of the random walk (G; �)corresponding to the initial distribution �g concentrated on a point g 2 G. Then f isa �-harmonic function on G and f � f0 on G0. �Remark. One can easily see that if the measure � on G is symmetric, then theinduced measure �0 on its recurrent subgroup G0 is also symmetric.Lemma 2.3. Let G be a �nitely generated group, � a probability measure on G witha �nite �rst moment, and G0 { a normal subgroup of �nite index in G. Then thesubgroup G0 is recurrent for the random walk (G; �), and the measure �0 on G0de�ned in Lemma 2.2 has a �nite �rst moment in G0.Proof. Since the factor-group G=G0 = A is �nite, the random walk on A (image ofthe random walk on G under the homomorphism � : G! A) is recurrent. Hence thesubgroup G0 is recurrent. Now, by Lemma 2.1, we have to verify thatZ �(y� ) dP(y) <1 ;where � = �(y) is the time when the path y for the �rst time hits the subgroup G0,and � is a certain principal gauge on G. Assume for the sake of simplicity that thegauge � is subadditive (one can always achieve it by adding a positive constant to �).Consider on the factor-group A the function�(a) = Px:�(x)=a �(x)�(x)Px:�(x)=a �(x) ;where � is the homomorphism G! G=G0 = A (ifPx:�(x)=a �(x) = 0, put �(a) = 0).The values of � are conditional expectations of �(x) provided that �(x) = a. Since �has a �nite �rst moment, and the group A is �nite, there exists a positive constantC such that �(a) < C for all a 2 A. HenceZ �(y� ) dP(y) � C Xn�1n�n ;where � is the distribution of the �rst return time for the quotient random walk(G=G0; �(�)). Since the group G=G0 is �nite, this random walk is positively recurrent,i.e. Pn�n <1. �3. RANDOM WALKS ON SEMI-DIRECT PRODUCTSIn this Section we study the problem of boundary triviality for discrete solvablegroups which are semi-direct products or wreath products. Examples show the strik-ing di�erence between the solvable Lie groups and solvable discrete groups.



113.1. Semi-direct productsLet X and F be two discrete groups andT : x 7! T x 2 Aut(F )be an action of the group X on the group F by its automorphisms. Then the groupsX and F and the action T determine a new group G = XiF = X TiF which is calledthe semi-direct product of the groups X and F with the action T in the following way:as a set G = f(x; f) : x 2 X; f 2 Fg ;and the group operation in G is given by the formula(1) (x1; f1) (x2; f2) = (x1 � x2; f1 � T x1f2) :In particular, when the action T is trivial, the semi-direct product coincides with theusual direct product of the groups X and F . Remark that from the formula (1) easilyfollows that (x; f)�1 = (x�1; (T x)�1f�1) = (x�1; T x�1f�1) :We shall always assume thatX and F are imbedded intoG by the maps x 7! (x; eF )and f 7! (eX ; f), where eF and eX are identities of the groups F and X, respectively.Then F is a normal subgroup in G, and G=F �= X, so that we have an exact sequence1! F ! G! X ! 1 :If the group X is abelian, and F is nilpotent (in particular, abelian), then the semi-direct product X i F is solvable [21].Let AX and AF be generating subsets for the groups X and F , respectively. Thenthe set A = AX [ AF generates the group G. In the case when the sets AX and AFare �nite, denote by j � jX ; j � jF and j � j the corresponding length functions on X;Fand G. Then, evidently(2) jxjX � j(x; f)j 8x 2 X ; f 2 F :Since all the length functions corresponding to �nite generating sets on �nitely gen-erated groups are equivalent (see Section 2), for all x 2 AXjT xf jF � C jf jF 8 f 2 Ffor a certain positive constant C = C(AX ; AF ). Hence(3) jT xf jF � exp ( log C jxjX) jf jF 8x 2 X ; f 2 F :This in combination with (1) and (2) implies that(4) log(1 + jf jF ) � C1 j(x; f)j 8 (x; f) 2 G :



12 Let � be a probability measure on G = X iF . Denote by (xn; fn) the incrementsof the random walk (G; �), and by (yn; 'n) the random walk itself:(5) (yn; 'n) = (x1; f1) � � � (xn; fn) :Below we shall use the following formulas which follow from (1) and (5):(6) � yn = x1 � � � xn ;'n = f1 � T y1f2 � � � � � T yn�1fn ;or(7) � yn = yn�1 xn ;'n = 'n�1 � T yn�1fn :One can easily see that the projection yn of the random walk (G; �) onto X is therandom walk (X;�X) determined by the measure �X which is the projection of themeasure � onto X.Theorem 3.1. Let � be a probability measure on a semi-direct product G = X iF such that the random walk (X;�X) is recurrent. If the group F is nilpotent (inparticular, abelian), then the Poisson boundary of the random walk (G; �) is trivial.Proof. Recurrence of the random walk (X;�X) means that the subgroup F is re-current for the random walk (G; �). Now Lemma 2.2 and triviality of the Poissonboundary for all measures on nilpotent groups [8] imply the desired statement. �The following result can be considered as a generalization of the previous theorem.It is obtained without making use of the structure theory for nilpotent groups { onlyfrom the fact that their growth is polynomial (cf. [12]).Theorem 3.2. Let G = X i F be a semidirect product of two �nitely generatedgroups, and � a probability measure on G with a �nite �rst moment. If the group Fis nilpotent, and for the random walk (X;�X) its rate of escape l(X;�X) is zero, thenthe Poisson boundary of the random walk (G; �) is trivial.Proof. Since l(X; ��) = 0, jynj = o(n)for almost all trajectrories f(yn; 'n)g of the random walk (G; �). On the other hand,formula (4) and �niteness of the �rst moment of � imply that for almost all incrementsf(xn; fn)g log(1 + jfnjF ) = o(n) :Thus from the formulas (3), (6) it follows thatlog(1 + j'njF ) = o(n)for almost all paths f(yn; 'n)g of the random walk (G; �). Now, since the growth ofF is polynomial and jynj = o(n), the entropy of the random walk (G; �) is zero, andthe Poisson boundary is trivial (cf. Theorem 1.1). �



