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Abstract

In this dissertation we analyze two different approaches to the problem

of solving system of polynomial equations.

In the first part of this thesis we analyze the complexity of certain al-
gorithms for solving system of equations, namely, homotopic methods
or path-following methods. Special attention is given to the eigenvalue
problem, introducing a projective framework to analyze this problem.
The main result is to bound the complexity of path-following methods
in terms of the length of the path in the condition metric, proving the
existence of short paths in the condition metric. We also address the
problem of the complexity of Bézout’s theorem, reconsidering Smale’s
algorithm in the light of work done in the intervening years. At the
end of this first part we define a new condition number adapted to
directionally uniform perturbations in a general framework of maps
between Riemannian manifolds, relating it with the classical condition

number in many interesting examples.

In the second part of this dissertation we center our attention on the
set of solutions of system of equations where the coefficients are taken
at random with some probability distribution. We start giving an
outline on Rice formulas for random fields. We review some recent
results concerning the expected number of real roots of random sys-
tems of polynomial equations. We also recall and give new proofs of
some known results about the undetermined case, that is, when the
random system of equations has less equations than unknowns. We
also study complex random systems of polynomial equations. We in-

troduce the technics of Rice formulas in the realm of complex random



fields. In particular, we give a probabilistic approach of Bézout’s the-
orem using Rice formulas. At the end of this second part we deal with
the following question: How are the roots of complex random poly-
nomials distributed?. We prove that points in the sphere associated
with roots of random polynomials via the stereographic projection,
are surprisingly well-suited with respect to the minimal logarithmic
energy on the sphere. That is, roots of random polynomials provide

a fairly good approximation to Elliptic Fekete points.



Résumé

Dans ce travail, nous étudions deux approches différentes pour de

résoudre un systeme d’équations polynomiales.

Dans une premiere partie, nous analysons la complexité de certains
algorithmes de résolution de systemes d’équations, plus précisément
des “méthodes d’homotopie” appelées aussi “méthodes de suivi de
chemins”.

Nous analysons spécialement le probleme de la valeur propre, en le
traitant dans un contexte projectif. Le résultat principal donne une
borne a la complexité des méthodes de suivi de chemins en fonction
de la longueur des chemins en la métrique du conditionnement, tout
en prouvant l'existence de chemins courts dans cette métrique.

Nous traitons aussi le probleme de la complexité du Théoreme de
Bézout, en re-comprenant l'algorithme de Smale a la lumiere des
années de travail qui ont suivi. A la fin de cette premiere partie,
nous définissons une nouvelle notion de conditionnement, qui s’adapte
a des perturbations uniformément directionnelles, dans un contexte
général d’applications entre variétés de Riemann et nous montrons,
sur plusieurs exemples intéressants, comment il est relié au condition-

nement classique.

Dans une deuxieme partie, nous étudions I’ensemble de solutions des
systemes d’équations dont les coefficients sont aléatoires. Nous com-
mencons par donner une idée des formules de Rice pour des champs
aléatoires réels et nous rappelons quelques résultats concernant le

nombre moyen de racines réelles de systemes d’équations polynomiales



aléatoires. Nous rappelons aussi quelques résultats connus sur le cas
sous-déterminé (c’est a dire le cas ou le systeme d’équations aléatoires
a moins d’équations que de variables), en présentant quelques preuves
nouvelles.

Nous étudions aussi des systemes d’équations polynomiales aléatoires
complexes, en introduisant des techniques de formules de Rice dans la
théorie des champs aléatoires complexes. En particulier, nous donnons
une approche probabiliste au Théoreme de Bézout, en utilisant des
formules de Rice. A la fin de cette deuxiéme partie, nous traitons la
question suivante: comment sont distribuées les racines des polynomes
complexes aléatoires? Nous prouvons que certains points de la sphere
associés a des racines de polynomes aléatoires a travers la projection
stéréographique sont étonnamment bien placés par rapport a I’énergie
logarithmique minimale de la sphere. C’est a dire, les racines de
polynomes aléatoires donnent une bonne approximation des points de

Fekete elliptiques.



Resumen

En esta disertacion analizamos dos enfoques diferentes para el prob-

lema de resolver sistemas de ecuaciones polinomiales.

En la primer parte de esta memoria analizamos la complejidad de cier-
tos algoritmos para resolver sistemas de ecuaciones, a saber, métodos
homotopicos o métodos de sequimiento de caminos. Ponemos espe-
cial atencion al problema de valores propios, introduciendo un marco
proyectivo para analizar este problema. El resultado principal es aco-
tar la complejidad de caminos de homotopia en términos de la longi-
tud del camino en la métrica de condicién. También estudiaremos el
problema de la complejidad del teorema de Bézout, reconsiderando
el algoritmo de Smale en la luz del trabajo hecho en los tltimos
anos. Al final de esta primera parte definimos un nuevo numero de
condicién adaptado a perturbaciones con direcciones uniformes en un
contexto general entre variedades Riemannianas, relacionandolo con

los niimeros de condicion clasicos en varios ejemplos interesantes.

En la segunda parte de esta memoria nos concentramos en las solu-
ciones de sistemas de ecuaciones cuando los coeficientes de estos son
tomados al azar con cierta distribucion de probabilidad. Empezare-
mos dando una breve resena sobre la formula de Rice para campos
aleatorios. Repasaremos algunos resultados recientes relacionados al
nimero esperado de raices reales de un sistema de ecuaciones polino-
miales. También repasaremos, dando nuevas pruebas, algunos resul-
tados conocidos relacionados al caso indeterminado, es decir, cuando
el sistema de ecuaciones aleatorias tiene més variables que ecuaciones.
También estudiaremos sistemas polinomiales aleatorios complejos. In-

troduciremos las técnicas de Rice en la teoria de campos aleatorios



complejos. En particular, daremos un enfoque probabilista al teo-
rema de Bézout usando las férmulas de Rice. FEn el final de esta
segunda parte consideramos el siguiente problema: ;cémo estan dis-
tribuidas las raices de polinomios complejos aleatorios? Probaremos
que puntos en la esfera asociados a raices de polinomios complejos
aleatorios estan sorprendentemente bien distribuidos con respecto al
minimo de la energia logaritmica sobre la esfera. Esto es, raices de
polinomios aleatorios brindan una muy buena aproximacién de los

puntos de Fekete elipticos.



...a la memoria de Jean-Pierre Dedieu y Mario Wschebor.
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Chapter 0O

Introduction

The problem of solving systems of polynomial equations is a classical subject
with a long history. This problem has decisively influenced in the discovery of
complex numbers and group theory, and was one of the main motivations in the
development of Algebraic Geometry and Algebra.

This thesis is intimately related with the problem of solving systems of polyno-
mial equations. Precisely, we will pursue two different aspects of this problem. In
the first part of this dissertation we analyze the complexity of certain algorithms
for solving system of equations, namely, homotopic methods or path-following
methods. In the second part of this dissertation we center our attention on the
set of solutions of system of equations where the coefficients are taken at random
with some probability distribution.

In the following two sections we outline these two approaches and we explicit

the main contributions of this dissertation.

0.1 Complexity of Algorithms and Numerical
Analysis
Since Abel and Galois the unsolvability of polynomials of degree bigger than four

in terms of radicals has been known. Thereby, iterative methods play a leading

role in the study of this problem. Regarding this matter, approximating solutions



0. INTRODUCTION

of systems of equations is one of the main activities in Numerical Analysis, and
is one of the cornerstones of the foundation of the Complexity of Algorihtms.

A good measure of the complexity of an algorithm is the number of arithmetic
operations required to pass from the input to the output. The problem of studying
the complexity of algorithms has a long tradition in computer science, where the
discrete mathematics of Turing machines are the underlying mathematics. But
it was not until the early 80’s, that Steve Smale made an important contribution
in the theory, with his pionering paper Fundamental Theorem of Algebra [Smale,
1981], bringing the continuous mathematics of classical analysis and geometry to
this field.

On the other hand, until that moment, the tradition in Numerical Analysis
to study iterative methods was divided in a 2-part scheme: proof of convergence,
and asymptotic speed of convergence.

In his 1981 paper, Smale proposed a probabilistic analysis of complexity for

a certain variant of Newton’s method. Quoting Smale| [1981]:

“ ...the Newton type methods fail in principle for certain degenerate
cases. And near the degenerate cases, these methods are very slow.
This motivates a statistical theory of cost, i.e. one which applies to
most problems in the sense of a probabilistic measure on the set of
problems (or data). There seems to be a trade off between speed and

certainty, and a question is how to make that precise.”

Smale [1997] suggested a systematic way to analyze the complexity of an
algorithm where the condition number plays a prominent role. Roughly, the
condition number x is a measure of how close to the space of degenerate inputs
T is.

The 2-part scheme suggested by Smale| [1997], to analyze the complexity of

an algorithm, is the following:

1. Given an input z, bound the number of arithmetic opeartations K (x) by

K(z) < (log () + size(x))",
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where ¢ is a universal constant, size(x) is the size of the input z, and p is

the condition number.

2. Estimate the probability distribution of ;, where the tail takes the form
P(u(z) > e 1) <&,

for some probability measure on the space of inputs.

Key questions such as: What are the most efficient algorithms? or Which algo-
rithms have polynomial average complexity? can be addressed, building in this
way the foundations of complexity of numerical analysis.

During the last three decades, an enormous amount of work has been done on
this scheme for complexity of polynomial system solving. Let us mention a few
changes.

In their seminal paper Shub & Smale| [1993a] relate, in the context of poly-
nomial system solving, the complexity K to three ingredients: the degree of the
considered system, the length of the path I'(¢), and the condition number of the
path. Precisely, they obtain the complexity

K < CDY((T)u(T)2,

where C'is a universal constant, D is the degree of the system, ¢(I") is the length
of I' in the associated Riemannian structure, and pu(I') = sup,<;<;, p (I'(Z)).
In Shub| [2009] the complexity K of path-following methods for the polynomial

system solving problem is analyzed in terms of the condition length of the path.

It is in this spirit that the first part of this dissertation is developed.

0.1.1 Preliminaries

Before the statements of the main contributions of this thesis we introduce the

basic definitions associated to a computational problem.
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The Varieties V, >’ and X

Let XX and Y be the spaces of inputs and outputs associated respectively to some
computational problem. In this thesis, the spaces X and Y are linear or differential
manifolds.

Suppose that X and Y are real (or complex) finite dimensional manifolds such
that dim X > dim Y.

The solution variety V C X x Y is the subset of pairs (x,y) € X x Y such that
y is an output corresponding to the input x.

Let my : V — X and w5 : V — Y be the restrictions to the solution variety V

of the canonical projections (see the diagram).

VCcXxY

>N

X Y

Note that algorithms attempt to “invert” the projection map 7, hence, the
subset of critical points of the projection m; plays a central role in complexity of
algorithms.

Let Dmy(x,y) : T(z,)V — T,X be the derivative of 7 and let ¥’ be the subset

of critical points of 1, that is,
Y = {(z,y) € V: rankDm(x,y) < dim X}.

Y is called the ill-posed variety or critical variety.
Let
o= 7'('1(21) C I)C,

be the set of ill-posed inputs or discriminant variety.
In order to have local uniqueness of the “inverse” of 7y, a reasonable hypothesis
is to assume that the dimV = dim X. When this is the case, according to the

implicit function theorem, for each (x,y) € V\ X' there is a differentiable function
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locally defined between some neighborhoods U, and U, of x € X and y € Y

respectively, namely, the solution map
S (x,y) =mpom y, : Uy = U,

Its derivative
DS (x,y) : T, X = T,Y,

is the condition operator.

The Condition Number

Assume that X and Y are Riemannian (or Hermitian) manifolds. Let (-, -), and
(-,-)y be the Riemannian (or Hermitian) inner product in the tangent spaces T, X
and T,Y at x and y respectively.

The condition number at (z,y) € V' \ ¥’ is defined as:

wl,y) = max [|D.7(x, y)aly.

lllZ=1

This number is an upper-bound -to first-order approximation- of the worst-case
sensitivity of the output error with respect to small perturbations of the input.
There is an extensive literature about the role of the condition number in the
accuracy of algorithms, see for example [Higham| [1996] and references therein.
Remark: This general framework of maps between Riemannian manifolds was
motivated by Shub & Smale [1996] and |Dedieu [1996]. This framework for a com-
putational problem differs from the usual one, where the problem being solved can
be described by a univalent function .. In the given context, we allow multi-
valued functions, that is, we allow inputs with different outputs. In this way,
one can define the condition number for the input x € X as a certain functional

defined over (u(z,y)), 1z When the function .# is univalent the condi-

yEma(my
tion number p(z) := u(x,y) coincides with the classical condition number (see

Higham| [1996], pag. 8).

In this thesis we will restrict ourselves to a particular family of computational

problems, namely, the problem of finding roots of systems of polynomial equa-
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tions. Therefore, in this case, the space of inputs X is a certain subspace of system
of polynomial equations over some field, and the space of outputs Y is associated
to the set of “all” possible solutions. The solution variety V = ev=!(0), where ev

is the evaluation map, i.e. ev(F,z) = F(z) for F € X and z € Y.

In Malajovich| [2011] one can find an extension to the problem of finding roots

of analytic equations.

Path-Following Methods

Let F' € X be a system of equations one wishes to solve. Roughly, path-following
methods or homotopy methods consists in considering a new system Fj, with a
prescribed solution zy € Y, and then attempting to approximate the (m;) lifted
path (Fy, z) € V,0 <t <1, of some path F; € X joining Fy with F' = F}. If this
procedure succeeds, then z; is a solution of our problem.

The lift of the path F;, 0 <t < 1, by the projection 7, exists provided that
FreX\Xforall0<t<1.

The algorithmic way to do this procedure is to construct a finite number of
pairs

(Fuys 21,)s 0=ty <tp <tg=1,

such that 2 is an approximation of z, .

A possible scheme to find the approximations z;_is to consider a predictor-

corrector algorithm (cf. |Allgower & Georg| [1990]).

In this thesis we will be mainly concern with the following approximation:

Zék-ﬁ—l = NF%H (Ztk)’

where N denotes the Newton map associated to the system F'.

For a detailed account in path-following methods see |Allgower & Georg| [1990].
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Canonical Hermitian Structures

Given a finite dimensional vector space V' over K with the Hermitian inner prod-
uct (,-) and 0 # v €V, we let

vt ={weV: (wv)=0}.

The vector space v+

is a model for the tangent space T,P(V'), of the projective
space P(V') at the equivalence class of v (which we denote by v).
In this way we can define an Hermitian structure over P(V') in the following

way: for v eV,

for all w, w' € vt.
The space K’ is equipped with the canonical Hermitian inner product (-, ),

namely
¢
k=0
The space K™ is equipped with the Frobenius Hermitian inner product
(A, B)p = trace (B*A),

where B* denotes the adjoint of B.

0.1.2 Main Contributions

In this section we introduce the main contributions given in this thesis associated

to the complexity of algorithms in numerical analysis.

0.1.2.1 Complexity of The Eigenvalue Problem

The eigenvalue problem is the problem to solve, for a fixed matrix A € K"*" the

following system of polynomial equations:

(M, —A)wv=0, v#0,
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where v € K", A € K. Here K=R or C.

(Classical algorithms for solving the eigenvalue problem may be divided into
two classes: QR methods and Krylov subspace methods.

Even these methods have a long history, surprisingly, the complexity of the
eigenvalue problem is still an open problem.

In this thesis we will study path-following methods for the eigenvalue problem.

In the context of polynomial system solving, the eigenvalue problem may be
considered as a quadratic system of equations. However, Shub & Smale| [1993a]
and Shub & Smale [1996] do not apply since the eigenvalue problem as a quadratic
system belongs to the subset of ill-posed problems of generic quadratic systems.
(See Li [1997]). Therefore, in order to analyze the complexity of the eigenvalue
problem, a different framework is required. Here we consider the eigenvalue
problem as a bilinear problem.

In Chapter , following |Armentano [2011a], we introduce a projective frame-
work to analyze this problem. We define a condition number and a Newton’s map
appropriate for this context, proving a version of the y-Theorem and a condition
number theorem for this context. The main result in Chapter[1]is to bound the
complexity of path-following methods in terms of the length of the path in the
condition metric.

Let us outline some results.

Since the system of equations (A, — A)v = 0 is homogeneous in v € K" and

also in (A4, \) € K™ x K, we define the solution variety as
V= {4 v) eP (K" xK) xP(K"): (A, — A)v=0}.

The solution variety V is bi-projective algebraic subvariety of IP’(K"X” X K) X
P(K™). Moreover, V is also a smooth manifold and its dimension is equal to the
dimension of P(K"*™).

Note that the solution variety differs from the general setting defined in the
Preliminaries. However, as we will see in Chapter (1) we can define a natural
projection w : V — P(K"™™) given by m(A,\,v) = A. In this way, we may
consider the space P(K"*™) as the input space, and hence, we may proceed as in

the Preliminaries section.
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Let W C 'V be the set of well-posed problems. It is not difficult to prove that
W is the set of triples (A, A\,v) € V such that A is a simple eigenvalue. In that
case, the operator I1,1 (AL, — A)|,. is invertible, where I1,,1 denotes the orthogonal
projection of K" onto v=.

As in the Preliminaries section, when (A, A, v) belongs to W, we can define the
solution map . = 7|y, : Ua — V defined in some neighborhood U, C P(K™*")
of A such that 77'(A) = (A, \,v). It associates to any matrix B € Uy the
eigentriple (B, Ag,vp) close to (A4, A\,v). Note that one can decompose .# in two
solutions maps, namely, the solution map of the eigenvalue given by #\(B) =
(B, Ag), and the solution map of the eigenvector given by .7,(B) = vp.

The space P(K™" x K) x P(K") inherits the Hermitian product structure
1A DI r0y = Ay + [5]2 for all (A, 4,0) € (A, M) x 0t

Then we can define the condition numbers of the eigenvalue and eigenvector

in the following way:

(AN v) = sup || DAA(A N 0)Bll(an
BeAt
I1Bllr=IlAll
(A, N v) = sup  ||DZ (AN 0)B,
BeA*t
IBllr=IlAllr

Then, for (A, \,v) € W we obtain:

oll2 - llwli2]Y?
pa(A N 0) = —— .{HM} ;

2
T L o]
po(A,2,0) = AL [T (AL = A) s,

where 0 # u € K" is a left eigenvector of A with associate eigenvalue A, || - ||r
and | - || are the Frobenius and operator norms in the space of matrices.
Let (A, \,v) € W. If (A, — A)*v = 0, that is, if v is also a left eigenvector of

A with eigenvalue A, then,
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This is the case when A is normal, i.e. A*A = AA*. On the other hand, pu,
happens to be more interesting since, roughly speaking, it measures how close to
A others eigenvalues are.

In particular, when A € P(K™*™) is a normal matrix, and (A, A\,v) € W then

Al

min; A — \;|’

po (AN ) =

where the minimum is taken for )\; an eigenvalue of A different from .

As we will see in Chapter[], the condition number pu, is somehow controlled
by w,. Thereby, we define the condition number of the eigenvalue problem at
(A, N v) €W as

(A, A v) == max {1, pu, (A, \,v)}.

In Chapter[l] we prove that, for (A, X,v) € W, one get

1
wA, A v) < sin(dp2 ((4, A, v), X))

In the literature, these type of results relating the condition number to the dis-

tance to ill-posedness are known as the Condition Number Theorems.
From the point of view of complexity, these type of results are important to

obtain probability estimates of the condition number. (See Smale| [1981]).

When I'(¢), a <t < b, is an absolutely continuous path in W, we define its

wn = |

where Hl"(t) “ is the norm of I'(t) is the Riemannian structure on V, inherited
r(t
from P(K™" x K) x P(K").

The main result in Chapter 1] is:

condition-length as

)

u(T()) dt,

)

There is a universal constant C' > 0 such that for any absolutely

continuous path I' in W, there exists a sequence which approximates

10
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I', and such that the complexity of the sequence is
K<Ce,I)+1.

(One may choose C' = 120).

This result motivates the study of geodesics in the condition length structure
on V for the eigenvalue problem. This seems to be a very hard problem.

In Chapter [ we address the problem of the existence of short paths in the
condition metric.

Let {ey,...,e,} be the canonical basis of K" and let G be the rank one
matrix G := e; - ef € K", Let Wy be the set of problems (A, \,v) € W such
that p(A, \,v) = 1. Notice that (G, 1,e1) € Wy. Then the main result of Chapter
[3is the following:

For every problem (A, \,v) € W there exist a path T' in W joining
(A, \,v) with (G,1,e1), and such that

(u(l) < Cy/n - (C"+log (u(A, A, v))),

for some universal constant C and C".
(One may choose C' < V6 and C' < 10.)

0.1.2.2 Complexity of Bezout’s Theorem

In his 1981 Fundamental Theorem of Algebra paper Steve Smale initiated the
complexity theory of finding a solution of polynomial equations of one complex
variable by a variant of Newton’s method.

Smale’s algorithm may be given the following interpretation. For zy, € C,
consider f; = f — (1 —t)f(z), for 0 < ¢t < 1. f; is a polynomial of the same
degree as f, zp is a zero of fy and f; = f. So, we analytically continue 2y to z; a
zero of f;. For t = 1 we arrive at a zero of f. Newton’s method is then used to
produce a discrete numerical approximation to the path (f, z).

Smale’s result was not finite average cost. In the series of papers|1993al,(1993b,

1993c, (1996| [Shub & Smale made some further changes and achieved enough

11



0. INTRODUCTION

results for Smale 17th problem to emerge a reasonable if challenging research
goal. Let us recall the 17th problem from Smale [2000]:
Problem 17: Solving Polynomial Equations.

Can a zero of n-complex polynomial equations in n-unknowns be found
approzimately, on the average, in polynomial time with a uniform

algorithm?

In Chapter @, following a joint work with Michael Shub (c.f. |Armentano &
Shub| [2012]), we reconsider Smale’s algorithm in the light of work done in the
intervening years about this problem.

In the following lines we will give an outline of the main result.

Let Hgy = Hg, x -+ x Hy, where Hy, is the vector space of homogeneous
polynomials of degree d; in n + 1 complex variables.

On H,4, we put a unitarily invariant Hermitian structure which we first encoun-
tered in the book |Weyl [1939] and which is sometimes called Weyl, Bombieri-Weyl
or Kostlan Hermitian structure depending on the applications considered.

For a = (ag,...,a,) € N**1 |a|]| = d; the monomial x* = z{° --- 2% the

Weyl Hermitian structure makes (x®, z°) = 0, for a # 3 and

On H (4 we put the product structure

n

i=1
Given ¢ € P(C"*!) we define for f € H g the straight line segment f, € Hq),

0<t<1, by

hi= 1= =08 (252 o)

where A(a;) means the diagonal matrix whose i-th diagonal entry is a;. So
fo(¢) = 0 and f; = f. Therefore we may apply homotopy methods to this line

segment.

12
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Note that if we restrict f to the affine chart ¢ 4 ¢+ then

fi(z) = f(z) = (L =) F(C),

and if we take ¢ = (1, ,0) and n = 1 we recover Smale’s algorithm.
Let fy = f—(1— ( ) , for t € [0, 1], and (; the homotopy con-
tinuation of  along the path ft

Suppose 7 is a non-degenerate zero of f € Hy). We define the basin of 7,
B(f,n), as those ¢ € P(C"*1) such that the zero ¢ of fy continues to n for the
homotopy f;.

The main result In Chapter[3 is the following:

The average number of steps to follow the path {(f;, () = t € [0,1]}

18 bounded above by

CD3?T'(n+1)27 ! 2(h,n _n2
O [ e
e/ hm)=0

where

B (1817 = 1A )R 1) "
O(h,) /CEBM INEERGIR
LIAICI) ()] /2, n)el AU OROI/2 g

and T'(a,n) = f;oo t"te7tdt is the incomplete gamma function.

This result may be helpful for Smale 17th problem and raises more problems

than it solves.

(a) Is (I) finite for all or some n?

(b) Might (I) even be polynomial in N for some range of dimensions and de-

grees?

(c) What are the basins like? Even for n = 1 these are interesting questions.

13
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The integral

1 / /,l/2(h/, 77) . 67||h||2/2 dh < €(n + 1)D
(2m)Y Jhes 1112 -2
€7D 9/ h(n)=0

Y

where D = d; - - - d, is the Bézout number (see Birgisser & Cucker| [2011]).
So the question is how does the factor ©(h,n) affect the integral.

(d) Evaluate or estimate

1

LIAICI=%)R(E)I?
/CeP«an) AR O

Note that

1
(Vol(]P’(C"“))

for p > 1, is a different way to define a norm on h. For p = 2 we get

1/p
Il = [ TAUI RO aC)

another unitarily invariant Hermitian structure on H, which differs from
the Bombieri-Weyl by

n

IAl7 = m“’%“z,

i=1
(cf. [Dedieu, 2006, page 133])

If the integral in (d) can be controlled, if the integral on the D basins are reason-
ably balanced, the factor of D in (c¢) may cancel.
See Chapter [ for more details.

0.1.2.3 Stochastic Perturbations and Smooth Condition Numbers

Recall from previous sections that the condition number, of a computational
problem with inputs (X, (-, -),) and outputs (Y, (-, -),), at (z,y) € V\ X' is defined
as:

wlz,y) = max | DS (x, y)al,.

ll]|3=1

14
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In many practical situations, there exists a discrepancy between worst case
theoretical analysis and observed accuracy of an algorithm. There exist several
approaches that attempt to rectify this discrepancy.

In many problems, the space of inputs has a much larger dimension than
the one of the space of outputs (m > n). Then, it is natural to assume that
infinitesimal perturbations of the input will produce drastic changes in the output
only when they are performed in a few directions. Then, a possibly different
approach to analyze accuracy of algorithms is to replace “worst direction” by a
certain mean over all possible directions. This alternative was already suggested
and studied in Weiss et al. Weiss et al.| [1986] in the case of linear system solving
Az = b, and more generally, in Stewart| [1990] in the case of matrix perturbation
theory, where the first-order perturbation expansion is assumed to be random.

In Appendix , following |Armentano [2010], we extend this approach to a large
class of computational problems, restricting ourselves to the case of directionally
uniform perturbations.

Define the pth-stochastic condition number at (z,y) as:

1 1/p
[Pl = |— D.% (z)&|P dS™ (i =1,2,...
wP o) = | [ IDF @il =2
where vol(S™1) = 13(”7% is the measure of the unit sphere S™ ! in T,X, and

dS™ 1 is the induced volume element. We will be mostly interested in the case
p = 2, which we simply write us and call it stochastic condition number.
Before stating the main theorem, we define the Frobenius condition number
as:
pr(z,y) = DL (@)|r = fof + -+ 0

where || - || is the Frobenius norm and oy, ..., 0, are the singular values of the
condition operator.

The main result in Appendiz [A]is:
The pth-stochastic condition number satisfies

1/p

st : E<||7701,~-,0n||p>1/p7

15
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where ||-|| is the Euclidean norm in R™ and n,, ., is a centered Gaus-

n

sian vector in R™ with diagonal covariance matriz Diag(c?, ..., c2).

In particular, for p = 2

~ pr(z,y)

pse(2,y) = W

Since p(x,y) < pr(z,y) < /n- p(x,y), we have from (A.1.3)) that

\/% e, y) < pale,y) < \/% (s, y).

This result is most interesting when m > n, for in that case pg(z,y) < p(z,y).
Thus, in these cases one may expect much better stability properties than those
predicted by classical condition numbers.

In Appendiz [A] we prove these results, extending them to the case of pth-
stochastic kth-componentwise condition numbers. We also compute the stochastic
condition number for different problems, namely, systems of linear equations,
eigenvalue and eigenvector problems, finding kernels of linear transformations

and solving polynomial systems of equations.

0.2 Random System of Equations

Let us consider a system of m polynomial equations in m unknowns over a field
K,

il <d:
The notation is the following: z := (x1,...,2,,) denotes a point in K™, j :=
(jis-- -, jm) amulti-index of non-negative integers, ||j|| = > ") jn, &7 = &/ -+ - xim,
ag-i) = ag-?w im» and d; is the degree of the polynomial f;.

We are interested in the solutions of the system of equations

16
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lying in some subset V' of K™. Throughout this second part, we are mainly
concerned with the case K =R or K = C.

If we choose at random the coefficients {ag-i)}, then the solution of the system
f(x) =0, becomes a random subset of K. This is the main object of this second
part of this dissertation.

When we restrict to the case K = R, the simple and fundamental object to
study is the number of solutions of the system lying in some Borel subset V' of
R™. Let us denote by N7/(V') this number.

The study of the expectation of the number of real roots of a random poly-
nomial started in the thirties with the work of Bloch & Pdlyal [1931]. Further
investigations were made by Littlewood & Offord| [1938]. However, the first sharp
result is due to Kac [1943; 1949, who gives the asymptotic value

2
E (N/(R)) ~ —logd, as d— o,

when the coefficients of the degree d univariate polynomial f are Gaussian cen-
tered independent random variables N(0,1) (see the book by Bharucha-Reid &
Sambandham| [1986]).

The first important result in the study of real roots of random system of
polynomial equations is due to Shub & Smale [1993b], where the authors com-
puted the expectation of N/(R™) when the coefficients are Gaussian centered

independent random variables having variances:

d;!
il gm! (di = FIDY

Their result was
E (Nf(Rm)) =\/dy-dy,

that is, the square root of the Bézout number associated to the system. The
proof is based on a double fibration manipulation of the co-area formula. Some
extensions of their work, including new results for one polynomial in one variable,

can be found in |[Edelman & Kostlan [1995]. There are also other extensions to

17
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multi-homogeneous systems in McLennan| [2002], and, partially, to sparse systems
in Rojas|[1996] and [Malajovich & Rojas|[2004]. A similar question for the number
of critical points of real-valued polynomial random functions has been considered
in |Dedieu & Malajovich| [2008].

The probability law of the Shub—Smale model defined above has the simpli-
fying property of being invariant under the action of the orthogonal group in
R™. In Kostlan [2002] one can find the classification of all Gaussian probability
distributions over the coefficients with this geometric invariant property.

In 2005, Azais and Wschebor gave a new and deep insight to this problem.
The key point is using the Rice formula for random Gaussian fields (cf. |Azais
& Wschebor| [2009]). This formula allows one to extend the Shub—Smale result
to other probability distributions over the coefficients. A general formula for
E(N7/(V)) when the random functions f; (i = 1,...,m) are stochastically inde-
pendent and their law is centered and invariant under the orthogonal group on
R™ can be found in |Azais & Wschebor| [2005]. This includes the Shub—Smale for-
mula as a special case. Moreover, Rice formula appears to be the instrument to
consider a major problem in the subject which is to find the asymptotic distribu-
tion of N/(V) (under some normalization). The only published results of which
the author is aware concern asymptotic variances as m — +o00. (See Wschebor
[2008] for a detailed description in this direction).

When the number of equations is less than the numbers of unknowns, generi-
cally, the set of solutions is a real algebraic variety of positive dimension. In this
case, when the coefficients are taken at random, the description of the geome-
try becomes the main problem. In |Biirgisser| [2006; 2007] the expected value of
certain parameters describing the geometry of this random algebraic variety are

computed.

When we restrict to the case K = C other interesting problems come into

account, even for the case of one variable. For example,
How are the roots of complex random polynomials distributed?

The study of this question is one of the main research activities in the field
of complex random polynomials. At the end of this dissertation we study the

relation of this problem and the complexity of homotopy methods.

18
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0.2.1 Main Contributions

In this section we introduce the main contributions given in this dissertation

associated to random polynomials.

0.2.1.1 Random System of Polynomials over R

In Chapter[f we recall some known results concerning the understanding of the set
of solutions of random system of equations from Rice formulas point of view. Al-
most all results of this chapter are known however in this dissertation we develop
a systematic way to analyze these problems with this powerful technic, hoping
that this approach could be used to study other important problems related to
the analysis of random algebraic varieties.

In Chapter[] we begin giving an outline on Rice formulas for random fields.
In the case of polynomial random fields we show the relation of Rice formulas
with other technics to study the average number of solutions.

We also recall Shub-Smale result and we give a short proof of it based on Rice
formulas.

At the end of this chapter we recall some known results about the undeter-
mined case, that is, when the random system of equations has less equations
than unknowns. More precisely, let us assume now that we have less equations
than variables, that is, let f : R® — R* be a random system of polynomials such
that k < n. In this case Z(f1,..., frx) = f1(0) is a random algebraic variety of

positive dimension. A natural questions come into account:
What is the average volume of Z(f1,..., fr) ¢

At the end of Chapter[j we show how to attack this problem by means of the
Rice formulas. In Biirgisser| [2006] and Birgisser| [2007] one can find a nice study
of this and other important questions concerning geometric properties of random
algebraic varieties from a different point of view.

We will restrict ourselves to the particular case of the Shub-Smale distribution.

