
ESAIM: Control, Optimisation and Calculus of Variations Will be set by the publisher

URL: http://www.emath.fr/cocv/

SINGULAR CONTROL WITH STATE-DEPENDENT COSTS

FOR LÉVY PROCESSES

Ernesto Mordecki1, Nora Muler2 and Facundo Oliú3, 4

Abstract. We study a discounted singular stochastic control problem driven by a general Lévy pro-
cess, where the objective is to minimize a cost functional composed of a running cost and a control
cost that depends on the current state of the process. We first establish a Hamilton–Jacobi–Bellman
(HJB)-type verification theorem providing sufficient conditions under which a reflecting barrier strat-
egy is optimal and characterizing the value function. Our main contribution is to connect this control
problem with an associated optimal stopping problem: we prove that the optimal reflection threshold
coincides with the optimal stopping boundary of the auxiliary problem. This connection allows us to
characterize the optimal strategy through probabilistic tools and leads to explicit or semi-explicit solu-
tions in several relevant cases. We illustrate the results with several examples, including an application
to pollution abatement.

Résumé. Nous étudions un problème de contrôle stochastique singulier actualisé, piloté par un pro-
cessus de Lévy général, dont l’objectif est de minimiser une fonctionnelle de coût composée d’un coût
courant et d’un coût de contrôle qui dépend de l’état actuel du processus. Nous établissons tout d’abord
un théorème de vérification de type Hamilton-Jacobi-Bellman (HJB) fournissant des conditions suff-
isantes pour qu’une stratégie de barrière réfléchissante soit optimale et caractérisant la fonction de
valeur. Notre principale contribution consiste à relier ce problème de contrôle à un problème d’arrêt
optimal associé : nous prouvons que le seuil de réflexion optimal cöıncide avec la frontière d’arrêt op-
timale du problème auxiliaire. Cette relation nous permet de caractériser la stratégie optimale à l’aide
d’outils probabilistes et conduit à des solutions explicites ou semi-explicites dans plusieurs cas perti-
nents. Nous illustrons ces résultats à l’aide de plusieurs exemples, dont une application à la réduction
de la pollution.
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1. Introduction

Singular stochastic control problems arise in many areas of applied probability. Representative works include:
in stochastic finance and operations research, [8, 11,20]; in insurance mathematics, [1, 2, 21,24]; and for general
stochastic control theory, [3, 7]. However, most of the existing literature focuses on diffusion processes or on
one-sided Lévy models (with compound Poisson processes with one-sided jumps as a particular case). The
general Lévy process setting is significantly more challenging than the spectrally one-sided case because the
scale function approach is no longer available. Furthermore, the one-sided assumption, while convenient for
analytical tractability, is often unrealistic in practice. For example, in mathematical finance, asset prices are
known to empirically exhibit both upward and downward jumps, and in management or environmental contexts,
system dynamics may involve shocks in both directions.

In the present paper, we consider a general Lévy process and aim to minimize a cost functional that depends
on both the trajectory of the controlled state process and the applied control. More specifically, our results
extend previous work of [19], which analyzed the case in which the control cost is proportional to the amount
of control and established the optimality of barrier-type strategies in singular control problems for general Lévy
processes with convex running costs. In our case, in contrast, the marginal cost of control explicitly depends on
the current state of the controlled process, and hence the total control cost can become non-linear. This state
dependence introduces substantial additional technical challenges due to the loss of linearity in the marginal
cost. Furthermore, our approach allows the consideration of exponentially bounded running cost functions
(instead of polynomially bounded), which are common in mathematical finance. The extension is particularly
relevant in applications where intervention costs vary with the system’s state, such as resource extraction,
pollution abatement, or energy regulation. A similar state-dependent structure was recently studied by [10],
who addressed the maximization of cumulative rewards under a spectrally negative Lévy process.

The first contribution of the paper is Theorem 2.12, a Hamilton–Jacobi–Bellman (HJB)-type verification
theorem that gives sufficient conditions under which the optimal policy is a reflecting barrier strategy. More
precisely, we show that the existence of a function u satisfying a system of HJB inequalities, with a critical
threshold x∗ separating the two regimes, implies that the reflecting control at x∗ is optimal.

Our second and main contribution is Theorem 2.13, which establishes a connection between the control
problem and an associated optimal stopping problem (OSP): the critical threshold x∗ of Theorem 2.12 coincides
with the optimal stopping boundary of the OSP, and the function u of Theorem 2.12 is a primitive of its value
function.