133.2. Wreath productsWreath products are in a sence the simplest non-trivial case of semi-direct products,because essentialy they arise from the action of a group on itself by translations.Wreath products give a good illustration to dramatical distinctions between solvableLie groups and solvable discrete groups, so that for the sake of completeness weincluded here some examples connected with the random walks on wreath productsfrom [16], [20]. We shall see later that the wreath products of a special type are closelyconnected with discrete a�ne groups and can be applied to some purely probabilisticproblems (see below Sections 5,6).Let X and A be two discrete groups. Denote by fun(X;A) the direct sum ofisomorphic copies of the group A indexed by the elements from X:fun(X;A) = Xx2X A :It will be convenient to consider fun(X;A) as the group of �nitely supported A-valuedcon�gurations on X with the operation of pointwise multiplication. LetFun(X;A) = Yx2XAbe the direct product of X isomorphic copies of the group A, i.e. the group of all (notnecessarily �nitely supported) A-valued con�gurations on X. By f(x) 2 A denotethe value of a con�guration f at a point x 2 X, and by supp f its support:suppf = fx 2 X : f(x) 6= eg :We shall say that a sequence of con�gurations fn converges to a con�guration f1, iflimn!1 fn(x) = f1(x) 8x 2 X ;i.e., for all x 2 X the sequence fn(x) stabilizes. The group fun(X;A) is endowed withthe natural action of the group X by translations:T x f(y) = f(x�1y) f 2 fun(X;A); x; y 2 X :De�nition (e.g.,see [21]). The semidirect product X i fun(X;A) corresponding tothe action T of the group X on fun(X;A) by translations is called the (restricted)wreath product of the group A by the group X with passive group A and active groupX.For the sake of simplicity in this Section we consider mainly the groups of dynamicalcon�gurations (the term is proposed by A.M.Vershik)Gk = Zk i fun(Zk;Z2) ;where Zk is the free abelian group with k generators, and Z2 = f0; 1g is the cyclicgroup of order 2. All the groups Gk are solvable of degree 2, �nitely generated andhave exponential growth.



14 Denote by �x ; x 2 Zk the con�guration supported at x:�x(y) = � 1; y = x ;0; y 6= x :The set �0 [ fzig, where zi are generators of Zk, is a generating set for the group Gk.Denote by j � j the corresponding length function on Gk. One can easily see thatj(x; f)j � jsupp f j 8 (x; f) 2 Gk ;where jsupp f j is the number of elements in supp f .Theorem 3.3. Let k � 1, and � be a probability measure on the group Gk with a�nite �rst moment. Then the Poisson boundary of the random walk (Gk; �) is non-trivial if and only if the random walk (Zk; �Zk) is transient and the subgroup gr�generated by supp� is non-abelian. In this case for almost all paths f(yn; 'n)g of therandom walk (Gk; �) there exists the limit(8) limn!1'n = '1 2 Fun(Zk;Z2) :Proof. If the random walk (Zk; �Zk) is recurrent, then the Poisson boundary is trivialas it follows from Theorem 3.1.Show that if the random walk (Zk; ��) is transient, then the limit (8) exists. Fix apoint z 2 Zk and using the formula (7) estimate the probability that 'n(z) 6= 'n+1(z):P['n(z) 6= 'n+1(z)] = P[fn+1(z � yn) 6= 0]= Xu2Zk(�Zk)n(u) X(x;f)2Gk jf(z � u)j�(x; f) :The random walk (Zk; �Zk) is transient, hence its Green functionG(u) =Xn�0(�Zk)n(u)is bounded [25]. ThusXn�0P['n(z) 6= 'n+1(z)] � Xu2ZkG(u) X(x;f)2Gk jf(z � u)j�(x; f)� Const X(x;f)2Gk �(x; f) Xu2Zk jf(z � u)j= Const X(x;f)2Gk �(x; f) jsupp f j� Const X(x;f)2Gk �(x; f) j(x; f)j<1 :Now the Borel{Cantelli Lemma implies that the values 'n(z) a.e. change only a �nitenumber of times, hence the limit in question exists.



15Show that the limit con�guration '1 can not be the same for a.e. paths. Indeed,suppose the contrary. Then(x; f)'1 = T x '1 + f = '1 8 (x; f) 2 supp� :Since the group generated by the support of the measure � is non-abelian, there existat least two non-commuting elements in supp�. Their commutator has the form (0; f)for a certain non-zero con�guration f , and also preserves '1, i.e.'1 = '1 + f ;which is impossible. �Corollary. Let � be a non-degenerate symmetric measure with a �nite �rst momenton a group Gk. Then the Poisson boundary of the random walk (Gk; �) is trivial fork = 1; 2, and non-trivial for k � 3.Remarks. 1.In fact, the proof of Theorem 3.3 given here can be almost verbatimcarried over to the case of the wreath products G = Zki fun(Zk; A) with an arbitrary�nitely generated group A.2. For measures without a �nite �rst moment Theorem 3.3 is not true. Namely,there exist measures � on the group G1 such that the random walk (Z; �Z) is transient,and the Poisson boundary �(G1; �) is non-trivial, but the con�gurations 'n do notstabilize. There exist also measures on G1 such that the random walk (Z; �Z) istransient, but nonetheless the Poisson boundary �(G1; �) is trivial.3. The problem of proving that the limit con�gurations 'n describe the wholePoisson boundary even for measures with a �nite �rst moment on groups Gk seemsto be very intriguing. We can prove it only for �nitely supported measures and somespecial measures with a �nite �rst moment on groups G1 (see below Section 6).3.3. Locally �nite solvable wreath productsDenote by D = fun(N ;Z2) the countable direct sum of the cyclic groups Z2 = f0; 1gindexed with natural numbers 1; 2; 3; � � � 2 N , and consider the wreath productD = D i fun(D;Z2) :Let �n 2 D be the point con�guration at a point n 2 N :�n(k) = � 1; k = n ;0; k 6= n ;then the set f�ng generates the group D.Denote the identities of the groups D and fun(D;Z2), respectively, as� 2 D : �(n) = 0 8n 2 N ;and � 2 fun(D;Z2) : �(f) = 0 8 f 2 D :