Let us consider the random system of k homogeneous polynomial equations in

19
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m + 1 unknowns f : R™*! — R*_ given by

filw) = > alad, (=1, k).

ll71/=d:

Assume that this system has the Shub-Smale distribution, that is, {ay)} are

Gaussian, centered, independent random variables having variances

e (8) - 5

Since f is homogeneous, we can restrict to the sphere S™ C R™*! our study
of the random set Z(fi,..., fr). Note that, generically, Z(f1,..., fr) N .S™ is a
smooth manifold of dimension m — k. Let us denote by \,,_x the m — k geometric

measure.

Let f:R™1 & RF be the system defined above with the Shub-Smale
distribution. Then, one has

EM\ -t (Z(f1, ..., fr) N S™) = \/dy - - - dy vol(S™FF1).

This result was first observed by |Kostlan| [1993] in the particular case d; =

. = di. We give a proof of this proposition based on the Rice formula for the

geometric measure. We will see that the proof is almost the same as the proof of
Shub-Smale result.

Furthermore, we will see how one can obtain another proof of this theorem
from Shub-Smale result and the fairly known Crofton-Poincare formula of integral
geometry.

Up to now all probability measures were introduced in a particular basis,
namely, the monomial basis {27};j<4. However, in many situations, polynomial
systems are expressed in different basis, such as, orthogonal polynomials, har-
monic polynomials, Bernstein polynomials, etc. So, it is a natural question to

ask:

What can be said about N'(V') when the randomization is performed

in a different basis?

20
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For the case of random orthogonal polynomials see Bharucha-Reid & Sam-
bandham [1986], and |Edelman & Kostlan! [1995] for random harmonic polynomi-
als.

In Chapter[{] following [Armentano & Dedieu [2009] we give an answer to the
average number of real roots of a random system of equations expressed in the
Bernstein basis. Let us be more precise:

The Bernstein basis is given by:

d
bar(x) = <k)xk(1 —z)F 0<k <d,

in the case of univariate polynomials, and
d\ ' il .
baj(T1, .. Tm) = (j)lel a1 —ay — = ) 7]l < d,

for polynomials in m variables, where j = (j1,...,Jm) is a multi-integer, and (‘j)
is the multinomial coefficient.

Let us consider the set of real polynomial systems in m variables,

filzy, ... xm) = Z ay)bd7j(x1, e T, (t=1,...,m).

il <d:

Take the coefficients ay) to be independent Gaussian standard random variables.
Define

T:R™ =P (Rm+1)
by
T(T1, @) = [T1, 0o T, L — 2 — oo — Ty
Here P (R™*1) is the projective space associated with R™! [y] is the class of
the vector y € R™"1 y £ 0, for the equivalence relation defining this projective

space. The (unique) orthogonally invariant probability measure in P (R™1) is

denoted by A,,.
With the above notation the following result holds:
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1. For any Borel set V in R™ we have
E (N (V) = Au(r(V)Vdi .. . dom.

In particular

2. E(N/) = d . dy,
3. E(N/(A™) =V/di ... dn/2™, where

A" ={zeR™ : z; >0 and x1 + ...+ x,, < 1},
4. When m =1, for any interval I = |o, 8] C R, one has

E (N/(I)) = \/?E (arctan(2f — 1) — arctan(2a — 1)) .

Moreover, in Chapter[f|we extend last result on Bernstein polynomial systems.
We give a general formula to compute the expected number of roots of some
random systems of equations.

Let U C R™ be an open subset, and let ¢g,..., ¢, : U — R be (m + 1)
differentiable functions. Assume that, for every z € U, the values p;(z) do not
vanish at the same time. Then we can define the map A : U — P(R™!) by
A(x) = lpo(z), .. om(z)].

Let f be the system of m-equations in m real variables
filzy, ... xy) = Z ay)gog(x)jo c O ()T, (1=1,...,m),
ll7]l=d:

where x = (z1,...,2,) € U.

We denote by N/(U) the number of roots of the system of equations f;(z) =
0,(i=1,...,m) lying in U.

Then,

Let f be the system of equations given above, where the {agi)} are

. . . . . d.
independent Gaussian centered random variables with variance (;)
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Then,

dy--d,

B (N(0)) = g [ o B

where # 0 = 0.

We will see how this result extend the previous result on Bernstein polynomials

and we also show some simple non-polynomial examples.

0.2.1.2 Random System of Polynomials over C

In Chapter [J we study complex random systems of polynomial equations. The
main objective is to introduce the technics of Rice formulas in the realm complex
random fields. At the end we give a probabilistic approach of Bézout’s theorem
using Rice Formulas.

This chapter follows closely a joint work under construction with Federico
Dalmao and Mario Wschebor [Armentano et al), 2012]. The main objective of

this work is to give a probabilistic proof of Bézout’s theorem. More precisely:

Assume that f has the complex analogue of Shub-Smale distribution

and denote by N the number of projective zeros of f. Then,
N =D almost surely,

where D = [[,~, d; is Bézout number.

The proof we have attempted was divided into two steps:
- First prove that the expected value of N is D;
- Secondly, prove that the variance of the random variable N — D is zero.

Both steps can be analyzed with Rice formulas. The first step follows similarly
to the proof of Shub-Smale result for the real case, and is even much simpler. For
the second step we use a version of the Rice formula for the k-moment.

The second step involves many computations. Even though we could not finish
the proof of the second step, we will show how to proceed in the computations
and we will show the main difficulties. On the particular case of m = 1, that is,

the Fundamental Theorem of Algebra, we finish the proof.
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0.2.1.3 Fekete Points and Random Polynomials

In Chapter @, following |Armentano et al.| [2011], we see that points in the sphere
associated with roots of Shub-Smale complex analogue random polynomials via
the stereographic projection, are surprisingly well-suited with respect to the mini-
mal logarithmic energy on the sphere. That is, they provide a fairly good approx-
imation to a classical minimization problem over the sphere, namely, the Elliptic
Fekete points problem.

Let us be more precise.

Given zy,...,ox € S* = {z € R®: ||z]| = 1}, let

1
V(zy,...,oy)=In ] oz Y Iz —

- xz‘—ﬂtj” —
1<i<j<N 1<i<j<N

be the logarithmic energy of the N-tuple z1,...,xy.
Let

V= min V(xy,...,zn)
1,..., N ES?

denote the minimum of this function. N-tuples minimizing the quantity V are
usually called Elliptic Fekete Points. The problem of finding (or even approxi-
mate) such optimal configurations is a classical problem (see [Whyte| [1952] for its
origins).

During the last decades this problem has attracted much attention, and the
number of papers concerning it has grown amazingly. The reader may see |[Kui-
jlaars & Saff] [1998] for a nice survey.

In the list of Smale’s problems for the XXI Century [Smale [2000], problem

number 7 reads:

Can one find x1,...,x5 € S? such that
V(l’l,...,l’]\[) — VN S CIDN,

¢ a universal constant?

More precisely, Smale demands a real number algorithm in the sense of |Blum
et al. [1998] that with input N returns a N-tuple zq,...,xy satisfying last in-

equality, and such that the running time is polynomial on V.
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0.2 Random System of Equations

One of the main difficulties when dealing with this problem is that the value
of Vv is not even known up to logarithmic precision. In Rakhmanov et al|[1994]

the authors proved that if one defines C'y by

N? 4 NIn N
* =——In(-|— N
) Vv=-"phn (e) g ol
then,
—0.112768770... < liminf Cy < limsup Cy < —0.0234973...
N—oo N—oo
Let Xi,..., Xy be independent random variables with common uniform dis-

tribution over the sphere. One can easily show that the expected value of the

function V' (X1, ..., Xy) in this case is,

(%) E(V(X1,... Xy)) = —N;ln (§> 4 % In (il> .

(& €

Thus, this random choice of points in the sphere with independent uniform distri-
bution already provides a reasonable approach to the minimal value Vy, accurate
to the order of O(N In N).

On one side, this probability distribution has an important property, namely,
invariance under the action of the orthogonal group on the sphere. However, on
the other hand this probability distribution lacks on correlation between points.
More precisely, in order to obtain well-suited configurations one needs some kind
of repelling property between points, and in this direction independence is not
favorable. Hence, it is a natural question whether other handy orthogonally in-
variant probability distributions may yield better expected values. Here is where
complex random polynomials comes into account!

Given z € C, let
.. (1)

=" cCxRX~R?
TP

be the associated points in the Riemann Sphere, i.e. the sphere of radius 1/2
centered at (0,0,1/2). Finally, let

X =22-(0,0,1) € §?
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be the associated points in the unit sphere.
Given a polynomial f in one complex variable of degree N, we consider the
mapping
fe=V(Xy, .o, XN,

where X; (i = 1,..., N) are the associated roots of f in the unit sphere. Notice
that this map is well defined in the sense that it does not depend on the way we
choose to order the roots.

The main contribution of Chapter[fis the following:

Let f(z) = Son_, ax2® be a complex random polynomial, such that the
coefficients ay are independent complex random wvariables, such that
the real and imaginary parts of ay are independent (real) Gaussian
random wvariables centered at O with variance (]1:;[) Then, with the

notations above,

E(V(Xy,....Xy)) =——1In + = In-.

4 e 4 4 e

N? (4) NInN N 4

Comparing this result with equations (*) and (**), we see that the value of
V' is surpringsingly small at points coming from the solution set of this random
polynomials. More precisely, necessarily many random realizations of the coeffi-
cients will produce values of V' below the average and very close to Vi, possibly
close enough to satisfy the inequality in Smale’s 7th problem.

Notice that, taking the homogeneous counterpart of f, our main result can
be restated for random homogeneous polynomials and considering its complex
projective solutions, under the identification of P(C?) with the Riemann sphere.
In this fashion, the induced probability distribution over the space of homoge-
neous polynomials in two complex variables corresponds to the classical unitarily
invariant Hermitian structure of the respective space (see Blum et al.| [1998]).
Therefore, the probability distribution of the roots in P(C?) is invariant under
the action of the unitary group.

It is not difficult to prove that the unitary group action over P(C?) correspond
to the special orthogonal group of the unit sphere. Hence, the distribution of the

associated random roots on the sphere is orthogonally invariant. Thus, our main
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0.2 Random System of Equations

result is another geometric confirmation of the repelling property of the roots of

this Gaussian random polynomials.

Part of the motivation of 7th Problem of Smale is the search for a polynomial
all of whose roots are well conditioned, in the context of [Shub & Smale| [1993¢].

Shub & Smale| [1993b] proved that well-conditioned polynomials are highly
probable. In |Shub & Smale| [1993c] the problem was raised as to how to write a
deterministic algorithm which produces a polynomial g all of whose roots are well-
conditioned. It was also realized that a polynomial whose projective roots (seen
as points in the Riemann sphere) have logarithmic energy close to the minimum
as in Smale’s problem after scaling to S?, are well conditioned.

From the point of view of [Shub & Smale| [1993¢|, the ability to choose points at
random already solves the problem. Here, instead of trying to use the logarithmic
energy function V() to produce well-conditioned polynomials, we use the fact
that random polynomials are well-conditioned, to try to produce low-energy N-

tuples.
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Chapter 1

Complexity of The Eigenvalue
Problem I: Geodesics in the
Condition Metric

In this chapter we study path-following methods for the eigenvalue problem. We

introduce a projective framework to analyze this problem. We define a condition

number and a Newton’s map appropriate for this context, proving a version of

the y-Theorem. The main result of this chapter is to bound the complexity of

path-following methods in terms of the length of the path in the condition metric.
This chapter follows closely |Armentano) [2011a)].

1.1 Introduction and Main Results

1.1.1 Introduction

In this chapter we study the complexity of path-following methods to solve the

eigenvalue problem:

(M, —A)v=0, v#0,

where A € K" (K=R or C), v € K", A € K. Classical algorithms for solving
the eigenvalue problem may be divided into two classes: QR methods (including

Hessenberg reduction, single or double shift strategy, deflation), and Krylov sub-
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space methods; see |Wilkinson| [1965], Golub & Van Loan| [1996], |Stewart| [2001],
Watkins| [2007].

Surprisingly, the complexity of the eigenvalue problem is still an open problem.
It may be formulated in the following terms: given an algorithm designed to solve

the eigenvalue problem,
1. For which class of matrices does it converge ?

2. What is the average number of steps, in a given probabilistic model on the

set of inputs, to obtain a given accuracy on the output 7
The two following examples show that such questions are particularly difficult:

e QR algorithm with Wilkinson’s single shift diverges for a non-empty open
set of matrices (see Batterson & Smillie [1989a;b]).

e QR algorithm is convergent for almost every complex matrix. However,
even for the choice of Gaussian Orthogonal Ensemble, as a probabilistic

model, question (2) remains unanswered (see Deift| [2008]).

In this chapter we consider the eigenvalue problem as a bilinear polynomial
system of equations and we consider homotopy methods to solve it. The system
(M, — A)v =0, v # 0, is the endpoint of a path of problems

(M), — A(t))o(t) =0, v(t) £0, 0 <t <1,

with (A(1),\(1),v(1)) = (A, A\, v). Starting from a known triple (A(0), A(0), v(0))
we “follow” this path to reach the target system (Al,, — A)v = 0. The algorithmic

way to do so is to construct a finite number of triples
(Aka/\kavk)7 0 S k S K7

with Ay = A(tx), and 0 = t5 < t; < ... < txg = 1, and where )\, v, are
approximations of A(tx), v(tx). The complexity of this algorithm (defined more
precisely below) is measured by the number K of steps sufficient to validate this
approximation. In this chapter we relate K with a geometric invariant, namely,
the condition length of the path.

32



1.1 Introduction and Main Results

We begin with the geometric framework of our problem. Since the eigenvalue
problem is homogeneous in v € K™ and also in (A, \) € K™*" x K, we define the

solution variety as
V= {(AN0v) eP (K" xK) xP(K"): (AL, — Av=0},

where P(E) denotes the projective space associated with the vector space E. We
speak interchangeably of a non zero vector and its corresponding class in the
projective space.

Note that the solution variety V differs from the definition given Subsection

011

1.1.2 A Bihomogeneous Newton’s Method

Given a non-zero matrix A € K"*" we define the evaluation map Fy : Kx K" —
K", by
Fy(\v) == (A, — A)v.

Associated to F)y we define Ny : K x (K* — {0}) — K x K", given by
Na(A\v) = (A, 0) = (DFa(X 0)|gwor )~ Fa(A,0), (1.1.1)

defined for all (A, v) such that DF4()\, v)|gy,o is surjective. Here v is the Hermi-
tian complement of v in K”. This map is homogeneous of degree 1 in v, therefore,
N, induces a map from K x P(K") into itself.

We define the Newton map N on (K™ —{0,}) x K x (K" — {0}) by

N(A, X v) = (A, Na(\,0)).

This map N is a bihomogeneous map of degree 1 in (A, \) and v. Hence N is
well-defined on P(K™*" x K) x P(K") (see Section [1.).

Given A € K™ A # 0, and (Mg, v9) € Kx K", vy # 0, the Newton sequence
associated to A is defined by

(A, >\k+1, ’l}k+1) = N(A, )\k», Uk), k Z 0.
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We say that this sequence converges immediately quadratically to a solution of

the eigenvalue problem (A, A\,v) € V when

dpz (A A, ve), (A, N, 0)) < (%) e (A, M, 1), (A, A 0))

for all positive integer k. Here dp2(-,-) is the induced Riemannian distance on
P(K™*" x K) x P(K") (see Section|1.2.1). In that case we say that (A, Ao, vp) is

an approximate solution of the eigenvalue problem (A, A\,v) € V.

1.1.3 The Predictor-Corrector Algorithm

Let T'(t) = (A(t),A(t),v(t)), a < t < b, be a representative path in V. To
approximate the path I' by a finite sequence we use the following predictor-

corrector strategy: given a mesh a = ¢y < t; < ... < tx = b and a triple
(A(to), Ao, v0) € K™ x K x K", (vg # 0), we define

(A(tkt1), Met1, Urg1) == N(A(tes1), My ve), 0< k<K —1,

(in case the Newton map is defined). We say that the sequence (A(t), Ak, vk),
0 < k < K, approzimates the path T'(t), a < t < b, when, for any k =
0,..., K, (A(tg), A, vx) is an approximate solution of the eigentriple I'(tx) =
(A(tr), AM(tx), v(tr)) € V. In that case we define the complexity of the sequence by

>

1.1.4 Condition of a Triple and Condition Length

Let W C 'V be the set of well-posed problems, that is the set of triples (A, A\,v) € V
such that A is a simple eigenvalue (see Section . In that case, for a fixed
representative (A, A\,v) € 'V, the operator II,i (A, — A)|,. is invertible, where
II,. denotes the orthogonal projection of K onto v*. The condition number of

(A, A\, v) is defined by

(A, N, ) = max {1, || A]lp - [[TLe (AL, — A)|,o 11}, (1.1.2)

34



1.1 Introduction and Main Results

where || - || and || - || are the Frobenius and operator norms in the space of
matrices. We also let pu(A, \,v) = oo when (A, \,v) € V —W; (see Section|1.5).
When I'(t), a <t < b, is an absolutely continuous path in W, we define its

6= [

where HF(t) . is the norm of I'(¢) in the unitarily invariant Riemannian struc-
It

ture on V (see Section |1.2.1)).

condition-length as

‘F(t)HF(t) (D) dt, (1.1.3)

1.1.5 Main Results

The main theorem concerning the convergence of Newton’s iteration is the fol-

lowing.

Theorem 1. There is a universal constant ug > 0 with the following property.
Let (A, X\, 0), (A, Ao, v9) € P(K™" x K) x P(K"). If (A, \,v) €W and

Ug
dPQ ((A’ )\OaUO), (A7 )\,U)) < ma

then, (A, Xo,vo) is an approzimate solution of (A, \,v).
(One may choose ug = 0.0739).

Theorem |1} is a version of the so called vy-theorem (see Blum et al.| [199§]),
which gives the size of the basin of attraction of Newton’s method. Different
versions of the v-theorem for the symmetric eigenvalue problem and for the gen-
eralized eigenvalue problem are given in Dedieu [2006] and |Dedieu & Shub [2000]
respectively.

Theorem[1]is the main ingredient to prove complexity results for path-following
methods.

The proof of Theorem [1] follows from a version of the y-theorem for the map

N :Kx P(K") — K x P(K") which is interesting in itself (see Section[1.4).

Following these lines our main result is:
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Theorem 2. There is a universal constant C' > 0 such that for any absolutely
continuous path I' in 'W, there exists a sequence which approximates I', and such

that the complexity of the sequence is
K<C¢,)+1.
(One may choose C = 120).

The proof of Theorem [ is given in Section[1.5

1.1.6 Comments

In their seminal paper [Shub & Smale, [1993a], Shub and Smale relate, in the
context of polynomial system solving, the complexity K to three ingredients: the
degree of the considered system, the length of the path I'(¢), and the condition
number of the path. Precisely, they obtain the complexity

K < CD*?UT)u(I)?),

where C'is a universal constant, D is the degree of the system, ¢(I") is the length of
I" in the associated Riemannian structure, and p(I') = sup,<;<, 1 (I'(t)). Similar
results for the generalized eigenvalue problem were obtained in [Dedieu & Shub
[2000].

In Shub| [2009] the complexity K of path-following methods for the polynomial
system solving problem is analyzed in terms of the condition length of the path.

In the context of polynomial system solving, the eigenvalue problem may be
considered as a quadratic system of equations. However, |Shub & Smale [1993a]
and Shub & Smale [1996] do not apply since the eigenvalue problem as a quadratic
system belongs to the subset of ill-posed problems of generic quadratic systems.
(See |Li [1997]). Therefore, in order to analyze the complexity of the eigenvalue
problem, a different framework is required. Here we consider the eigenvalue

problem as a bilinear problem (see Subsection |1.2.2.1)).
The approach considered in this chapter is greatly inspired by |Shub| [2009].

36



1.2 Riemannian Structures and the Solution Variety

Note: Throughout this chapter we will work with K = C. However most defini-
tions and results can be extended immediately to the case K = R. Whenever it

is necessary we shall state the difference.

1.2 Riemannian Structures and the Solution Va-
riety

In this section we define the canonical metric structures and study some basic
topological and algebraic properties of the solution variety for the eigenvalue

problem.

1.2.1 Canonical Metric Structures

The space K" is equipped with the canonical Hermitian inner product (-,-). The

space K"*™ is equipped with the Frobenius Hermitian inner product
(A, B)F := trace (B*A),

where B* denotes the adjoint of B.
In general, if E is a finite dimensional vector space over K with the Hermi-
tian inner product (-,-), we can define an Hermitian structure over P(E) in the

following way: for z € E,
(w, w')

!/ —
<w7w>$ . HZ'H2 9

for all w, w' in the Hermitian complement 2t of x in E, which is a natural
representative of the tangent space T,P(E). Let dp(x,y) be the angle between
the vectors x and y.

The space P(K™*" x K) x P(K") inherits the Hermitian product structure

1A, A, ) [Banay = ICA N Ean + 1013 (1.2.1)

for all (A, \,0) € (A, \)* x vt
We denote by dp2(-, ) the induced Riemannian distance on P(K™*" x K) x
P(K™).
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Throughout this chapter we denote by the same symbol dp distances over
P(K"™), P(K™*™) and P(K™*" x K).

1.2.2 The Solution Variety V

Recall that the solution variety V C P(K™" x K) x P(K") is given by the set of
triples (A, A\, v) such that (A, — A)v = 0. Note that V is the set of equivalence
classes of the set {F = 0}, where F' : K" x K x (K" — {0}) — K" is the

multihomogenous system of polynomials given by
F(A N v) = (A, — A)v. (1.2.2)

Therefore V is an algebraic subvariety of the product P(K™*" x K) x P(K").
Moreover, since 0 is a regular value of F', we conclude that V is also a smooth
submanifold of P(K™" x K) x P(K"). Its dimension over K is given by

dimV = dim(K™*" x K x K") —n —2 =n? — 1.
The tangent space Ti4x,V to V at (A, A, v) is the set of triples
(A, N, 0) e K™ x K x K",
satisfying
M, —Av+ (M, —A)o=0;, (A Apr+I=0; (0,0)=0. (1.2.3)

Remark 1.2.1. The solution variety V inherits the Hermitian structure from
P(K™" x K) x P(K") defined in (1.2.1)).

We denote by m; and 75 the restriction to V of the canoncial projections onto
P(K™" x K) and P(K") respectively.

Note that 71 (V) € P(K™" x K) does not include the pair (0,,1). Therefore

we can define the map

7:V—=PK™), 7w:=pom,
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where p is the canonical projection

P PK™ x K) — {(00,1)} = PK™™),  p(A,\) = A, (1.2.4)
/ V \
P(K™" x K) — {(0,,1)} - P(K")
()

The derivative
DT('(A, /\, U) : T(A7>\7'U),\7 — TAP(Knxn), (1.2.5)

is a linear operator between spaces of equal dimension.

Definition 1. We say that the triple (A, A\, v) € V is well-posed when Dm(A, \,v)
is an isomorphism. Let W be the set of well-posed triples, and ¥’ :=V — W be
the ill-posed variety. Let ¥ = 7(¥') C P(K"*") be the discriminant variety, i.e.
the subset of ill-posed inputs.

Lemma 1.2.1. ¥/ is the set of triples (A, \,v) € V such that X is not a simple

eigenvalue.

Proof. The linear operator (1.2.5) is given by

PEDY

Dr(A N v) (AN 0) = A+ =
Al

A, (A, }\, U) S T(A’M)V.

According to ([1.2.3)), a non-trivial triple in the kernel of D7(A, A, v) has the form
(=2 A, \,0), where (0,v) =0, © # 0, and

1Al
- AP :
A 1+W U—F()\IN—A)U:O.
F

Then, rank[(A], — A)?] <n —1. O
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Corollary 1. ¥/ is an algebraic subvariety of V.

Remark 1.2.2. When K = C, by the Main Therorem of elimination theory (cf.
[Mumford|, 1976, pp. 33]) and the fact that the projection p is Zariski-closed
(cf. [Mumford, [1976], Corollary 2.28]), we conclude from Corollary[] that ¥ is an
algebraic subvariety of P(K™*™).

Remark 1.2.3. The solution variety V is connected since each (A, \,v) € V can
be connected by a path (in V) with a triple of the form (vv*,||v]|?,v) € V. Here

v* is the conjugate transpose of v.
Lemma 1.2.2. (i) When K= C, W is connected.
(ii) When K =R, W has two connected components.

Proof. (i) Since 'V is connected, the result follows from Corollary |1 and the fact
that a complex algebraic subvariety of V cannot disconnect it (cf. [Blum et al.
1998, pp. 196]).

(ii) It is enough to prove the lemma in the affine case. Let V and W be the affine
spaces associated to V and W. Let ¢ : V — R" x R™" be the continuous map
given by ¢(A, A\, v) = (v, AI,, — A). Define the subsets

L= {(w, M) € R x R™": Mw = 0}

and
B :={(w,M) € £ : rank(M + ww") = n}.

~

Note that ¢ projects V onto £, and therefore £ is connected. Moreover (W) =
B. The second assertion follows from the fact that I, M|, = IL,(M +
ww?)|,1, for all (w, M) € L.

Note that, for all (w, M) € B, o (w, M) = {(M + al,,a,w) : a € R} is a one
dimensional subspace of W. Therefore, the set B := {(M,0,w) : (w, M) € B} is
a deformation retract of W. It is clear that B and B are homeomorphic.

Then, the lemma follows from the fact that B has two connected component
on L. [
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1.2.2.1 Multidegree of V

In this item we will see that the bilinear approach considered in this chapter gives
the correct number of roots of the eigenvalue problem.

For the sake of simplicity in the exposition, we will restrict ourself to the case
K = C. This subsection follows closely D’Andrea et al. [2011].

Since V is an algebraic subvariety of the product space IP’((C"X” X C) x P(C™),
there is a natural algebraic invariant associated to V, namely, the multidegree of
V. This invariant is given by the numbers deg,2__;;(V), ¢ =0,...,n—1, where
deg(n2_1_; (V) is the number of points of intersection of V with the product
A x A C P(C™ x C) x P(C"), where A C P(C™" x C) and A’ C P(C") are
generic (n? — 1 — 7)-codimension plane and i-codimension plane respectively (see
Fulton| [1984]).

Lemma 1.2.3. deg(,2_;_; 5(V) = (lﬁl) fori=0,...,n—1.

In order to give a proof of this lemma we recall some definitions from inter-
section theory (cf. Fulton [1984]). (See also D’Andrea et al.|[2011]).
The Chow ring of P(C”X” X (C) x P(C") is the graded ring

AT (P(CV™ x C) x P(C")) = Zwr, wa] /(@i +,5),

where w; and ws denotes the rational equivalence classes of the inverse images of
hyperplanes of IP’(C”X” X C) and P(C™), under the projections ]P’((C”X” X (C) X
P(C") — P(C™" x C) and P(C™" x C) x P(C") — P(C") respectively.

Given a codimension n algebraic subvariety X C P(C™" x C) x P(C"), the

class of X in the Chow ring is
n—1
X = 3 dega g i(X) witlwg ™17 € A7 (B(C™" x C) x P(C")) .
i=0

Proof of Lemmal[1.2.3 Let F;, (i = 1,...,n), be the coordinate functions of F’
defined in (1.2.2)). Since F; is bilinear for each i, we have that the class of {F; =
0} C P(C™" x C) x P(C") is given by

{F =0} = w; +wp € A" (B(C™" x C) x P(CY)), (i=1,...,n).
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Then, the class of V in the Chow ring is

n

V] =[{F =0yn---n{F =0} = [[{F =0}],

=1

where the last equality follows from Bézout identity. Therefore, one gets

V= Gy =3 (Z) wiws ™,

(=1

that is
n
deg(n2—1—i,z‘)<v) “\iv1)

]

Proposition 1.2.1. For all A € P(C™*") =% we have #n~(A) = deg(,2_1 0 (V) =

n.

Proof. Since P(C"*™) — ¥ is connected, the number of preimages under 7 is
constant on it. From Lemma we get that the restriction m|y_sy : V=% —
IP’(C"X” X C) is a bijective map onto its image m;(V — 3'). Therefore, given
A € P(K™™) — 3, we have #71(A) = #p|,r1(\7)71(A), where p is the projection
map given in (1.2.4). Moreover, from [Mumford, [1976, Corollary 5.6], we get that
#lm o (A) = degm (V), where deg is the degree of the projective algebraic
subvariety (V) C P(C™" x C). Since dim7(V) = dim(V) and the fact that
mly_s : V=% — m(V — ¥') is bijective, we get that #(A x P(C")) NV =
#A Ny (V), for a generic (n? — 1)-codimension plane A C P(C™" x C). Then,
we obtain that deg (V) = deg,2_1 (V). O

Remark 1.2.4. From this proposition we get that the map 7w|y_r—1(z) @ V —

7 1(¥) — P(C™") — X is a n-fold covering map.

1.2.2.2 Unitary Invariance

Let U, (K) stand for the unitary group when K = C or the orthogonal group when
K = R. The group U,(K) acts on P(K") in the natural way, and acts on K"*"
by sending A — UAU~!. Moreover if (A, \,v) € V, then (UAU, \,Uv) € V.
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Thus, V is invariant under the product action U,(K) x V — 'V given by
U-(ANv)— (UAU Y, N\, Uv), U ecU,(K). (1.2.6)

Remark 1.2.5. Note that the group U,(K) preserves the Hermitian structure on
V, therefore U, (K) acts by isometries on V.

1.3 Condition Numbers

In this section we introduce the eigenvalue and eigenvector condition numbers,
and we define the condition number for the eigenvalue problem. We will discuss
the condition number theorem for this framework, which relates the condition
number with the distance to ill-posedness. In the last part of this section we

study the rate of change of condition numbers.

1.3.1 Eigenvalue and Eigenvector Condition Numbers

When (A, \,v) belongs to W, according to the implicit function theorem,
has an inverse defined in some neighborhood U4 C P(K"*") of A such that
71 (A) = (A, \,v). This map .¥ =7 |y, : Ux — V is called the solution map.
It associates to any matrix B € U, the eigentriple (B, Ag, vg) close to (A, A, v).
Its derivative

D (A, X\ v) : TAP(K™") = TiapnnV,

is called the condition operator at (A, \,v).
If (A, \,v) € W, the derivative D.# (A, A, v) associates to each B € T4P(K"™*")
a triple (A, A, 0) satisfying (1.2.3). Moreover, equation (1.2.3)) defines two linear

maps,

DA(AN0)B = (A, \) and D.Z, (A \v)B =1,

namely, the condition operators of the eigenvalue and eigenvector respectively.

Lemma 1.3.1. Let (A, \,v) € W. Then for B € TyP(K"™"), one gets:
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(i)
h)

Dy)\(A, )\,’U)B = (B - )\WAA, )\), where )\ =
F

(B, u)
(1 + %) (v, u)

Y

(ii)
DSy(A N 0)B = TL,. (A, — A)],e " (HvL(Bv)) ,
where u € K" is a left eigenvector of A with eigenvalue A: a non-zero vector
satisfying (A, — A)*u = 0.

Proof. (i): Note that the relation between B € A+ and (A, \) € (A, \)* is given
by -
A
1Al

Moreover, from (1.2.3) we get (Av,u) = )\(v, uy, i.e.

B=A+ A. (1.3.1)

(1.3.2)

From ([1.3.1)) and ([1.3.2)) follows

(ii): From (1.2.3) again one gets

=Ty (A, — A)|ye " (HUL(AQJ)) .

Since IT,. (Bv) = I+ (Av) by (1.3.1)), the result follows. ]

Since P(K™*™) is equipped with the canonical Hermitian structure induced by

the Frobenius Hermitian product on K®*" the condition numbers of the eigen-
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value and eigenvector are given by

(AN v) = sup  [[DA(AN0)B|an
_BeAt
1Blr=llAll»

to(A, N v) = sup  ||DZ (AN 0)B],

_BeaAt
IBllr=IAllr

Proposition 1.3.1. Let (A, \,v) € W. Then

(i)

1 oll2 - [l 1/2
[IJ)\(A,)\,U):—. |:1+%:| ;

(i)
fo(A A 0) = [Allp - [TLs (M — A)fe s

where || - || is the operator norm.

Remark 1.3.1. I+ (A, — A)|,. is a linear map from the Hermitian complement
of v in K™ into itself. Hence the operator norm of its inverse is independent of

the representative of v.

Proof. (i): From Lemma|1.5.1]

3112+ |\]2 A2
IDAA(AN0)Bl[E s = 1517+ 1) (1 + ||A||2F>

IANIE + A2 (133)
182 + | Lo ’ (1 2\ >_1 o
B+ %5 AT
IANE + A2

Then, the proof of (i) can be deduced from the following result:

. A2
swp  [(Bu,w)| = 1Al - o2 - Jull2 = 75 (0, w2
1417
I1Bll7=IAllr

(The proof is left to the reader).
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(ii): Since Av = Av, we have IT,. (Bv) = I1,. (B + aA)v), for any a € K and
B € A+, Then, from Lemma we get:

(AN 0) = sup HHUL(/\I,L—A)]UL_l (HUL(BU)>
_BeaAt
Bl r=llAllF
= sup [[Allp - [l ALy = A" (T (Bo)
BQK"X"
IBllF=1

v

v

Since {II,.(Bv) : B € K", ||B||p = 1} fill the ball of radius |jv|| in v*, the
result follows. O

Corollary 2. py and p, are invariant under the action of U, (K).

