CORRIGENDUM TO ON PLANE POLYNOMIAL AUTOMORPHISMS
COMMUTING WITH SIMPLE DERIVATIONS

LUIS GUSTAVO MENDES AND IVAN PAN

The present note is a corrigendum of our paper [MePa2016]. The main results of that
paper (Thms. 1 and 2) remain unchanged, but Proposition 9 and Corollary 12 therein must
be replaced by Lemma 1 and Proposition 2 below. Moreover, the new proposition improves
the older and readily gives Thm. 2. On the Examples 10 and 11 we may assert, in addition,
that Aut(D_1) and Aut(9, + (2zy + 2*)9,) are both isomorphic to K*.

We thank Gabriel Barruci da Silva who pointed a mistake in Proposition 9.

Lemma 1. Let b(z) € K[z]| be an arbitrary polynomial and let a € K*. For any (c,d) €
K x K* we consider the differential equation

Eea: P'—aP =0z +c)— db(x).

There exists a unique solution of &4 in K[x] for any pair (c,d). Moreover, if b(x) has degree
at least 1 and Q € K[z] is a solution of both &, 4, and &, 4,, then ¢1 = co and dy = ds.

Proof. If ()1,Q, are solutions of &.4, then Q1 — Q2 is solution of P’ — aP = 0, hence
Q1 — Q2 = 0. In order to complete the proof of the first assertion we only need to show the
existence of solutions stated there. Note that if b = 0 we already know ) = 0 is the only
solution of &4 for all (¢, d). Let us then write b(z) = >_1" , bia’, with n > 0 and b,, # 0. We
look for a solution P(z) = > 1" pia’, where m > 0 and p,, might be 0. In fact,

—apma™ + Z(sz —ap;_1)x"t = b(z + ¢) — db(x).

i=1

If b(z + ¢) — db(x) = Z;:O ¢jz’ is the null polynomial, then again @ = 0 is the unique
solution. Otherwise that polynomial has a non-negative degree r < degb(z), hence m = r
and we can choose p,, = —a~'¢,. Then the equations jp; — apj_1 = ¢j_1, j = 1,...,m, can
be solved by recurrence proving the required existence. To prove the last assertion we note
that if @ is a solution of &, 4, and &, 4,, then b(z + ¢1) — b(x + ¢3) = (dy — da)b(x). Since
the polynomial b(z + ¢;) — b(z + ¢3) is either null or its degre is lower than the degree of b(z)
we deduce dy = dy and b(x + ¢1) = b(x + ¢2). The last equality clearly gives ¢; = ¢o which
completes the proof. O
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Proposition 2. Let D = 0, + (ay + b)0, be a Shamsuddin derivation with a # 0. We have
the following assertions:

i) If a € K*, then Aut(D) = K x K*

ii) If dega > 1, then Aut(D) is isomorphic to a trivial subgroup of K* which is different
from {1} if and only if either b = O or there exists a nonzero polynomial solution of the
differential equation P' — aP = (1 — d)b.

Proof. We keep all notations from [MePa2016]. Let p = (f,g) € Aut(D). First we assert
that f =37 fiy' = fo=x+cand g = 377" g;9° = go + dy for suitable c € K,d € K*
and go € K[z]. Indeed, n > 0 contradicts f, + naf, = 0 in the top equality in [MePa2016,
(2)]; hence f =z + ¢ for some ¢ € K, and then m > 1 because p is an automorphism. Since
the Jacobian determinant of p belongs to K* the assertion follows. Furthermore, from the
bottom equality in [MePa2016, (2)] we obtain

gy +bd = a(x +c)go+ b(x +c) and a(z) = a(x + c); (1)
here a(z + ¢) (analogously b(z + ¢)) denotes the polynomial a, thought of as a polynomial

function, composed with f = z + c. Since p* € Aut(D) for all £ > 1 we deduce that if
dega > 1, then ¢ = 0, and if a € K*, then (1) is equivalent to the unique equality

9o — ago = b(z 4 ¢) — db(x); (2)

Now, assume a € K* and define a map 7 : K x K* — Autg(K[z,y]) by doing (¢,d) —
(x+c,dy+P.4(z)), where P, 4(x) is the unique solution given by Lemma 1. By construction,
the image of 7 is precisely Aut(D). Since that map is clearly injective, to prove assertion (7)
it suffices to show 7 is a homomorphism. In fact, by composing 7(c;,d;) with n(cs, ds) we
get the element

(.73 + c1 + co, dldgy + d1P02,d2 (ZL’) + PCl,dl (ZL’ + CQ)) S Allt(D)

Thus the polynomial gy = diP., 4,() + Prp 4, (x + o) satisfies the differential equation
Eeiterdid, from which we deduce gy = Fe 4c,.d1d5, @ required. Next, assume dega > 1
(hence ¢ = 0). From g + bd = ago + b it follows g is a solution of the differential equation
P’ —aP = (1 — d)b. Note that if such a solution exists, then it is unique; let us denote P,
such a solution. Then we may define an injective homomorphism Aut(D) — K*, by mapping
(x,dy + P;) € Aut(D) to d. Finally, assume Aut(D) # {1}. Then there exists d # 1 such
that (z,dy + P;) € Aut(D). Hence P, = 0 if and only if b = 0. If P; # 0 and o € K*, then
aPy is a solution of the differential equation P' — aP = (1 — e)b, with e := 1 — a(1 — d), so
(z,(1 —a(l =d)y+ Pi_a-q) € Aut(D) if a(1 —d) # 1, from which the proof follows. [
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