16Fix yet another element of the group fun(D;Z2):! 2 fun(D;Z2) : !(f) = � 1; f = � ;0; f 6= � :By e denote the identity (�;�) of the group D.The group D is a locally �nite solvable group of degree 2. Formulate several morespecial properties of D.Lemma 3.1. The set f�ng1n=1 [ f!g generates the group D.Proof. Since f�ng1n=1 is a generating set for the group D, it is su�cient to show thatthe D-orbit of the element ! generates the group fun (D;Z2). Indeed, letF 2 fun (D;Z2) ; suppF = ffigki=1 ;then, evidently, F = T f1! + T f2! + � � �+ T fk! : �Lemma 3.2. Orders of all elements of the group D don't exceed 4.Proof. Let g = (f; F ) 2 D, theng2 = (f + f; F + T fF ) = (�; F + T fF ) ;since f + f = � and F + F = � for all f 2 D ;F 2 fun(D;Z2). Henceg4 = (�; F + T fF )2 = (�; F + T fF + F + T fF ) = (�;�) = e : �Lemma 3.3. Orders of all �nitely generated subgroups of D with not more than kgenerators are uniformly bounded for all k � 1.Proof. Fix a certain k-subset T of the group D. Without loss of generality we canassume that T is symmetric and contains the identity e, so that the group grTgenerated by T coincides with the union Sn�0 Tn, and the sets Tn form a non-decreasing sequence. Estimate the cardinality of the set Tn for a given n.Let f(fi; Fi)gni=1 be a set of elements from T , then(f1; F1) � : : : � (fn; Fn) = (f1 + � � �+ fn; F1 + T f1F2 + � � �+ T f1+���+fn�1Fn) :The subgroup of D consisting of the sums f1+ � � �+fn has not more than k generatorsof order 2, hence it consists of not more than 2k elements. Thus the subgroup of



17fun(D;Z2) generated by the elements of the form T f1+���+fn�1Fn has not more thank 2k generators of order 2 and consists of not more than 2k 2k elements. Finally,cardTn � 2k 2k 2kfor all n. �Recall that a group G is said to be a group of uniformly polynomial growth [4],[20], if there exists a sequence of polynomials pk such thatcardTn � pk(n)for all subsets T � G with no more than k elements. Thus the group D has uniformlypolynomial growth.Theorem 3.4. There exists a non-degenerate symmetric measure � with �nite en-tropy H(�) on the group D such that the Poisson boundary �(D; �) is non-trivial.Proof. The proof goes along the same lines as in Theorem 3.3. Let � be the followingprobability measure on the group D:�(�n) = pn ;�(!) = q ;�(e) = r ;where pn; q; r > 0 and P pn + q + r = 1. Then the measure � is symmetric andnon-degenerate. Let f(hn; Hn)g1n=0 be the random walk determined by the measure�, i.e. (hn; Hn) = (f1; F1) � : : : � (fn; Fn) ;where (fi; Fi) are independent D-valued random variables with the distribution �(increments of the random walk). Since the supports of all the con�gurations Fi areeither empty or consist of the single point !, transience of the random walk fhng onD would imply non-triviality of the Poisson boundary �(D; �). It is well known (e.g.,see [25]), that if limn!1 pn+1pn = 1 ;then the random walk (hn) on D is indeed transient. �Remarks. 1. Recall that for �nitely generated groups of polynomial growth thePoisson boundary is trivial for all probability measures as follows from the Gromovtheorem [12] in combination with triviality of the Poisson boundary for an arbitrarymeasure on a nilpotent group [8]. This Theorem shows that for in�nitely generatedgroups the sitiuation is much more complicated.2. A bit more \sophisticated group" D i fun(D;D) was considered by Hulanicki(see [15]) who proved that its group algebra is non-symmetric. The result of Theorem3.4 can be extended to this group too.



184. GLOBAL LAW OF LARGE NUMBERS ON SOLVABLE LIE GROUPSAND POISSON BOUNDARY FOR POLYCYCLIC GROUPSIn this Section we �rst consider a global version of the law of large numbers forsolvable Lie groups, and then apply it to obtain a description of the Poisson boundaryfor random walks on polycyclic groups.4.1. Global law of large numbers on solvable Lie groupsLet R = AiN be a semi-direct product of an abelian simply connected Lie groupA = Rd by a simply connected nilpotent Lie group N . Denote by N the Lie algebraof the group N , and by NC its complexi�cation. Let � � Hom(A; C ) be the set ofweights of the adjoint representation of the group A in NC , and NC� � NC { the weightsubspace corresponding to a weight � 2 �. For a vector � 2 A let��(�) = f� 2 � : h<�; �i < 0g ;�+(�) = � n ��(�) ;where <� is the real part of the weight �, and putNC�(�) = X�2��(�)NC� ;NC+(�) = X�2�+(�)NC� :Lemma 4.1([22], Section 3). For an arbitrary � 2 A the subspaces NC�(�) ;NC+(�) �NC are complexi�cations of subalgebras of the Lie algebra N. If N�(�) and N+(�)are the corresponding subgroups of the simply connected nilpotent Lie group N , thenevery element n 2 N can be uniquely decomposed asn = n�n+with n� 2 N� ; n+ 2 N+.If the decomposition N = N�N+ corresponding to a certain � 2 A is �xed, thecomponents of a group element g = (a; n�n+) 2 R in the groups A;N;N�; N+ willbe denoted as a(g) = a 2 A ;n(g) = n�n+ 2 N ;n�(g) = n� 2 N� ;n+(g) = n+ 2 N+ ;respectively. Denote by �R and �N principal gauges in the groups R and N .Lemma 4.2. Let f(ak; nk)g1k=1 be a sequence of elements of the group R = A i Nsuch that(i) log �N (nk) = o(k);(ii) limk!1(a1 + � � �+ ak)=k = � exists;