Remark 1.3.2. Let (A, \,v) € W. If (A, — A)*v = 0, that is, if v is also a left

eigenvector of A with eigenvalue A, then,

&

(A N\ v) =

1+ B

N

‘ 2
F

In particular, this is the case when A is normal, i.e. A*A = AA*. On the other
hand, p, happens to be more interesting since, roughly speaking, it measures how

close to A others eigenvalues are.
Lemma 1.3.2. Let A € P(K™") be a normal matriz. If (A,\,v) € W then

1Al 7
v A, >\7 = X 5

ol v) min; [\ — A

where the minimum is taken for \; eigenvalue of A different from \.

Proof. Since A is normal, by the unitary invariance of j,,, we may assume that A
is the diagonal matrix Diag(A, Aa, ..., A,), where A, \; are the eigenvalues of A.
Moreover, since (A, \,v) € W, X\ # \; for i = 2,...n. Then, the result follows
from Proposition |1.5.1] O]

1.3.2 Condition Number Revisited

The condition number of a computational problem is usually defined as the op-

erator norm of the map giving the first order variation of the output in terms of
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the first order variation of the input. In our case the condition number should be
the operator norm of the condition operator D.% (A, A\, v) given in Section ,
ie.

IDL(A,Nv)| = sup  [[DF(A,N0)Bl(arm)-

_BeaAt
I1Bll=IlAll#

Note that this quantity is bounded below by (A4, A, v) and above by (ux(A, X, v)*+
1o (A, X, v)3)1/2. However, in spite of this definition, we define the condition num-

ber of the eigenvalue problem in the following way.

Definition 2 (Condition Number). The condition number of the eigenvalue prob-
lem is defined by
(A, N v) == max{1, u,(A, A\, v)}. (1.3.4)

In the next proposition we show that this definition and the usual one are

essentially equivalent.
Proposition 1.3.2. Let (A, \,v) € W. Then

% (AN 0) < DS (AN <2 (AN, v)

The proof follows from the next lemma.

Lemma 1.3.3. Let (A, \,v) € W. Then,
(i) (A \0) > 1/V/3:

(ii)

1
TR DI
1+ 44

MA(Av )\7 /U) S

%
Proof. Fix a representative of (A, \,v) € W such that ||v]| = 1.
(i): One has,

T (A = Ao || < T (A) |y ||+ [A] < V2] AL,
that is, || TT,. (A, — A)|,+|| < /2. Therefore,

L= || (e (M = A)|p) ™ T (A = A || < V20, (A A, 0).
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(ii): Since the action of U, (K) on P(K") is transitive, we may assume that v is

A
the first element of the canonical basis. Then A has the form <O Z), where

i 0
w e KD and A € Km DXt Then A — I, = Y ). Note
0 A—A, ,

that u = (1, —(A — M,_1)*w*)T is solution of (A — AL,)*u = 0, i.e. uis a
left eigenvector. Here, -7 and -* denotes the transpose and conjugate transpose

respectively. Then,

) 1
[ T ATy S TR
> 1
VI 1A= AL 2wl
1 1

Z = .
VUG A Al VIFmAAP

The result now follows from Proposition |1.5. 1] O

The next subsection is included for the sake of completeness but is not needed

for the proof of our main results.

1.3.3 Condition Number Theorems

In this subsection we study the relation of py(A, A\, v), u,(A, A\, v) and p(A, A, v)
with the distance of (A, \,v) to ¥'. The main result in this subsection is that
(A, X\, v) is bounded above by sin(dpz(A, A, v), X)) L.

Let (E, (-,-)) be a finite dimensional Hermitian vector space over K. Given A

a projective subset in P(E), we denote by A C E its affine extension.

Lemma 1.3.4. Given z € E, x # 0, we have

where dg is the distance generated by (-,-).
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Proof. The proof is straightforward. O

The next proposition is a version, adapted to this context, of known results
given by Wilkinson| [1972]) and |Shub & Smale| [1996] .
Recall that ¥ = 7(¥') C P(K™*").

Proposition 1.3.3. Let (A, \,v) € W. Then

(i)

2
A v S\ s s T
(A, A, v) < \/sin(dP(A7 %))? o

(it)
Hv(Aa )\,U) _ H‘leF :
dr(A, 3, + \,,)

where X, = {B € P(K™") : (B,0,v) € ¥} C X.

Proof. (i) Let 3 € K™ be the affine extension of ¥ in K"*", and let u be a left

eigenvector associated to A with eigenvalue \. Wilkinson shows that:
lofl - flull Al
(v, w)] = dp(4,%)
(cf. [Demmel| [1988], Wilkinson! [1972]). Then, (i) follows from Proposition [1.3.]]

and Lemma |1.5.
(ii) In |Shub & Smale| [1996] it is proved that, for a fixed triple (A4, A\,v) € V,

- 1
dF()‘In - A, Ev) = —1q°
MLy (AL = A)|pr |

Then, (i) follows from Lemmal[1.3.1] O

Corollary 3. For (A, \,v) € W, we get

A Sl (A D)

Proof. Since S, +al, cSforalac K, we conclude from Lemma that:

MRS el A )
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Moveover, since the second member is greater than one, the proof follows. O]

Proposition 1.3.4. For (A, \,v) € W, we get

1
AN Y) S e (A o), 5

Proof. Let ¥/ := {(B,n) € P(K™" x K) : (B,n,v) € ¥'}, and ¥ its affine

extension in K™"*" x K. Note that
dgnxnsi (A, N), 57 = dp(A — M, 3,),

where 32, is defined in Proposition |1.5.5 Then, from Proposition|1.5.5, we get

[All 7

dinn e (A, 0), 50) = — 2
(4, 4), ) fio (A, A, )

Since m; *(X) C ¥, we get
dpz (A, A, 0),2) < dpe ((A, N\, 0), 77 1(20)) = de((A,N), 7).

Then, the result follows from the fact that sin(-) < 1. O

1.3.4 Condition Number Sensitivity

For the proof of Theorem [ we have to study the rate of change of the condition
number p defined in ((1.3.4)).

The main result of this subsection is the following.

Proposition 1.3.5. Given ¢ > 0, there exist C. > 0 such that, if (A, \v),
(A", N, v") belongs to W and

C
"N e
dpz (A, A, v), (A", X)) < AN

then
p(A, A, v)

< / / / < )
o SN ) < (Lt e)u(4, A v)
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arctan <

m) where o == (1 +/5)2v/2).

(One may choose C. = (te)

Before proving Proposition [1.5.5 we need some additional notation.
When E is a finite dimensional vector space over K equipped with the Hermi-

tian inner product (-, -), we define
dr(w, w') == tan(dp(w, w')), (1.3.5)
for all w, w' € P(E). We have
dr(w, w') = [lw — ||,

whenever w and w’ satisfy (w — ', w) = 0.
Note that dp(-,-) < dr(-,-). Moreover, we have:

Lemma 1.3.5. Let w, w' € P(E) such that dp(w,w') < 0 < /2. Then

tan(6)
0

dp(w,w') < dp(w,w') < ~dp(w,w"), for allw, w' € P(E).

Proof. This follows from elementary facts. ]

Given w € K", w # 0, we define for any B € K"*" the map

~ A

M,.B:K"—K" by I,.B:=70ll,.B,

where 7 : wt — K" is the inclusion map. That is,

Il,.Bz = Bz — (Bz, £>£
[[]]

lwll®

A

Since (HvJ_()\In - A)) v =0 for all (4, \,v) € W, then we have

MU(Aa >‘7U) = ||A||F ) ||Hvl()‘]n - A)|vl71H

=l | (s an, - ) |

where { is the Moore-Penrose inverse.
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Lemma 1.3.6. Let v, w € P(K") and B € K™™. Then
HﬂULB - ﬂwLBH < 2||B]| - dr(v, w).

Proof. Take representatives of v and w such that |[v|| = 1 and (v —w,v) = 0. Let
u € K", then

H (ﬁULB - ﬁwLB> uH — |Bu — (Bu, v)o — (Bu — (Bu i>ﬂ> H

el flwl
w o, w
= <BU, _>_ - <BU,U>U
[l fJewl]
w w w
< |[{(Bu, —— — v)—— + (Bu,v) (— — v) H
T[] [[]]
w
< 2||Bul| - H”w_H — || < 2||Bul| - dr(v, w).

Let dr2 be the product function defined over P(K™" x K) x P(K") by

dr2 (A, A ), (AN, 0) = (dr((A,N), (A V) + dp(v,0')?)

Proposition 1.3.6. Let o := (14 v/5)2v/2.
Let (A, \,v), (A", N, v") € W such that

1

2 ((A AN _
dT (( ,)\,’U),( 7)\,U))<04'MU<A,)\,U)

Then, the following inequality holds:

(14 v2dp2 ((A, A, 0), (A, N, 0")) - (A, A, 0)
1—a- p,(AN0) - de((A, A v), (A /\’,v’)) '

(A, N 0') <

Proof. Consider representatives of (A, A\,v) and (A’, \,v’) such that: ||Al|r =
vl =1, (A, A) — (A", \) perpendicular to (A, A) in K"*" x K, and v — v’ perpen-
dicular to v in K".

Notation: for short, let Ay := (AL, — A) and A), :== (N, — A').
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By Wedin’s Theorem (see [Stewart & Sun| [1990], Theorem 3.9) we have

() = ()| <

1 . t . Hpr .
+2‘/5 : H (HvLAA) H : H (HU,LA',) H - HHULAA ~ 0.l
N T . T A T A T
snce | (o 2) | = ()| < | (o) = (B ) | e,
A T
T ()|
“(ﬂv/LA//> H S 'I' .
1= 258 (A | a -
Note that

"ﬂvLA)\ - f[v/J_A/ ’

S HﬂUJ_A)\ - f[v/J_A)\H + Hﬂv/LA)\ - f.[,u/J_A//
< 2 [|AN] - dr(v, o) + [|AN = Ay,

where the second inequality follows from Lemma [1.5.6f Moreover, taking into

account that (A, A,v) € W and the choice of elected representatives, we get

A=A < A=A+ A= N

< V2 (AN, (AN) - IANE + A2

< 2-dp((A) M), (A’, X)),
and hence

Hﬂv“‘h LA < 4 dp(o, o) 2 dp((A, ), (A, X)),
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Then we conclude
~ T
iR

0]

- VBV (1) dr(a ), (o)

The proposition follows from the following fact: ||A'||p < 1+ ||[A — A|lr <
14+ V2dr((A, ), (A", X)), 0

Proposition 1.3.7. Given ¢ > 0, there exist c. > 0 such that, if (A, \v),
(A, N 0") € W and

C
dr2((A, A AN —
T(( ) av)a( ) ’U)></J<A,)\,U)’

then,
p(A N V") < (T4 e)u(A, N v).
(One may choose c. = m, where a = (14 v/5)2v/2.)

Proof. 1t is enough to prove the assertion for p, instead of p.
Recall from Lemma that p, is bounded below by 1/ V2. Hence,

(A AN o .
dT (( 7)‘71})7( 7)\’U))</L(A,/\,’U)’

implies
V2e
o (A, N v)

From Proposition , if ¢ is such that v/2¢ < 1 /o and

dp2 ((A, A v), (AN v’)) <

142v2
+—\/_C < ]_ + 5’
1-— \/Qac
we get the result.
One may choose c. = °
T 2vV2+v2a(1 +-¢)
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Corollary 4. Given € > 0, there exist c. > 0 such that, if (A, \,v), (A, N,V') €
W and

o
dp2 ((A, X AN —
IP’(( ) 77])7( ) 7v))<IU(A,>\,’U)7
then,

p(AL N V") < (T4 e)u(A, A, v).

> where o := (1 ++/5)2v/2.)

/ 3
(One may choose ¢, = arctan (37—

Proof. By Lemma|1.5.4, if

/

dp2 (A, A, 0), (A, X)) < m
then
drs (AN 0), (AN, 0)) < taf;fd) dgs (A, A, 0), (A, X, 0))
tan(c)
(A, A v)
proving the lemma. O]

Proof of Proposition[1.3.8, From Corollary [J, there exist ¢ > 0 such that, if
(A, N\ v), (A, N, v") €W are such that

dp2 ((A, ), (A X,v/)) (AN v) <

then
p(AL N V") < (T4 e)u(A, A, v).

It is enough to take ¢’ such that ¢ < arctan <m) In this case we have
dp> ((Av A, U)7 (A/> /\/7 U/)) ) :u(Ala )\/7 U/) < C,(l + 6)'

m) we have the

other inequality. O

Then, by the same argument, if ¢(1 + ¢) < arctan (

95



1. COMPLEXITY OF THE EIGENVALUE PROBLEM I:
GEODESICS IN THE CONDITION METRIC

1.4 Newton’s Method

In this section we start describing the Newton method defined in the Introduction.

The main goal of this section is to prove Theorem

1.4.1 Introduction

Let us recall the definition of the Newton map on P(K™" x K) x P(K"). We
define
N(A> )‘7/0) = (A> NA()‘7U))7

where N, is the Newton map, given in (I1.1.1]), associated to the evaluation map
Fa(\v) = (M, — A)v, for a fixed (non-zero) matrix A and (\,v) € K x K"

Note that N4 has the simple matrix expression

()06 ()

To compute the Newton map we have to solve for (A, 0) € KxK" the following

linear system:

Mo+ (M, — Ao = (M, — A,
(0,v) = 0.

Then one gets:

Lemma 1.4.1. If I, (A, — A)|,. is invertible, then the Newton iteration is
given by
N(A N v) = (A X= )\ v—1),
where
0= (M (A — A)|, )7 e (M, — Ao,
(M — A)(v =), v)
(v, v) '
From Lemmal1.4.1], we conclude that N is a well-defined map on the product
space ]P’(K”X” X K) x P(K™). Moreover, for a fixed matrix A € K"*" A # 0, we
conclude also that the map Ny is well-defined on K x P(K™).

A:
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1.4.2 ~-Theorem

In order to prove Theorem [1 and Theorem [ we need to obtain a version of the
~-Theorem for the Newton map N4 : K x P(K") — K x P(K").

Proposition 1.4.1. Let 0 < u < 1/(2v/2).
Let (A, \,v) € W such that ||A||r = 1, and let (Ao, v) € K x P(K").

If

No— A2 d 2\1/2 U
(‘ 0 | + P(U()’U)) </L(A,)\,U)’

then, the Newton sequence (A, vy) := N%(Xo,vo) satisfies

k_
(e — A2 + da 2\1/2 2 tan(u) ) 1 ? 1_ o — M2+ d 2\1/2
k p(vk, v)")° < 1 Vau 5 ([ Ao ° + dp(vo,v)”) 7,

for all k > 0.

This proposition will be the main tool to prove Theorem |I| and also Theorem
[ 1t is a version -for the Newton map Na- of a fairly known theorem in the
literature, namely, the y-Theorem, which gives the size of the basin of attraction

of Newton’s method. In our case, for the Newton map N4 reads:

Theorem 3. There is a universal constant ¢y > 0 with the following property.
Let (A, \,v) € W such that ||A|lr =1, and (Mg, v0) € K x P(K"). If

No— A2 d 2\1/2 Co
<| 0 | + P(U()?U)) <[1/(A,>\,U)7

then, the sequence (A, vp) = N%(Xg,v0) converges immediately quadratically to
(X, v) with respect to the canonical distance in K x P(K").
(One may choose ¢y = 0.288 ).

Since we do not find an appropriate place to refer to this version, we include
a proof of the Proposition[1.4.1]in the Appendiz. Note that the proof of Theorem
@ follows directly from Proposition picking u such that: 0 < u < 1/(2v/2)
and 2tan(u)/(1 — v2u) < 1.
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1.4.3 Proof of Theorem [1]
Preliminaries

Lemma 1.4.2. Fiz a representative of (A, \,v) € V such that ||Allr = 1 and
|lvll = 1. Let (X,v") € K x P(K").

LIfIN=XN|<c< V2, then,
dpz (AN 0), (AN ) < Be- (1A= NP+ de(v,0)2) 2,
where B, = (1 — c2/2)71/2.
2. If dp2 ((A, A\ 0), (A, N, 0')) < 0 < /4, then,
(X = N2+ dp(v,0")2)V2 < Ry - dpa ((A, M), (A, N, 0)),

where Ry = [vV/2/ cos(0 + 7 /4)%]'/2.

The proof of Lemma is included in the Appendiz.
Let 6y such that Ry, 0y = 1/(2v/2), where Ry is given in Lemma (6o
~ 0.1389).

Proposition 1.4.2. Let 0 < u < 6.
Let (A, X\, 0), (A, Xo,v9) € P(K™" x K) x P(K"). If (A, \,v) €W and

u

dp> (A, A, 0), (A, X, vp)) < (A v)

then

d[pQ (Nk(A, )\0, Uo), (A, /\7 ’U)) S

2k—1
<R, ﬁuRu (%) : (%) dpe ((A, )\7@)7 (Aa )\071)0))7

for all k > 0, where §(u) :=u/(1 —u).

Proof. With out loss of generality we may assume ||A||r =1 and ||jv]| = 1.
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By Lemma[1.].4 we get

uR,
(IXo — A|? + dp(vo, v))Y? <

S m (1.4.1)

Since u < 6y, we have uR, < 1/(2v/2), and then from Proposition and
Proposition [1.6.3, we get

(M — A2+ dp (g, v)?) 2 <

(%) ' (%)Qk_l (IAo = AI? + dp(vo,v)*)"/?, (1.4.2)

for all & > 0, where (A, vr) = N%(Xo,v9) . Moreover, since (|[Ag — A* +
dp (v, v)*)? < u R, we deduce from Lemmal[l.4.9 that

d]P>2 (Nk<A, )\0, U()), (A, )\, U)) S
2k 1
< G (LY (D) (0= AP delun, )

1—v2u R, 2
2tan(u R,) 1\
< Ry Bur, T—vaur.) \2 ~dp2((A, Mo, v0), (4, X, 0)).
(Note that u < 6y < F.) O

Proof of Theorem [l

Proof of Theorem[1. From Proposition proof of Theorem [1] follows picking
up > 0 such that uy < 0y and Ry, By, Ru, <%) < 1. One may choose
uQ

ug = 0.0739. [l
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1.5 Proof of the Main Theorem

1.5.1 Complexity Bound

In the introduction we defined the condition length of an absolutely continuous
path I': [a,b] - W as

b
60 = [ IE®ll (@) dr

The next proposition is useful for our Main Theorem [3

Proposition 1.5.1. Given ¢ > 0, C. > 0 as in Proposition [1.5.5, and T :
la,b] = W an absolutely continuous path with ¢, (I") < oo, define the real sequence
{Sk}k=o....x in [a,b] such that:

sy = a;

os;, such that u(T(si_1)) [ ||0()|r@dt = C-,

Sk—1

whenever u(I'(sk_1)) fsifl ||f(t)||p(t)dt > C;;
e clse define s = s = b.
Then,
1+e¢
K < . £,() + 1.

Proof. Given s € [sy_1, sg], dp2(P(s5-1),['(s)) < [* ) |]f’(t)|]p(t)dt < u(T(sp-1)) ' C..

Sk

By the first inequality in Proposition [1.3.5 we get

/s:: IE® e@nu(C () dt > % /s:: IOl = o

whenever k < K. Since ¢,(I') < oo, K < 0o, and adding, yields

(0) 2 (K~ 1)

1.5.2 Proof of the Main Theorem [2

Proof of Theorem[9: Let A(t), a <t < b, be a representative path of the projec-
tion w(I") € P(K"*™) such that [|A(t)||r =1 for a <t <b.
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Given amesh a =ty < t; < ... < txg =b, for k =0,1,..., K, let T'(t;) =
(A(tr), M, v) € K™ x K x P(K"), be the sequence described in Section [1.1.5

A

Then, if ['(¢x), I'(tx), I'(tx11) are such that,

and  dp2 (T(t), T(t)) <

dp2(T(tr), U (thy1)) <

p(C ()’ p(C ()’

then,

d]PZ (F(tk+1)’ (A(tk+l)> )‘ka Uk)) <
< dpe (T (tesr ), T(t)) + dpa (T (), T (1)) +
dp2 (T (1), (A(tes1), M vr))

2C. e (D(t), (Atrr)s My v0)).-

(T (tk))

Note that
dp2 (T (tr), (Atrsr), M o)) = di((A(tr), M), (Atrar), Ae))-
Since ||A(t)||r = 1, a < t < b, then, abusing notation, we get
dp((A(tr), Ak); (Altrs1) Ae)) < dp(A(tr), Altre1)),

where the inequality follows from a direct application of the law of cosines. More-

over,

lev1 |
dp(A(ty), A(try1)) < / ”A(t)”A(t)dt

t

' t41

V2 DA ) A@) | ey ey di
Ly

IN

lev1 |
< Vo / 100 lege d.
ty

where the second inequality follows from the trivial lower bound which one may
obtain from (|1.3.3)).
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Assuming [;** [|[T(t)||re) dt < Co/p(T(t)) we conclude

2+V2)C.

dpz (D (tr1), (A1) Ao 08)) < e p(P(tr)

Since dp2 (I'(tx), I'(trt1)) < m, from Proposition|1.3.5 we get
1+¢)(2+2)C.
oDt (). M) < HEEC VD

From Proposition , if u:= (14 2)C.(2 4+ v/2) < 6y, then

g (N (A(tir), M vi)), Tltn) <

2tan(u R,)
< R, BuRu (m) Py dIP2<F(tk+1)a (A(tkﬂ)v/\ka“k))

2tan(uRy) \ 1
Ru BuRu (lfx/iuRu) 2 U

= (T (tes))

Then, if € is small enough such that v < 6y and R, By g, <%> %u < (g,

we get that f(tkH) is an approximate solution of the eigenvalue problem I'(¢51).
Then, the proof of Theorem[d can be deduced applying Proposition to the
¢ selected before. O]

Remark 1.5.1. One can take ¢ = 0.2448. Then, C. ~ 0.010383, and one can
choose C' = 120.

1.6 Appendix

This section is divided in two parts. In the first one we include a proof of Propo-
sition[1.4.1} In the second part we prove Lemma

Proof of Proposition [1.4.1

Throughout this subsection, when ever we fix a representative of (A, \,v) € W

such that ||A||r = 1 and |jv|| = 1, we will consider the canonical Hermitian
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structure on K x K.

Preliminaries and Technical Lemmas

Lemma 1.6.1. Let (A, \,v) € W and v' € P(K™) such that dp(v,v') < 7/2.
1) Let 11,1 : V' — vt be the restriction of the orthogonal projection 11,1 of

K" onto v'*. Then,

—1 o ;
s do) = @)y

2) Pick a representative of (A, \,v) € W such that ||A||r = 1 and ||v|| = 1. Then,

(i)
1

I (DFA()"U)’KXv’L)i " DFAA v)|gxot | = m;
(it)
| (DFA 0)lseot) |

I (DFA()\’UHKX”'L)_I I < cos(dp(v, "))

Remark 1.6.1. In part 2) and 3) of the preceding lemma, we consider the spaces

K x vt and Kx v'* as subspaces of K x K" with the canonical Hermitian structure.

Proof. 1): Follows by elementary computations.
2)- (i): For (A\,9) € K x v*, let (i, w) € K x v/~ such that

(7, 1) = (DFa(A 0) gt ) - DFA(A, 0)|xxor (X, 0).

Then,
i+ (M, — A = I + (M, — A)o.

Since (A4, \,v) € W, we deduce that n = A and IT, 2w = v. Then, we conclude
that

(DFEAOA, )it )~ - DA )]s (A, 9) = (A, (T |, )~ (0)).

Taking norms, and maximizing on the unit sphere in K x v+, (i) follows from 1).
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2)-(ii): Note that

-1
[ (DFAN 0)|isers) I <
I (DEA )lgs) " DEaO ) seot || [ (DFa(N 0)[gca) ™ -

then apply 2)-(i). [

Lemma 1.6.2. Let (A, \,v) € K™ x K x K" such that |Al|r =1 and ||v]| = 1,
then | D*Fa(\,v)| < 1.

Proof. Differentiating two times Fx, we get

D E, (N o)\ w) (0, 0) = Ao+ b, forall (A w), (7,4) € K x K"

Then,
ID*Fa(x, 0) (A o), )| < A= [lall + [ - [l
< (AP )2 - (1l + [lol*)2,
where the second inequality follows from Cauchy-Schwarz. O

We recall the fairly known Neumann Lemma (or Banach Lemma):

Lemma 1.6.3 (Neumann Lemma). Let E be a Hermitian space, and A, Ig : E —
E be linear operators where Iy is the identity. If ||A—Ig|| < 1, then A is invertible

and
1

AN < ——M
470 < T

Proposition 1.6.1. Let 0 < u < 1/(2v/2).
Let (A, X\, v) € W, such that |Allr =1, ||[v]| = 1, and (Ao, v) € K x P(K™). If

u

Ao — )\2 d 2\1/2
(R = A oo, o < ) T

then the Newton sequence (A, vy,) := N&(Xo,vo) satisfies

(A = AP + dp (v, 0))Y?2 < V2 - 6(V2u) - (%) . (I1Ao = AP + dr(vo, v)%)"/2,
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for all k > 0, where §(u) :=u/(1 —u).

Proof. Take a representative of vy such that (v — vy, v9) = 0. Note that ||vo]| -

dr(v,v0) = [|v = vol| and [Jvo]] < 1.

In particular, the hypothesis implies that

IDFA 0)lios ™ - (Ao = Ay w0 = )| < w.

Taylor’s expansion of Fy and DF4 in a neighborhood of (A, v) are given by
1
Fa(N,v") = DEA(N 0)(N — X\ 0" — o) + 5 D?*F (N 0) (N — M0 —v)?, (1.6.1)

and
DFE4s(N,v') = DFEs(\,v) + D*Fa(A\, v)(XN — A\, 0" — ). (1.6.2)

One has

1
(DEAOO)gs) PP, 0) g = e =
—1
= (DFA(/\, U>‘]K><U0J‘> : <DFA(/\0, UO)}KXWJ_ - DFAO" U)‘KXUOJ—>

-1
— (DFA()\,U)‘KXUOJ CD2FA (M 0)) (Mo — A, 1o —

U) |]K><v0L '

Then, taking norms, we get

1
H (DFA(>H ’U)‘KXUOL> - DF (o, UO)’KXvoi — Tgxut

<
HDFA()\,U”KX,UOL_lH [D*Fa(X,0)) (Ao — A, vg — 0)|

<
: 55 DA 0o [ 100 = Ao = )l

cos(dp(v, v
where the last inequality follows from Lemma|[I1.6.1 and Lemmal[1.6.9

In the range of angles under consideration ||vo|| = cos(dp(v,v0)) > 1/4/2. Then,
by the condition 0 < u < 1/(2v/2) we can deduce from Lemma m that

65
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DF4(Xo, U0)|KXUOL is invertible and

~1
H (DFs00 1) s) DA g || < (1.6.3)
1
< .
- cos(d]p(v vg)) HDFA )\ U>|K><U H ’ H(AO - )‘7 Vo — U)H

Moreover,
Na(Xo,v0) — (A, v)
=(XNo— A\ vg—v) — (DFA()\O, UO)’KXUOL)_l - Fa(Xo, o)
— (PP w)ls)
: (DFA()\O, 00 e,epe 1 (Ao = A0 = 0) = Fa(o, vo)) .
Then, from we get

NA(>\0,’U0) — ()\, U) =

1 -1
= 5 (DFa00 )]y )+ DFaN )00 = A v = 02

Taking the canonical norm in K x K", we get

HNA()\O,UO) - ()‘7U)H <
1 _
LI DEA (.t ey |- 1D ) = Ao — 0],

Then, from ((1.6.3) and Lemma we get

INA(Xo,v0) — (A, 0)|| <
V2 | DEAN ) |gor || - 3+ ID2Ea(X, 0) (Ao — A, v0 — 0)?).

1.6.4
L= v3 [DEAOhene - 10w = Ao — o) (1.6:4)
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Therefore, from Lemma[1.6.9 yields

[Na(Ao, v0) — (A 0)|| <
V2 | DEA ) ot - 1o = Ao = )| 1

< - 5 [[(Xo = A, w0 — ).

1—-+2- ||DFA(/\,U)|KXU¢ || (Mo — A\vg —0)|| 2

Then,

INa(Xo,v0) = (A, 0)]] <
V2 HDFA()HU)lKX’UlilH ~(JXo = A|? + drp(vg, v)?) /2 |
T 1= V2 [[DEAN ) |kor | - ([0 = A2+ dp(vo, v)2)1/2

1
. 5 (|)\0 — )\|2 + dT(UQ,’U)2>1/2.

Let (A1,v1) := Na(Ao, vo).
From the proof of Lemma we have D2F4(\,v) (Ao — A\, 09 — v)% = 2(N\g —
\)(vo — ), then, from (1.6.4) one can deduce that ||v; — v|| < 6(v/2u)|jve — v]],
where 6(u) = u/(1 — u). Since u < 1/(2v/2), we have 6(v/2u) < 1, then from
Lemma 2, (4) of Blum et al|[1998] (page 264) we get

v1 — U
dr(vy,v) < w <V2- v =)
0

Hence

(A = A2 4 dp(vn,0)%)? <
= 2 [DEAO ) o[- (o = AP + (o, v))
T 1= V2 [ DFA, )| | - (Ao = A2 + dr(vo,v)2)1/2

1
5 (1Ao = Al + dr (v, v)*)"?. (1.6.5)

Therefore,

(A = AR+ dr(v1,0))Y2 < V2 6(v240) - = (Ao — AP + dr(vo,v)2)Y2. (1.6.6)

N | —

From (1.6.6)), (1.6.5), and the fact that §(v/2u) < 1, working by induction we

67
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get

(|1Xe = A2 4 dp (v, v)*)V? < \/5.(5(\/§u) . (%) . (Ao = A2+ dp(vo, v)2)"/2,

for all k > 0, where (A, vg) := N%(Xo,v0) . O
Proposition 1.6.2. Let (A, \,v) € W, such that ||Al|r =1 and ||v|| = 1. Then,

:u(A7 /\,'U) S ||DFA (/\7U> |K><v1-_1|| S 2 M(Aa >‘7U>‘

Proof. Since the action of U, (K) on P(K") is transitive, we may assume that

v=(1,0,...,0)T. Then, completing to a basis of K x v+, we have that

A w 1 —w
A= U), DEA(N ) ks = :
(0 A)’ A )l (0 HUL(AJn—A)yUJ

where w € K'*(m=1),
1 I, (M, — A -1
Note that (DF4(\,v)|gxpr) ' = Wy (AL, o) . Hence
0 (HUL (/\In — A>|UL)71
1DF () b 2 mas{L, (s A — A4)],0) 1} = (A, A ).
On the other hand,

HDFA ()‘7 U) |]K><vi_1|| <

1 U}(HUJ_ ()\In — A)lvj_)_l n 0 0

0 0 0 (H’UJ‘<>\ITL - A)|v¢)_1
max{l, Hw(HvJ-<)‘[n - A)‘vi-)ilu} + H(Hvi-()‘In - A)‘vl->71H
< 2-p(A ).

l

IN

Proof of Proposition |1./.1

Proof of Proposition |1.4.1. The proof follows directly from Proposition|1.6.1}, Propo-
sition [1.6.4 and Lemma [L.3.3 O
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Proof of Lemma [1.4.2]

Lemma 1.6.4. Let A € K™*", A #0,, such that ||Al|r = 1. Let A\, N € K such
that || < 1.

1. If [N = Al < ¢ for some 0 < ¢ < \/2, then, there exists B, > 1 such that
dIP((A7 /\)7 (A7 )‘)) < 6(: ' |>‘, - >\|
One may choose B, = (1 — c2/2)74/2.

2. If dp((A, N), (A, X)) < 6 for some 0 < 0 < w/4, then, there exist Ry > 1
such that
|/\, - /\| < Ré : d]P’((Au )‘>7 (A7 /\,))

One may choose Ry = [\/2/ cos(f + m/4)%|'/2.

Proof. Let 0 := dp((A, \), (A, \')). By the law of cosines we know that

A= NP =14+ A2 +14+ NP =2 VT H|A2 /14| N2 cosh.

Then,

2
A=XE = (VIFIE-VIFIVE) + (1.6.7)
42T+ A2 /14 [A2- (1 = cosh).

From ([1.6.7)) we get that

A= N2>2 /14 A\2- 1+ N2 (1 —cosb),

1.e.