The resulting method of solution is structurally different from the one developed in [19] for the constant control
cost case. Furthermore, the connection between control and stopping allows explicit or semi-explicit solutions
in several cases, particularly for polynomial and exponential cost functions, through averaging representations
based on the fluctuation theory for Lévy processes. To summarize, our results generalize previous work in
three directions: from constant to state-dependent control costs, from polynomial to exponentially bounded
running costs, and by clarifying how state dependence modifies the optimal threshold and value function while
preserving analytical tractability.

The connection between control and optimal stopping problems has been known since the seminal work
of [11], who studied the problem of tracking a Brownian motion by a process of bounded variation under various
cost functionals. A more recent treatment of this connection in the diffusion setting is given in [5], where further
references can be found.

On the other hand, solutions to optimal stopping problems for Lévy processes have been known since the
paper by [15], with further developments summarized in the book by [13]. The idea is to express the solution of
the OSP through averaging functions involving the supremum and/or infimum of the Lévy process stopped at an
independent exponential time. When the distribution of these random variables is explicit –typically computed
via the Wiener–Hopf factorization–they yield the explicit solution of the OSP. The connection presented here
allows us to apply such results to control problems.
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It is worth distinguishing the singular control problem considered here from the notion of stochastic singular
systems; see, for instance, Li, Nie, and Wu [14]. We use the term “singular control” in its classical stochastic-
control sense, whereas in the latter setting singularity concerns the structure of the stochastic state equation
rather than the nature of the control.

The rest of the paper is organized as follows. Section 2 introduces the framework and presents the main
results, Theorems 2.12 and 2.13. Section 3 contains the proofs of these results. Section 4 provides a collection
of examples. In some cases, the solution can be expressed solely in terms of the exponential moments of the
infimum of the process stopped at an independent exponential time. In particular, we include an application to
pollution abatement.

2. Main results

2.1. Preliminaries

Let X = {Xt}t≥0 be a non-trivial Lévy process with finite mean, defined on a stochastic basis B = (Ω,F ,F =
(Ft)t≥0− ,Px) starting fromX0− = x. Assume that the filtration is right-continuous and complete (see Definition
1.3 in [9]). Denote by Ex the expected value associated to the probability measure Px, and let E = E0 and
P = P0. The Lévy–Khintchine formula characterizes the law of the process through its characteristic exponent

ϕ(z) = logE(ezX1), z = iθ ∈ iR,

which in our setting takes the form

ϕ(z) = µz +
σ2

2
z2 +

∫
R
(ezy − 1− zy)Π(dy),

where µ = E(X1) ∈ R, σ ≥ 0 and Π(dy) is a non-negative measure (the jump measure) satisfying
∫
R(y

2 ∧
|y|)Π(dy) < ∞, which corresponds to the finite-mean assumption on X. This Lévy process, being a special
semi-martingale (see II.2.29 in [9]), can be written as the sum of a deterministic drift, an independent Brownian
component, and a pure-jump martingale:

Xt = X0 + µt+ σWt +

∫
[0,t]×R

y Ñ(ds, dy),

where Ñ(ds, dy) = N(ds, dy)− dsΠ(dy) is a compensated Poisson random measure, N(ds, dy) being the jump
measure constructed from X (see II.1.16 in [9]), and {Wt}t≥0 is an independent Brownian motion. The infini-
tesimal generator of the process X is given by

Lu(x) = lim
t→0+

Ex(u(Xt))− u(x)

t
,

which is defined for every function u : R → R for which the limit exists at every x ∈ R; in that case, we say
u belongs to the domain of the infinitesimal generator. For general references on Lévy processes see [4], [23],
and [13].

We consider the following discounted minimization problem starting from X0− = x, where the controlled
process XD = X −D and the class of admissible controls are formally introduced in the next subsection:

inf
D

Ex

[∫ ∞

0+
e−δs(f(XD

s−)ds+ c
(
XD

s−

)
dDc

s) +
∑

0−<s<∞

e−δs∆Ds

∫ 1

0

c
(
XD

s− +∆Xs − λ∆Ds

)
dλ

]
,

where δ > 0 is a fixed discount rate, f is the running cost, and c is the state-dependent marginal cost of control.
Precise assumptions on f and c are also stated in the next subsection.
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The integral with respect to the singular control reflects the interpretation of c as a state-dependent marginal
intervention cost. If an intervention of size ξ moves the state from y to y − ξ, its total cost is obtained by
accumulating the marginal cost along the intervention:∫ y

y−ξ

c(z) dz = ξ

∫ 1

0

c(y − λξ) dλ.

This definition is invariant under the subdivision of an intervention into smaller consecutive interventions. An
analogous convention is used for state-dependent marginal rewards in [10].

The objective of this article is to connect this control problem with an optimal stopping problem, which
we call the associated OSP. To solve the OSP (and hence the control problem), it is natural to introduce the
supremum and infimum of the process up to an independent exponential time (see for instance [25] and [16]).