19and N = N�(�)N+(�) be the corresponding decomposition of N . Then for the se-quence of products yk = (a1; n1) � � � (ak; nk)there exists the limit n� = limk!1n�(yk) ;and log �N (n (g�k yk)) = o(k) ;for g = (0; n�) (�; 0) (0; n�)�1 :Proof. For the sake of simplicity consider �rst the case when the simply connectednilpotent group N is abelian, i.e. N is the additive group of a �nite dimensional realvector space. In this situationN�(�) = f0g [ fa 2 N n f0g : limk!1 1k log kT k�ak < 0g ;and N+(�) = f0g [ fa 2 N n f0g : limk!1 1k log kT�k�ak � 0g ;i.e. N�(�) coincides with the contracting subspace of the operator T� in N (hereT is the action of A in N , and k � k is a norm in N). Since the space N is �nitedimensional, there exists a number " < 0 such thatN�(�) = f0g [ fa 2 N n f0g : limk!1 1k log kT k�ak < " < 0g :Denote by P� and P+ the projectors onto subspaces N� and N+, respectively, arisingform the decomposition n = n� + n+. For the principal gauge �N on N one can takethe norm k � k on N .Let �k = a1 + a2 + � � �+ ak = a(yk) and �0 = 0. Projection of the vectorn(yk) = kXi=1 T�i�1 nionto N� gives n�(yk) = P� n(yk) = P� kXi=1 T�i�1 ni= kXi=1 P� T�i�1 ni= kXi=1 P� T�i�1�(i�1)� T (i�1)� ni :Since log (1+ knkk) = o(k), and �k=k ! �, this immediately implies existence of thelimit n� = 1Xi=1 P� T�i�1 ni :



20 If g = (0; n�) (�; 0) (0; n�)�1 = (�; n� � T�n�) ;then g�k = (�k�; n� � T�k�n�) ;and n(g�kyk) = n� � T�k�n� + T�k�n(yk)= n� + T�k�(n(yk)� n�) :Show that log(1 + kT�k�(n(yk)� n�)k) = o(k) :Indeed,T�k��n(yk)� n�� = T�k� kXi=1 T�i�1 ni � 1Xi=1 P� T�i�1 ni!= T�k� kXi=1 T�i�1 ni � kXi=1 P� T�i�1 ni � 1Xi=k+1 P� T�i�1 ni!= T�k� kXi=1 P+ T�i�1 ni � 1Xi=k+1 P� T�i�1 ni! :The operators T� and P+ ( as well as T� and P�) commute, henceT�k� kXi=1 P+ T�i�1 ni = kXi=1 T (�k+i�1)� P+ T�i�1�(i�1)� ni ;and log�1 + kT�k� kXi=1 P+ T�i�1 nik� = o(k) :On the other hand,T�k� 1Xi=k+1 P� T�i�1 ni = 1Xi=k=1 T (�k+i�1)� P� T�i�1�(i�1)� ni ;and log�1 + kT�k� 1Xi=k+1 P� T�i�1 nik� = o(k)(cf. above the proof of the existence of the limit n�).The general case can be treated along the same lines with some techical sophisti-cations caused by the non-commutativity of N as in [22],Th�eor�eme 9.2. �



21De�nition ([13]). Action T of an abelian connected Lie group A on a connectednilpotent Lie group N is called dilating if the Lie subalgebra in NC generated by theweight spaces fNC� : <� 6= 0g coincides with NC .Lemma 4.3 ([13]). Let T be a dilating action of an abelian simply connected Liegroup A on a simply connected nilpotent Lie group N , �N { a principal gauge on N ,and � { a principal gauge on the semi-direct product AiN determined by the actionT . Then log(1 + �N ) is equivalent to the restriction of � on N .Combination of Lemmas 4.2 and 4.3 gives now the following result.Theorem 4.1. Let T be a dilating action of an abelian simply connected Lie groupA on a simply connected nilpotent Lie group N , �N { a principal gauge on N , and �{ a principal gauge on the semi-direct product R = A iN determined by the actionT . Let f(ak; nk)g1k=1 be a sequence of elements of the group R such that(i) log �N (nk) = o(k);(ii) limk!1(a1 + � � �+ ak)=k = � exists.Then there exists an element g 2 R such thatd (gk; (a1; n1) � � � (ak; nk)) = o(k) ;where d (g1; g2) = � (g�11 g2).Theorem 4.2. Let R = AiN be the semidirect product of an abelian connected Liegroup A and a connected nilpotent Lie group N corresponding to a dilating action ofA on N . Then for almost all realizations fxkg of a stationary sequence of R-valuedrandom variables with a �nite �rst moment (with respect to a principal gauge in R),there exists a group element g = g(fxkg) such thatd(gk; x1 : : : xk) = o(k) :Proof. Passing, if necessary, to the universal covering group, we may assume that thegroups A and N are both simply connected (if a measure � has a �nite �rst momenton a group G, then there exists a lift e� to a covering group eG also with a �nite �rstmoment). Now, since the increments xk have a �nite �rst moment with respect to aprincipal gauge � on R, the condition (i) of Theorem 4.1 is satis�ed. Being an imageof the sequence fxk = (ak; nk)g under the homomorphism R = A i N ! A, thesequence fakg is a stationary sequence with a �nite �rst moment in A �= Rd , hencethe condition (ii) of Theorem 4.1 is also satis�ed. �Remark. Usually, by the law of large numbers for a non-commutative group G onemeans a statement on the convergence of some numerical functionals of the randomproduct yk = x1 � � �xk (e.g., see [11], [13], [14]). Here we present a \global" formula-tion suitable for an arbitrary connected locally compact group. Unlike the classicallaw of large numbers, in the general case the \mean" need not to be unique and maydepend on the realization of the sequence of increments fxkg. The non-uniqueness isdue to the fact that, in general, the classes of asymptotic equivalence relationg1 � g2 () �(gk1 ; gk2) = o(k)