A= VP2 _=ap
2./ 1+HAZ I+ A2 2

Therefore, 1—cos < %, and hence the angle 6 is bounded above by arccos (1 — ¢2/2).

1 —cosf < (1.6.8)

By the Taylor expansion of cosine near 0 we get the bound

2
2<% (1— .
7 S 1= (1 — cosf)
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Then, from ((1.6.8]) we can deduce the upper bound in (1).

For the lower bound in (2), we rewrite the cosine law and we get:

2
)\2_ /\/2
VI+ AR+ 14 N2

+2¢/ 1T+ A2 /1T + N2+ (1 = cosb).

Since |[A| — [N|| < |]A = X] and 1 — cos < 6%/2, then,

2
A= N2 < ( AL+ X ) A= NP+ (1.6.9)

VIH A2+ /14 N2
T+ A2 /T4 V]2 62

Since 0 < |A] < 1, is easy to see that

N R S

VIEDP + JIEIVE ~ VA§ I

Moreover, by elementary arguments one can see that |N| < tan(d 4+ 7/4), and

therefore one can get

Al + |V _ 1+ tan(0 + m/4)
VIHAP+ VTV T \/§+\/1+tan(é+7r/4)2
< tan(6 +A7r/4) = sin(f + 7/4).
\/1 + tan(f + 7/4)?

Then, from (|1.6.9)),

VI VIHIVE

|)\ - /\/|2 S ~ )
cos(f + m/4)?
and hence
A= N2 < V2 e
cos(f + m/4)3
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Remark 1.6.2. Note that if (A, \) € m (V) C P(K™"™ x K) then || < [|A]| is

always satisfied.

Proof of Lemma [1.4.2]

Proof of Lemma[1.4.2. The proof of (1) and (2) follows directly from de definition
of dp2 and Lemma|1.6. O
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Chapter 2

Complexity of The Eigenvalue
Problem II: Distance Estimates
in the Condition Metric

2.1 Introduction
Following Chapter[1, we define the solution variety as
V= {(4Xv) eP (K" xK) xP(K"): (A, —A)pv =0},

where P(E) denotes the projective space associated with the vector space E.

Recall that W C 'V be the set of well-posed problems, that is the set of
triples (A, \,v) € V such that A\ is a simple eigenvalue. In that case, for a fixed
representative (A, A\,v) € V, the operator II,. (A, — A)|,. is invertible, where
II,. denotes the orthogonal projection of K® onto v*. The condition number of
(A, A\, v) is defined by

(AN, v) == max {1, | Al p - [T,e (AL, — A)],e 1}, (2.1.1)

where || - || and || - || are the Frobenius and operator norms in the space of
matrices. We also let pu(A,\,v) = oo when (A, \,v) € V—-"W.
When T'(t), a <t < b, is an absolutely continuous path in W, we defined in

73
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last chapter its condition-length as

b= |

where HT(t) H o is the norm of I'(¢) in the unitarily invariant Riemannian struc-
(t

ture on V (see Section [2.1.1). Here , I'(t) := e £T(t), where ZLT'(t) is the

“free” derivative.

F@

(T(t)) dt, (2.1.2)

)

Recall Theorem [4 from last chapter:

There is a universal constant C' > 0 such that for any absolutely
continuous path I' in W, there exists a sequence which approximates

I', and such that the complezity of the sequence is
K<Ce,I)+1.

(One may choose C = 120).

2.1.1 Main Theorem

Let {e1,...,e,} be the canonical basis of K", and G := e; - e] € K"*". Let
Wy be the set of problems (A, \,v) € W such that u(A,\,v) = 1. Notice that
(G, 1, €1> € Wo.

Theorem 4. For every problem (A, \,v) € W there exist a path I' in W joining
(A, \,v) with (G,1,e1), and such that

0,(T) <V2¢/2n+1-(1+1log (V2u(A, A 0))) +7v/n—14++v/n+1+m/2n.

Canonical Metric Structures

In this section we recall the canonical metric structures.
The space K" is equipped with the canonical Hermitian inner product (-, -).

The space K"*" is equipped with the Frobenius Hermitian inner product

(A, B)p := trace (B*A),
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where B* denotes the adjoint of B.
In general, if E is a finite dimensional vector space over K with the Hermi-
tian inner product (-,-), we can define an Hermitian structure over P(E) in the

following way: for z € E,

<w7 w/>z = )

for all w, w' in the Hermitian complement xz* of z in E, which is a natural
representative of the tangent space T,P(E).

In this way, the space ]P’(K”X” X K) x P(K") inherits the Hermitian product
structure

1A X o)1y = 1AM Fan + 0115 (2.1.3)

for all (A, \,0) € (A, \)* x vt

Let U,(K) stand for the unitary group when K = C or the orthogonal group
when K = R. The group U, (K) acts on P(K") in the natural way, and acts on
K™" by sending A — UAU . Moreover if (4, \,v) € V, then (UAU ', \,Uv) €
V. Thus, V is invariant under the product action U, (K) x V — 'V given by

U- (A \v) = (UAU Y\, Uv), U € U,(K).

The group U, (K) preserves the Hermitian structure on V, therefore U, (K)

acts by isometries on V. Moreover, the condition number y is U, (K)-invariant.

2.2 Proof of Main Theorem

Proposition 2.2.1. Let (A, \,v) € W. Then, there exists T'(t) = (A(t), A(t),v(t)) €
W, such that

o T(0) = (A, \,v); T(1) = (B,0,0).
e B has v as a left and right eigenvector;

|B||p" - Iy. Bl,s - vt — vt is a linear isometry, and

0,(0) < V2v2n + 1 (1 +log (\/EM(A, A,v))) .
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For the proof of Proposition |2.2.1] we use the following lemma.

Lemma 2.2.1. Let 0 < o < 1. Then,

! 1 log(2) 1
dt = 7~ <1+ log(—
/0 (1—t)o+t l—0 — +Og(a)

Proof. The equality is straightforward.

Since the Taylor expansion of log(1 — x) = — >_ "% 2~ we have

—log(o) —log(1—-(1—-0)) _ io (1—o) ! (=o'

1—0 l1—0 n n—1
n=1 n=1

Lemma 2.2.2. Let (A, \,v) € W. Then, ||Allp - |Te(A, — A2 | > 1/3/2.
In particular p(A, X\, v) < V2||Al|p - ||, (A, — A)],2 .

Proof. One has,
HHUJ-()‘IH - A)|v1-” < HHUJ- (A)‘UJ-H + |)" < \/§HA”F7
that is, || TT,. (A, — A)|,1 || < V/2||A||r. Therefore,

1= || (ITs (AL, — A)|pr) "y (M, — A) |||
< V2| Allp|] (T (M — A)] ).

Therefore, we conclude that for (A, \,v) € W
1A - ITye ALy = Al | < (AN 0) S V2I Al - [Tys (A — A)fype -

]

Proof of Proposition[2.2.1 Fix a representative of (A, \,v) € W. Without loss
of generality we may assume v = e;. Moreover, since our framework is scale

invariant in (A, \), we may assume also that |A||r = 1. In this case, we have
A A
A= 1,
0 A
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where, in particular, || < ||A|lr = 1.

Since (A, \,v) € W, there exists U, V € U,_1(K) such that A=\, =
UDV*, where D = diag(og,...,0,), 0 <o, < 0,1 <...09.

Then, from Lemma we get

1 1
— < (A N) < V2 —.
On

On

For ¢t € [0,1], let

o 0 0\ (-t (1—1)A
A(t)=(1 t)A+t<O UV*) —< 0 (1_t)()\[n1+UDV*)+tUV*>’

and let I'(t) = (A(t), (1 — )\, e1) € V. Note that I'(1) = ((8 U(‘)/*> ,0,61)

satisfy the first three conditions.

Since

u0e) < VELA@ - |0 = 0D + 11,07 = VB I < oo,

then I'(t) € W,

Taking the free derivative with respect to t we get

d 0 0
at = ((o UV*) _A’_M)) ’

Therefore
: IOVl + Al F)? + A2 VInF 1
Hr(t)( v = (A + 10— DADTE = (TADIG + 10— AR
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Hence,

(C(2)) dt

Von+1 |A®)||F
= \/5/ (FA@IZ + (1= OAR2 (1—t)on e
< \/_ Van+1 / det.

Since 7% € (0,1), we get from Lemma that

0,T) <V2v2n +1 (1 + log (\@p(A, )\,U))) :
[

Lemma 2.2.3. Let (B,0,v) € W such that B has v as a left and right eigenvector,
and | B||p U, Blye is a linear isometry of vt onto itself. Then, there exist a
path Ty : [0,1] = W, starting at (B,0,v) such that

[} FQ(l) = (C,O,/U),'
e C hasv as a left and right eigenvector;
o |C|lr " - T,Clyr = I is the identity operator, and

Q(Fg) S mTVvn— 1.

Proof. Without loss of generality, we may assume v = ey, and ||Bl|r = 1.

0 0
Then, B = (0 U) , where U € U,,_;(K). There exists V € U,_; such that

U = Vdiag(e®2,..., e )V~ for 0,,...,0, € [-7,7]. Let

U(t) = Vdiag(e 8% . 1% )y-1 <t <1,

0 0
Define I's(t) = (B(t),0,v) € W where B(t) = ( ) . Note that I'(1) satisfy

0 U(t)
the first three conditions of the lemma.
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Then,
p(T2(t) = U@ |lr = vn —1.

0 0 :
Note that £T'y(t) = ((0 U(t)) ,0, O) , where U(t) is an antisymmetric matrix.

Then (4T(t),T(t)) = 0, and therefore 4T(t) = I'y(t). Then,

: WO _ (62 + .. + 16"
T (O)lr> ) = == <.

1B F B vn—1 o

Then,
6T = [ Il p(Ta(0) dt = 7V =T,
]

Lemma 2.2.4. Let (C,0,v) € W, such that C' has v as a left and right eigenvec-
tor, and ||C||p~" - Iy C|ye : v= — v* is the identity operator. Then, there exist

a path I's : [0,1] = W, joining (C, 0, v)with (%, 1, ﬁ), and

(,(Is) <vn+1.

Proof. Assume that v = ey and ||C||r = 1. Moreover, since our framework is scale

0 0
invariant, multiplying by —1, we may assume also that C' = . For

—1lp
t €0,1], let T's(t) = ((1 — t)C + tejes, t,e1) . Note that I's(1) = (ejer, 1,e1). One
has 4T3(t) = (I,,1,0) and p(T's(t)) = || (1—t)C+tejeq | p. Then, N <vn+1
and we conclude

(,(Ts) <vn+1.

]

Lemma 2.2.5. Let (%, 1, %) € Wo. Then there exist a path T'y : [0,1] — Wy

[[]

joining (%, 1, ﬁ) with (G, 1, e1) such that
£“<F4) S V m2n + 1.

Proof. Let v be a representantive of norm 1, and U € U,(K) such that Uv =
e1. There exists V € U,(K) and real numbers 6,,...,6, € [—m, x| such that
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2. COMPLEXITY OF THE EIGENVALUE PROBLEM II:
DISTANCE ESTIMATES IN THE CONDITION METRIC

U = Vdiag(e?r,... ) V=1 Let U(t) = Vdiag(e®, ..., e ) V=1 and Ty(t) =
U(t) - (vv*,1,v) for t € [0,1] . By the invariance of u under the action of U, (K),
we have [y(t) € Wy for t € [0,1]. Moreover, (£Ty(t),T4(t)) = 0, therefore
4T,(t) = I'4(t), and

‘F- ol = [T U@ + U)o U@ 7, UG
e |U(®)ovUz|I7 +1 [o]?
=2|[U(t)v]”,

where we use the fact that (U(t)vo*U(t)*, U(t)vv*U(t)*)p = 0. Since ||U(t)v]|| <
|U(#)||r < 7y/n, we obtain

]

Proof of Theorem [l The proof follows from Proposition [2.2.1, Lemma [2.2.
Lemma|2.2.4) and Lemmal|2.2.5, O
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Chapter 3

Smale’s Fundamental Theorem of

Algebra reconsidered

In his 1981 Fundamental Theorem of Algebra paper Steve Smale initiated the
complexity theory of finding a solution of polynomial equations of one complex
variable by a variant of Newtons’s method. In this chapter we reconsider his
algorithm in the light of work done in the intervening years. The main theorem
raises more problems than it solves. This chapter follows from a joint work with

Michael Shub (c.f. /Armentano & Shub| [2012]).

3.1 Introduction and Main Result

In his paper [Smale, |1981] Steve Smale initiated the complexity theory of finding a
solution of polynomial equations of one complex variable by a variant of Newtons’s
method. More specifically he considered the space &2; of monic polynomials of

degree d,

d
f(Z):ZCLiZi, ag=1 and a; €C, (i=0,...,d—1).

=0
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He identified &2, with C¢, with coordinates (ag,...,a4-1) € C? In 2, he con-
sidered the poly-cylinder

fPlz{fE,@d: ]ai\<1, Z:O,,d—l}

to have finite volume and he obtained a probability space by normalizing the
volume equal 1. The algorithm he analyzed is given by: let 0 < A < 1 and let
zo = 0. Inductively define z, = Ty(z,_1) where T} is the modified Newton’s
method for f given by T,(z) =2 —h J{,((ZZ)).

His eponymous main theorem was:

MAIN THEOREM: There is a universal polynomial S(d,1/u) and a
function h = h(d, ) such that for degree d and p, 0 < p < 1, the
following is true with probability 1 — p. Let xg = 0. Then z, =
Ty(xp—1) is defined for alln > 0 and xs is an approximate zero for f
where s = S(d, 1/p).

In Smale [1981], that z, is an approximate zero meant that there is an * such

that f(2%) = 0, z, — «* and Vel < 5 for j > 5, where 2y = 2 — fi¢y.

That is, zj1 is defined by the usual Newton’s method for f. Smale mentions that
the polynomial S may be taken to be 100(;1_?2)‘1‘ The notion of approximate zero
was changed in later papers (see Blum et al.| [1998] for the later version). The
new version incorporates immediate quadratic convergence of Newton’s method
on an approximate zero. In the remainder of this chapter an approximate zero
refers to the new version.

Note that % is not finitely integrable, so Smale’s initial algorithm was not
proven to be finite average time or cost when the upper bound is averaged over
Py (see [Blum et al., 1998, page 208, Proposition 2]).

A tremendous amount of work has been done in the last 30 years following
on Smale’s initial contribution, much too much to survey here. Let us mention a
few of the main changes. In one variable a lot of work has been done concerning
the choice of good starting point 2, for Smale’s algorithm other than zero. See

chapters 8 and 9 of Blum et al| [1998] and references in the commentary on

chapter 9. The latest work in this direction is |[Kim et al.|[2011].
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3.1 Introduction and Main Result

Smale’s algorithm may be given the following interpretation. For 2z, € C,
consider f, = f — (1 —t)f(z), for 0 < ¢t < 1. f; is a polynomial of the same
degree as f, zg is a zero of fy and f; = f. So, we analytically continue zy to z; a
zero of f;. For t = 1 we arrive at a zero of f. Newton’s method is then used to
produce a discrete numerical approximation to the path (f, z).

If we view f as a mapping from C to C, then the curve z; is the branch of the

inverse image of the line segment L = {tf(2) : 0 <t < 1}, containing zo.

20

/\ L

tf(zo)

2t

Here are several of the changes made in the intervening years. [Renegar| [1987]
considered systems of n-complex polynomial in n-variables. Given a degree d, we

let &2, stands for the vector space of degree d polynomials in n complex variables

Po={f: (&)= aaz"}
|

|af|=d

where a = (ay, ..., a,) € N* is a multi-index, |la| = S20_, o, 2 = 28 - 29,
a, € C. We have suppressed de n for case of notation. It should be understood
from the context.

For (d) = (di,...,dy), let P = Py, x - x Py, 50 [ =(f1,..., fa) € P
is a system of n polynomial equations in n complex variables and f; has degree
d;.

As Smale’s, Renegar’s results were not finite average cost or time. In a series

of papers [Shub & Smale| [1993a], Shub & Smale| [1993b], Shub & Smale| [1993¢],
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Shub & Smale| [1996], made some further changes and achieved enough results
for Smale 17th problem to emerge a reasonable if challenging research goal. Let
us recall the 17th problem from [Smale| [2000]:

Problem 17: Solving Polynomial Equations.

Can a zero of n-complex polynomial equations in n-unknowns be found
approximately, on the average, in polynomial time with a uniform

algorithm?

In place of &4y and C" it is natural to consider Hy = Hg, x - - x Hy, where
J4, is the vector space of homogeneous polynomials of degree d; in n+1 complex
variables.

For f € Hg and A € C,

FAQ) = A (X*%) £(0),

where A(a;) means the diagonal matrix whose i-th diagonal entry is a;. Thus
the zeros of f € H(g) are now complex lines so may be considered as points in

projective space P(C"™!). The map

ig, + P, = Ha,, ig,(f)(z05 .y 20) = zglf (—1,...,—) ,

is an isomorphism and i : 24 — Hg) for i = (iq,,...,1a,) is an isomorphism.
The affine chart

j:C" — P(C™Y), i (G G)=C(1: e Gy

maps the zeros of f € 24 to zeros of i(f). In addition i(f) may have zeros at
infinity i.e. zeros with (, = 0.

From now on we consider 34 and P(C"™'). On Hg, we put a unitarily invari-
ant Hermitian structure which we first encountered in the book Weyl| [1939] and
which is sometimes called Weyl, Bombieri-Weyl or Kostlan Hermitian structure

depending on the applications considered.
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For a = (g, ...,a,) € N ||a]| = d; the monomial x* = z{°--- 2% the

Weyl Hermitian structure makes (x®, z°) = 0, for a # 3 and

ee=() -t

On H 4y we put the product structure
n

=1

On C*"! we put the usual Hermitian structure

k=0

Given a complex vector space V with Hermitian structure and a vector 0 #

v € V, we let v+ be the Hermitian complement of v,
vE={weV: (v,w) =0}

vt is a model for the tangent space, T,[P(V'), of the projective space P(V) at
the equivalence class of v (which we also denote by v).

T,P(V) inherits an Hermitian structure from (-, -) by the formula

_ (wi,w9)
<w1,w2>v = —(v,v> )

where w1, wy € v+ represent the tangent vectors at T,P(V).

This Hermitian structure which is well defined is called the Fubini-Study Her-

mitian structure.

The group of unitary transformations U(n + 1) acts on H) and C"™' by
fr foUand ¢~ UC for U € U(n +1).

This unitary action preserves the Hermitian structure on Hy and C"*, see
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Blum et al|[199§]. That is, for U € U(n + 1),

<fO U_lago U_1> = <fag> for fv g € j_C(d)v
({UCUC) =(¢.¢) for ¢ ¢ eC™

The zeros of Af and f for 0 # A € C are the same, and we may consider
the space P (J{(d)). Now the space of problem instances is compact and the
space P(C™™) is compact as well. P (H(q)) has a unitarily invariant Hermtitian

%, where N =

structure which gives rise to a volume form of finite volume %

dim J'C(d)-
The average of a function ¢ : P (J—C(d)) — R is

| T(N)
E(¢) = ————— df = —= df .

If ¢ is induced by a homogeneous function ¢ : Hg — R of degree zero, that
is, o(A\f) = o(f), A € C — {0}, then we may also compute this average with

respect to the Gaussian measure on (Hg, (-, -)), that is,

E(¢) = (gi)N - /H ; p(f)e V2 af.

And it is this approach via the Gaussians above defined on H4 and the
Fubini-Study Hermitian structure and volume form on P(C"*!) that we take in
this chapter. The quantities we define on H(4 are homogeneous of degree zero,
thus are defined on P (fH(d)) and benefit from the compactness of this space and
of P(C™"1). While averages over systems of equations may be carried out in the
vector space Hqg).

The solution variety
V={(f2) € Hw —{0}) xP(C"): f(z) =0},

is a central object of study.

V is equipped with two projections:
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4%
fH(d) P(Cn+1>

The solution variety V also has a projective version, namely,

Ve = {(f,z) € P(Hp) x P(C") : f(z)=0}.

3.1.1 Homotopy Methods

Homotopy methods for the solution of a system f € H) proceed as follows.
Choose (g,() € V a known pair. Connect g to f by a C! curve f, in Hy),
0 <t <1, such that fy = ¢, fi = f, and continue (3 = ( to (; such that
fi(¢) =0, so that f1(¢;) = 0. By the implicit function theorem this continuation
is possible for a generic set of C! paths in the C! topolgy, and indeed even for
almost all “straight line” paths in Hg), i.e. if ¢ is a non-degenerate zero of g then
for almost all f, ¢ may be continued to a root of f along the curve f; = (1—t)g+tf.

Now homotopy methods numerically approximate the path (f;, (;). One way
to accomplish the approximation is via (projective) Newton’s methods. Given an

approximation x; to (; define

xt+At - th+At (xt>7

where

Ny(z) =z — (Df(@)],) " f(2).

Recall that z; is an approximate zero of f; associated with the zero (; means
that the sequence of Newton iteratives N ]’ft (x4) converges immediately quadrati-
cally to (;.

The main result of Shub| [2009] is that At may be chosen so that ¢, = 0,

ty = tp—1 + Aty, x4, is an approximate zero of f;, with associated zero (;, and
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tx = 1 for

1 . .
— K(f,9.¢) < C D2 / W) GGl pocodt. (3.11)

Here C' is a universal constant, D = maxd;,

p(f, ) = I 1D F(Q) e )

is the condition number of f at (, and

”(ft?ét)”(ft,gt) - (Hft”ft + ‘|<—t||Ct)1/2

is the norm of the tangent vector to the projected curve in (f;,(;) in Vp C
P (H(g)) x P(C™™). The choice of At), is made explicit in Dedieu et al|[2012].

In Ve, |G lle, < w(fi;C) I fill 7., so the estimates (3.1.1) may be bounded from
above by

1 .
K(f.9.C) < C D / uFe G ol it (3.12)

0

for a perhaps different universal constant C'.

sin(0) || foll [[ /1]

Finally in the case of straight line homotopy || f||;, = TAE , where
t
0 is the angle between fy and f;. So (3.1.2) may be rewritten as
3/2 ft: Ct

see Biirgisser & Cucker| [2011].

Much attention has been devoted to studying the right hand of , for a
good starting point (g, ().

In Beltran & Pardo| [2009b], an affirmative probabilistic solution to Smale’s
17th problem is proven. They prove that a random point (g, () is good in the
sense that with random fixed starting point (g,¢) = (fo, (o) the average value of
the right hand side of is bounded by O(nN). Moreover, Beltran and Pardo
show how to pick a random starting point starting from a random n x (n + 1)

matrix.
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In [Birgisser & Cucker|, |2011] Biirgisser-Cucker produce a deterministic start-
ing point with polynomial average cost, except for a narrow range of dimensions.

More precisely:

There is a deterministic real number algorithm that on input f € Hyg)

loglog N
glog N) yhere

computes an approrimate zero of f in average time N o(
N = dimH 4 measures the size of the input f . Moreover, if we

restrict data to polynomials satisfying

for some fized € > 0, then the average time of the algorithm is poly-

nomaial in the input size N.

So Smale’s 17th problem in its deterministic form remains open for a narrow

range of degrees and variables.

3.1.2 Smale’s Algorithm Reconsidered

Smale’s 1981 algorithm depends on f(0), so there is no fixed starting point for
all systems. Given ¢ € P(C"*!) we define for f € Hy the straight line segment
fir € Higy, 0 <t <1, by

<'7C>di
(¢, C)%

f=r =08 (£85) 10
So fo(¢) = 0 and f; = f. Therefore we may apply homotopy methods to this line

segment.

Note that if we restrict f to the affine chart ¢ + ¢+ then

fi(z) = f(2) = (1= 1) (C),

and if we take ¢ = (1,0,...,0) and n = 1 we recover Smale’s algorithm.
There is no reason to single out ¢ = (1,0,...,0). Since the unitary group acts
by isometries on P (J{(d)), P(C"*1), V and Vp, and preserves p and is transitive

on P(C™*1), all the points ¢ yield algorithms with the same average cost.
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Note that if we let

Ve={f€Hu: f(¢) =0},

then ( Qd'
Co) 1O

is the orthogonal projection II¢(f) of f on V.. This follows from the reproducing

ﬁzf—A<

kernel property of the Weyl Hermitian product on H,,, namely,

(9, (-~ ") = 9(0), (3.1.4)
for all g € Hy,, (i =1,...,n). In particular (-, {)%| = ||<||%.
Then,
1f =T (DI = A=) £,
while

() = (12 = IAUCI) FQOI2) 2.
Let ® : Hq x P(C"") x [0,1] — V is the map given by

(f, ¢, 1) = (fe: G, (3.1.5)
where
fo= (A =0Ol(f) +1f,
that is, )
fo=f - @=0a (£95) 10

and (; is the homotopy continuation of ( along the path f;.

Proposition 3.1.1. For almost every f € Hy, the set of ( € P(C™™) such that
® is defined for all t € [0,1] has full measure. Moreover, for every ¢ € P(C"*1),
the set of f € Hq) such that ® is defined for all t € [0,1] has full measure.

(See Section for a proof of Proposition |(3.1.1)).

Remark: In fact, the proof also shows that the complement of the set (f, ()
such that @ is defined for all ¢ € [0,1] is a real algebraic set.
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The norm of f, is given now by the formula
1l = Iollfill sin(®) _ I(A)11f ~Te(f)l
g Ak Ak
(12 = 1A= £ A IC=*) Q)
Ak |

Let K(f,() = K(f,I1:(f),¢) and K(f) = K(f,¢). Then, the average cost of
this algorithm satisfy

Proposition 3.1.2.
E(K¢) = E(K) < (1),

(1) = CD3/? / / / u(fe, 6)?
(2m)N vol(P(Cn+t1)) fest i Jcercntry Jrep,) ”ft”2

(17 = AU FOIR) 2 HAIC ) £l e M7 df g dt.

where

As we have mentioned above it is easy to see by unitary invariance of all
the quantities involved that the average E(K) is independent of ¢ and equal to
E(K). This argument proves the first equality of this proposition. The inequality
follows immediately from the definition of K (f,().

What is gained by letting ¢ vary and dividing by vol(P(C"™!)) is a new way
to see the integral which raises a collection of interesting questions.

Suppose 7 is a non-degenerate zero of h € Hy). We define the basin of 7,
B(h,n), as those ¢ € P(C™™!) such that the zero ¢ of h— A (éc?;) h({) continues
to n for the homotopy h;. From the proof of Proposition |5.1.1 we observe that

the basins are open sets.
Let (T) be the expression defined on Proposition . Then, the main result
of this chapter is

Theorem 5.

D3/2F 1 2n—1 2 )
(1) = ¢ (n+1) / [ Z p*(h, U)@(h’n)}e—uhu /2 dn,
(27T)N7Tn he%(d) 77/ h(n)zo HhH2
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where

(117 = IAUCI=*)h)12)

©O(h,n) = _

o /cem,n) IACICTI=#)R ()P
T(AICI*)R(C) 12 /2, m)elAUCIT M2 g,

and I'(a,n) = f;oo t"te~tdt is the incomplete gamma function.

Essentially nothing is known about the integrals.

(a)
(b)

(c)

Is (I) finite for all or some n?

Might (I) even be polynomial in N for some range of dimensions and de-
grees?
What are the basins like? Even for n = 1 these are interesting questions.

The integral

1 / 2 (h,m) eIl g < e(n+ 1)@
2m)N Jhesc 17212 -2
) 1/ hin)=0

where D = d; - - - d,, is the Bézout number (see Birgisser & Cucker| [2011]).
So the question is how does the factor ©(h,n) affect the integral.

Evaluate or estimate

1 1 —d; 2
sIAUCN )R
ez dg.
/QEP(C"H) [ACIC]=) R ()21

Note that

Bl = ! AR )
bl = (g [ AT 00 )

for p > 1, is a different way to define a norm on h. For p = 2 we get

another unitarily invariant Hermitian structure on H, which differs from
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the Bombieri-Weyl by

n

IAll7: = m||hz‘||27

i=1
(cf. [Dedieul 2006, page 133])

If the integral in (d) can be controlled, if the integral on the D basins are reason-
ably balanced, the factor of D in (¢) may be cancel.

Remark: The proof of Theorem [4involved complicated formulas which exhib-
ited enormous calculations. We do not have a good explanation for this cancel-

lation.

At the end of this chapter we present some numerical experiments with n = 1
and d = 7 which were done by Carlos Beltran on the Altamira super computer at
the Universidad de Cantabria (partially supported by MTM2010-16051 Spanish
Ministry of Science and Innovation MICINN). It would be interesting to see more
experimantal data. The proof of the Theorem [4is in Section[3.3

3.2 Proof of Proposition 3.1.1

For the proof of Proposition|3.1.1] we need a technical lemma.

Lemma 3.2.1. Let E be a vector bundle over B, F be finite dimensional vector
space, and consider the trivial vector bundle F' X B. Let ¢ : FF x B — FE be a
bundle map, covering the identity in B, which is a fiberwise surjective linear map.

Then, ¢ is a surjective submersion.

The proof is left to the reader.
Recall that ® : Hg) x P(C"') x [0,1] — V is the map given by

(I)(fa Ca t) = (fh Ct);

where

hi= 1= 0-08 (252 o)

and (; is the homotopy continuation of ¢ along the path f;.
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This map is defined at (f,(,¢) provided that rank(D fy(G)[¢+) = n.

Let K be the vector bundle over C"*! — {0} with fiber K, = L(z+, C"),

z € C"™ — {0}, where L(z*,C") is the space of linear transformations from z*

toC". Fork =0,...,n, let K} be the sub-bundle of rank k linear transformations.
Note that K} has (n — k)? complex codimension (c.f. |Arnold et al|[1985]). These
sub-bundles define a stratification of the bundle K.

Lemma 3.2.2. Let QO be the set of pairs (f,¢) € Hay x P(C"*Y) such that ® is
not defined fort = 0. Then Q) is a stratified set of smooth manifolds of complex

codimension (n — k)2, fork=0,...,n— 1.

Proof. Let Q© be the inverse image of Q) under the canonical projection 34 x
Ct — {0} — Hq x P(C™H1).

Let ¢ : Hg x C"*' — {0} — K be the map ¢(f,() = Df(¢)|¢.. For each
k=0,....,n—1, let Q,(f) = ¢ }(Kg). Since Dfo(¢)]cx = Df(¢)|cx, then QO =
Up.

Claim: ¢ is transversal to K for k=0,...,n — 1:

Note that ¢(f,-) : C**' — {0} — K is a section of the vector bundle K for each
f € Hay. Moreover, for each ¢ € C**! — {0}, the linear map ¢(-,¢) : Hg — K¢
is a surjective linear map. This fact follows by construction: given L € K, =
L(¢t,C™), let L € L(C™',C™) be any linear extension of L to C**'. Then, the

system [ = A(((C%Zj )L(-) € H(q satisfy Df(C)|cr = L. Then, the claim follows

from Lemmal3.2.1

Since ¢ is tranversal, we conclude that the inverse image of a stratification is
a stratification of the same dimension (c.f. |Arnold et al. [1985]). That is, Q©
is a stratification of complex submanifolds of complex codimension (n — k)2, for
k=0,...,n—1.

Moreover, since each strata Qéo) is transversal to the fiber of the canonical
projection Hgy x C" — {0} — H g x P(C™*1), then, its image, Q,(CO), is a smooth

manifold of codimension (n — k)2, and the lemma follows. O

One can define the homotopy continuation of the pair (f,() € Hqy x P(C**1)
for all t € [0,1] whenever (f,¢) ¢ Q© and lies outside the subset of pairs such

94



3.2 Proof of Proposition (3.1.1

that there exist (w,t) € P(C"™) x (0, 1] satisfying the following equations:

(w, )"

Fw) = (1- DA (W

) f(€), and rank(Dfi(w)) <n.

Note that, since f; is homogeneous, then rank(D f;(w)) is well defined on w €
P(CnJrl).
Differentiating f; we get

di U),C di~l '7C
Ditw) = Dfw) - (1= na (A2 £
(¢, Q%
Therefore, taking s = 1 — ¢, we conclude that one can define the homotopy

continuation of the pair (f, () € Hg x P(C"**) for all ¢ € [0, 1] whenever (f,() ¢
Q© and lies outside the subset of pairs such that there exist (w, s) € P(C"*1) x

[0, 1) satisfying, for some k =0,...,n — 1, the following equations:

A((G, Q") f(w) = s A({w, )™) f(¢) =0, (3.2.1)
rank ([A((¢, ()*) - Df(w) — s A(difw, O O) F(O] | ,u) =k (32.2)

wL

Let X' C V be the set of critical points of the projection 7 : V — H(g), and
let ¥ = m(¥') C H(q) be the discriminant variety.

Note that if f € ¥ then every ¢ € P(C"!) satisfies equations and
for s = 0 and w € P(C™™!) a critical root of f. Hence, it is natural to

remove the discriminant variety > and the case s = 0 from this discussion.