Definition 2.1. Given δ > 0, consider

S = sup{Xt : 0 ≤ t ≤ eδ}, I = inf{Xt : 0 ≤ t ≤ eδ},

where eδ is an exponential random variable of parameter δ, independent of X.

Assumption 2.2. For the uncontrolled process, we assume that there is a constant θ > 0 in the domain of ϕ,
such that max (ϕ(θ), ϕ(−θ)) < δ.

This assumption requires the existence of the exponential moments E(e±θX1), which by [23, Theorem 25.3]
is equivalent to the integrability condition

∫
|y|>1

e±θy Π(dy) < ∞. Under this condition, the characteristic

exponent ϕ extends analytically to the strip {z ∈ C : Re(z) ∈ [−θ, θ]} (see [23, Theorem 25.17]), so that
the values ϕ(θ) and ϕ(−θ) appearing in the assumption are well defined as real numbers. The condition
max(ϕ(θ), ϕ(−θ)) < δ ensures, via the bound E(e±θXt) = etϕ(±θ), the integrability of the discounted exponential
moments needed throughout the paper.

Assumption 2.3. Regarding the control and running costs we assume the following.

(i) Control cost. Let c : R → R be a continuously differentiable function in the domain of the infinitesimal
generator, modeling the marginal cost (or reward, when negative) of applying control.

(ii) Running cost. Let f : R → R be a continuously differentiable function modeling the running cost (or
reward, when negative) of the controlled process. We assume that one of the following conditions holds:
(a) lim supx→−∞ f(x) ≤ M for some M > 0;
(b) f |(−∞,−M ] is decreasing for some M > 0.

(iii) Exponential growth bound. There is a constant K > 0 such that

max (|f(x)|, |f ′(x)|, |c(x)|) ≤ K(1 + cosh(θx)) for all x ∈ R.

In particular, this condition implies that the map

x 7→ Ex

∫ ∞

0

|f(Xs)|e−δsds (1)

is finite and continuous.

Remark 2.4. The conditions in (ii) of Assumption 2.3 are mild. For instance, they are satisfied by functions
that are either concave or convex on some negative half-line (−∞,−M ], which in particular includes any linear
combination of a polynomial and exponentials of the form e±αx with 0 < α ≤ θ.

We now introduce a function r that will play a key role in the connection between the control problem and
the associated OSP. It is defined by
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r(x) = (δ − L)c(x). (2)

The motivation for this definition is that, under our assumptions, r satisfies δ−1 Ex r(Xeδ) = c(x), so that r
recovers the control cost c through the resolvent of the killed process. This identity is exploited in Section 3 to
relate c to the OSP value function.

If the uncontrolled process has unbounded variation, the analysis of the associated OSP requires smoothness
of its value function, which we ensure through the following additional condition.

Assumption 2.5. Suppose the underlying process has unbounded variation. Then we assume that r and f ′ are
continuously differentiable and that

max (|r′(x)|, |f ′′(x)|) ≤ K(1 + cosh(θx)).

Remark 2.6. If the functions f and c and their first and second derivatives are dominated by a polynomial,
then Assumption 2.3(iii) holds.

Assumption 2.7. We assume that the function

Q(x) := Ex (f
′ − r) (I) (3)

has a root x∗, is non-positive in (−∞, x∗), non-decreasing and strictly positive in (x∗,∞).

Remark 2.8. Under Assumption 2.3, if f ′ − r is non-decreasing and limx→−∞(f ′ − r)(x) < 0 < limx→∞(f ′ −
r)(x), then Assumption 2.7 holds; indeed, in this case Q itself is non-decreasing. In particular, when c is constant
and f is convex, these conditions are satisfied and we recover the setting of [19].

Definition 2.9 (Admissible controls). An admissible control is a non-negative F-adapted process D such that:

(i) D : Ω × R+ → R+ is right-continuous and non-decreasing almost surely, with D0− = 0. The associated
controlled process is defined by

XD
t = Xt −Dt, X0− = X0 = x,

and we write d0 := D0 ≥ 0 for the (possibly nonzero) initial control, i.e., the instantaneous adjustment applied
at time t = 0.

(ii) Dt has finite expectation for every t ≥ 0.

(iii) The following integrability condition holds:

Ex

(∫ ∞

0+
e−δs(|f(XD

s−)|ds+ |c
(
XD

s−

)
|dDc

s) +
∑

0−<s<∞

e−δs∆Ds

∣∣∣∣∫ 1

0

c
(
XD

s− +∆Xs − λ∆Ds

)
dλ

∣∣∣∣
)

< ∞.