22in a Lie group contain more than one element. The dependence of the \mean"g = g(fxkg) on the sequence of increments fxkg is connected with non-trivial tailbehaviour for the sequence of products yk = x1 � � �xk and carries the same characteras in the usual ergodic theorem for non-ergodic stationary sequences: the \mean"g = g(fxkg) is measurable with respect to the tail �-algebra of the sequence of par-tial products yk = x1 � � �xk. In addition to the semi-direct products referred to inthe Theorem 4.2 above, this \global law of large numbers" holds true for arbitrarystationary sequences in semi-simple Lie groups with �nite center (in this situationit is essentially equivalent to the Oseledec multiplicative ergodic theorem, see [19]),and for connected nilpotent Lie groups. It would be interesting to �nd out when thetail �-algebra of the sequence of products yk = x1 � � �xk is generated by the meansg = g(fxkg). It is the case both for the semi-direct products and semi-simple groupswhen the increments fxkg are independent and their distribution is either spread out,or concentrated on a discrete subgroup (see [17], [22]) and Theorem 4.3 below).4.2. Poisson boundary for random walks on polycyclic groupsDe�nition. A discrete group G is called polycyclic if it admits a normal series withcyclic factors, i.e. a series of subgroupsfeg = G0 � G1 � G2 � � � � � Gn = Gsuch that each Gi is a normal subgroup in Gi+1 and all the factor-groups Gi+1=Giare cyclic.In a certain sence, polycyclic groups can be called \�nite dimensional" solvablegroups. Here is some evidence for this statement (see [21], [24]):(1) Polycyclic groups can be characterized as solvable groups with �nitely gen-erated subgroups, or, even more, as solvable groups with �nitely generatedabelian subgroups;(2) Solvable groups of integer matrices are polycyclic, and, conversely, every poly-cyclic group has a faithful representation in GL(n;Z).Lemma 4.4 (semi-simple splitting , see [24], Theorem 7.2 and [1]). Every polycyclicgroup G contains a normal polycyclic subgroup G0 � G of �nite index such that thereexists a polycyclic group S containing G0 with the following properties(1) S = A i N , where A is �nitely generated free abelian, and N is �nitelygenerated torsion free nilpotent;(2) The action of the group A �= Zd on N can be extended to an action of A on asimply connected nilpotent Lie group eN containing N as a discrete subgroup(the Lie hull of the group N) by semi-simple automorphisms.Theorem 4.3. Let G be a polycyclic group with a semi-simple splittingG � G0 � S = AiNas in Lemma 4.4, and � { a probability measure on G with a �nite �rst moment. Let�0 be the probability measure on S constructed in Lemma 2.2, � 2 Rd { the mean of the



23projection of the measure �0 onto A �= Zd, and eN = eN�(�) eN+(�) { the correspondingdecomposition of the Lie group eN . For g = (a; n) 2 G0 let n�(g) 2 N�(�) bethe corresponding term in the decomposition N 3 n(g) = n�(g)n+(g). Denote by�k = �k(y) the times when a path y = fyng of the random walk (G; �) visits thesubgroup G0. Then for almost all paths fyng of the random walk (G; �) there existsthe limit n�(y) = limk!1n�(y�k) 2 eN�(�) ;and the space eN�(a) with the resulting limit distribution is isomorphic to the Poissonboundary of the random walk (G; �).Proof. Lemma 2.2 implies that the Poisson boundaries of random walks (G; �) and(G0; �0) coincide, and �0 has a �nite �rst moment in G0 by Lemma 2.3. Using semi-simplicity, extend the action of A �= Zd to an action of Rd in the complexi�cation NCof the Lie algebra N of the Lie hull eN (not necessarily by Lie algebra automorphisms).Theorem 4.2 holds true also in this slightly more general situation. Now Theorem 1.3implies the desired result. �If the measure � is symmetric, then the measure �0 is also symmetric, hence themean � is zero and the subgroup eN� is trivial. Thus we haveCorollary. If � is a symmetric measure with a �nite �rst moment on a polycyclicgroup G, then the Poisson boundary �(G; �) is trivial.Remarks.1. Another way of obtaining a description of the Poisson boundary of random walkson a polycyclic group G consists in embedding G into the matrix group GL(n;Z) andusing the descriprion of the Poisson boundary for random walks on discrete subgroupsof semi-simple Lie groups [17]. In this approach the boundary eN�(�) can be naturallyidenti�ed with a certain 
ag space in Rn .2. Triviality of the Poisson boundary for symmetric measures with a �nite �rstmoment on polycyclic groups can be also proved in a more direct way, by provingthat the entropy of the random walk fy�kg on G0 determined by the measure �0 iszero. It follows from the fact that a.e. ja(y�k)j = o(k) and log jn(y�k)j = o(k) (cf.Section 4.1).3. Obtained results show (as one could expect), that the boundary theory forpolycyclic groups is parallel to that for solvable Lie groups. The description of thePoisson boundary for polycyclic groups obtained in Theorem 4.3. is essentially thesame as for solvable Lie groups (cf. [22]). Remark also that the Poisson boundaryis always trivial for compactly supported symmetric measures absolutely continiouswith respect to the Haar measure on all amenable connected Lie groups (in particular,on solvable Lie groups) [13].Since polycyclic groups can be characterized as solvable groups with �nitely gen-erated subgroups, we obtain the following result:Theorem 4.4. If the Poisson boundary (G; �) is non-trivial for a certain symmetricprobability measure � with a �nite �rst moment on a �nitely generated solvable groupG, then G contains an in�nitely generated subgroup.



245. POISSON BOUNDARY FOR RANDOM WALKSON AFFINE GROUP OF DIADIC-RATIONAL LINEConsider the group of matrices(x; f) = � 2x f0 1� ; f = m2n (x;m; n 2 Z) ;i.e. the a�ne group A�(Z[12 ]) of the diadic-rational line Z[12 ]. The group A�(Z[ 12 ]) isisomorphic to the semi-direct product of the multiplicative groupZ �= �� 2x 00 1��of the ring Z[12 ] by its additive group, and it acts on Z[12 ] by transformations(x; f) t = 2xt+ f :The group operation in A�(Z[12 ]) can be written in the coordinates (x; f) ; x 2 Z; f 2Z[12 ] as(1) (x1; f1)(x2; f2) = (x1 + x2; f1 + 2x1f2) :If (xi; fi) is a sequence of elements from A�(Z[ 12 ]), then their product is(2) (x1; f1) (x2; f2) � : : : � (xn; fn) = (x1+ x2+ � � �+ xn; f1+2y1 f2+ � � �+2yn�1 fn) ;as it follows from the formula (1).Denote by e = (0; 0) the identity of A�(Z[ 12 ]). The group A�(Z[12 ]) is solvable withdegree 2, has exponential growth and can be presented using the generatorsa = � 2 00 1� = (1; 0) ; b = � 1 10 1� = (0; 1)and the relation b2a = ab :The group A�(Z[12 ]) is the homomorphic image of the wreath product eG = Z ifun(Z;Z) (see above Section 3) under the homomorphism� : (x; f) 7! �x;Xk 2kf(k)� :Hence for a probability measure � on G its Poisson boundary could be described asthe space of ergodic components of the Poisson boundary �( eG; e�) with respect to theaction of ker� = f(x; f) 2 G1 : x = 0 ;Xk 2k f(k) = 0g ;where e� is a lift of the measure � from G to eG (see [20]). Nonetheless it is easierto describe the Poisson boundary in a more direct way (cf. the discussion in Section3.2).