Lemma 3.2.3. Let A C Hgy— X x P(C") x P(C™) x (0, 1) be the set of tuples
(f,C,w,s) such that equations (3.2.1]) and (3.2.4) holds for some k =0,...,n—1.
Then, A is stratified set of smooth manifolds of real codimension 2(n + (n — k)?)
fork=0,....,n—1.

Proof. Similar to the preceding proof, for each k = 0,...,n — 1, we consider the
set Ay C Hgy — X x C™' — {0} x C™1 — {0} x (0,1) of tuples (f,(,w,s) such

that equations (3.2.1)) and (3.2.2)) holds .
Let (f,(,w,s) € Ay, for some k € {0,...,n—1}. Since f ¢ ¥ then (w, () # 0.
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Therefore from (3.2.1)), equation (3.2.2)) takes the form
rank (((w, Q) D f (w) — Aldi) f(w) (-, ) lwr) = K,

for k=0,...,n— 1.
Let

F=(F,F):Hag-SxC" —{0} xC"™" - {0} x (0,1) > C"x K
be the map defined by

Fi(f,¢w, 5) = A{C, Q") f(w) = s A({w, ()) f(¢) € C"
Fy(f,¢w,s) = (w, ((w, () Df (w) — Aldy) f(w) (-, ) ) € K.

Note that A, = F~1({0} x Kj).
Claim: F is transversal to {0} x Kj:
In fact, what we prove is that DF' is surjective at any point (f,(,w,s) which
maps into {0} x Ky, for any k= 0,...,n — 1, that is, any point in Ay.

Recall that V. = {f € (4 : f(¢) = 0}. Consider the following orthogonal
decomposition Hg = V¢ @ C¢, where C¢ = VCL.

Let (f,(,w,s) € Ay. We first prove that DF\(f,¢,w,8)lc, : Cc — C™ is
surjective.

Note that the linear map ¢ : C* — C¢ given by {(a) = A(éc?;)a, is an
isomorphism, where {71 : € — C™ is given by £7(f) = f(¢). Then, under this
identification, the restriction to C; of the derivative of F} is the linear map given
by

DR(f,¢w,9)], = (1 = $)A(w, (%),

for all tuples (f,(,w,s). Moreover, since (f,(,w,s) € Ay, then (w,() # 0 and
s # 1, hence DFl(f,C,w,s)‘q
Now we prove that DFy(f,(,w, s

1s onto.

)|VC><TwIP’((C”+1) is surjective onto the tangent
space T, (fcw,s) IS, at every (f,(,w,s) € Ay.

Note that the map Fy(f,(,-,s) : C**1—{0} — K is a section of the vector bun-
dle K. Therefore, from Lemma W, it is enough to prove that F2|}((d>(-, ¢,w, s)

is a fiberwised surjective linear map.
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Fix a tuple (f,(,w,s) € Ay, for some k = 0,...,n — 1. The unitary group
U(n+1) acts by isometries on H g A—Z X Cmtt—{0} xC"*' —{0} by U-(f, ¢, w) =
(foU L U(),U(w)), and leave Ak invariant. Therefore we may assume that
w = e. Write fi(2) = > ,=a ald e (¢ = 1,...,n). Then, the linear map

Fy(+,¢ €0, 8) : Higy — Ko, is given by

F2(f,<7€07 ) ((COG (di—1,0;) —dia&)ﬂo 77777 O)C_j))i,jzl ..... n

where v; is the n-vector with the j-entry equal to 1 and the others entries equal
to 0.

In particular, since (y # 0, the restriction Fy(-,(,eq,s) : Ve — EEO is surjec-
tive, concluding the claim.

Then, since F is tranversal to {0} x K, we conclude that A, = F~1({0} x K})
is a submanifold of real codimension 2(n + (n — k)?), for k=0,...,n — 1.

To end the proof, we note that Ak is transversal to the fiber of the canonical
projection Hg — X x C* — {0} x C**1 — {0} x (0,1) = Hg — L x P(C™*H) x
P(C™1) x (0,1). O

Let IT : Hgy x P(C") x P(C™) x (0,1) — H(q) x P(C"*!) be the canonical
projection

H(f7C7w78) - (f?C)'

Then, from Lemma|3.2.4and Lemmamthe set of pairs (f, () € Hq xP(C**1)
such that the homotopy is not defined for all ¢ € [0, 1] is contained by the union

QO UII(A) US x P(C™™) € Hgy x P(C™).

Remark: We could conclude the proof by Fubini’s Theorem. But we give a

different argument. See the remark at the end.

Proof of Proposition[3.1.1. For k =0,...,n—1, let Q,io) C Ha) x P(C"*1) be the
subset given in the proof of Lemma , and let 71 : Hgy x P(C"h) — Hy
be the projection in the first coordinate. From Sard’s Lemma we get that almost

every f € Hy is a regular value of the restriction ﬁ1|Q(o) : Q,(go) — Hg), for each
k
k=0,...,n—1. Therefore, from Lemma[3.2.9, we conclude that for almost every
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[ € Hay the subset
filgo T (f) = 47 (F) N C B,

is an empty set or a smooth submanifold of complex dimension n — (n — k)?, for
k=0,...,n— 1. Hence, for almost every f € Hy, the set of ¢ € P(C"™") such
that ® is not defined at ¢ = 0 has measure zero.

Similar to the preceding argument, for each £ =0,...,n—1,let A, C Hy) —
Y x P(C™1) x P(C™™!) x P(C™™) x (0,1) be the set of tuples (f,(,w,s) such
that equations (3.2.1)) and (3.2.2) holds, and let TI; : 34 x P(C™!) x P(C"+!) x
P(C"*') x (0,1) — H(a) be the projection in the first coordinate. Then by Sard’s
Lemma, almost every f € H(g is a regular value of the restriction I Flag t A —
H(a)- Therefore, from Lemma[3.2.3, we conclude that for almost every f € I
the subset

1

L, (f) = I7'(f) N Ae © BC™) x BT x (0,1),

is an empty set or a smooth submanifold of real dimension 2n+ 1 —2(n — k)2, for
k=0,...,n—1. Then, projecting in the (-space we obtain that for almost every
[ € Hay, the set of ¢ € P(C™*!) such that ® is not defined at ¢ € (0,1) is a finite
union of measure zero sets. The proof of the first statement of the proposition

follows.

The second statement of Propostion follows directly from proofs of the
claims of Lemma[3.2.3, and Lemma[3.2.5, and the subsecuent analysis of dimen-

sions. OJ

Remark: The proof of Propostion follows immediately from Fubini’s
Theorem. But we say more because this discussion may be useful for the discus-
sion of the basins (recall question (c) after the statement of the main theorem).
This proposition proves that the boundary of the basins are contained in this
stratified set, the structure of which should be persistent by the isotopy theorem
(c.f. |Arnold et al. [1985]) on the connected components of the complement of
the critical values of the projection. We don’t know if there is more than one

component.
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3.3 Proof of Theorem [5l

Let us first state the notation in the forthcoming computations. Most of the
maps are defined between Hermitian spaces, however they are real differentiable.
Therefore, unless we mention the contrary, all derivatives are real derivatives.
Moreover, if a map is defined on P(C"*!) then is natural to restrict its derivative
at ¢ to the complex tangent space T;P(C"™). If L : E — F is a linear map
between finite dimensional Hermitian vector spaces, then its determinant, det(L),
is the determinant of the linear map L : E — Im(L), computed with respect to
the associated canonical real structures, namely, the real part of the Hermitian
product of E and the real part of the inherted Hermitian product on Im(L) C F.
The adjoint operator L* : F' — FE is the is also computed with respect to the
associated canonical real structures.

In general, if F is a set, Idg means the identity map defined on that set.

Since the set of triples (f, (,t) € Hgy x P(C") x [0, 1] such that that ¢ = 0 or
t = 1 has measure zero, we may assume in the rest of this section that ¢ € (0, 1).
Recall that @ : Hg x P(C") x [0,1] — V is the map given by

(f,¢1) = (f1, )

where

. Vi
o= f—(1-t)A (%) 70,

and (; is the homotopy continuation of ¢ along the path f;.

For each t € (0,1), let ®, : Hgy x P(C""') — V be the restriction ®,(-,-) =
(-, -, 1).

Recall that for each non-degenerate root n of h, B(h,n) is the non-empty
open set of those ¢ € P(C"*!) such that the zero ¢ of II;(h) continues to n for
the homotopy h; = (1 — t)II¢(h) + th.

Lemma 3.3.1. Let t € (0,1), and let (h,n) € V be a regular value of ®;. Then,
the fiber ®;(h,n)~t is given by

;! (h,n) = Hi(B(h,n)),
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where Hy = (hy, Idpcnsn)) : P(C™) = Higy x P(C™) and

ho(C) = h + (1 - t) A (ég?;) h(0). (3.3.1)

Proof. For 0 <t < 1, we have that (f,¢) € ®;(h,n) provided that
i) h=fi=tf+ 1 =DI(f);
ii) the homotopy continuation of ¢ on the path {sh + (1 — s)II:(f)}sejo,1) is 1.

Since Il (h) = II(f) we conclude that

F= == o) = h o+ (S70) (- mgth)
and ¢ € B(h,n). ]

Proposition 3.3.1. Let (f,() € Hy x P(C"™) such that ®, is defined and let
(h,n) = ®(f,C). Then the normal jacobian of ®, is given by

cg, ()

NJo,(f,¢) =" m

where Jacy () = | det(DH,(C))| is the jacobian of the map H, defined in Lemma
31

The proof of this proposition is divided in several lemmas and is left to the

end.

Proof of Theorem[3. Recall from Proposition that (I) is defined by

(I) D3/2 / / / ft7 Ct
(2m) N vol(P(Cnt1)) feH 4y Jcer(cn+1) Jielo,1] ||ft||

AN IAUCI*) (Ol e VI df dg d.

Then, for 0 < ¢t < 1, by the co-area formula for the map ®; : gy x P(C") — V,
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and Proposition |5.5. 1) we obtain

CD3? pu(h,m)?
0= (2m)N vol(P(Cnt+1)) / /hn ev  |IA[]? N T ()

—d;
/ [T (HITAUICT ) £ (O] L2 gt 40 4 (1 ).
(£.0)€07 (hyn) Jacg (C)

If ®4(f,¢) = (h,¢) then f(¢) = h(¢)/t, Te(f) = He(h). From Lemma[3.3.1] we
obtain that, for all ¢ € (0,1), Hy : B(h,n) — ®; '(h,n) given by ¢ — (h¢(¢),(), is a
parametrization of the fiber ®;*(h, 7). Moreover, since ¢ = ﬁt_l( f,¢)) whenever

}L(g ) = (f,(), then applying the change of variable formula we conclude that

1) = CD> / t2n 1/ NJ (h,n) (3.3.2)
~ (2m)N vol(P(C" 1)) (ha)ev HhH2 " -

/ T (W) IAICI %) R e O gt av d¢.
¢eB(hm)

From the definition of izt(C ) in 1. and the reproducing kernel property of the
Weyl Hermitian product (3.1.4)), we obtain

(O = ||h||2+2(1 )Re<h AUC O (-, OO+

i (?) JAGC O, Q™) I

then
IO = 12 = (1= 5 ) 1A (333
From the change of variable u = o?/(2t?), one gets that
! 1 2 /(042 on—1 Foo
/ 7€ 1) qt = 5 / u" e " du, (3.3.4)
o " a Jaz/0

where the last integral is the incomplete gamma function I'(«?/2,n). Then, from
(3.3.2)), (3.3.3)), (3.3.4), and the fact that vol(P(C"™!)) = 7" /T'(n + 1) we obtain

CD*?T'(n+1)27! / w(h,m)?
I = NJTI’1 h @ h/777 dv?
V=" Juey g om0
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where

(1217 = IAUICI=*)h)12)

©O(h,n) = _

o) /cemm IACICI=#) R [P
TAIC) 5 R(C)|[2 /2, n)el AU DROIP/2 g

Now, the proof of Theorem [4 follows applying the co-area formula for the projec-
tion m; : V — Hy). [l

3.3.1 Proof of Proposition |3.3.1

The map h; : P(C"*!) — H(q) given in (3.3.1)) is differentiable, and therefore H,

is also differentiable.

Lemma 3.3.2. Let (f,() € Hq xP(C"*) such that ; is defined and let (h,n) =
cbt(fa C) Then;

Nia(f.0) = )det [D(m o @) (he (), () - (M%(d), —(Dﬁt(C)ch)*m

1/2 ’

det(Ide. + (Dhu(Q)l¢s)* - Dho(Cler |+ Ny ()

where (]d;((d), —(Dht(C)kl)*) : Hgy — Hgy x TeP(C*Y) is the linear map
f= (f, =(Dhe(Q)le)* )

Proof. In general, let E; and E, be finite dimensional vector spaces with inner
product. Let V' C Ej x Ey be a vector subspace such that dim(V') = dim(E} ), and
consider on V' the inherited inner product. Let v: Fs — Ej and a: E; X Fy — V

be linear operators. Consider the following diagram:

E1XE24Q’V

(Idg,, —V

Ey Es Ey

(v, IdE,)

™

where (v, 1dg,) : Es — Ey X FEy, and w : V — Ej is the restriction of the

canonical projection in the first coordinate.
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Note that the image of the operator (Idg,,—7*) : E1 — E; X Ej is the
orthogonal complement of (v, Id)(Ey) in E; X Ej, therefore, assuming that 7 is

an isomorphism, we get,

|det (71 - - (Idg,, —7"))]
det =
| de (O‘|((%IdE2)(E2))L)‘ |det(Idg, + v - v*)|/2 - | det(m,)]
_ |det (71 - - (Idg,, —7"))|
|det(Idg, +~* - 7)|[¥/2 - |det(m)|’

where the last equality follows by Sylvester Theorem: if A and B are matrices of

size n X m and m X n respectively, then
det(Id,, + BA) = det(Id,, + AB). (3.3.5)

Now the proof follows taking Ey = Hyy, Ey = T,P(C*™), V =V, with the
associated real inner products, v = Dht(C)kL and a = D®,(hy, O3ty xc-- O

The derivative of &, at ¢ € P(C™*1) in the direction ¢ € TP(C™) is given
by

Diu0)é = (+7) - (el + L)

where K¢, L¢ : T,P(C") — H gy are given by

Kc(¢) = A<<<C’, éd) - Dh(¢)C; (3.3.6)
Le(¢) = A <d2< 8 R L O) h(¢), (3.3.7)

for all ¢ € T,P(C™1).

Lemma 3.3.3. The adjoints operators K¢*, L¢* : Hgy — TP(C™Y), are given
by
K (f) = (DR(Q)|¢+)™ - AU O™ (O, (3.3.8)

and

L' (f) = (DF(Q)ler)* - AU O™ HR(Q), (3.3.9)
for any f € H
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Proof. By the definition of adjoint, the definition of K. and the reproducing
kernel property of the Weyl Hermitian product (3.1.4)), we get

Re(Ke*(f),¢) = ICIIP Re(f, A((C, )7 (-, O)*) - DR({)C)
= Re(f(¢), A({¢, &)™) - h(<)<’>
= Re((DA(Q)|cx)" - AUC O™ £(0), ).

Moreover, differentiating equation (3.1.4) with respect to ¢, we obtain for L "
that

Re(Lc"(f), C) = IICIP Re(f, AC(C, O~ dil-, )", O)(Q))
= Re(Df(0)¢, A((¢, )~ )A(C))
= Re((Df(Q)lcr) - A({¢ O DR(C). -

Lemma 3.3.4. One has,

‘det Ider + (Dhy(C)]c)" - Dhy(Q)] )

( (* )IIA (VI ||2)2n-

det (fdM(lT)( MOl A (e ) 'D§<<>5>|'
(597 1A (VEICI=) rQ)|

Proof. By direct computation we get

K¢+ K¢ = (Dh(Q)]¢2)" - A((C Q™) - Dh(Q)]exs
K& Le=L K =0.

Note that, if f = L¢(C) for some ¢ € T(P(C™), then, for all § € C* we get

(D@0 = (Refo,a (25 ) 16 ) &
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Hence, ,
L Le = HA (\/d_illCH_d") h(C)H ~Ider.

Therefore we get:

1-1

DIl DhuOles = (F74) (e e+ L L) =

- ($>2 ((DROIe) - A (ICI242) - DR(Q)]x+
+ 8 (V=) wo|| 1),

The proof follows. []

Lemma 3.3.5. One has

et [D(m 0 @) (<), €) - (T, ~(Du(Q)]c1)7)]
= | det(Ides 4 (Dhy(C)]cr)* - Dhe(C)]cr )| £2m.

Proof. First we find an expression for the term inside the determinant. For short,
let

W = D(m1 0 ) (he(C), ) - (Idse,,, —(Dhe(C)]c2)).

One gets,
2 momro|th=f-0-0a(E9 Y o sy
and
o207 €)= 311
~-0 |3 ({5) procea (H4EEEL) o)

Since hy(¢)(¢) = h(¢)/t, and D[h(O))(C)|cr = Dh(C)|cx, from and
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(3-311) we get
() = f—(1-nA (f ?;) fo+
+(1—t <CC<>>‘1 - DR(O)er  (Dhy(Q)]c2)" f+
+A< G D )IgL)*f'>>h(tC)}

forall f € Hg). That is, with the notation K and L. given in (]3.3.6[) and (]3.3.7[),

we get

) £©) - (?) K (K& + LC*)f} + (3.3.12)

wh=i-a-9a(f
+ (Tt)ch(Kc* + L) f

for all f € H .

Note that ¢ = Idg, — £, for a certain operator £. Therefore det(y) =
det((Idg¢, — £)|mme), where last determinant must be understood as the deter-
minant of the linear operator (Idg{< — L) lme : ImL — ImL.

The image of £ is decomposed into two orthogonal subspaces, namely:

Ce = {A(%>a a:(al,...,an)Tecn};

= {Lc(w) TwE Tcp(Cn+1)} .

Note that ImK, = C; C ker L¢" and ImL; = R, C ker K"

Consider the linear map

vy
<<<’ %d) -A(I¢]®), becn

7:C" = C, T(b):A(

(€.0O%

12 (

Note that, 77 (A <&> a) = A(J|¢||7%) - a. Since

<'7 >di

I

) all = IAICI) - all

—~
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we conclude that 7 is a linear isometry between C" and C.
Let

Il Lo

A R N ARG

Since

el = & (V) a0 - 121

for all w € T, P(C"*!), we get that 7 is a linear isometry between T,P(C"™') and
R..
Let I, ¢ and I1g ¢ be the orthogonal projections on C¢ and R respectively.

Then |det(v))] is equal to the absolute value of the determinant of

¢ 5)

where A =77 ol ¢|c, o7, B=71"0olc| 0on, C =n" ol t|c o7 and
D=nlo g 4|R, 0N

Straightforward computations show that

A= tTde + U2 ’f) A(ICI*1) - DR |cx - (DR(O)]c2)* - A(IC]|+):
G f TSRO A1) - DR(O) s
- ( ) AW O (DREC)|s)” - AICI4+):

D:( ( ) IAG/lCI) ||2> 1de..

Since D is invertible, we may write

A B\ [(A-BD7'C B I 0
C D) 0 D Dl 1)’

hence det A BY det D - det(A — BD™'C).
¢ D

107



3. SMALE’S FUNDAMENTAL THEOREM OF ALGEBRA
RECONSIDERED

Thus,

det(y)| = (1 () (vanar) h<<>H2>

2n

(2" A=) - DR(Q)lex - (DRl )" - A(HCH“‘Z’“)) ‘
L ()7 1A (VA=) )

det (Idcn +

Observe that

(Dh(C)]¢+)" - A (ICI7**)" - Dh(C) ¢+ =
(AQICI+Y) - DRI ) (A1) - DA+ )

Then, proof follows from Lemma and Sylvester theorem (i3.3.5]). O

Proof of Proposition[3.3.4. The jacobian of H, : P(C"!) — Hgy x P(C"1) at ¢

is given by

. . 1/2
[det(Tdes + (Dha(C)le)* - Din(Q)lx
Then, the proof follows from Lemma and Lemma|3.5. O
3.4 Numerical Experiments
In this section we present some numerical experiments for n = 1 and d = 7

that were performed by Carlos Beltran on the Altamira supercomputer at the
Universidad de Cantabria.
Recall from Theorem [3 that

(1217 = 1A= *)h)12)

O(h,n) = '

() /CGB(hm) [ANG[Iq I LI( )
DIA(C)R(C)|2 /2, n)el A= DR@I/2 g

Let

_ 1 —d; 2
o :/ - IAEI=4ROI/2 g
W= oo, TR R
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(Recall item (d) after the statement of the main theorem).
Note that

Y O(hn) < |[k]T(n)O().

n: h(n)=0

Table concerns a degree 7 polynomial A, chosen at random with the
Bombieri-Weyl distribution. The condition numbers p(h,n), ©(h,n) and vol(B(h,n)),

at each root 1 of h are computed. Moreover, O(h) is computed.

The data of the chosen random polynomial is given by:

a7 = —0.152840 — ¢0.757630
as = 1.283080 + 20.357670
as = 2.000560 + ¢3.302700
ay = 13.004500 + ¢0.203300
as = —1.138140 + ¢7.094290
az = 3.110090 + ¢2.618830
ay = 0.282940 + —10.276260
ap = —0.316220 + 10.036590,

One gets ||h|| = 2.9631 and ©(h) = 7.624646.

Roots in C w(h,-) O(h,-) | vol(B(h,-))
3.260883 — i1.658800 | 1.712852 | 1.487095 | 0.1405097
—2.357860 — 41.329208 | 1.738380 | 1.728768 | 0.1385767
—0.210068 +71.868947 | 1.608231 | 1.586398 | 0.1440547
0.227994 —40.782004 | 1.909433 | 1.544021 | 0.1256857
—0.044701 +40.384342 | 3.231554 | 3.152883 | 0.147277~
—0.308283 +i0.049618 | 3.183603 | 2.793696 | 0.1524337
0.213950 — 40.068700 | 2.948318 | 2.647258 | 0.1514667

Table 3.1: Degree 7 random polynomial.

In Figure we have plotted, using GNU Octave, the basins B(h,n) at each
root 71 of the chosen random polynomial h are plotted, in C and in the Riemann

sphere,.
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Basins of attraction in the plane Basins of attraction in the plane, zoom around O and unit circle
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Figure 3.1: The basins B(h,n) in C and in the Riemann sphere of the degree 7
random polynomial (GNU Octave).
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In Table the same quantities are computed for the polynomial given by
ay = —1,a; = ... =ag = 0, a; = 1. In this case the roots are the 7th roots of
unity, and it is not difficult to see that the actual values of u(h,n), O(h,n) and
vol(B(h,n)) are constant at the roots of h by symmetry. This example illustrate

the extent of accuracy of the computations.

Roots in C w(h,-) ©(h,-) | vol(B(h,-))
—0.900969 + i0.433884 | 3.023716 | 2.210393 | 0.1289827
—0.900969 — 40.433884 | 3.023716 | 2.624508 | 0.1538467
—0.222521 +40.974928 | 3.023716 | 2.326541 | 0.1351987
—0.222521 —i0.974928 | 3.023716 | 2.371825 | 0.141414n

1.000000 + ¢0.000000 | 3.023716 | 2.867733 | 0.1569547
0.623490 + ¢0.781831 | 3.023716 | 2.136386 | 0.1351987
0.623490 — 40.781831 | 3.023716 | 2.551867 | 0.148407~

Table 3.2: h(z) =27 — 1.

In this case we get ||| = v/2 and O(h) = 13.157546.

The errors for the root of unity case in the third column are of the order of
25%. But 25% does not seem enough to explain the variation in the computed
quantities in the third column of the random example where the ratio of the max
to min is greater than 2. So it is likely that they are not all equal. On the other
hand, the ratios of the volumes of the basins in the fourth columns of the random
and roots of unity examples do seem of the same order of magnitude. So perhaps
they are all equal? Also,the graphics of the basins are very encouraging in the
random case. There appear to be 7 connected regions with a root in each. So
there is some hope that this is true in general. That is there may generically be
a root in each connected component of the basins and all these basins may have
equal volume. This would be very interesting and would be very good start on
understanding the integrals. It would be good to have some more experiments

and even better some theorems.
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Figure 3.2: The basins B(h,n) in C and in the Riemann sphere for h(z) = 27 — 1
(GNU Octave).
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Appendix A

Stochastic Perturbations and

Smooth Condition Numbers

In this appendix it is defined a new condition number adapted to directionally
uniform perturbations in a general framework of maps between Riemannian man-
ifolds. The definitions and theorems can be applied to a large class of problems.
The relation with the classical condition number in many interesting examples is
studied.

A.1 Introduction and Main Result

Let X and Y be two real (or complex) Riemannian manifolds of real dimensions
m and n (m > n) associated respectively to some computational problem, where
X is the space of inputs and Y is the space of outputs.

Recall fromt the Introduction that V C X x Y is the solution variety; 7 : V —
X and 75 : V — Y are the canonical projections; >’ and X are the ill-posed variety
and the discriminant variety respectively.

When dimV = dim X, for each (x,y) € V \ ¥/, we have the solution map
S (x,y) : Uy = Uy, defined between some neighborhoods U, and U, of z € X and
y € Y respectively.

Let us denote by (-, -), and (-, -),, the Riemannian (or Hermitian) inner product

in the tangent spaces T, X and T}, at z and y respectively.

115
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Recall from the Introduction that the condition number at (x,y) € V\ ¥ is

given by:
pley) = ma |07 ()i, (AL1)
l)Z=1

See the Introduction for references about the role of the condition number in
numerical analysis and complexity of algorithms.

In many practical situations, there exists a discrepancy between worst case
theoretical analysis and observed accuracy of an algorithm. There exist sev-
eral approaches that attempt to rectify this discrepancy. Among them we find
average-case analysis (see Edelman| [1989], Smale| [1985]) and smooth analysis
(see |Spielman & Tengl [2002], Biirgisser et al.| [2006], Wschebor| [2004]). For a
comprehensive review on this subject with historical notes see Biirgisser| [2009].

In many problems, the space of inputs has a much larger dimension than
the one of the space of outputs (m > n). Then, it is natural to assume that
infinitesimal perturbations of the input will produce drastic changes in the output
only when they are performed in a few directions. Then, a possibly different
approach to analyze accuracy of algorithms is to replace “worst direction” by a
certain mean over all possible directions. This alternative was already suggested
and studied in Weiss et al.| [1986] in the case of linear system solving Ax = b,
and more generally, in Stewart| [1990] in the case of matrix perturbation theory,
where the first-order perturbation expansion is assumed to be random.

In this chapter we extend this approach to a large class of computational
problems, restricting ourselves to the case of directionally uniform perturbations.

Generalizing the concept introduced in Weiss et al|[1986] and Stewart| [1990],

we define the pth-stochastic condition number at (z,y) as:

1 1/p
Plp oy e | L D ()i |l? dS™ (4 —1,2,...
wP o) = | [ W07 @il @] =2
(A1.2)
where vol(S71) = 12(7Tm—m//22) is the measure of the unit sphere S™ ! in T,X, and

dS™~1 is the induced volume element. We will be mostly interested in the case

p = 2, which we simply write p, and call it stochastic condition number.
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A.1 Introduction and Main Result

Before stating the main theorem, we define the Frobenius condition number
as:
pr(z,y) = [|DF (x)|r = /o + - + 0}

where || - [|¢ is the Frobenius norm and o7, ..., 0, are the singular values of the
condition operator. Note that pup(x,y) is a smooth function in V\ 3’  where its

differentiability class depends on the differentiability class of G.

Theorem 6.

1/p
1| (%)
G y) = — | —22 “E(||n, o )P,
Hest ( 7y) \/5 [F (mTﬂ)) <||77 Tyeey n|| )
where ||-|| is the Fuclidean norm in R™ and n,, ., is a centered Gaussian vector
in R™ with diagonal covariance matriz Diag(o?,...,02).

In particular, for p =2
x?
i) = P20, (A.13)
Remark A.1.1. Since u(x,y) < pr(x,y) < /n - u(z,y), we have from (A.1.3)

that
1

(2.9) < pala,y) < /= ula.y)

— - u(x st(T,y) </ — - u(z,y).

\/% T, Y ) = st Yy m 2 Yy

This result is most interesting when m > n, for in that case pg(z,y) < pu(z,y).
Thus, in these cases one may expect much better stability properties than those

predicted by classical condition numbers.

Remark A.1.2. In many situations, one needs to analyze how the condition
number varies in order to study (or to improve) the accuracy of an algorithm. In
this way, the replacement of the usual non-smooth condition number p given in
by a smooth one, has an important theoretical and practical application.

In numerical analysis, many authors are interested in relative errors. Thus,
when (X, (-,-)x) and (Y, (-, )y) are real (or complex) finite dimensional vector
spaces with an inner (or Hermitian) product, instead of considering the (absolute)
condition number , one can take the relative condition number defined as:

T|lx
MTel('r?y) = ” H ’ /L(l‘,y), T 7£ 07 Y 7£ O;

lylly
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and the relative Frobenius condition number as:

Tilx
,urelF(-:an) = H H ,UF(I7y)7 'T7é07 y%oa
1ylly
where || - ||x and || - ||y are the respective induced norms. In the same way, we

define the relative pth-stochastic condition number as

:urelg;](x7y) = m ',ust[p]<x7y)7 (p: 1727> <A14)
For the case p = 2 we simply write p,¢, and call it relative stochastic condition
number.
In this case, we can define Riemannian structures on X \ {0} and Y \ {0} in
the following way: for each x € X, x # 0, and y € Y, y # 0, we define
<'7 >x < '>9

(-, )2 = , and (v 0), =
[EdlES Tl

Notice that, in these Riemannian structures the usual condition number defined in
(A.1.1) turns to be the relative condition number defined before. Then, Theorem
[f| remains true if one exchanges the (absolute) condition number by the relative

condition number. In particular,

. NrelF(xa y)

,Urelst(mv y) = \/m

A.2 Componentwise Analysis

In the case Y = R™ we define the kth-componentwise condition number at (x,y) €
VY as:

pla,ysk) = max (DS (2)2)l,  (k=1....,n), (A2.1)
#1221

where | - | is the absolute value and wy, indicates the kth-component of the vector
w e R™
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A.2 Componentwise Analysis

Following Weiss et al.| [1986] for the linear case, we define the pth-stochastic

kth-componentwise condition number as:

1 1/10
[p] LY e— -\ 1P gom—1¢_; _
P o) o= |y [ (0@ sz )] L =12
(A.2.2)
Then we have:
Proposition A.2.1.
1/p
1 T (%) p+1
s ) >k = |—F=" 2 r : ) 7k .
o) = | Jo il (55)| et

In particular,

st (2, Y3 k) = T Jm

Proof. Observe that p,P!(2,y; k) is the pth-stochastic condition number for the
problem of finding the kth-component of G = (Gy,...,G,) : X — R". Theorem
[6 applied to Gy, yields

1P (2, g k) = % [FF(@)] : “E(|n,[)"/?

2

where 01 = || D% ()| = pu(x,y; k). Then,

E([n0,[")? = p(, y; k) - E(Jm [P) 7,
where 7; is a standard normal in R. Finally,

2 p—1 p+1

E<|mrp>=%27 / e ap = 2T (),

and the proposition follows. O
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A.3 Proof of the main Theorem

In the case of complex manifolds, the condition matrix turns to be an n X n
complex matrix. In what follows, we identify it with the associated 2n x 2n real
matrix. We focus on the real case.

The main theorem follows immediately from Lemma and Proposition
[A.3.1 below.

Lemma A.3.1. Let n be a Gaussian standard random vector in R™. Then

1 [F(%)

Pl ) = —
st (7y) \/5 P<mT+p)

1/p
] B D5 ()n||”)] 7,

where E is the expectation operator and || - || is the Euclidean norm in R".
Proof. Let f:R™ — R be the continuous function given by

fw) = [I1DZ(z)v].
Then,

1
(2m)m/2 Jg

1 2 1/p
E(|DS @) = [ et dv] |

Integrating in polar coordinates, we get

Iy -
B(IDS @) = G- [ s, (A31)
where .
I = e ?dp, jeN.

0
Making the change of variable u = p?/2 we obtain
. ; 1

therefore

Iipy = 27371 (mT“’> . (A.3.2)

Then, joining together (A.3.1]) and (A.3.2]) we obtain the result. O
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A.4 Examples

Proposition A.3.1. If n is a Gaussian standard random vector in R™, then

E([ D (@)nl”) = E(|[1o.....00 1),

where Ny, 4, 15 a centered Gaussian vector in R"™ with diagonal covariance matriz

Diag(o?,...,02%), and oy, ..., 0, are the singular values of D.¥(x).

r¥n

Proof. Let D.#(x) = UDV be a singular value decomposition of D.¥(x), where
V and U are orthogonal transformations of R™ and R" respectively, and D :=
Diag(oy,...,0,). By the invariance of the Gaussian distribution under the action
of the orthogonal group in R™, Vn is again a Gaussian standard random vector
in R™. Then,

E(| D (x)nl]") = E(|UDn|1?).

and by the invariance under the action of the orthogonal group of the Euclidean

norm, we get

E(I D (z)nll?) = E([Dnl”).