We denote by A the set of admissible controls.

An important class of controls, in which the optimal control will be found, is that of reflecting controls: those
that, with the minimal push, keep the process within a half-line (−∞, b].

Definition 2.10. Reflecting controls and reflected processes. Given b ∈ R, define the processes Db =
{Db

t}t≥0 and Xb = {Xb
t }t≥0 by

Db
t := max

{
sup

0≤s≤t
Xs − b, 0

}
, Xb

t := Xt −Db
t .

We refer to Db as the reflecting control at b and to Xb as the process reflected at b. In particular, when x > b
the initial value Db

0 = (x− b)+ is positive, corresponding to an instantaneous downward adjustment db0 at time
t = 0.
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2.2. The control problem and main results

Definition 2.11. Given x ∈ R and a control D ∈ A, we define the cost functional

Jδ(x,D) := Ex

[∫ ∞

0+
e−δs(f(XD

s−)ds+ c
(
XD

s−

)
dDc

s) +
∑

0−<s<∞

e−δs∆Ds

∫ 1

0

c
(
XD

s− +∆Xs − λ∆Ds

)
dλ

]
,

and the value function
Gδ(x) = inf

D∈A
Jδ(x,D). (4)

We are now in a position to present our main results; their proofs are given in the next section. The first is
a Hamilton–Jacobi–Bellman (HJB)-type verification theorem that gives sufficient conditions for the optimality
of a reflecting barrier strategy among all admissible controls.

Theorem 2.12. Suppose there exist a constant x∗ and a function u : R → R such that:

(i) u is continuously differentiable if X has bounded variation, and twice continuously differentiable if X
has unbounded variation;

(ii) |u(x)| ≤ K(1 + cosh(θx)) for all x ∈ R and some K > 0;
(iii) u satisfies the HJB system

Lu(x)− δu(x) + f(x) ≥ 0 for all x ∈ R, with equality for x < x∗,

u′(x) ≤ c(x) for all x ∈ R, with equality for x ≥ x∗. (5)

Then, u is the value function of the control problem (4) and x∗ is the optimal reflecting barrier:

u(x) = Jδ(x,D
x∗
) = Gδ(x).

Our second main result characterizes the verification function u and the optimal threshold x∗ of Theorem 2.12
through the solution of an associated OSP.

Theorem 2.13. Consider the optimal stopping problem

v(x) = inf
τ∈R

Ex

((∫ τ

0

f ′(Xs)e
−δsds+ c(Xτ )e

−δτ

)
1τ<∞ +

(∫ ∞

0

f ′(Xs)e
−δsds

)
1τ=∞

)
(6)

where R is the set of F-stopping times, and let x∗ be the root introduced in Assumption 2.7. Then the stopping
time

τ∗ = inf{t ≥ 0: Xt ≥ x∗} (7)

is optimal, that is

v(x) = Ex

((∫ τ∗

0

f ′(Xs)e
−δsds+ c(Xτ∗)e−δτ∗

)
1τ∗<∞ +

(∫ ∞

0

f ′(Xs)e
−δsds

)
1τ∗=∞

)
. (8)

Furthermore, a suitably chosen primitive of v satisfies the conditions of Theorem 2.12; in other words, the
function u of Theorem 2.12 satisfies u′ = v.

3. Proofs of the main results

3.1. Verification Theorem

In order to prove Theorem 2.12, we first establish some preliminary results showing that the problem is
nontrivial, i.e., that Gδ(x) < ∞ for all x ∈ R.
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Proposition 3.1. (i) Suppose X has unbounded variation, and let u ∈ C2(R) satisfy

max (|u(x)|, |u′(x)|, |u′′(x)|) ≤ K(1 + cosh(θx)).

Then u belongs to the domain of the infinitesimal generator, Lu is continuous, and

Lu(x) = µu′(x) +
σ2

2
u′′(x) +

∫
R

(
u(x+ y)− u(x)− u′(x)y

)
Π(dy).

(ii) Suppose X has bounded variation, and let u ∈ C1(R) satisfy

max(|u(x)|, |u′(x)|) ≤ K(1 + cosh(θx)).

Then u belongs to the domain of the infinitesimal generator, Lu is continuous, and

Lu(x) = µu′(x) +

∫
R
(u(x+ y)− u(x)− u′(x)y)Π(dy).

Proof. First, observe that the operators defined on the right-hand side of the equalities in (i) and (ii) are
well-defined and continuous. Indeed, this follows from the integrability condition∫

|y|≥1

cosh(θy) Π(dy) < ∞.

Let us prove (i). Define

L∗u(x) = µu′(x) +
σ2

2
u′′(x) +

∫
R

(
u(x+ y)− u(x)− u′(x)y

)
Π(dy).