25For a number f 2 Z[ 12 ] n f0g consider the (uniquely determined) binary decompo-sition of its absolute value jf j =X "i 2i ; "i = 0; 1 :Let d�(f) = minfi : "i = 1gand d+(f) = maxfi : "i = 1g :One can easily see that d+(f) � log jf j < d+(f) + 1and d�(f) = � log jf j2 ;where jf j and jf j2 are the ordinary absolute value of f and its 2-adic absolute value,respectively (all logarithms in this Section are taken with base 2).Put for f 2 Z[12 ] kfk = � 1 + maxfjd�(f)j; jd+(f)jg ; f 6= 00 ; f = 0 :Denote by jxj the ordinary absolute value of a number x 2 Z, and by j(x; f)j thelength of an element (x; f) 2 G ; x 2 Z ; f 2 Z[ 12 ] with respect to the generating setfa; a�1; b; b�1g.Lemma 5.1. There exist positive constants C1; C2 such thatC1(jxj+ kfk) � j(x; f)j � C2(jxj+ kfk)for all (x; f) 2 A�(Z[ 12 ]).Proof. Let (x; f) 2 A�(Z[ 12 ]). If f = 0, then clearly j(x; 0)j = jxj, so that we haveto consider only the case when f 6= 0. To simplify the exposition suppose that f ispositive (for negative f one has to change signs in formulas below). Then f can bedesomposed as f =X "(i) 2i ; "i = 0; 1 :It is clear from the formula (2) that the element (x; f) can be presented as the product(x; f) = ad� g0 a g1 � : : : � a gk ax�d+ ;where d� = d�(f) and d+ = d+(f) are de�ned as above, k = d+ � d�, andgi = � b ; "(d� + i) = 1 ;e ; "(d� + i) = 0 :Thus j(x; f)j � jd�j+ 2(d+ � d� + 1) + jx� d+j� 2 + jxj+ 3jd�j+ 3jd+j� jxj+ 6 kfk� 6 (jxj+ kfk) :



26 Conversely, since the image of the generator a = (1; 0) of A�(Z[12 ]) under thehomomorphism (x; f) 7! x from A�(Z[12 ]) to Z is 1, we havejxj � j(x; f)j :It easily follows from the formula (2) thatjd�(f)j � j(x; f)jand jf j � 2j(x;f)j ;hence jd+(f)j � log jf j � j(x; f)j :Finally, jxj+ kfk � 1 + 2j(x; f)j � 3j(x; f)j(here j(x; f)j � 1, since f 6= 0). �Theorem 5.1. Let � be a probability measure on the group G = A�(Z[ 12 ]) with a�nite �rst moment and such that the group gr� generated by supp� is non-abelian.Denote by �Z the image of the measure � on the group Z under the homomorphism(x; f) 7! x from A�(Z[ 12 ]) to Z, and by � =P x�Z(x) the mean of the mesaure �Z.(i) If � < 0, then the Poisson boundary �(G; �) is non-trivial. For almost allpaths (yn; 'n) of the random walk (G; �) there exists the limitlimn!1'n = f1 2 R ;and the Poisson boundary �(G; �) is isomorphic to the real line R with thearising harmonic measure (i.e. the distribution of '1) on it;(ii) If � = 0, then the Poisson boundary �(G; �) is trivial;(iii) If � > 0, then the Poisson boundary �(G; �) is non-trivial. For almost allpaths (yn; 'n) of the random walk (G; �) there exists the limitlimn!1'n = f1 2 Q2 ;in the 2-adic topology, and the Poisson boundary �(G; �) is isomorphic to the2-adic line Q2 with the arising harmonic measure on it.Proof. Letf(yn; 'n)g = (x1; f1)(x2; f2) � � � (xn; fn) = (x1+x2+ : : : xn; f1+2y1f2+ � � �+2yn�1fn)be a path of the random walk (G; �) (here (xi; fi) are independent �-distributedrandom variables { increments of the random walk (G; �)).First remark that if � = 0, then the random walk fyng on Z is recurrent, hencethe Poisson boundary �(G; �) is trivial (cf. Theorem 3.1).



27For � 6= 0 we have to show �rst that the series(3) Xn�0 2yn fn+1converges in the ordinary (for � < 0) or in the 2-adic (for � > 0) topology. From the�niteness of the �rst moment of � and from Lemma 5.1 follows that a.e.log (1 + jfnj) = o(n)and log (1 + jfnj2) = o(n) :Since yn=n! � almost everythere , the series (3) converges in the ordinary (� < 0)or in the 2-adic (� > 0) topology. Non-triviality of the Poisson boundary, i.e. thefact that the sum of the series (3) is not the same for almost all paths can be provedby repeating the argument used in Theorem 3.3 in a similar situation.Now we have to show that the hitting points '1 on the real line (� < 0) or onthe 2-adic line (� > 0) generate the whole stationary �-algebra of the random walk(G; �). In order to do it we shall use Theorem 1.3, and show that the paths f(yn; 'n)gadmit a good approximation in terms of the limit point '1 only. Consider �rst thecase when � < 0. For the sake of simplicity suppose that � = �1. For a point  2 Rde�ne its truncations [ ]n = 2�n[2n ] ;where [x] is the integer part of a number x 2 R. In other words, if =X "k2k ;then [ ]n = Xk��n "k2k :Now consider �n = (�n; ['1]n)�1(yn; 'n) = (yn + n; 2n ('n � [f1]n))and show that j�nj = o(n) for a.e. path f(yn; 'n)g. [For an arbitrary � < 0 oneshould take (�[n�]; ['1][n�]) instead of (�n; ['1]n) in the de�nition of �n.]Since yn=n! �1, we have to check only thatk2n('n � [f1]n)k = o(n)(cf. Lemma 5.1). Indeed,2n ('n � [f1]n) = 2n 'n � [2n '1]= 0@Xk�n 2n+yk�1 fk � "Xk 2n+yk�1 fk#1A ;