Finally D is a centered Gaussian vector in R" with covariance matrix Diag(o?, . ..

and the proposition follows. For the case p = 2,

pa(r,y) = [E (022 + ..+ o2n?)] "2,

where 7y, ...,n, are i.i.d. standard normal in R. Then,

n 1/2
Mst<x7y) = <Zaz2> :,LLF(JI,y).

A.4 Examples

In this section we will compute the stochastic condition number for different prob-
lems: systems of linear equations, eigenvalue and eigenvector problems, finding

kernels of linear transformations and solving polynomial systems of equations.
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A. STOCHASTIC PERTURBATIONS AND SMOOTH
CONDITION NUMBERS

The first two have been computed in [Stewart| [1990] and are an easy consequence
of Theorem [f] and the usual condition number .

The computations of u for the case of systems of linear equations, eigenvalue
and eigenvector problems, and solving polynomial systems of equations are fairly
well-known. However, as far as we know, previous results of p for the problem
of finding kernels of linear transformations only offers bounds (see Kahan [2000],
Stewart & Sun [1990], Beltran & Pardo| [2007]). In Section we gave an
explicit computation of u for this problem.

In what follows, we will drop the output in the notation of condition number

when the input-output map is univalued.

A.4.1 Systems of Linear Equations

We consider the problem of solving for y € R™ the system of linear equations
Ay =b, y # 0, where A € R™™ (the space of n x n real matrices), and b € R".
If we assume that b is fixed, then, we can consider the input space X = R"*"

equipped with the Frobenius inner product
(A, B)p = trace(AB"), (A41)

where B! is the transpose of B, and the output space Y = R" equipped with the
Euclidean inner product. It is easy to see that X is the subset of non-invertible
matrices. Then, the map G : R™*™\ X — R" is globally defined and differentiable,
namely

G(A) = A (=y).
By implicit differentiation,
DS (A)A = —A"1Ay. (A.4.2)
Is easy to see from (|A.4.2)) that

pu(A) = A7 Tyl
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Let H be the orthogonal complement of ker D.#(A), i.e. H is the set of rank
one matrices of the form uy®, u € R", where y' denotes the transpose of y € R™.
Then, the map u — uy'/||y|| is a linear isometry between R™ and H. Under this
identification, is easy to see from that D.(A)|g coincides with the map

—|ly|l - A7, from where we conclude,

pr(A) = [ A7 |r -yl

Then, from Theorem [6 we get

A F - |yl
st(A) = ——,
2 t( ) n
and therefore
A
fa(A) < nd) (A.4.3)

vn
A similar result was proved in [Stewart [1990].

For the general case, we consider X = R™*" x R" equipped with the product
metric structure of the Frobenius inner product in R"*™ and the Euclidean inner
product in R™. Then,

G :R™™\ ¥ x R" — R™ satisfies G(A,b) = A~'b.
Similar to the preceding case, we have u(A,b) = ||A~1|-\/1+ [|y|[2 and (A, b) =
A= F - /1 + [Jy]]>. Again from Theorem @ we get

gy = 1A TP
S ) \/m Y

and therefore

pa(A ) < ALY

vn+1

For the kth-componentwise condition number, we have that

n?+n

1/p
(A 05R) = | = % (B,
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and
(A, b); k)
N ET

A similar result was proved in |Weiss et al.| [1986], where the average in (A.2.2))

pse (A, b); k) =

is performed over the unit ball instead of the unit sphere.
In|Edelman|[1989], it is proved that the expected value of the relative condition
number g, (A) = ||A| - [|[A7Y| of a random matrix A whose elements are i.i.d

standard normal, satisfies:
E(log pra(A)) =logn + ¢+ o(1),

as n — oo, where ¢ &~ 1.537. If we consider the relative stochastic condition

number defined in (A.1.4)), we get from (A.4.3)

logn + ¢+ o(1),

DN | —

E(log Hrel st (A)) S

as n — oQ.

A.4.2 Eigenvalue and Eigenvector Problem

In this subsection we follow the approach given in Shub & Smale| [1996]. However,
we alert the reader that in Chapter |1] we developed a new approach for the
eigenvalue problem which exploit other natural symmetries of the problem.

We focus on the complex case. The real case is analogue.

We consider the problem of solving for (A, v) € Cx C™ the system of equations
(M, — A)v =0, v # 0, where A € C™" (the space of n x n complex matrices)]]

Since this system of equations is homogenous in v, we define the solution

variety associated to this problem as:
V={(Av,\) e C”"" xP(C") x C: (A, — A)v =0},

where P(C™) denotes the projective space associated with C".

'In Chapter we define a different framework for the eigenvalue problem.
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Let X = C™*™ be equipped with the Frobenius Hermitian inner product, i.e.
the complex analogue of (A.4.1), and Y = P(C") x C be equipped with the
canonical product metric structure.

Then, for (A,v,\) € V\ ¥, i.e. when A is a simple eigenvalue (cf. Wilkinson
Wilkinson| [1972]), the condition linear operators D.#} and D.#, associated with
the eigenvector and eigenvalue problem are:

DA(A)A = (mpr (M, — A)|pr) (vaAv> and D.%(A)A = <<ivj>b>

9

where 7,1 denotes the orthogonal projection onto v+, and u is some left eigen-
vector associated with ), that is, u*A = Au*.

The associated condition numbers are:

(A v) = ||(me (AL, — A)|v¢)_1H and s (A, N) = % (A.4.4)

From our Theorem [0, we get the respective stochastic condition numbers:

1 _ 1
ﬂlst(Au'U) = E H(Wvl()‘jn - A)‘vl) lHF < %ﬂl(Avv)a

1
pog (A, N) = EMQ(A’ A).

A similar result for po,, (A, A) was proved in Stewart [Stewart| [1990].

A.4.3 Finding Kernels of Linear Transformations

For the sake of completeness of the exposition we focus on the complex case. All
ideas carry over naturally on the real case.

Let C**P be the linear space of k x p complex matrices with the Frobenius
Hermitian inner product, and R, C CF*? be the subset of matrices of rank .
Given A € R, we consider the problem of finding the subspace F' of CP such that
Az = 0 for all x € F, i.e. finding the kernel subspace ker(A) of A. For this
purpose, we introduce the Grassmannian manifold G, , of complex subspaces of

dimension ¢ in CP, where ¢ = p — r is the dimension of ker(A).
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The input space X = R, is a smooth submanifold of C**? of complex dimen-
sion (k+p)r —r? (see Dedieu [2006]). Thus, it has a natural Hermitian structure
induced by the Frobenius Hermitian inner product on CF*?.

In what follows, we identify G, , with the quotient S, /U, of the Stiefel man-
ifold

Spe:={M € M, ,(C): M*M =1}

by the unitary group U, C .#,;(C), which acts on the right of S, in the natural
way (see |[Dedieu| [2006]). Then, the complex dimension of the output space Y =
Gy is (p—r)r. (We will use the same letter to represent an element of S,, and
its class in G, ).

The manifold S, , has a canonical Riemannian structure induced by the real
part of the Frobenius Hermitian structure in .#), ,(C). On the other hand, U, is
a Lie group of isometries acting on S,,. Therefore, G, , is a homogeneous space
(see |Gallot et al.| [2004]), with a natural Riemannian structure that makes the
quotient projection 7 : S, ; = G, a Riemannian submersion. More precisely, the
orbit of M € S,, under the action of the unitary group U,, namely, 7' (M) =
{MU : U € U}, defines a smooth submanifold of S, . In this way, the tangent

space TSy splits into two orthogonally complementary subspaces, namely,

TvSpe = Tym (M) @ (TM7T_1(M))L ;
where Ty~ (M) is the tangent space of 7=!(M) at M. Then, we can naturally
identify the tangent space Ty G, with (Thym (M )" with the inherited Rieman-
nian structure induced by S,,. Moreover, in this fashion, we can carry out all
computations over the quotient manifold G, , onto S, ;.
To compute the derivative of the input-output map G : R, — G, , which maps
A onto ker(A), notice that if M € S, is any representative in 7 *(ker(A)), then
AM = 0. Then, implicit differentiation in the lift S, , yields

AM + A(D.#(A)A) =0,
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where A € TyR,, and D&”(A)A € TyiGpy. Then,

D.7(A)A = —ATAM, (A.4.5)

where At is the Moore-Penrose inverse of A.

We have concluded that the condition operator D.#(A) is a linear map from
TaR, (with the Hermitian structure induced by .#; ,(C)) onto (T (M))™
(with the inherited Riemannian structure of S, ), and given by equation (A.4.5).

One way to compute the singular values of the condition operator described in
, is to take an orthonormal basis in C**? which diagonalizes A. From the
singular value decomposition, there exists positive numbers o1 > --- > g, > 0
and orthonormal basis {us,...,u;} of C* and {vy,...,v,} of CP, such that, A =
S ol and AT = Y7 o7 'vuf. Here w* denotes the conjugate transpose
of the vector w. Thus, {uw; : i = 1,...,k;j = 1,...,p} is an orthonormal
basis of C**? which diagonalizes A. In this basis the tangent space T4R, is the
orthogonal complement of the subspace generated by {ulv;‘ ci=r+1,...k; 5=
r+1,...,p}.

Acting by an element U € Uy, if necessary, one can assume M = Zfl:1 Vhtr€J,
where {e1,...,e,} is the canonical basis of C!. Observe that ||ATAM |z < ||Af|| -
|AM]||p. Then,

u(A) = || AT,

where the maximum is attained, for example, at A= vy € TaR,.

Observe that pup(A)? = 37, . ||DS(A)uvj||, where the sum runs over all
elements u;v; € TaR,. Asu;v; € ker D.7(A), fori=r+1,....,pandj =1,...,k,
then,

T p r r

p
pe(A? =303 Ao MIE =) Y o e B = (0 —r)- ) o

i=1 j=1 i=1 j=r+1 i=1

That is,
,UF(A) =Vvp—-T: ||AT||F-
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From our Theorem [0}

R plp—r)

(k+p—r)r
In Beltran| [2011], it is proved that
E(log ju(A) : A€ R) <log |—FP=" | 496
O re : (s _O g/
& firel Slktp—2r+1

where the expected value is computed with respect to the normalized naturally
induced measure in R,. Our Theorem [(] immediately yields a bound for the
stochastic relative condition number, namely,

(k+p—r)r
(k+p—2r+1)2p(p—r)

1
E(log ptreig(A) : A€ R,) < 3 log [ } + 2.6.

A.4.4 Finding Roots Problem I: Univariate Polynomials

We start with the case of one polynomial in one complex variable. Let X = P, =
(f: fz) = 5%, fi2', f; € C}. Identifying Py with C', we can define two
standard Hermitian inner products in the space Py:

- Weyl inner product:
d 2\ L
= gl ; A4.6
o =3 s () (A1)
- Canonical Hermitian inner product:

d
(f,9)canr = fidh. (A7)
=0

The solution variety is given by V = {(f,2) € Py x C: f(z) = 0}, and ¥’ =
{(f,z) € V: f'(z) = 0}. Thus, by implicit differentiation,
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We denote by puy and pca+1 the condition numbers with respect to the Weyl and

Hermitian inner product. The reader may check that

o Gl (5.0 — V2o ]
e 7@ res PO
(for a proof see Blum et al] [1998], p. 228 ). From Theorem[f, we get:
1 1
pwa(f,C) = m#w(ﬁ Q) Heang(f,¢) = mﬂcdﬂ(ﬁ ¢)-

A.4.5 Finding Roots Problem II: Systems of Polynomial

Equations

We now study the case of complex homogeneous polynomial systems. Let JH,
be the space of homogeneous polynomials in n 4+ 1 complex variables of degree
d € N\ {0}. We consider H,; with the Hermitian inner product (-, )4, namely,
the homogeneous analogous of the Weyl structure defined above (see Chapter 12
of Blum et al.| [1998] for details).

Fix di,...,d, € N\ {0} and let H{(y = Hg, x --- x Hg, be the vector space
of polynomial systems f : C"*' — C", f = (f1,..., fn), where f; € Hy.. The
space H(g) is naturally endowed with the Hermitian inner product (f,g)w =
Z?:l<fiagi>dr

Let X = P(Hy) and Y = P(C"*?), then the solution variety is given by V =
[(£,€) € P(3(@) xP(C™1) 1 £(C) = 0}, and 3 = {(f,C) € V: DF(C)lc- is singular}.

We denote by N = >" | (di:”) — 1 the complex dimension of X. We may
think of 2N as the size of the input.

Then, for (f,() € V\ X', we have

DL(f)f = = (DFOler) ™ F(0),

and the condition number is

Y

v (£:) = || (DFQle) ™
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where some norm 1 affine representatives of f and ¢ have been chosen (cf. |Blum
et al. [1998]).
For the complexity analysis of path-following methods it is convenient to con-

sider the normalized condition number defined by:

timorm(£,0) = || (DF(Q)ler) ™ - Diag(al”, ...,y
where Dlag(all/2 e ,d71/2) denotes the diagonal matrix with entries di/Q, e ,d}/Q.
(Notice that finerm is the usual condition number for the slightly modified Her-
mitian inner product in Hg given by (f, ¢)norm = 2y 7 (fi, 9i)a;-)
Associated with fi,,0,m, We consider

Nnorm Z Hnorm f C (A48)
{C f(¢)=0}

where D = d; - - - d,, is the number of projective solutions of a generic system.
The expected value of p? . (f) is an essential ingredient in the complexity
analysis of path-following methods (cf. [Shub & Smale [1996], Beltran & Pardo
[2011], and recently Biirgisser & Cucker| [2011]). In Beltran & Pardo| [2011] the
authors proved that
Ef [ftnorm(f)?] < 81N, (A.4.9)

where f is chosen at random with the Weyl distribution.
The relation between complexity theory and the stochastic condition number

is not clear yet. However, it is interesting to study the expected value of the
is-analogue of equation (|A.4.8), namely

Mnormst Z Hnormst f O
{C f(¢)=0}

Here finorms(f,¢) is the stochastic condition number for the modified condition

operator, given by

fe (DF(Qler) ™" - Diag(dy?,...,dY?) - f(Q).

(Notice that, fnormg(f,¢) is the stochastic condition number for the modified
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Hermitian inner product in Hgy given by (-, -)norm)-

From our Theorem [6 we get,

fnorm (£, )
VN/n '

Note that the last bound depends on the number of unknowns n, and not on the
size of the input N > n.

Mnormst(ﬁ C) < IEf [Mnormst<f))2} < 8n?.
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Part 11

Random System of Equations
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Chapter 4

Real Random Systems of

Polynomials

In this chapter, following Armentano| [2011b], we review some recent results con-
cerning the expected number of real roots of random systems of polynomial equa-
tions. We begin giving an outline on Rice formulas for random fields. In the case
of polynomial random fields we show the relation of Rice formulas with other
technics to study the average number of solutions. At the end of this chapter we
recall some known results about the undetermined case, that is, when the random

system of equations has less equations than unknowns.

4.1 Introduction

Let us consider a system of m polynomial equations in m unknowns over R,

filw)= Y ala? (i=1,...,m). (4.1.1)

ll5ll<d:

The notation in (4.1.1) is the following: z := (z1,...,,,) denotes a point in

R™, j = (j1,-..,Jm) a multi-index of non-negative integers, [|j|| = > 1, jn.
) Lyeeesjm?

We are interested in the solutions of the system of equations

and d; is the degree of the polynomial f;.
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4. REAL RANDOM SYSTEMS OF POLYNOMIALS

lying in some subset V of R™. We denote by N/(V) that number, and N/ :=
N/ (R™)

If we choose the coefficients {ag-i)} at random , then N/ (V') becomes a random
variable.

The study of the expectation of the number of real roots of a random poly-
nomial started in the thirties with the work of Bloch & Pdlyal [1931]. Further
investigations were made by Littlewood & Offord| [1938]. However, the first sharp
result is due to Kac [1943; 1949, who gives the asymptotic value

2
E (N/(R)) ~ %logd, as d — +o0,

when the coefficients of the degree d univariate polynomial f are Gaussian cen-
tered independent random variables N(0,1) (see the book by |Bharucha-Reid &
Sambandham| [1986]).

The first important result in the study of real roots of random system of
polynomial equations is due to Shub & Smale [1993b|, where the authors com-
puted the expectation of N/(R™) when the coefficients are Gaussian centered

independent random variables having variances:

d;!
g (di = DY

(4.1.2)

Their result was
E (N/(R™)) = \/dy - dp, (4.1.3)

that is, the square root of the Bézout number associated to the system. The
proof in [Shub & Smale [1993b] is based on a double fibration manipulation of the
co-area formula (see formula below).

The probability law of the Shub-Smale distribution has the simplifying prop-
erty of being invariant under the action of the orthogonal group in R™. In Kostlan
[2002] one can find the classification of all Gaussian probability distributions over
the coefficients with this geometric invariant property.

Azais & Wschebor| [2005] gave a new and deep insight to this problem, in-
troducing the Rice formula for this problem. In|Azals & Wschebor [2005], Rice
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4.2 Rice Formulas

formula allows them to extend the Shub-Smale result to other probability distri-
butions over the coefficients. A general formula for E(N/(V)) when the random
functions f; (i = 1,...,m) are stochastically independent and their law is cen-
tered and invariant under the orthogonal group on R™ can be found in |Azais &
Wschebor| [2005]. This includes Shub-Smale theorem as a special case.

Morever, Rice formula appears to be the instrument to consider a major prob-
lem in the subject which is to find the asymptotic distribution of N¥(V) (under
some normalization). The only published results of which the author is aware
concern asymptotic variances as m — +00. (See [Wschebor| [2008] for a detailed

description in this direction).

4.2 Rice Formulas

We start this section giving an outline on Rice formulas for random fields. After
that we will focus on polynomial random fields. This case is much simpler than
the general theory of Rice formulas for random fields. At the end we will give an
heuristic of Rice formula for polynomial random fields. In Appendiz [B we give
a brief exposition of the main concepts about probability theory and stochastic

processes used in this dissertation.

Let U C R™ be a Borel subset, and let Z : U — R™ be a random field, that
is, a collection {Z(z) : * € U} of random vectors defined on some probability
space (2, A, P).

Assume that the trajectories of the random field Z are regular. Given a value
u € R™, we denote NZ(U) the number of roots of Z(z) = u lying in the subset
U. Then, N?(U) : Q — NU{+o0} is a random variable. Rice formulas allow one
to express the kth-moment of NZ(U) by an integral over U* of a function that
depends on the joint distribution of the process and its derivative. (See Azais &
Wschebor| [2009]).

More precisely, we have:

Theorem 7 (Rice Formula for the Expectation). Let Z : U — R™ be a random
field, U C R™ be an open set, and let u € R™. Assume that
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4. REAL RANDOM SYSTEMS OF POLYNOMIALS

1. Z is Gaussian;
2. Almost surely the trajectories x — Z(z) are C;

3. For each x € U, Z(x) has non-degenerate distribution, that is Var(Z(x)) is

positive definite;
4. The event {3x € U : Z(x) = u, det(DZ(z)) = 0} has probability zero.

Then, one has

u

E(NZ(U)) = / E (|det(DZ(x)| | Z(x) = u) pza)(u)da. (4.2.1)
U

Here, pz () (u) is the density of the random variable Z(z) at u, and E(¢|n = y)

is the conditional expectation of £ given the value of n at u (see Appendix.

Theorem 8 (Rice Formula for the kth-moment). Let k > 2 be an integer. As-
sume the same hypotheses as in Theorem[7 except that[3 is repalced by

3% For zy,...,x, € U distinct values, the distribution of (Z(x1),...,Z(xy))

does not degenerate in (R™)*.

Then, one has

E(NS(U) (NS (U) = 1)+ (NJ(U) =k +1)) = (4.2.2)
= /Uk]E <H|detDZ(x,~)| | Z(21) = ... Z(xy) = u) :
“D(Z(@1)sZwn)) Uy -y u) day L dy,.

Theorem 9 (Expected Number of Weighted Roots). Let Z be a random field
that verifies the hypotheses of Theorem @ Moreover let g : C(U,R™) x U — R be
a bounded function which is continuous when one puts on C(U,R™) the topology
of uniform convergence on compact sets. Then, for each compact set I C U, one

has

B( Y a(Za) = [E(9(Z.0)|detDZ())] | Z(z) = 1) paio () da.
zel: Z(z)=u I

(4.2.3)
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4.2 Rice Formulas

For the proof of Theorem[7, Theorem[§and Theorem[9 see|Azais & Wschebor
[2009)].

More generally, let U C R™ be an open set, and let f : U — R be a smooth
function, where m > k. If u € R* is a regular value of f, then, f~!(u) is a
smooth manifold of dimension m — k. Let us denote by \,,,_x the m — k geometric

measure.

Theorem 10 (Rice Formula for the Expectation of the Geometric Measure). Let
Z : U — R¥ be a random field, U C R™ be an open set, and let u € R*, (m > k).

Assume that
1. 7 is Gaussian,
2. Almost surely the trajectories x — Z(x) are C;

3. For each v € U, Z(x) has non-degenerate distribution, that is Var(Z(x)) is

positive definite;
4. The event {3x € U : Z(x) = u, rank(DZ(x)) < k} has probability zero.

Then, one has

E(Am_k(f‘l(U)ﬂU))z/UE(|det[<DZ(x))-(DZ(x))T]I”QIZ(ar)=U) Pz (u) dz,
(4.2.4)

T

where -* means the transpose.

Remark:

e If instead of an open subset U C R™, the set U where we count the number
of solutions Z(z) = u is an open subset of a differential manifold, the same
formulas hold replacing the Lebesgue measure by the geometric measure of
the manifold and the derivative of the random field by the derivative along
the manifold.

e In general, condition [ of Theorem []may be difficult to prove. However in
the case of random polynomial systems it holds. Note that this condition

is a “Sard” type condition.
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4. REAL RANDOM SYSTEMS OF POLYNOMIALS

o Theorem[Jis a particular case of Theorem 6.4 of |Azais & Wschebor] [2009)].

In this thesis we will restrict ourselves to the particular case of random fields,

namely, polynomial random fields. This is our next tasks.

4.3 Polynomial Random Fields

Following the notation in Section , when we randomize the coefficients {agi)}
in some probability space (€2, A, P), the polynomial system f becomes a random
field. Let us denote by Z : 2 x R™ — R™ that random field, that is

Zi(w, ) = Z agi) (w)a?, (t=1,...,m). (4.3.1)

51l <d;

Here the situation is much simpler as compared with the general theory of

stochastic processes. The main reason for that is that the set of functions
{Z(w,) :R™ - R™, weQ},

lives in a finite dimensional subspace of the infinite dimensional space F(R"™, R™)
of functions from R™ to R™. Let us be more precise.

For (d) = (di,...,dy), let Pgy = Pq, X -+ x Py, be the space of m poly-
nomial equations in m real variables, where &; stands for the vector space of
degree d polynomials in m real variables. Note that &4 C F(R™,R™) and can
be identified with the finite dimensional vector space RY™(Z@)  In the next lines
we will write &4 but we may think on this identification.

Fixing w € €2, we get that Z(w,-) € 4. Then, we have the natural map
£:Q— Py,  Ew)=Zw,)=(a (w))'wgdi . (4.3.2)

Therefore £ is a random vector on 4, that is, a measurable function from
(€, A) to (P4), B), where B is the Borel o-algebra of &4). Then, £ induces a

probability measure on (£ (q), B, v), namely, the push forward measure

v(B) = P(¢'(B)) = P({w € @ (0}’ (@) j<a
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4.3 Polynomial Random Fields

for all B € B.

Canonical Process

In this way we can define a new random field defined on the probability space

(P4, B,v), as
Z: Py x R™ = R™, Z(f,x) = f(z).

This random field is known as the canonical process (see Appendix@. (Note that
Z is just the evaluation map.)

In this case the associated map & given in , is the identity map, that is
Z(f,-) = f. Then this new random field induces the same probability measure
on the space &4 as the random field , and therefore they can be seen as

the same process.

These observations lead us to give a geometric structure to the probability
space (2,4, P), just defining Q = (4, A = B, and P = v. This is the main
purpose of next section, trying to relate Rice formulas with known formulas in
geometric integrations, as the co-area formula.

However, we alert the reader that this is not necessary to study a stochastic
processes. One can just work with the probability space (€2, A, P) with no more

structure than the given one.

Remark 4.3.1. Let Z : Q2 x R™ — R™ be a random field. In the general the-
ory of stochastic processes the trajectories Z(w,-) lies, in general, in the infinite
dimensional space F(R™,R™). Then, the main problem is how to introduce in
F(R™ R™) a o-algebra and a measure such that the map & : Q — F(R™,R™),
given by ¢(w) = Z(w, -), is a measurable function, and the measure on F(R™, R™)
is just the push forward measure by &. This is a non trivial issue, and under mild
conditions on the random field, this construction is possible. This construction

was made by Kolmogorov and it is known as Kolmogorov extension Theorem (see
[Azals & Wschebor|, 2009, Theorem 1.1, page 12]) .
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4. REAL RANDOM SYSTEMS OF POLYNOMIALS

4.3.1 Rice Formula Heuristic

In this section we show the relation of Rice Formula and other technics used in
integral geometry.

Let Q = 4, with the Borel o-algebra and let v be any probability measure
on P(g). Let Z be the random field Z : &4 x R™ — R™ given by the evaluation
map, that is Z(f,z) = f(x).

Note that, for a fixed x € R™, Z(-,x) : &4y — R™ is the function f — f(x).
Moreover, for a fixed f € 24, we have Z(f,-) = f(-).

Moreover, in this case, the random variable NZ(U) is given by

NZ(U) : P4y — NU {+o0},
f=#uf7(0)

that is, the number of solutions of f(x) = 0, lying in the subset U C R™.

Therefore, we can write

E(N?(U)) = / 4017(0) dv.

feﬁ(d)

Assume that the random field Z satisfy the condition of Rice formula in

Theorem 7
Then applying Rice Formula (4.2.1)) we get

E(NZ(U)) = /U E (| det(DZ(2)] | Z(x) = 0) pyge)(0) de.

For a fixed x € R™, the event {Z(z) = 0} is the subset of &4 given by
{f € Pq: Z(f,x) =0}, that is {Z(x) = 0} is the vector subspace of &4 given
by

Vo ={f¢€ Pua: flx) =0}

Note that |det(DZ(x))| at f € Pq) is |det(D f(x))|. Therefore, the condi-

tional expectation E (| det(DZ(z))| | Z(x) = 0) is the integral in the fiber V, of

the function | det(D f(z))| with respect to the conditional probability measure v,.
Note that v,(V,) = 1.
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4.3 Polynomial Random Fields

The density pz()(y), for some y € R™, is associated to the measure of the
fiber. More precisely, let B.(y) C R™ be the Euclidean ball of center y and radius
e > 0, then

/B o ProR)dz=v{f € P - flo) € By)}).

Therefore, since Z(z) is a non-degenerate Gaussian random vector, we get

v () = lim Y€ P+ J(@) € B(y)})
AR A (B-(1) '

Then, we can rewrite Rice formula as

/f , Fol )= / . ( /f (D f(gs)|d\71,) ar, (433)

where dV, is the (non-normalized) measure pz(5)(0) - dv,.

Formula is the type of formula used by Shub and Smale to study the
number of solutions of random system of equations. They arrive to this type
of formula by a double fibration of the co-area formula (see [Blum et al., 1998,
Theorem 5, page 243]).

Remark 4.3.2. All the preceding observations applies mutatis mutandis to the

space H gy of homogeneous polynomial systems.

Remark 4.3.3. Note that, when the measure v;, is a Gaussian measure on &y,
then, the covariance I'; : R™ x R™ — R of the stochastic process Z;, is given by

La. ) = E(Zi(x) Zi(y)) = / () Ziey) dP(w) - /  ola)aly) dva.
That is,
Fi(%y) = <K337 Ky>L27

is the L?( 2y, B, v4.) inner product of the evaluation map functions K, : &5, — R
given by K.(g) = g(2), for all z € R™.

In the particular case that v, is the measure defined by the Weyl inner prod-
uct: for j = (ji,...,jm) € N, ||j|| = d; the monomial =7 = 27" - .- zJm the Weyl
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4. REAL RANDOM SYSTEMS OF POLYNOMIALS

inner product makes (27, 27') = 0, for j # j' and

=4’

is not difficult to see that (K., K,)r2 = (1 + (z,y))%, and therefore I';(x,y) =
(14 (z, )™
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4.4 Shub-Smale Distribution

4.4 Shub-Smale Distribution

Let us consider a system of m polynomial equations in m unknowns over R,
filw) = > el (=1, m). (4.4.1)

We say that this system of equation has the Shub-Smale distribution when the

coefficients are Gaussian centered independent random variables having variances

d;!
jiteegm! (di = 71DV

Theorem 11 (Shub-Smale). Let f be the system of equations with the
Shub-Smale distribution. Then

E(NT) = v/dy

Proof. Let us homogenize the system of polynomials, that is, let F' : R+t — R™,

E (@) = (4.4.2)

where
Fi(xg,...,xp) = Z ay)x%oxjf R (i=1,...,m).
l7ll=d:
Note that
NI = %NF(S””‘). (4.4.3)

Claim I: The random polynomials F; are independent, Gaussian, centered,
with covariance function T';(z,y) = (x,y)%:
This claims follows immediately from the definition of the Shub-Smale distribu-
tion.

Claim II: The derivative of F' along S™ at x € S™, DF(z)|,., is independent
of F(x):
Since E(F;(x)?) = 1 for all z € S™, the claims follows differentiating under
expectation sign.

Claim III: The law of the random field F' is invariant under the action of the
orthogonal group of R™*1:
This follows from Claim I, since the covariance of the process is invariant under

this group.
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4. REAL RANDOM SYSTEMS OF POLYNOMIALS

By Rice Formula we get

E(NF(5™)) = / E(| det DF(2)],+| | F(x) = 0)pr()(0) dS™ (2),

m

where dS™ is the geometric measure of S™. Note that F'(x) is a standard Gaussian
random vector in R™, therefore pp(;(0) = (27r)~™/2. Then

E(NF(S™)) = W /Sm E(|det DF ()], || F(x) = 0) dS™(x)
1 m
_ W/sm E(|det DF ()], |) dS™ ()

= WVOI(SmﬂE(’ det DF(BO)’eé ’)7

where the successive equalities follows from Claim II and Claim III.

Differentiating I'; under the expectation sign, we obtain

0o 0 OF;

OF;
a_l’e%é’ri(xayﬂm:y:eo B ((%W o

87@(60)) = diagg/. (444)

Therefore,
DF(60)|€é = A(\/d_l) ’ G7

where A(d;) is the diagonal matrix whose ith entry is d; and G is an m x m
standard Gaussian matrix, that is, a m X m matrix with i.i.d standard Gaussian

entries.

Hence

E(NT(S™)) = (27T—;n/2v01(5m)\/d1 A E(| det G). (4.4.5)

Thereby, we reduce the problem of finding the expected value of the number
of roots of a random system to a problem of random matrices, namely, compute

E(] det G|) for a standard Gaussian matrix.

The computation of E(| det G) is quite standard and should be interpreted as
the expected value of the volume of a random parallelepiped. For a proof see the

book by |Azais & Wschebor| [2009].
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4.5 Non-centered Systems

One has .
E(|det G|) = F%m“)/?r((m +1)/2). (4.4.6)
m

The proof follows from (4.4.3)), (4.4.5) and (4.4.6]). O

Remark 4.4.1. The given proof of Theorem is due to Jean-Marc Azais and
Mario Wschebor and is included in |Azais & Wschebor| [2009]. This proof shows
the power of Rice formula to study this kind of problems. In many situations
we have similar conditions and we can proceed as in the proof of Theorem [I1]
Roughly, the conditions are: invariance of the law under certain group of motions,
and the independence of the condition in the conditional expectation. In these
cases the problem always reduce to a problem of random matrices. See for ex-
ample Theorem[16, Theorem[I5or Theorem[I8 Moreover, if instead of counting
roots we consider the problem of computing weighted roots, where the function
we ponderate on the roots is a function of the derivative of the process, then we
can proceed as we mention before, reducing our problem to a problem of random
matrices. That is the case, for example, when we ponderate the condition number

at each root.