By [23, Theorem 31.5], the classical Dynkin formula yields

Ex u(Xt∧Tn
)− u(x) = Ex

∫ t∧Tn

0

L∗u(Xs) ds,

with Tn = inf{t : |Xt| ≥ n}. Since both |u(x)| and |L∗u(x)| are dominated by K(1 + cosh(θx)), dominated
convergence (as n → ∞) gives

Ex u(Xt)− u(x) = Ex

∫ t

0

L∗u(Xs) ds.

Dividing by t and letting t → 0+, the right-hand side converges to L∗u(x) by continuity of L∗u and [6, Ch. I,
1.2.C], which proves (i). The case of bounded variation follows the same argument, with [23, Theorem 31.5]
replaced by [22, Chapter II, Theorem 31]. □

Proposition 3.2. For every b ∈ R, the reflecting control Db is admissible, and Jδ(x,D
b) < ∞ for all x ∈ R.

Consequently, Gδ(x) < ∞ for all x ∈ R.

Proof. The last statement is a corollary of the previous ones. We will show that

Ex

(∫ ∞

0+
e−δs

(
|f(Xb

s−)|ds+ |c(Xb
s−)|d(D

b)cs
))

< ∞, (9)

Ex

∑
0<s<∞

e−δs∆Db
s

∣∣∣∣∫ 1

0

c
(
Xb

s− +∆Xs − λ∆Db
s

)
dλ

∣∣∣∣ < ∞. (10)
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We first study (9). The term

Ex

∫ ∞

0+
e−δs|c

(
Xb

s−

)
|d(Db)cs = Ex

∫ ∞

0+
e−δs|c (b) |d(Db)cs

is finite by [19, A.2(ii)], since the continuous part of Db increases only at the boundary b. For the remaining
term, we cannot apply [19, A.2(i)] directly, since that result assumes |f | is dominated by a polynomial. However,
that hypothesis is only used to establish the inequality.∫

(−∞,−1)

sup
z∈[−1,0]

(
Ez+y

∫ ∞

0

e−δt|f(Xt)|dt
)
Π(dy) < ∞, (11)

which we now verify under our weaker exponential growth hypothesis. For z ∈ [−1, 0], by Assumption 2.3(iii)
together with Assumption 2.2,

Ez+y

∫ ∞

0

e−δt|f(Xt)|dt ≤ K E

∫ ∞

0

e−δt

2
(eθ(Xt+z+y) + e−θ(Xt+z+y) + 2)dt

≤ Keθ|y| E

∫ ∞

0

e−δt

2
(eθXt + e−θ(Xt−1) + 2)dt+Kδ−1 = K̂eθ|y| +Kδ−1,

for some constant K̂. Therefore the left-hand side of (11) is bounded above by∫
(−∞,−1)

eθ|y|(K̂ +Kδ−1)Π(dy) < ∞,

where finiteness follows from Assumption 2.2. This establishes (9).
Now we study (10). We split the sum according to the size of ∆Xs. For the small jumps,

Ex

∑
0<s<∞

e−δs∆Db
s1{0≤∆Xs≤1}

∫ 1

0

|c|(Xb
s− +∆Xs − λ∆Db

s)dλ ≤ Ex

∑
0<s<∞

e−δs∆Db
s sup
z∈[0,1]

|c(z + b)|,

which is finite by [19, A.2(i)]. It remains to bound

Ex

∑
0<s<∞

e−δs∆Db
s1{∆Xs>1}

∫ 1

0

|c|(Xb
s− +∆Xs − λ∆Db

s)dλ. (12)

Using |c(x)| ≤ K(1+cosh(θx)) and noting that Xb
s− +∆Xs−λ∆Db

s ≥ b for λ ∈ [0, 1] (so that cosh is dominated

by an exponential up to a constant depending on b, θ), there exists K > 0 such that (12) is bounded above by

Ex

∑
0<s<∞

e−δs∆Db
s1{∆Xs>1}

∫ 1

0

K
(
1 + exp(θ(Xb

s− +∆Xs − λ∆Db
s))
)
dλ

= Ex

∑
0<s<∞

e−δs1{∆Xs>1}K
(
∆Db

s + θ−1(eθ(X
b
s−+∆Xs) − eθX

b
s )
)

≤ Ex

∑
0<s<∞

e−δs1{∆Xs>1}K
(
∆Db

s + θ−1eθ(b+∆Xs)
)
.