28whence d��2n ('n � [f1]n)� �min �0; d�(Xk�n 2n+yk�1 fk)��mink�n �0; d�(2n+yk�1 fk)�=mink�n �0; n+ yk�1 + d�(fk)� :Since yn=n! �1, and d�(fk) = o(k), we get thatd��2n('n � [f1]n)� � o(n) :On the other hand,j2n('n � [f1]n)j = ������Xk�n 2n+yk�1 fk � "Xk 2n+yk�1 fk#������� 1 + ������Xk�n 2n+yk�1 fk � 24Xk�n 2n+yk�1 fk35� "Xk>n 2n+yk�1 fk#������� 2 + �����"Xk>n 2n+yk�1 fk#������ 3 + �����Xk>n 2n+yk�1 fk������ 3 +Xk>n 2n+yk�1 jfkj :Since yn=n! �1, and log(1 + jfkj) = o(k) ;it implies that j2n('n � [f1]n)j � 2o(n) :Hence d+(2n('n � [f1]n)) � o(n) ;and �nally k2n('n � [f1]n)k = o(n) :Now Theorem 1.3 implies that the hitting points '1 2 R generate the whole Poissonboundary.Consider now the case when � > 0. The proof here goes along the same lines as inthe case � < 0 with some obvious modi�cations. Once again for the sake of simplicityassume that � = 1. For a point  2 Q2 de�ne its truncations[ ]n = 2nf2�n g ;where fxg is the fractional part of a number x 2 Q 2 . In other words, if =X "k 2k ;



29then [ ]n = Xk<n "k 2k :Now consider�n = (n; ['1]n)�1(yn; 'n) = (yn � n; 2�n('n � ['1]n)) ;and show that j�nj = o(n) for a.e. path f(yn; 'n)g.Once again we have to check only thatk2�n('n � ['1]n)k = o(n) :Indeed, 2�n('n � ['1]n) =2�n'n � f2�n'1g=Xk�n 2�n+yk�1fk �(Xk 2�n+yk�1fk) ;whence j2�n('n � ['1]n)j � 1 +Xk�n 2�n+yk�1 jfkj :Since yn=n! 1 and j(fk)j � 2o(k), we get thatj2�n('n � ['1]n)j � 2o(n) ;and d+(2�n('n � ['1]n)) � o(n) :On the other hand,d�(2�n('n � ['1]n)) = d� 0@Xk�n 2�n+yk�1fk �(Xk 2�n+yk�1fk)1A� min  0; d�  Xk>n 2�n+yk�1fk!!� mink>n (0; d�(2�n+yk�1fk))= mink>n (0;�n+ yk�1 + d�(fk)) :Since yn=n! �1 and d�(fk) = o(k), we have again thatd�(2�n('n � ['1]n)) � o(n)and k2n('n � ['1]n)k = o(n) : �



30Remarks.1. Obviously, Theorem 5.1 can be reformulated for the a�ne group A�(Z[ 1p ]) ofthe ring Z[ 1p ] corresponding to an arbitrary base p.2. The description of the Poisson boundary for the group A�(Z[ 12 ]) obtained in thecase � < 0 coincides with the description of the Poisson boundary for random walkson the Lie group A�(R) [9]. Non-triviality of the Poisson boundary for � > 0 is aphenomenon speci�c for discrete a�ne groups. It would be interesting to investigatethe Poisson boundary for higher-dimensional solvable groups over diadics, for example,for the group of triangular matrices. Probably, for these groups the Poisson boundarywill be mixed { consisting of both real and 2-adic components. This problem is alsoclosely related with �nding out a description of the Poisson boundary for randomwalks on Lie groups over p-adic �elds.6. EXCHANGEABLE �-ALGEBRA OF RANDOM WALKS ON ZIn this Section we apply the techique developed in this paper to obtain a descriptionof the exchangeable �-algebra of random walks on Z with a �nite �rst moment.Let fyng1n=0 be a homogeneous Markov chain on a countable state space X withtransition probabilities p(x; y) ; x; y 2 X. As usually, by Px denote the probabilitymeasure in the path space X1 = fy = fyng1n=0g corresponding to the initial distri-bution �x concentrated on a point x 2 X, and by P� =P �(x)Px the measure in thepath space corresponding to an arbitrary initial distribution � on X.The group S(1) of �nite permutations of the parameter set Z+ = f0; 1; 2; : : :g ofthe chain fyng naturally acts on the path space X1. Denote by S the exchangeable(or: symmetric) �-algebra of the chain fyng { the (completed) �-algebra of subsetsof the path space invariant with respect to the action of the group S(1) on X1.Introduce the extended chain f(yn; n�1Xk=0 �yk)gon the state space X � fun(X;Z), where fun(X;Z) is the additive group of �nitelysupported Z valued con�gurations on X. In other words, we add to the states yn ofthe original chain the occupation functions'n = n�1Xk=0 �yksaying how many times each of the points of the state space X was visited by thepath fyng up to the time n. The transition probabilities of the extended chain havethe form ep �(x; f); (y; f + �x)� = p (x; y) :Remark that for a �xed initial distribution � on X one can naturally identify the pathspaces of the original chain on X and of the extended chain on X � fun(X;Z).