4.5 Non-centered Systems

The aim of this section is to remove the hypothesis that the coefficients have zero
expectation.
One way to look at this problem is to start with a non-random system of

equations (the “signal”)

P(z) =0, (t=1,...,m), (4.5.1)

and ask what one can say about the number of roots of the new system, or, how
much the noise modifies the number of roots of the deterministic part. (For short,
we denote N/ = N/(R™)).
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4. REAL RANDOM SYSTEMS OF POLYNOMIALS

Roughly speaking, we prove in Theorem that if the relation signal over
noise is neither too big nor too small, in a sense that will be made precise later

on this chapter, there exist positive constants C, 6, where 0 < # < 1, such that
E(NFT) < CO™E(N™Y). (4.5.2)

Inequality becomes of interest if the starting non-random system (4.5.1))
has a large number of roots, possibly infinite, and m is large. In this situation,
the effect of adding polynomial noise is a reduction at a geometric rate of the
expected number of roots, as compared to the centered case in which all the P;’s
are identically zero.

For simplicity we assume that the polynomial noise X has the Shub-Smale
distribution (4.4.2)). However, one should keep in mind that the result can be ex-
tended to other orthogonally invariant distributions (cf. |Armentano & Wschebor
[2009]).

Before the statement of Theorem |12 below, we need to introduce some addi-
tional notations.

In this simplified situation, one only needs hypotheses concerning the relation
between the signal P and the Shub-Smale noise X, which roughly speaking should
neither be too small nor too big.

Since X has the Shub-Smale distribution, from we get

Var(X;(z)) = (1 + ||z||*)%, VreR™, (it=1,....,m),

(see Remark|4.3.5).

Define
H(P) {<1+|| 0 Hv( b )< >}
i) = su z|) - —— | (z ,
v (1 + [[z]7)%72
) P,
K(P) = sup {<1+ Jall?) - '— (—) (x) }
(F) = sw 9o \ {1 1 [2[P)o7
fori=1,...,m, where || - || is the Euclidean norm, and a% denotes the derivative

in the direction defined by ﬁ, at each point x # 0.
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For r» > 0, put:

()2
L(P;,r) = inf Fiz)

) =1, m).
T e )

One can check by means of elementary computations that for each P as above,

one has
H(P) < o0, K(P) < o0.

With these notations, we introduce the following hypotheses on the systems as

m grows:

Hl)

H,) There exist positive constants rq, ¢ such that if r > rq:

L(P,r)>¢ forall i=1,...,m.

Theorem 12. Under the hypotheses Hy) and Hs), one has
E(NTH) < CO™E(NY), (4.5.4)

where C, 0 are positive constants, 0 < 6 < 1.

Remarks on the statement of Theorem

e [t is obvious that our problem does not depend on the order in which the
equations
P(z)+ X;(x)=0 (i=1,...,m)

appear. However, conditions (4.5.3a)) and (4.5.3b]) in hypothesis H3) do

depend on the order. One can state them by saying that there exists an
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4. REAL RANDOM SYSTEMS OF POLYNOMIALS

order ¢ = 1,...,m on the equations, such that (4.5.3al) and (4.5.3b)) hold

true.

e Condition H;) can be interpreted as a bound on the quotient signal over
noise. In fact, it concerns the gradient of this quotient. In (4.5.3b)) the
radial derivative appears, which happens to decrease faster as ||z|| — oo

than the other components of the gradient.

Clearly, if H(P;), K(F;) are bounded by fixed constants, (4.5.3al) and (4.5.3h))
are verified. Also, some of them may grow as m — —+o0o provided (4.5.3a))

and (4.5.3b|) remain satisfied.

e Hypothesis Hy) goes — in some sense — in the opposite direction: For large

values of ||z]| we need a lower bound of the relation signal over noise.

e A result of the type of Theorem can not be obtained without putting
some restrictions on the relation signal over noise. In fact, consider the

system
P(z)+oXi(x)=0 (i=1,...,m), (4.5.5)

where o is a positive real parameter. If we let ¢ — +o00, the relation signal
over noise tends to zero and the expected number of roots will tend to
E(NX). On the other hand, if o | 0, E(N¥) can have different behaviours.
For example, if P is a “regular” system, the expected value of the number
of roots of tends to the number of roots of Pj(x) =0, (i =1,...,m),
which may be much bigger than E(NX). In this case, the relation signal

over noise tends to infinity.

e Asit was mentioned before we can extend Theorem[IJto other orthogonally
invariant distributions. However, for the general version we need to add

more hypotheses.

In the next paragraphs we are going to give two simple examples.
For the proof of Theorem and more examples with different noises see
Armentano & Wschebor| [2009].
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4.5.1 Some Examples

We assume that the degrees d; are uniformly bounded as m growth.

For the first example, let
Pia) = ol = 1%

where d; is even and r is positive and remains bounded as m varies. Then, one

has:

9, P, di |||t + d;rde ||| di(1 4 rd)

ap ((1 - ||x||2>di/2> TR P S (R D
P, d ||| dyrt

<(1 + HarH?)di/z) = (1+ fJ2) 3+

which implies

<

V|———— | @)| £ —————.
H <(1 + HxIIQ)‘“/Q) ( )H T (L [l])
Again, since the degrees dy, ..., d,, are bounded by a constant that does not de-

pend on m, H;) follows. Hs) also holds under the same hypothesis.

Notice that an interest in this choice of the P;’s lies in the fact that obviously
the system Pj(x) = 0 (¢ = 1,...,m) has an infinite number of roots (all points
in the sphere of radius r centered at the origin are solutions), but the expected
number of roots of the perturbed system is geometrically smaller than the Shub—

Smale expectation, when m is large.

Our second example is the following: Let T" be a polynomial of degree d in

one variable that has d distinct real roots. Define:
Pi(xy,...;¢n) =T(x;) (i=1,...,m).

One can easily check that the system verifies our hypotheses, so that there exist

151



4. REAL RANDOM SYSTEMS OF POLYNOMIALS

C, 0 positive constants, 0 < # < 1 such that
E(NP+X) < C emdm/Q’

where we have used the Shub—Smale formula when the degrees are all the same.
On the other hand, it is clear that N¥ = d™ so that the diminishing effect of the
noise on the number of roots can be observed. A number of variations of these

examples for P can be constructed, but we will not pursue the subject here.

4.6 Bernstein Polynomial Systems

Up to now all probability measures were introduced in a particular basis, namely,
the monomial basis {27} ;j<4. However, in many situations, polynomial systems
are expressed in different basis, such as, orthogonal polynomials, harmonic poly-
nomials, Bernstein polynomials, etc. So, it is a natural question to ask: What can
be said about NY (V) when the randomization is performed in a different basis?

For the case of random orthogonal polynomials see Bharucha-Reid & Sam-
bandham, [1986], and [Edelman & Kostlan [1995] for random harmonic polynomi-
als.

In this section following Armentano & Dedieul [2009] we give an answer to the
average number of real roots of a random system of equations expresed in the
Bernstein basis. Let us be more precise:

The Bernstein basis is given by:

d
baj(z) = (k) a*(1 — x)4k, 0<k<d,

in the case of univariate polynomials, and

d\ . , .
baj(T1, .., Tm) = <j)m311 (1 —ay — =)W 1) < d,
for polynomials in m variables, where j = (j1,. .., Jn) is a multi-integer, and (‘;)

is the multinomial coeflicient.
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4.6 Bernstein Polynomial Systems

Let us consider the set of real polynomial systems in m variables,

filwnam) = Y abag(en,. ), (=1, m).

lill<d:

(

Take the coefficients aji) to be independent Gaussian standard random variables.

Define
T:R™ — P (R™)

by

T(T1y ey @) = [T1, o Ty L — 2 — oo — Ty

Here P (R™"1) is the projective space associated with R™! [y] is the class of
the vector y € R™"1 4 £ 0, for the equivalence relation defining this projective
space. The (unique) orthogonally invariant probability measure in P (R™1!) is
denoted by A,,.

With the above notation the following theorem holds:

Theorem 13. 1. For any Borel set V in R™ we have
E (N/(V)) = Au(r(V))Vdi - . . ds.
In particular
2. E(NT) =Vdi ... dp,
3. E(NT(A™) =/d; ... dn/2™, where

A" ={zeR™ : x;>0andz1+ ... + 2, < 1},
4. When m =1, for any interval I = |, 8] C R, one has

E (N/(I)) = g (arctan(2f — 1) — arctan(2a — 1)) .

The fourth assertion in Theorem is deduced from the first assertion but it
also can be derived from Crofton’s formula (see for example [Edelman & Kostlan
[1995]).
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4. REAL RANDOM SYSTEMS OF POLYNOMIALS

Let us denote by H gy the space of real homogeneous polynomial systems in

m + 1 variables, F' = (F},..., F,,), where

Fi(z1,. .., Tmy Tima1) = a;’'xy . .xdimx

(d) = (dy, . ..,dy) denotes the vector of degrees, d; > 1, and deg F; = d; for every
1.

(@)

Assume that the coefficients a;” are independent centered Gaussian variables

with variance (i) The real roots of such a system consist in lines through the

origin in R™*! which are identified to points in P (R™*1).
Theorem 14. For any measurable set B C P (R™) we have
E (N"(B)) = An(B)Vd1 . .. dp,.
Proof of Theorem [IJ). For any measurable set B C P (R™*"!) let us define
pn(B) =E (N"(B)) .

We see that u,, is an orthogonally invariant measure in P (R™!). Thus it is

equal to A, up to a multiplicative factor. From Theorem [I1] this factor is equal

to V/dy ...d,,. Therefore
E (NF(B)) = An(B)Vd1 . .. dp,.

O

Proof of Theorem[13. Let us prove the first item. For any measurable set B C R™
we have by Theorem

An(7(BY)W1 -~ dn = E (NF(#(B))) = / NF(+(B))dF.
Hay

The map h which associates to f € P the homogeneous system F € Hy)

obtained in substituting x,,.; to the affine form (1 —xz; —...—x,,) is an isometry
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4.6 Bernstein Polynomial Systems

between these two spaces so that

NF(r(B))dF = | N"(r(B))df.
Hay P
Since N"/)(7(B)) = N¥(B) this last integral is equal to fﬁ”(d) NY(B) df.
To complete the proof of this theorem we notice that A\, (7(R™)) = 1, Ay (7(Sm)) =
1/2™ and,

t2+(1—t)2dt: T !

1 /5 1 arctan(2f — 1) — arctan(2ac — 1)

which follows from the computation of the length of the path {7(t)}icia,s C
P(R). O

4.6.1 Some Extensions: Random Equations with a Simple

Answer

In this section we extend last result on Bernstein polynomial systems. We give
a general formula to compute the expected number of roots of some random
systems of equations.

Let U C R™ be an open subset, and let ¢g,..., ¢, : U — R be (m + 1)
differentiable functions. Assume that, for every z € U, the values p;(z) do not
vanish at the same time. Then we can define the map A : U — P(R™!) by
AMz) = [po(2), ... om()].

Let f be the system of m-equations in m real variables

filzr, .o xy) = Z ay)gpo(x)jo o) (i=1,...,m), (4.6.1)
ll]/=d:

where © = (z1,...,2,) € U.
We denote by N/(U) the number of roots of the system of equations fi(x) =
0, (i=1,...,m) lying in U. Then,
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4. REAL RANDOM SYSTEMS OF POLYNOMIALS

Theorem 15. Let f be the system of equations (4.6.1]), where the {ay)} are

. . . . . d;
independent Gaussian centered random variables with variance (]) Then,

B (V)] = e o #A D

where # 0 = 0.
Proof. Let us denote by F : R™*! — R™ the random field given by
Fi(zo,.. -, 2m) = Z agi)zgo e gdm,
ll7ll=d:
(@)

J
Claim: The random variables

where a;’ are the random variables of the hypotheses.

S #ATE) and #£0)

z€P(R™+1): F(z)=0

coincides almost every where w € €
Let V. C P(R™") be the set of critical values of A : U — P(R™"!). By Sard’s

lemma, V, has measure zero in P(R™*!). Then outside the event
{weQ: FFHO)NV, #0},

we have that 3 _pgm+1y. p(2)=0 #A~1(z2) is finite and equal to # f~1(0). Therefore,
it is enough to prove that the probability of the event {w € Q: F~1(0)NV, # 0}
is zero. Taking the push-forward measure on Hy, the space of homogeneous
polynomial systems where F' lives, it is enough to prove that the measure of the
set A ={h e Hg : h~1(0)NV, # 0} is zero. By the reproducing kernel property
of (real) Weyl inner product (see for the complex analogue), we have that

the set of problematic systems is given by

A= UKt

z€Ve

where K, € Hy) is the system of polynomials K (z) = ((z,2)%);, (i =1,...,m),
and KX = {h € H@y : (hi, (K.)i)w = 0}. Note that K is codimension m
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4.6 Bernstein Polynomial Systems

subspace of H(g), and the hausdorff dimension of {K, : z € V_.} is less than m.
Therefore A C H gy is union of codimension m subspaces parameterized on a set
with Haudsorff dimension less than m. Since the map z — K, is differentiable,

then we can conclude that A has measure zero on H gy proving the claim.

Then, using Rice formula for weighted roots (4.2.3)), and Claim II and Claim
IIT of the proof of Theorem[11]we get

s Y @) =8 Y #AE)

z€P(R™+1): F(2)=0 z€S™: F(z)=0

1

5 | B et DPE)])] | F(e) = 0) pra(0) dz
zeS™

1
=3/ o #AT([2]) E (| det(DF(2)].1)] | F(2) = 0) prx(0) dz

1
= SE (| det(DF(eo)leys)]) Pre) (0) on #A7([2]) d=
1 E(NT(S™)) _1 _ dy---dpy ~1
=2 ol S TN BV = ey /ZGP(RM #A ) d=

Therefore, the proof follows from Theorem |11 and the Claim. O

Some Examples

Bernstein Polynomials:

Let us consider the set of real polynomial systems in m variables,
filzy, ... xy) = Z agi)xfgl(l — @y — .=z (i=1,...,m).

Take the coefficients agi) to be independent, Gaussian random variables with
. d;
variance (j)

Then, Theorem |15 follows from Theorem |14 taking, for x € R™, p;(z) = z;

fori=1...,mand po(z) =1—21 — ... — Tp,.

Non-Polynomial Examples
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4. REAL RANDOM SYSTEMS OF POLYNOMIALS

e Consider the random polynomial

ft) = Z a; cos(t)™ sin(t)?,

where a; are independent, centered, Gaussian random variables with vari-

ance (;.l), (j=0,...,d).

Then, considering ¢o(t) = cos(t) and ¢y (t) = sin(t), t € [0, 7], we get from
Theorem L3 that
E(N/([0,7])) = V.

e Consider the random polynomial
d
ft)y=>at*el,
5=0
where {a;} are independent, centered, Gaussian random variables with vari-

ance (;l) .

Then, taking po(t) = t, p1(t) = €', for t € R, we conclude from Theorem
that
E(N’(R)) = Vd(1 — Arctan(e) /).

4.7 Random Real Algebraic Varietes

Let us assume now that we have less equations than variables, that is, let f :
R" — RF be a random system of polynomials such that & < n. In this case
Z(f1,-- -, fr) = f71(0) is a random algebraic variety of positive dimension. A

natural questions come into account:
What is the average volume of Z ¢

In the next lines we attack this problem by means of the Rice Formulas.

In Biirgisser| [2006] and Biirgisser| [2007] one can find a nice study of this an
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4.7 Random Real Algebraic Varietes

other important questions concerning geometric properties of random algebraic
varieties.

We will restrict ourselves to the particular case of the Shub-Smale distribution.

Let us consider the random system of £ homogeneous polynomial equations

in m 4 1 unknowns f : R™*! — R*, given by

fw)= Y a2l (i=1,....k). (4.7.1)

ll7]=d:

Assume that this system has the Shub-Smale distribution, that is, {ay) } are

Gaussian, centered, independent random variables having variances

Bl = @) ~ -C%i-!jm!‘

Since f is homogeneous, we can restrict to the sphere S™ C R™*! our study
of the random set Z(fi,..., fx). Note that, generically, Z(fi,..., fr) N .S™ is a
smooth manifold of dimension m — k. Let us denote by A,,,_; the m — k geometric

measure.

Theorem 16. Let f : R™ — R* be the system with the Shub-Smale

distribution. Then, one has

EAmt(Z(f1,- ., fi) N S™) = \/dy - - - dy, vol(S™ ).

This result was first observed by Kostlan| [1993] in the particular case d; =
... = di. We give a proof of this proposition based on the Rice formula for the
geometric measure. We will see that the proof is almost the same as the proof of
Shub-Smale Theorem[11 (See Remark[4.4.1). The difference lies in the fact that
we should compute the expected value of the determinant of a different random
matrix. At the end of this section we will see how one can obtain another proof
of this theorem from Theorem |11 and the fairly known Crofton-Poincare formula

of integral geometry.

Proof of Theorem[16. Using the Rice formula for the geometric measure (4.2.4)
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4. REAL RANDOM SYSTEMS OF POLYNOMIALS

we get:

E(Am—x(Z(f1,..., fu)nS™)) =
= /Sm]E (Idet[(Df ()], - (Df(2)]2)" 2] | f(z) = 0) pria)(0) dS™ ().

From Claim I of the proof of Theorem |11 we get that the law of the process
in invariant under the action of the orthogonal group in R™*!. From Claim II
of the proof of the same theorem we get that the law of the derivative D f(z)|,+
(restricted to orthogonal complement of x € S™) is independent of the law of the

condition f(x). Then, we have

E(Am—x(Z(f1,.. ., fu)NS™)) =
= vol(S™) E(| det[(Df(eo)les) - (Df(0)les) )P s(e0) (0)-

Moreover, since the random vector f(eq) € R* has standard normal distribution,

we get

EMn—x(Z(f1,.. ., fu)NS™)) =

= YONE) ) det (D (eo)les ) - (DF ()]s

2

Hence, we reduce the computations to a problem in random matrices. From
(4.4.4]) we obtain that

E(| det[(Df(eo)|.s) - (Df(@0)|eol)T]|1/2) = /dy - dp E(det(Grsm - Grxm . )Y?),

where Gpy,, 18 the £ x m random matrix whose coefficients are i.i.d standard

Gaussian random variables.

By standard conditioning arguments one can prove that

E(det(kam : kamT)l/Q) = H E(H&H),

i=m—k+1

where ||| is the Euclidean norm of a standard Gaussian random vector in R7.
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4.7 Random Real Algebraic Varietes

It is easy to see that E(||¢;]|) = v2I'((¢ +1)/2) /T (i/2). Then, we conclude

m vol(S™) g2 T ("57)
EAm—k(Z(f1, - fr) N S™)) = \/dy - dy, ) 2+ =y

= \/dy - - - dgvol(S™ TR,

proving the result. O]

Recall the Crofton-Poincare Formula:

Theorem 17 (Crofton-Poincare Formula). Let Z and P be compact smooth sub-
manifolds of S™ of dimension q and p, such that g +p > m. Then

vol(STHP~™)

_m(Z P = 7 P
/geoml) Aora-mlZ 0 9P) dg = e soigm M 2) 2(F);

where O(n + 1) is the orthogonal group in R™*!.

This is a classical formula in integral geometry. For references see for example
Howard| [1993].

Alternative Proof of Theorem[16. Let {eg, ..., en} be the canonical basis of R™ !,
and denote by S* the k-dimensional sphere on S™ given by intersecting S™ with
the orthogonal complementary subspace spanned by {eg,...,en}.

Taking Z = Z(f1,...,fr)NS™, P =S¥ qg=m —k, p=k we get that for

almost every w € (2,

TS (4.7.2)

A
/ H#(Z(f1,. -, [r) N gS*)dg =2
geO(n+1)

Let us compute E(#(Z(f1, ..., fr) N gS*)) for g € O(n + 1).
Since the law of fi,..., fi is invariant under the action of the orthogonal

group, we have that E(#(Z(f1, ..., fx) ﬂgSk)) =E(#((fog™1)71(0) ﬂgSk)), and
therefore we conclude that

E(#(Z(fi,- . fe) 1 95%) = EGEZ(f1,.., i) N1S5) forall g€ O(n+1),
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4. REAL RANDOM SYSTEMS OF POLYNOMIALS

Therefore, if one pick a circle at random, independently of the law of the ran-
dom field f = (f1,...,fx), we obtain that the expected value of the num-
ber of intersection points of Z(f1,..., fx) with the random circles is equal to
E(#(Z(f1,- -, fr) N SF)).

Let us randomize the circles in a way such that we now that answer. Let us

consider the system of random equations F' : R™*! — R™ given by

( filz) =0
< fr(z) =0
<£L‘, 77k> =0
\ <I7 7]m> =0
where 7, ...,n, are ii.d standard gaussian vectors in R™%! independent of

the coefficients {ay)}izl ,,,,, ksljll=; of f. Then it is immediate to check that the
random field F' has the (homogeneous) Shub-Smale distribution with degrees
dy,...,dp and m — k degrees equal 1. Then, from Theorem we get that
E(NT(S™)) is equal to 2 times the square root of the product of the degrees,
that is, E(N¥(S™)) = 2y/d; - - - di. Hence we conclude that

E(#(2(f1,-- - fr) N gS™)) = 2¢/dy - - - dy, (4.7.3)

for all g € O(n +1).
Then from (4.7.2]) and (4.7.3) we get

E(A -k (Z(f1, ..., fr) N S™)) = \/dy - - - dj vol(S™F).
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Chapter 5

Complex Random Systems of

Polynomials

In this chapter we study complex random systems of polynomial equations. The
main objective is to introduce the technics of Rice Formulas in the realm of
complex random fields. At the end we give a probabilistic approach of Bézout’s

theorem using Rice Formulas.

5.1 Introduction and Preliminaries

Let J{(q) be the space of m homogeneous polynomials of degrees (d) = (di, ..., d)

in (m + 1) complex variables. Let us denote as usual

fe(z) = Z ay)zj, (=1,...,m, (5.1.1)

ll711=de

where dy is the degree of the polynomial fo, 7 = (Jo....,Jm) € N1 is a multi-

: . : . ¢

index of nonnegative integers, z = (2g....,2,) € C™" is a point in C™*!, a§- ) =
Q) ST U i _ .o im

@i’ € C, and [ = >\ Zgdks 27 = 20" 2

If one randomize the coefficients {age)} on the complex plane, we obtain a
complex polynomial random field. In the next lines we introduce the basic notions
of random variables in the complex plane. After that we analyze a particular

complex polynomial random field, rewriting Rice formulas for this context.
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5. COMPLEX RANDOM SYSTEMS OF POLYNOMIALS

5.1.1 Gaussian Complex Random Variables

We say that the complex random variable Z = X + Y has distribution N¢(0, 0?)
when the real part X and the imaginary part Y are i.i.d. Gaussian centered

random variables with variance o2/2.

Thus, if Z ~ N¢(0, 02) then the density with respect to the Lebesgue measure

on the complex plane is

1
pz(z) = = P e (5.1.2)
e

It is easy to check that in this case EZ = EX +/EY = 0, and
E[ZZ] =E(|Z]) =0*, E[ZZ]=0. (5.1.3)

In general, we say that Z = X + 1Y is a complex Gaussian random variable
if the pair (X,Y) is Gaussian random vector on R?.
The next lemma is a useful condition to verify that that two complex Gaussian

random variables are independent.

Lemma 5.1.1. Let Z and Z' be two complex centered Gaussian random variables.
Then Z and Z' are independent if and only if

E(ZZ') =0,
E(ZZ') =0

Proof. Let us write Z = X +4Y and Z' = X' +4iY”’. Note that

77 = XX'+YY' +i(YX' — XY');
Z7' = XX' =YY +i(XY' +YX').

If Z is independent of Z’ then it is clear that E(ZZ’) = E(ZZ') = 0. On the other
hand, if E(ZZ') = E(ZZ') = 0 then taking expected value in last expressions we
get that E(XX') = E(XY’) = E(YX’) = E(YY') = 0 proving the independence
od Z and Z'. O
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5.1 Introduction and Preliminaries

5.1.2 Real and Hermitian Structures

The space C™! is identified with R?™*2 by
(20, 2m) €EC™ s 2 = (20, ..., Ty Yo, - - - Ym) € RF™T2,

where we have denoted z, = xy + iy, for 0 < ¢ < m.
It is easy to see that the real part of the Hermitian inner product (-, -) in C™*!
is the canonical inner product on R?"*2, that is,

Re(z,w)cmﬂ = <2,@>R2m+2. (5.1.4)

In what follows we will suppress the subindex and write (-, -), and we will use the
same symbol z for represent a vector in C™*! and R?*™+2. It should be understood

from the context.

Remark 5.1.1. Let U(C™™!) be the unitary group of C™*!. From ({5.1.4) U(C™T)
acts on R*™*2 by isometries of the canonical real inner product on R*"*2. More-

over, that action is transitive on the sphere S?™+! C R?™+2,

5.1.3 Weyl Distribution

We say that the system of polynomials f = (fi,..., fm) : C™™ — C™ given in

5.1.1) has the Weyl distribution if the coefficients ay) are independent and ag-é) ~
Nc¢ (0, (i‘)) That is, the coefficients ag{) are independent centered Gaussian
complex variables such that

N0 d
Ea”a;” = ( : ) E(af)? = 0. (5.1.5)

Lemma 5.1.2. Let [ = (f1,..., fm) with the Weyl distribution, then for all

z,w € C™ we have
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5. COMPLEX RANDOM SYSTEMS OF POLYNOMIALS

fork=1....m.

Proof. We omit the index k for notational convenience.

E(f)f@) = B[S a2+ S apud

llill=d 17" l=d

= Z Z E(aja_j/)zjﬁ.

ll71l=d ll3"|l=d

Since the a; are independent and centered, for j # j° we have E(q;a;/) =
E(a;)E(a;) = 0. If j = j/, from (5.1.3) we have E(|a;?) = (?), hence

BUET0) = ¥ Blofew = 3 (7)o

) : J
llll=d ll/=d

— <Z, w>((d:m+1 .

For the second assertion of this lemma note that
Ef(2)f(w) =) E(a})2/w’.
l5ll=d

Then, the second assertion follows from ([5.1.3)). m

Remark 5.1.2. From Lemma we conclude that the random field f with the
Weyl distribution is invariant under the action of the unitary group in C™*!,
and therefore the associated real random field is invariant under the action of a

sub group of the orthogonal group in R*"*2 that acts transitively on the sphere
S2m+l (see Remark|5.1.1).
Density f(z)

Let z € C™*, such that ||z|| = 1. By Lemmal5.1.9 the complex random variable
fi(2),..., fm(2) areii.d complex standard Gaussian. Then from (5.1.2)) we obtain

P((0) = - (5.1.6)

7-(—77’1,
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5.2 Rice Formulas for Complex Random Polynomial Fields

5.1.4 Real and Complex Derivatives of Holomorphic Maps

Let f € Hg. Then f is a holomorphic map in several variables. If z € C™*!
is a zero of f, then we can restrict the complex derivative f/(z) : C™*t — C™
to f'(2)|,. : 2 — C™, where z* is the Hermitian complement of z in C™*!.

Therefore, we can define the complex determinant

det(f'(2)]:1),

as the determinant of the associated m x m complex matrix.

Also f is a map from R?™*2 onto R?*™ real differentiable. If z € R?"*2 is a
root of f, then also iz is a root (i = /—1), and z and iz are real independent.
Therefore, f vanishes on a real subspace of dimension 2, namely the real space
associated to the complex linear subspace generated by z. In this way we can
restrict the real derivative D f(z) to 2% and obtain in this way a map D f(2)|,. :
2t — R?". Fixed a canonical basis on those spaces, let det(Df(z)|,1) be its

determinant. Then

Lemma 5.1.3.

det(Df(2)].s) = |det(f(2)]. )P

This result is fairly known, in complex analysis, see for example Range| [1986].

5.2 Rice Formulas for Complex Random Poly-

nomial Fields

Let f € Hg).
Since f is homogeneous, if 2 € C™*! is a root of the system f, then f(\z) =0
for all A € C. Hence, the roots of f are complex lines in C™*! through the origin.
This suggest to work on the projective space P(C™!) or on the sphere S?™ .
From now on, we will work on the sphere.

Note that, if z € S?"*! then Az € S?"! for all A such that |A| = 1, hence the
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zeros of f in S?™*! are, generically, a union of real circles, namely,

U {e?2: 0 €0,2m)},

zeP(Cmt1): f(2)=0

where the union is indexed in projective roots.

Generically, these are 1-dimensional real circles embedded on S?"*+! with
Riemannian length 27.

Now, assume that the system f has the Weyl distribution . Since,
almost surely, the intersection of these circles have zero Lebesgue measure (see
Blum et al.| [1998]), then the number of projective complex zeros of f is equal
almost surely to 1/(27) times the geometric 1-one dimensional measure of f~(0)N
g2m+1

Denoting by N the number of zeros of f and \; the geometric 1-dimensional
measure, we have from Rice formula for the geometric measure that

2nE(N) = E(\ (f71(0) N S2mt)

N /Sm E [|det(Df(2) - Df(2)")[Y?|(2) = 0] pp(s)(0)dS*™ .

Here D f stands for the (real) derivative of f along the manifold S and dS*™*!
for the geometric measure on S?™*1,

Then from Lemma we obtain:

Proposition 5.2.1. Let [ be the homogeneous system polynomials with
the Weyl distribution . Then

1

T or

BOV) = 5 [ BN ELOPIE) = 0 pyo 045 (521)

5.3 A Probabilistic Approach to Bézout’s The-

oreimn.

This section follows closely a joint work under construction with Federico Dalmao
and Mario Wschebor [Armentano et al) 2012]. The main objective of this work

is to give a probabilistic proof of Bézout’s theorem. More precisely:
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5.3 A Probabilistic Approach to Bézout’s Theorem.

Theorem 18 (Bézout Probabilistic). Assume that f has the Weyl distribution
and denote by N the number of projective zeros of f, then

N =D a.s.

where D = [],~, d; is Bézout number.

The proof we have attempted was divided into two steps:
- First prove that the expected value of N is D;
- Secondly, prove that the variance of the random variable N — D is zero.

Both steps can be analyzed with Rice formulas. The first step follows similarly
to the proof of Theorem [I1 For the second step we use a version of the Rice
formula for the k-moment given in (4.2.2)).

The second step involves many computations. Even though we could not finish
the proof of the second step, we will show how to proceed in the computations
and we will show the main difficulties. On the particular case of m = 1, that is,

the Fundamental Theorem of Algebra, we finish the proof.

5.3.1 Expected Number of Projective Zeros

Proposition 5.3.1. Assume that f has the Weyl distribution and denote by N

the number of projective zeros of f, then
E(N)=D.

Proof. Denoting by N the number of zeros of f and A\; the geometric 1-dimensional
measure, we have from ((5.2.1)) that

1
o

BOV) = 3= [ B[t 1) FlG) = 0] pyo 0) 5™ )

Note that from Lemmal5. 1.4 E(fu(2)fr(w)) = (z, w)%. Therefore E(|f,(2)[?) =

‘Qdk.

IH Hence, differentiating under the sign of expectation, in the a direction

orthogonal to z*, we get that E(9; fx(2) fx(z)) = 0, where 9, denotes some deriva-

tive along the direction zt. Moreover, E(9,fx(2) fi(2)) is trivially zero since

E(fx(2)fr(z)) = 0.
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Thereby, from Lemma|5.1.1, we conclude that the linear map f’(z)[,+ is in-
dependent of f(z). The conditional expectation E [| det(f'(z)],+)|?|f(z) = 0] is
equal to the (inconditional) expectation E[| det(f’(z)|,.)|?].

Moreover, since UW(C™!) acts transitively on S?™ ! and the random field f
is invariant under the action of this group we conclude from (5.1.6)) and Lemma
that

1 1 2m—+1
EN - LYo (S#m+l)

27 Tm

E | |det(f'(eo)lp )] -

Let us write the derivative f'(eq)

|+ on the basis {e1,...,e,} of 5. Similar

to the computations we did in the real case in (4.4.4)), we get

E (%( )%(60)) - ii<Z’w>dk‘z=w=eo - dké&gl’

€o
aZg 32@

fork,¢,¢ =1...,m. Then, expressing f/(eo)|eé in the canonical basis {e; ..., e},
it follows that

'eo)lt = AW i) G,

where (G,,, an m x m matrix which entries are i.i.d. complex standard Gaussian,

and hence | vol(g2mH
E(N) = @_L)

2 Tm

Note that |det(G,,)|> = det(G,,) det(G,,), then,

E| det(G,)[.

E| det(G,n)[2 = Edet(G,,) det(Gr)

= Z (_1)#(_1)71' E(glﬂ'(l) <o Ima(m)91n' (1) - - - gmﬂ"(m))

7, €ESm
= > Elgie* - A P = D 1=ml.
7T€Sm 7T€Sm

The third equality follows from the independence of the coefficients of G,, and

the fact that they are centered.
Then we conclude

vol(S2mH)m|
dqrm+1

EN =D =D.
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5.3 A Probabilistic Approach to Bézout’s Theorem.

Remark 5.3.1. Recall that in the proof of Theorem we reduce the problem
of computing the average number of roots, to a problem of random matrices,
namely, compute E(| det G|) where G is a m x m real Gaussian standard matrix.
However, in the complex case, we reduce the problem of computing the average
number of roots to the computation E(|det G|?). This case is much simpler as
compared with the real case since in this case one can develop the terms inside
the determinant and interchange the sum with the expectations sign. This is
what we did.