Since ∆Db
s ≤ ∆Xs on {∆Xs ≥ 1} (a jump of Db cannot exceed the corresponding jump of X), (12) is bounded

above by

Ex

∑
0<s<∞

e−δs1{∆Xs>1}K
(
∆Xs + θ−1eθ(b+∆Xs)

)
.
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By the compensation formula for the jump measure of X, this equals

∫ ∞

0

∫
(1,∞)

e−δsK(y + θ−1eθ(b+y))Π(dy) ds =
Keθb

δ

∫
(1,∞)

(e−θby + θ−1eθy)Π(dy).

The right-hand side is finite by Assumption 2.2, since
∫
(1,∞)

eθyΠ(dy) < ∞ whenever θ lies in the domain of ϕ,

and
∫
(1,∞)

yΠ(dy) < ∞ by the finite-mean assumption. This shows (12) is finite, completing the proof. □

In order to establish Theorem 2.12, we first prove the following two lemmas.

Lemma 3.3. Under the hypotheses of Theorem 2.12, there exists an increasing localizing sequence of stopping
times {Tn}n∈N such that

u(x) ≤ Jδ(x,D) + lim inf
n→∞

lim sup
t→∞

Ex e
−δ(t∧Tn)u(XD

t∧Tn
)

for every D ∈ A. In particular,

u(x) ≤ Jδ(x, 0) = δ−1 Ex f(Xeδ), (13)

where 0 denotes the null control D ≡ 0.

Proof. First, assume X has unbounded variation and u ∈ C2(R).
Define the local martingales {M (i)

t }t≥0 (i = 1, 2) by

M
(1)
t = σWt +

∫
(0,t]×R

y Ñ(ds, dy),

M
(2)
t =

∫
(0,t]×R

e−δs
(
u(XD

s− + y)− u(XD
s−)− yu′(XD

s−)
)
Ñ(ds, dy).

Let T ′
n be a common localizing sequence for M (1) and M (2), and define

Sn = inf{t ≥ 0: max(|Xt|, |XD
t− +∆Xt|, |XD

t |) ≥ n}.
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Setting Tn = T ′
n ∧ Sn yields a localizing sequence such that max(|Xt|, |XD

t− + ∆Xt|, |XD
t |) ≤ n for all t < Tn.

Applying Itô’s formula to e−δtu(XD
t ) on [0, t ∧ Tn], we obtain

e−δ(t∧Tn)u(XD
t∧Tn

)− u(x− d0)

=

∫ t∧Tn

0+
e−δsu′(XD

s−)dX
D
s +

σ2

2

∫ t∧Tn

0+
e−δsu′′(XD

s−) ds+M
(2)
t∧Tn

+

∫
(0,t∧Tn]×R

e−δs
(
u(XD

s− + y)− u(XD
s−)− yu′(XD

s−)
)
dsΠ(dy)

−
∫ t∧Tn

0+
δe−δsu(XD

s−)ds

+
∑

0<s≤t∧Tn

(
u(XD

s )− u(XD
s− +∆Xs) + u′(XD

s−)∆Ds

)
e−δs

=

∫ t∧Tn

0+
e−δsLu(XD

s−) ds+

∫ t∧Tn

0+
e−δsu′(XD

s−) dM
(1)
s +M

(2)
t∧Tn

−
∫ t∧Tn

0+
e−δsu′(XD

s−) dD
c
s +

∑
0<s≤t∧Tn

e−δs
(
u(XD

s )− u(XD
s− +∆Xs)

)
−
∫ t∧Tn

0+
δe−δsu(XD

s−) ds. (14)

Notice that

u(XD
s )− u(XD

s− +∆Xs) = −∆Ds

∫ 1

0

u′(XD
s− +∆Xs − λ∆Ds)dλ,

by the fundamental theorem of calculus applied along the segment from XD
s−+∆Xs to XD

s = XD
s−+∆Xs−∆Ds.

Therefore, by (14) and the HJB inequalities Lu− δu+ f ≥ 0 and u′ ≤ c, we obtain

e−δ(t∧Tn)u(XD
t∧Tn

)− u(x− d0)

≥
∫ t∧Tn

0+
e−δs (δu− f) (XD

s−) ds

+M
(3)
t∧Tn

−
∫ t∧Tn

0+
e−δsc(XD

s−) dD
c
s

−
∑

0<s≤t∧Tn

e−δs∆Ds

∫ 1

0

c(XD
s− +∆Xs − λ∆Ds)dλ

−
∫ t∧Tn

0+
δe−δsu(XD

s−) ds,
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where M
(3)
t :=

∫ t

0+
e−δsu′(XD

s−) dM
(1)
s +M

(2)
t is a local martingale with localizing sequence {Tn}n∈N. Taking

expectations (the local martingale term vanishes since M
(3)
t∧Tn

is a true martingale) and rearranging,

Ex

(∫ t∧Tn

0+
e−δsf(XD

s−) ds+

∫ t∧Tn

0+
e−δsc(XD

s−) dD
c
s

+
∑

0<s≤t∧Tn

e−δs∆Ds

∫ 1

0

c(XD
s− +∆Xs − λ∆Ds) dλ


+Ex e

−δ(t∧Tn)u(XD
t∧Tn

) ≥ u(x− d0). (15)

Observe that

u(x− d0) = u(x)−
∫ d0

0

u′(x− y) dy.