31In a particular case, when X is a group and fyng is a random walk determined bya probability measure � on X, the extended chain is the random walk on the wreathproduct X i fun(X;Z) corresponding to the measure(1) e�(x; �e) = �(x) ; x 2 X(here e is the identity of X, and �x is the unit mass at x).Lemma 6.1. For an arbitrary initial distribution � on X the tail �-algebra eA1 ofthe extended chain and the exchangeable �-algebra S of the chain fyng coincide P�-mod0.Proof. Recall that the tail �-algebra eA1 of the extended chain can be described asthe �-algebra generated by the tail equivalence relation:f(yn; 'n)g � f(y0n; f 0n)g () 9N � 0 : yn = y0n ; 'n = '0n 8n � N :The exchangeable �-algebra S is generated by the equivalence relationfyng � fy0ng () 9 g 2 S(1) : yn = y0g(n) 8n � 0 :Since the occupation functions 'n for the extended chain has the form 'n =Pn�1k=0 �yk ,and S(1) is the group of �nite permutations, we immediately get that the equivalencerelations � and � on the path space X1 coincide. �Theorem 6.1 (cf. [3]). If x 2 X is a recurrent state for the chain fyng, then theexchangeable �-algebra S of the chain fyng is trivial Px-mod0.Proof. Tail and stationary �-algebras of the extended chain coincide Px-mod 0, sincethe sets attainable from the point (x; 0) 2 X� fun(X;Z) in di�erent numbers of stepsare pairwise disjoint. The point x being recurrent means that the set fxg� fun(X;Z)is recurrent for the extended chain. Thus the stationary �-algebra of the extendedchain coincides with the stationary �-algebra of a certain random walk on the abeliangroup fun(X;Z) (cf. Lemma 2.2) , the latter being trivial by the Blackwell { Choquet{ Deny theorem. �This Theorem shows that the exchangeable �-algebra is essentailly trivial for allrecurrent chains (see [3] for its complete description in combinatorial terms for anarbitrary initial distribution). If the chain fyng is transient, then it visits (almostsurely) all points of the state space X only a �nite number of times, hence the occu-pation functions 'n converge a.e. to a �nal occupation function '1 (depending onthe path fyng), such that '1(x) is the number of times when the point x was visitedby the trajectory fyng. Clearly, the �nal occupation function '1 is measurable withrespect to the exchangeable �-algebra of the chain fyng.Theorem 6.2. Let � be a probability measure with a �nite �rst moment on the groupof integers Z. Denote by P the probability measure in the path space of the randomwalk (Z; �) corresponding to the initial distribution �0 on Z. If the mean �� of themeasure � is zero, then the exchangeable �-algebra S of the random walk (Z; �) is



32trivial P-mod0. If �� 6= 0, then the �-algebra S is generated by �nal occupationfunctions '1 of the random walk (Z; �).Proof. We shall use coincidence of the exchangeable �-algebra and the stationary�-algebra of the random walk on the group G = Z i fun(Z;Z) determined by themeasure e� (1). The proof goes along the same lines as in Theorem 5.1.If the mean �� is zero, then the random walk (Z; �) is recurrent and the exchangeable�-algebra is trivial P-mod 0 by Theorem 3.1.Consider the case when �� 6= 0 and suppose for the sake of simplicity that �� = 1.We have to show that the stationary �-algebra of the random walk on the wreathproduct G = Z i fun(Z;Z) determined by the measure e� is generated by the limitcon�gurations '1 on Z. Let f(yn; 'n)g be a path of the random walk (G; e�), and'1 = limn!1 'n be the corresponding limit con�guration. De�ne for the pointsx 2 Z the truncations of the con�guration '1:['1]x(z) = � '1(z) ; z � x ;0 ; z > x ;so that ['1]x shows how many times the path fyng visited the points to the left fromx. Since yn = n+ o(n), all con�gurations 'n are a.e. �nitely supported.Show that the path f(yn; 'n)g in G can be well approximated with the sequencef(n; ['1]n)g. Consider�n = (n; ['1]n)�1 (yn; 'n)= (yn � n; T�n ('n � ['1]n))= (0; T�n ('n � ['1]n)) � (yn � n; 0) ;(here T is the action of Z on fun(Z;Z) by shifts). We have to prove that j�nj = o(n),where j � j is the length function on G determined by the generators (1; 0), (�1; 0),(0; �0), (0;��0). Evidently, we have to estimate only the �rst factor�1n = (0; T�n ('n � ['1]n))in the formula above. The con�gurations 'n and ['1]n di�er because either yk >n; k � n, or yk � n ; k > n, i.e., �1n = (0;  1 �  2)with  1 = (T�n Xk�n �yk)j(n;1) 2 = (T�n Xk>n �yk )j(�1;n](here 'jS is the restriction of a con�guration ' onto a set S � Z).



33Since j(0;  1)j = 2maxk�n f(yk � n)+g+ card fk � n : yk > ng ;j(0;  2)j = 2maxk>n f�(yk � n)�g+ card fk > n : yk � ng ;and yn=n ! 1 almost surely, we get that j�nj = o(n). Now in order to �nish theproof we have to apply Theorem 1.3. �Remarks.1. The author is not aware of any results about exchangeable �-algebras for tran-sient Markov chains. It would be very interesting to �nd a more direct proof ofTheorem 6.1, as well as to obtain a description of the exchangeanble �-algebra forrandom walks on Zwithout a �nite �rst moment, or for the random walks on Zk k > 1.Our method can be probably used in the case when the mean is non-zero, but fortransient random walks with zero mean (k � 3) it seems to be very di�cult to �ndan \approximation" of the conditional random walk in terms of the �nal occupationfunction (a random walk with zero mean on Z3 is transient without any \regularpattern of escaping to in�nity").2. The same argument shows that the Poisson boundary for �nitely supportedmeasures on wreath products Z i fun(Z; A) is either trivial or coincides with thespace of �nal con�gurations Fun(Z; A) for an arbitrary passive group A. It also worksfor measures with a �nite �rst moment provided the projection of their support ontofun(Z; A) is �nite. But already for general measures with a �nite �rst moment onthe group Zi fun(Z;Z) estimates of the entropy of conditional walks turn out to bemuch more di�cult. The situation becomes worse for the wreath products with theactive group Z3 (see the previous remark).
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