5.3.2 Second Moment Computations

We compute now EN?2, with N the number of projective roots of the system f.

For this computations we need a Rice formula for the second moment adapted

to this case. For short we write f’(2) to the restriction f'(2)|,-.

Lemma 5.3.1. One has
it BN =) = [ B[ )P det(f @) ] £) = f(w) = 0]
Pi(2),1(w) (0, 0)dzdw,

Proof. Following |Azais & Wschebor] [2009], let F' : S?m 1 x §2m+1 — R?™ he the
map given by F(z,w) = (f(2), f(w)) and let As C S*™F1 x §2mF1 he the set
defined by As = {(s,t) € S x §?mF1 . ||s —t|| > 6}. Then, applying Rice
Formula for the geometric measure of F~1(0,0) we get:

EX(F71(0,0) NAs) =
B /A E [|det(f'(2)) Pl det(f'(w)* | f(2) = f(w) = 0]
P(2).(w) (0, 0)dzdw,

Taking limit 0 | 0 we observe that

E(A(F7(0,0) N Ag) T EM(F7(0,0))) = EQo(F71(0,0) N A)),
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5. COMPLEX RANDOM SYSTEMS OF POLYNOMIALS

where A = S?m+L x §2m+L A is the diagonal set. Hence

1}3)1 E(A(F10,0) N As)) = 47°E(N?) — 47*D

Moreover, since A has zero Lebesgue measure on S?™*! x §?2™+1 we conclude the

lemma. O

Joint Density Df(2),f(w)

In the next lemma we compute the joint density of the pair (f(z), f(w)) at (0,0).

Lemma 5.3.2. The density ps(.)sw) ot (0,0) is given by

1 - 1
pro 0.0 = 2 =
/=1 ’

Proof. Since different rows of the system are independent we have

Pr).1)(0,0) = [ [ Prao). s (0, 0).
/=1

Furthermore, the covariance matrix of (fy(z), fr(w)) is ¥ = [

1

T Hence

Therefore py, (2, f,(w)(0,0) =

1 M 1
Pie.sa)(0,0) = —o g 1 — |(z,w)|2de”

Conditional Expectation Computation

The natural procedure here is to perform the linear regression of f’(z) and f’(w)
over f(z) and f(w). This procedure is quite standard in probability theory and
statistics (see Appendiz . We leave this computations to the end of this

172



5.3 A Probabilistic Approach to Bézout’s Theorem.

chapter in the next section. One get that

E [| det(f'(2)) " det(f'(w))[* | f(2) = f(w) = 0] =E [| det(M(2))[*] det(M (w))*]

(5.3.1)
where M (z) = (¢f;)ij, M(w) = (¢}%)i; are matrices with independent entries such
that

_ _ 2 A1
EGi¢h = EG;G) =

_ d?(z,w)b  j#£1
E@Zj ij

where

dl(z, w) >~

L ()2 (2 w)

2d;—2
d
T+ [z w)F -+ [, )

T, = (z,w>di’2 1—

(Compare with [Azals & Wschebor, 2009, page 307]).

Case m=1

In this case we have that the conditional expectation is E(||?|¢’|?), where ¢, (" are
complex centered Gaussian random variables with variance o and covariance 7.
Applying Lemma from the next section, for S = (/o, T = ('/o we deduce
that

E(ICPICP) = o + |7

Thus
Y72
AT2(EN? — D :/ " dzd
m Ul P T T ) R
vol(S3 ot + |1]?
_ vol($") L
™ g3 (1 = [{eo, w)[?)
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5. COMPLEX RANDOM SYSTEMS OF POLYNOMIALS

The integrand depend only on the modulus of the Hermitian inner product be-
tween ey and w, so we may apply the co-area formula for ¢ : S* — I such that
(eg, w) + (eg,w). Denote w = (z,y) € C?, then z = (ep, w), then the Normal
Jacobian is /1 — |z[? (see [Blum et al 1998, Lemma 2, page 206]), and

3 4 2
4 (EN? — D) = L) / o+ 7] / 1 e
zeD ( 0

us L —|2[??) Joes(\/izpmp) /1 — |z]?
_ wol(S*)vol(S?) / ot + |7)? i
- m? p (1—[z*)

Finally, changing to polar coordinates

1(S*)(vol(SN))? [P o* + |7]?
AT (EN? — D) = 22 / dr.
™ ) w2 o A=t

One has fol pMdZE =1.d(d - 1), and therefore EN? = D? as claimed.

(1—p2d) 2

5.3.3 Auxiliary computations

Lemma 5.3.3. Let (S,T) be centered, complex Gaussian random variables with
vartance 1 and covariance p. Denote S, T, and S, T;, for the real and imagi-

nary parts of S and T respectively, denote p;; = E(S;1;) fori,j =r,im. Then

1
Prr = Pimim = iRe(p)

1

Prim = —Pimr = _§[m(p)

Lemma 5.3.4. Let (S,T) be centered, Gaussian random variables with variance

1 and covariance p. Then

1. on the real case E(|S)?|T)?) = 1+ 2p°.

2. on the complex case E(|S)?|T)?) =1+ |p|*.

Proof. Real case

Let S, W be two real independent, centered, Gaussian random variables and write

T =pS++/1— p*W, then

E(S?T?) = p’ES* + 2p\/1 — p2ESW + (1 — p)EW? = 1 + 2p%.
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5.3 A Probabilistic Approach to Bézout’s Theorem.

Complex case
Use the real case for the real and imaginary parts taking into account that these

r.v. have variance a half. O

Computation of the covariances of the derivatives

Fix z,w € C™"'. Let {vy,...,v,,} be an orthonormal set in C™*! such that

(Ug, z) = (v, w) = 0, (k > 2). Define

o w—(w,2)z 2= {z,w)w
: 1_‘<Zaw>|2 7 N 1—’<Z,U}>|2 .
Then B, = {v,,v,...,vn} and By, = {vy, V2, ..., v, } are orthonormal basis of

2+ and w' respectively.

It is easy to see that

(z,0) = (w,v,) = /1 —|(z,w)]|?, (U2, V) = —(w, 2).

Denote 0y f(w) for g—zf;(w), k=zw,2,...,m. and express all the derivatives

on these basis.

0.f1(2) Oafi(2) ... Onfi(2)

(L 2\ % 82 2\ % PN am 2\ %
foy= | PR 2R pe) |
awfl (w) 82f1 (w) s amfl (w)
3w 2(W 82 2\ W e 0m 2\ W
iy = | D) DI Ol
Owfm(w) Oafm(w) ... Onfw)
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5. COMPLEX RANDOM SYSTEMS OF POLYNOMIALS

Lemma 5.3.5. Let z,w € C™! be such that ||z]| = ||w|] = 1.
k=z k=w k>2
E O fo(w) fo(w) 0 0
E Ok fo(w) fo(2) | de(w, 2)% /1 = (2, w)|? 0
]Eakfg<z)fg(2) 0 0
E Ok fo(2) fo(w) de{z, W)=t /1 — [{z,w)|? 0
Furthermore

Easfé(z)@WfZ(w) = dé(df - 1)<27 w>dz_2(1 - |<27 w>|2) - dg(Z, w)}i

Proof. Since E f(z)f(z) = 1 on the sphere and we take derivatives on the tangent

space, these derivatives vanish. Besides (z,v;) = (w, v;) = 0 for k > 2.

Now

Ef(2)0uf(w) = 0Ou(w,z)?

= d(w, z}dli(w, 2y = d{z,w)" 1z, v,)

Taking derivative with respect to v, we have

ED, f(2)0u f(w) = (9?},2 (d{z,w)"" (s, 1))

= d(d—1){z,w)*(1 = [{z, w)[") — d{z, w)"

Regression of f'(w) over f(z) and f(w):
Choose e, Bue such that 0, f(w) —af(w) — S f(z) be independent of f(z), f(w).

That is, a, 8 are the solution of the system:

(w, )" a+ B8 = dy (w, 2)" " (z,0,)

{a—l— (z,w)* 3 =0
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5.3 A Probabilistic Approach to Bézout’s Theorem.

Then
(w,2)" ™" (2, v,)

1—[(z,w) [~

Qp = — <Zﬂﬂ>dZ Bue Bue = dg
The remaining ayy, Bre (K > 2) vanish.
Regression of f/(z) over f(z) and f(w):
The same arguments show that

(z,w)dﬁ1 (w,v,)

The remaining ayy, Bre (K > 2) vanish.

Computation of 7 and o2

T=E(0.f(2) — asf(2) = Bs f(w)) O f(w)
Then, by Lemma

T = d(d - 1)<z7w>d_2(1 - |<27w>|2) - d<Z7w>d_2|<Z’w>|2+

; L |z w)l?
2 d—2 24 + — [\& W)
e w2 ) P

= (e, w2 (0= D1 = [P - )l + e o = E

= d(z,w)"? :‘1 +d(1 = [(z,w)]) (1 + M)]

1 —[{z,w)[

= d{z,w)"? _—1 + d—ll__’|<<:;jj>>‘|2d} .

That is, for each ¢+ we have

d
. = d;—2 1_
= e [ e e

Similarly,

02 =R (0.f(2) — asf(2) — Bof(w)) 0. f(2)
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5. COMPLEX RANDOM SYSTEMS OF POLYNOMIALS

Again by Lemma |5.3.5| we obtain:

and therefore for each i we get

d|(z, w)[*

T+ [z )+ [z w)PA

2 _
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Chapter 6

Minimizing the discrete
logarithmic energy on the sphere:

The role of random polynomials

In this chapter we prove that points in the sphere associated with roots of random
polynomials via the stereographic projection, are surprisignly well-suited with
respect to the minimal logarithmic energy on the sphere. That is, roots of random
polynomials provide a fairly good approximation to Elliptic Fekete points. This
chapter follows from a joint work with Carlos Beltran and Michael Shub. (c.f.
Armentano et al|[2011]).

6.1 Introduction and Main Result

This chapter deals with the problem of distributing points in the 2-dimensional
sphere, in a way that the logarithmic energy is minimized. More precisely, let

T1,...,oy € R? and let

1
Vizy,...,oy)=In [[ ———=== > Inla—z (6.1.1)

1<i<j<N i = ] 1<i<j<N
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be the logarithmic energy of the N-tuple z1,...,zy. Here, || - || is the Euclidean
norm in R3. Let
V= min V(xy,...,zn)
T1,..,LNES

denote the minimum of this function when the z;, are allowed to move in the unit
sphere S? = {x € R? : ||z|| = 1}. We are interested in N-tuples minimizing the
quantity (6.1.1). These optimal N-tuples are usually called Elliptic Fekete Points.
This is a classical problem (see [Whyte [1952] for its origins) that has attracted
much attention during the last years. The reader may find modern background in
Dragnev| [2002], Kuijlaars & Saff| [1998], Rakhmanov et al|[1994] and references
therein. It is considered an example of highly non-trivial optimization problem.
In the list of Smale’s problems for the XXI Century Smale| [2000], problem number

7 reads
Problem 1. Can one find x1,...,x5 € S? such that

V(zy,...,xy) — VN <clnN, (6.1.2)
¢ a universal constant?

More precisely, Smale demands a real number algorithm in the sense of |Blum
et al|[1998] that with input N returns a N-tuple 21, ..., xy satisfying equation
(6.1.2), and such that the running time is polynomial on N.

One of the main difficulties when dealing with Problem [I]is that the value of
Vx is not completely known. To our knowledge, the most precise result is the
following, proved in [Rakhmanov et al., (1994, Th. 3.1 and Th. 3.2].

Theorem 19. Defining Cy by

VN =——1In

N
1 +CnN,

(&

N? (4) _ NN

we have

—0.112768770... < li]{fn inf Cy <limsupCy < —0.0234973...
— 00

N—oo
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6.1 Introduction and Main Result

Thus, the value of Vi is not even known up to logarithmic precision, as
required by equation (6.1.2]).

The lower bound of Theorem is obtained by algebraic manipulation of
the formula for V(xy,...,zy), and the upper bound is obtained by the explicit
construction of N-tuples x1,...,zy at which V attains small values.

In this chapter we choose a completely different approach to this problem.
First, assume that y,...,yy are chosen randomly and independently on the

sphere, with the uniform distribution. One can easily show that the expected

value of the function V' (y1,...,yy) in this case is,
N? 4 N 4
E . =———In| - —In{-]. 1.
Vi) == (1) + T (2) (6.13)

Thus, a random choice of points in the sphere with the uniform distribution
already provides a reasonable approach to the minimal value Vy, accurate to the
order of O(N1In N). It is a natural question whether other handy probability
distributions, i.e. different from the uniform distribution in (S?)¥, may yield
better expected values. We will give a partial answer to this question in the
framework of random polynomials.

Part of the motivation of Problem [l| is the search for a polynomial all of
whose roots are well conditioned, in the context of Shub & Smale [1993¢|. On the
other hand, roots of random polynomials are known to be well conditioned, for a
sensible choice of the random distribution of the polynomial (see Shub & Smale
[1993b]). We make this connection more precise in the historical note at the end
of the Introduction. This idea motivates the following approach:

Let f be a degree N polynomial. Let z1,...,zy € C be its complex roots.

Let z, = uy + ivg and let

. (uk, vg, 1) 3
= R?: ||z — (0,0,1/2)|| =1/2 1<k<N 6.1.4
“k 1_‘_,“2_*_,0]%6{1'6 ||$ (7 ’ /)H /}a —= = ) ( )

be the associated points in the Riemann Sphere, i.e. the sphere of diameter
1 centered at (0,0,1/2). Note that the Z;’s are the inverse image under the

stereographic projection of the z,’s, seen as points in the 2-dimensional plane
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{(u,v,1) : u,v € R}. Finally, let
T =23, —(0,0,1) €S?, 1<k<N, (6.1.5)

be the associated points in the unit sphere. Note that the Z;, x; depend only on

f, so we can consider the two following mappings
fl—>V(21,...,ZA’N), fl—>V(.T1,...,$N).

These two mappings are well defined in the sense that they do not depend on
the way we choose to order the roots of f. Our main claim is that the points
x1,...,xy are well-distributed for the function of equation (6.1.1)), if the poly-
nomial f is chosen with a particular distribution. That is, we will prove the

following theorem in Section 6.2}

Theorem 20 (Main). Let f(X) = Z]kvzo arX*® € Py be a random polynomial,
such that the coefficients ay, are independent complex random variables, such that
the real and imaginary parts of ay are independent (real) Gaussian random vari-

ables centered at 0 with variance (]Z) Then, with the notations above,

N? NInN N

E(V(xy,...,2ny)) = ——1In 1 Zlng.

N? 4 NInN N _ 4
(£)-

By comparison of theorems |19 and [20| and equation (6.1.3), we see that the
value of V(x1,...,zy) is surpringsingly small at points coming from the solution
set of random polynomials! In figure below we have plotted (using Matlab)
the roots z1, ..., 279 and associated points x1,...,x7 of a polynomial of degree
70 chosen randomly.

Equivalently, one can take random homogeneous polynomials (as in the his-
torical note at the end of this introduction) and consider its complex projective
solutions, under the identification of P(C?) with the Riemann sphere.

There exist different approaches to the problem of actually producing N-
tuples satisfying inequality above (see [Bendito et al.| [2009], Rakhmanov
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6.1 Introduction and Main Result

et al.| [1994], |Zhou| [1995] and references therein), although none of them has been
proved to solve Problem [I| yet. In Bendito et al|[2009] numerical experiments
were done, designed to find local minima of the function V' and involving massive
computational effort. The method used there is a descent method which follows
a gradient-like vector field. For the initial guess, /N points are chosen at random
in the unit sphere, with the uniform distribution.

Our Theorem above suggests that better-suited initial guesses are those
coming from the solution set of random polynomials. More especifically, consider

the following numerical procedure:
1. Guess a, € C, k=0...N, complex random variables as in Theorem

2. Construct the polynomial f(X) = Zév:o apX* and find its N complex so-

lutions z1,...,2zy € C.

3. Construct the associated points in the unit sphere x4, ..., zy following equa-

tions ETAGL).

In view of Theorem [20], it seems reasonable for a flow-based search optimization
procedure that attempts to compute optimal x4, ..., zy, to start by executing the
procedure described above and then following the desired flow. Moreover, this
procedure might solve Smale’s problem on its own, as necessarily many random
choices of the a;’s will produce values of V' below the average and very close to
Vi, possibly close enough to satisty equation (|6.1.2)).

As it is well-known, item (2) of this procedure can only be done approximately.
We may perform this task using some homotopy algorithm as the ones suggested
in Beltran & Pardo| [2011], |Shub| [2009], [Shub & Smale |[1993a] which guarantee
average polynomial running time, and produce arbitrarily close approximations
to the z;. In practice, it may be preferable to construct the companion matrix of
f and to compute its eigenvalues with some standard Linear Algebra method.

The choice of the probability distribution for the coefficients of f(X) in The-
orem [20] is not casual. That probability distribution corresponds to the classical
unitarily invariant Hermitian structure in the space of homogeneous polynomials,
recalled at the beginning of Section below (or see Chapter@. This Hermitian
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structure is called by some authors Bombieri-Weyl structure, or Kostlan struc-
ture, and it is a classical construction with many interesting properties. The

reader may see Blum et al.| [1998] for background.

6.1.1 Historical Note

According to Smale [2000], part of the original motivation for Problem [1| was
the search for well conditioned homogeneous polynomials as in Shub & Smale
[1993¢|. Given g = g(X,Y) a degree N homogeneous polynomial with unknowns
X,Y and complex coefficients, the condition number of g at a projective root
¢ = (z,y) € P(C?) is defined by

12 lgllliel™™

Mo =N g T T

where |[|g|| is the Bombieri-Weyl norm of g and Dg((¢) |c+ is the differential map-
ping of g at (, restricted to the complex orthogonal complement of (.

Let f(X) = Zg:o ax X* be a degree N polynomial with one unknown X,
and consider the homogeneous counterpart of f, g(X,Y) = chvzo ap XY Nk,
The condition number p(f,z) of f at a zero z € C is then defined as u(f,z) =
1(g, (2,1)).

Shub & Smale| [1993b] proved that well-conditioned polynomials are highly
probable. In |Shub & Smale [1993c| the problem was raised as to how to write a
deterministic algorithm which produces a polynomial g all of whose roots are well-
conditioned. It was also realised that a polynomial whose projective roots (seen
as points in the Riemann sphere) have logarithmic energy close to the minimum
as in Smale’s problem after scaling to S?, are well conditioned.

From the point of view of [Shub & Smale| [1993¢|, the ability to choose points at
random already solves the problem. Here, instead of trying to use the logarithmic
energy function V(-) to produce well-conditioned polynomials, we use the fact
that random polynomials are well-conditioned, to try to produce low-energy N-

tuples.
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The relation between the condition number and the logarithmic energy is

N N & ;N N
V(Z1>---,ZN)=§§ lnﬂ<f7zi)+§§ In 1+ |z = o Inff] - 7 InN,
i=1 =1

where the roots in P(C?) are (z;,1), therefore f is monic.

0.5

Figure 6.1: The points z; and zj for a degree 70 polynomial f chosen at random
(using Matlab). The reader may see that the points in the sphere are pretty well
distributed.

6.2 Technical tools and proof of Theorem

As in the introduction, f = f(X) denotes a polynomial of degree N with com-
plex coefficients, z1,...,zy € C are the complex roots of f, and 2,..., 2y and

T1,...,oy are the associated points in the Riemann Sphere and S? respectively

defined by equations (6.1.46.1.5)). Let Py be the vector space of degree N poly-
nomials with complex coefficients. As in Beltran & Pardo| [2009a], Blum et al.

[1998], we consider Py endowed with the Bombieri-Weyl inner product, given by

N N N N -1 L
k=0 k=0

k=0
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We denote the associated norm in Py simply by [|-]|. Let f(X) = S0, axX* be a
random polynomial, where the a;’s are complex random variables as in Theorem
20l Then, note that the expected value of some measurable function ¢ : Py — R

satisfies )
E(d)(f)) = (271_)—1\“_1 /feﬂ) (b(f)e*”f\\z/? dP . (6.2.1)

Let W = {(f,2) € Py x C: f(z) = 0} be the so-called solution variety, which is
a complex smooth submanifold of C Py x C of dimension N + 1. For z € C, let
W, ={f € Px: f(z) = 0} be the set of polynomials which have z as a root. We

consider W, endowed with the inner product inherited from Py.
Proposition 6.2.1.
N

N
. . 1 N
V(i) = (N =1) ) Iny/1+ |z - 3 > I f'(z)] + < Infan],
1 i=1

Proof. A simple algebraic manipulation yields

]zi—zj|

V(z,...2v)=— > hlz—%4]=- ) -
1<i<j<N 1<i<j<N \/1 + |Zi|2\/1 + |22
N
(N —-1) Zln V14 |z]2 = Z In |z — zl.
i=1 1<i<j<N
Note that
N
FX) =an [J(X = 2)
i=1
Thus,
Fz) =an [[(zi — %),
i#]
and N N
1 1 1
Jan ™ = = -
g |f'(z1)] g#i |2 — 2] 1§ZI;I§N |2 — 2?
Thus,

N
1
- > 1nlzi—zj|:§(‘Zln!f’@i)HNlnraNr),

1<i<j<N
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and the proposition follows. O

The rest of the proof of Theorem 20| will consist on the computation of the
expected values of the quantities in Proposition [6.2.1] The following lemma will

be useful

Lemma 6.2.1. For anyt € R,

ZN:( )t% (1+)N,

k=0

i < )kt%—l = Nt(1+ V!

k=1

~ /N
> <k>k2t2k2 = N1 +)N2(1+ Nt?).

k=1

Proof. The first equality is the classical binomial expansion. Differentiate it to

get
Y /N
2 Kt = 2Nt (1 4 )N
% (x) o

and the second equality follows. Differentiate again to get

N

N
> (k) (2K — k)t 72 = N(1 + )N 4 2N(N — D2 (1 + 3N 2
k=1
Hence
N 1 N
2> (k)k%% = ( ) RPNV 2N (N =D (14+62)7 2 =
k=1 k=1

NOA+A TN+ 2N (N - DE(1+2)N 2 = 2N (1+2)V 2 (14 N2).

The last equality of the lemma follows. O
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Proposition 6.2.2. Let ¢ : W — R be a measurable function. Then,

1
S 22 25 5= | TR J g, 1 CIP011 ) 0
S NZf(Z):O ze eWw;

(6.2.2)

Proof. As in [Blum et all 1998, Th. 5, p. 243|, we apply the smooth coarea

formula to the double fibration

P

to get the formula

J

where G, : Uy — U, is the implicit function defined in a neighborhood of f
satisfies g(G.(g)) = 0, and DG, (f) is the Jacobian matrix of G, at f, writen in
some orthonormal basis. By implicit differentiation, DG.(f)f = —f'(2)"" f(2).

Thus, in the orthonormal basis given by the monomials (]]X)l 2X’“, k=0...N,

O(f.2) dPy = / . /f (DGADGPY) o(f,2) aW. dC.

€PN z:f(z)=0

the jacobian matrix is

DG.(f) = —f%z) ((jg) WZO, . (%) UZZN) .

We conclude that DG.(f)DG.(f)* = |f'(2)] 20, (]2 = [f(2)72(1 +
|z]2)N. The proposition follows. O

Proposition 6.2.3. Let z € C and let ¢ : R — R be a measurable function.
Then,

| streme e aw. = oo T (BN )2 e
FeWs

0

Proof. Consider the mapping ¢ : W, — C, f(X) = Zszo Xt = w = f'(z) =
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Zgzo kapz*=1. Denote by NJy(f) the Normal Jacobian of ¢ at f, that is

NJg(f)= max || Do(f)f]
few. Ifl=1

(see [Blum et al. [1998| pag. 241] for references and background). Let g1, g2 € Py
be the following polynomials,
N N
N —k vk N —k—1~vyk
w0 =3 (3 )Fxt men = So(] )

k=0 k=1

Note that for any f € Py and z € C, we have

f2)={f,01), [f'(2)=(f 92)
Thus,
W, ={fePyn:[f(z)=0}={f€Pyn:(fq1) =0},
Do(f)f = f'(z) = (f,92)-

Thus, if 7 is the orthogonal projection onto W, we have

NJ _ ; 2 2 2 ’<91792>\2 .
o(f) = max  [(f,g)]" = 7 (g)lI" = llg2l" — —75— =
few., | fl=1 g1l

NN o s <Zg:1(]:>k‘z|2k_l>2
0 S HE

k=1

From Lemma [6.2.1], we conclude

B NQIZP(l—i— ’2‘2)2N—2 B

NJp(f) = N1+ |2V 2(1 + N|z?) 1+ 2PV

N+ )21+ N2?) = N2 (1 + |27 = N1+ o)

The coarea formula [Blum et al) 1998, p. 241] then yields

| ellrepe e aw. - (6.23)
feW:
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1 / 2 —IIf1I%/2
S(|w| )/ /2 gf gc.
N+ 222 Jyec {fEWs:f'(2)=w}

The set {f € W, : f'(z) = w} is an affine subspace of Py of dimension N — 1,
defined by the equations (f,g1) = 0, (f,g2) = w, which are linear independent

equations on the coefficients of f. One can compute the norm of the minimal
norm element of this affine subspace using standard tools from Linear Algebra.

This minimal norm turns to be equal to |w|v where

1 1 1
Vgl = Lol VNI(f) - VN +]2)
Thus,
/{f W.if/(2) }6_|f2/2 df = (2m)" " exp (=1 |w]*/2)
eW,:f'(z)=w
and

0

2 N o] f}2 ) 00 f,‘2 ,
e (‘) it = (2N (P o (‘) e 12 dr.

2

/ o(|w]?) / e W72 gf ac = (2m)™ / po(p”)e™ 01 dp =
weC feEW.:f'(z)=w

From this and equation (6.2.3]) we conclude,

o) 2
[, @R = eny [ () e ap

as wanted. O]

Proposition 6.2.4. Let f(X) = Z]kvzo ap X" where the ay, are as in Theorem .

Then,
E (Z In/1+ |zz-|2> = g (6.2.4)
E (In|ay|) = @ (6.2.5)

. (Z " |f’(zi)!) _(n@2)-1-14 ;r In(N) + N)N 626)
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Here, v ~ 0.5772156649 s Fuler’s constant.

Proof. From equalities (6.2.1))6.2.2)),
(Zln 1+‘ZZ|2> = ()—NH/f Zlnvl—{—fz ‘2€_||fH /2 d:PN:

PN =1

1 \/1"‘ ‘Z|2/ |2 —fI2/2 dW dC.
feWz

2m)N* Joee (1+]27)

From Proposition [6.2.3]

/ ()2 VP2 gy, = (27 / BN+ [2)V 212 dt =
few, 0

(2m) V2N (1 + [2)V

N / 2
E<Zln\/1+|zi|2>:g wd@:
i=1

cec (14]2%)?

1 1 N
1+p 2

and equation - ) follows. Equatlon is trivial, as

Thus,

1 o In(2) —
E (Inl|an|) = —/ In |ale” /2 dC = / pln(p)e " /? dp = #
acC

2m 0

Now let us prove equation (6.2.6). Note that from the equalities (6.2.1)/6.2.2)),

N
n|f(z)] | = —— o 11272 s _
E (;1 |f( z)|> (2m) N+ /fefPN Z In|f'(2)| dPy

z€C:f(2)=0

1 1 2
L B S “IFI2/2) 10N 2 10 | £ ()] dW. dC —
(2m)N+1 /Zec (1 +[2[H)N /feer F ) In] (=) dW. dC

From Proposition [6.2.3], we know that

| @Rl @l . -
feW:
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(2m)Y / E(EN(L+ [2P)N2) In /EN(LF 227 2e /2 di =
0

(QW)NN(1+|Z|2)N—2/ 3 <1nt+ln \/N(1+|z|2)N*2) et gt =
0

©2m)VN(1 + |2}V 2 (1 oy +n2+ 2N+ |z|2)N—2) .

Thus,

N _
E <21H|f'(zz)|> _ E 1—fy—l—1n2—|—ln(N(1+‘Z|2)N 2) ©
i=1

27 Jeec (14 [=2)?

> pln(1 + p%)

d ==
o

p
N(l—-~4+mh2+1 N/ S — +NN—2/
(I-7y+In n)o(HpQ)zp ( )0

N N -2
5(1—7+ln2+lnN)+NT,

and equation (6.2.6|) follows.

6.2.1 Proof of Theorem

From Proposition [6.2.1],

N N
. . 1 N
E(V(a,....50) = (N-1)E <§ o /T T |zz-|2) E (} 1o rf'<zi>|) FUE (o)
‘ i=1
which from Proposition is equal to

N(N-1) (In(2)—1—~+In(N)+N)N N(In(2) —~)
2 4 " 4 ’

and the first assertion of Theorem [20] follows. The second equality of Theorem
is then trivial, as the affine transformation in R3 that takes the 2,’s into the

x1’s is a traslation followed by a homothety of dilation factor 2. Hence,

|zi — ]| = 2(2: = %], 1<i<j<N,
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and for any choice of z1, ...,y we have

V(.ﬁEl,...,xN):V(ZA’l,...,fN)— In 2.
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Appendix B

Probability Theory

B.1 Gaussian distributions

Let (€2, A, P) be a probability space, that is, €2 is a set of “samples” provided by
a o-algebra A, and P : A — [0, 1] is a proabability measure (i.e. P(Q2) =1).

A measurable function n : (2,A) — (R, Bg) is called a random variable in
(Q, A). Here By is the Borel o-algebra in R.

Given 7 a random variable in (€2, A, P), the probability distribution P, asso-
ciated to 7 is the push-forward mesure n*P = P on~!, that is, the measure on
(R, Bg) given by P,(B) = P(n~*(B)) for all B € Bg.

In this way, a random variable n in (2, A, P) induces a probability space in
(R, Bg, P,).

We say that the random variable 7 is a Gaussian random variable centered
at p € R with variance 0? > 0, and we write  ~ N(u, 0?), when the induced

probability distribution P, on (R, Bg) is given by

1
P,(B) = / e~ @/ gy for all B € Bp.
2mo JB
A random vector is a n-tuple n = (1, ..., n,) whose components 7; are random

variables on the same probability space (2, A, P). Mutatis mutandis, the random
vector 7 induces a probability measure on (R", Bgn, P,).
We say that the random vector n = (11, ...,m,) is a Gaussian random vector

centered at p € R™ with variance matrix Var(n) = X (positive definite), when
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the induced probability measure on (R", Brx) is given by

P,(B) = e 2T @ mam gy de,, for all B € Bpa.

V2T \/det /
Here (-, -) is the scalar product in R".

When p =0 and ¥ = I, we say that n = (n1,...,n,) is a standard Gaussian
in R".

Remark:

e One can extend the definition of a Gaussian random vector when Var(n)
is not positively definite. However in order to extend this definition one
should introduce the Fourier transform. See for example |Azais & Wschebor
[2009].

e When (2 = R"” the og-algebra A is given by the Borel o-algebra Bgn.

B.2 Conditional Expectation

The conditional expectation is fairly known concept in probability and statistics.
In the case that the random variables involved are Gaussian, the conditional
expectation takes simple form:

Assume that £ and 7 are random vectors on R™ and R” respectively and such
that the distribution of (£,n) € R™" is Gaussian. Assume also that Var(n) is
positive definite. For simplicity, assume that £ and n are centered.

Let ¢ : R™ — R be a bounded function, and suppose we want to compute

The idea is to choose a deterministic matrix C such that the random vectors

( =& — Cn and n become independent. That is, choose C' such that

0 = Cov(é — Cn,n) :==E((¢ — Cn)n") = E(én") — CVar(n),

where a” is the transpose of the column vector a.
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Therefore,

E(p(§)n =y) = E(p(C+ Cn)n = y) = E(o(¢ + Cy)),

where ( is a centered Gaussian variable with variance matrix

Var(§) — Cov(€, ) Var(n)~' Cov(&,n)".

B.3 Stochastic Process and Random Fields

A real valued stochastic process indexed by the set I is collection of random
variables X = {X(t) : t € I} defined on a probability space (2, A, P). In other
words, a stochastic process is a function X : Q@ x I - R, X(w,t) = X(t)(w), such
that is measurable in the first variable.

For a fixed w € Q the function X (w, ) : I — R, given by t — X(w,t), is
a trajectory of the process. In this way, a stochastic process may be seen as a
random ”variable” taking values on a space of functions: w € Q + X(w,-) € R,
where R is the set of functions from I to R.

We say that a random process X is Gaussian is given any finite set of indexes
{t1,...,tx}, the random vector (X(¢1),..., X (tx)) is Gaussian.

When X is a collection of random vectors on R¥, we say that X : Q x I — RF
is a random field or stochastic fields.

In the special case when Q = R!, the canonical process is given by X (t)(w) =
w(t).
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