Since u′(x) ≤ c(x),

u(x− d0) ≥ u(x)−
∫ d0

0

c(x− y) dy.

By the change of variables y = λd0,

u(x− d0) ≥ u(x)− d0

∫ 1

0

c(x− λd0) dλ.

Substituting this into (15), taking lim supt→∞ and then lim infn→∞ on both sides yields the first claim for the
case of unbounded variation.

The case of bounded variation follows similarly, applying the Itô–Meyer formula for càdlàg processes of finite
variation (see [22, Chapter II, Theorem 31]). Finally, to prove (13), we use Assumption 2.3(iii) and Assumption
2.2:

lim sup
t→∞

Ex e−δt|u(Xt)| ≤ lim sup
t→∞

e−δt Ex K(1 + cosh(θXt)) = 0,

where the last equality uses Ex cosh(θXt) ≤ cosh(θx)emax(ϕ(θ),ϕ(−θ)) t together with max(ϕ(θ), ϕ(−θ)) < δ. □

Lemma 3.4. Under the hypotheses of Theorem 2.12, for every x ∈ R and every D ∈ A, the localizing sequence
{Tn} from Lemma 3.3 satisfies

lim sup
n→∞

lim sup
t→∞

Ex e
−δ(t∧Tn)u(XD

t∧Tn
) ≤ 0.

Proof. By Lemma 3.3 applied to the null control,

Ex e
−δ(t∧Tn)u(XD

t∧Tn
) ≤ Ex e

−δ(t∧Tn)Jδ(X
D
t∧Tn

, 0) = Ex e
−δ(t∧Tn)

∫ ∞

0

e−δsf(Xs+t∧Tn
−Xt∧Tn

+XD
t∧Tn

)ds,

where the last equality follows from the strong Markov property: the increment Xs+t∧Tn
−Xt∧Tn

is independent
of Ft∧Tn

and has the same distribution as Xs.
We now distinguish the two cases of Assumption 2.3(ii). If (ii)(a) holds, then since f is continuous and

lim supx→−∞ f(x) ≤ M , f is bounded above on (−∞,−M ] by some positive constant M ′. Hence

Ex e
−δ(t∧Tn)

∫ ∞

0

e−δsf(Xs+t∧Tn
−Xt∧Tn

+XD
t∧Tn

)1{Xs+t∧Tn−Xt∧Tn+XD
t∧Tn

≤−M} ds ≤ M ′δ−1 Ex e
−δ(t∧Tn). (16)
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If instead (ii)(b) holds, i.e., there exists M > 0 such that f is decreasing on (−∞,−M ], we use that

Xs+t∧Tn −Xt∧Tn +XD
t∧Tn

≥ XD
s+t∧Tn

(since D is non-decreasing) to obtain, on {Xs+t∧Tn −Xt∧Tn +XD
t∧Tn

≤ −M}, that XD
s+t∧Tn

≤ −M and hence

f(Xs+t∧Tn
− Xt∧Tn

+ XD
t∧Tn

) ≤ f(XD
s+t∧Tn

) by monotonicity. Therefore, using f(x) − f(−M) ≥ 0 for all
x ≤ −M ,

Ex e
−δ(t∧Tn)

∫ ∞

0

e−δs(f(Xs+t∧Tn
−Xt∧Tn

+XD
t∧Tn

)− f(−M))1{Xs+t∧Tn−Xt∧Tn+XD
t∧Tn

≤−M} ds

≤ Ex

∫ ∞

t∧Tn

e−δs(f(XD
s )− f(−M))1{XD

s ≤−M} ds. (17)

Moreover, for every fixed n, as t → ∞ we have t ∧ Tn → Tn. Therefore,

Ex

∫ ∞

t∧Tn

e−δu du −→ 1

δ
Ex e

−δTn .

Since Tn → ∞ almost surely as n → ∞, it follows that

lim
n→∞

lim
t→∞

|f(−M)| Ex

∫ ∞

t∧Tn

e−δu du = 0. (18)

For the complementary event, in both cases,

Ex e
−δ(t∧Tn)

∫ ∞

0

e−δsf(Xs+t∧Tn
−Xt∧Tn

+XD
t∧Tn

)1{Xt∧Tn+s−Xt∧Tn+XD
t∧Tn

>−M}ds

≤ Ex e
−δ(t∧Tn)

∫ ∞

0

e−δsK(1 + cosh(θ(Xs+t∧Tn
−Xt∧Tn

+XD
t∧Tn

)))

× 1{Xt∧Tn+s−Xt∧Tn+XD
t∧Tn

>−M} ds. (19)

On {Xs+t∧Tn − Xt∧Tn + XD
t∧Tn

> −M}, e−θ(··· ) < eθM , so 1 + cosh(θ(· · · )) ≤ 1
2

(
2 + eθM + eθ(··· )

)
, the

right-hand side of (19) is bounded above by

K

2
Ex

∫ ∞

0

e−δ(s+t∧Tn)(2 + eθM + eθXs+t∧Tn )ds =
K

2
Ex

∫ ∞

t∧Tn

e−δu(2 + eθM + eθXu)du. (20)

We now combine the bounds. As t → ∞ for fixed n, t ∧ Tn → Tn, and as n → ∞, Tn → ∞ almost surely.
In case (ii)(a), combining (16) and (20), both right-hand sides tend to zero by dominated convergence (using
Assumption 2.2 for the second). In case (ii)(b), combining (17), (18) and (20), the same conclusion follows,
where the first integral tends to zero by the integrability condition in Definition 2.9(iii). □

With the two previous lemmas, we have enough tools to prove the verification Theorem 2.12

Proof of Theorem 2.12. Let D ∈ A. Combining Lemma 3.3 with Lemma 3.4, we obtain u(x) ≤ Jδ(x,D). Since
D was arbitrary, u(x) ≤ Gδ(x).

It remains to show that the reflecting control Dx∗
achieves equality, that is, u(x) = Jδ(x,D

x∗
). For D = Dx∗

,
the controlled process satisfies Xx∗

t ≤ x∗ for all t ≥ 0, with the continuous part of Dx∗
increasing only at the

boundary x∗ and jumps of Dx∗
occurring only when X jumps above x∗. Consequently, the HJB inequalities
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(5) hold with equality at every relevant point of evaluation, and the inequality (15) in the proof of Lemma 3.3
becomes an equality:

Ex

(∫ t

0+
e−δsf(Xx∗

s−)ds+

∫ t

0+
e−δsc(Xx∗

s−)d(D
x∗
)cs

+
∑

0<s≤t

e−δs∆Dx∗

s

∫ 1

0

c(Xx∗

s− +∆Xs − λ∆Dx∗

s )dλ


= u(x− d0)−Ex e−δtu(Xx∗

t ).

To conclude, it suffices to show that Ex e
−δtu(Xx∗

t ) → 0 along a suitable sequence tn → ∞. By the same
argument used in the proof of Proposition 3.2 for Ex

∫∞
0+

e−δs|f |(Xb
s)ds, one obtains

Ex

∫ ∞

0+
e−δs cosh(θXx∗

s ) ds < ∞.

Since the integrand is non-negative and integrable,

lim inf
t→∞

e−δt Ex cosh(θX
x∗

t ) = 0,

so there exists a sequence tn → ∞ with

lim
n→∞

Ex e
−δtn cosh(θXx∗

tn ) = 0.

Combined with the growth bound |u(x)| ≤ K(1 + cosh(θx)), this gives

lim
n→∞

Ex e
−δtnu(Xx∗

tn ) = 0.

Letting t = tn → ∞ in the equality above yields u(x) = Jδ(x,D
x∗
), and hence u(x) = Gδ(x) = Jδ(x,D

x∗
),

completing the proof. □

3.2. The associated OSP and proof of Theorem 2.13

We study the properties of the associated optimal stopping problem (OSP) in order to prove Theorem 2.13,
the main result of the article. Define

H(x) := Ex

∫ ∞

0

f ′(Xs)e
−δsds.

Lemma 3.5. The largest root x∗ of the function Q defined in (3) is the optimal threshold for the optimal
stopping problem (6); that is, the stopping time defined in (7) satisfies (8).

Proof. To match the notation of [25] and ease the exposition, observe that

v(x) = − sup
τ∈R

Ex

((∫ τ

0

−f ′(Xs)e
−δsds− c(Xτ )e

−δτ

)
1τ<∞ −

(∫ ∞

0

f ′(Xs)e
−δsds

)
1τ=∞

)
, (21)

which can be rewritten as

v(x) = H(x)− sup
τ∈R

Ex(H − c)(Xτ )e
−δτ1τ<∞. (22)
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On the other hand, by the definition of r in (2),

c(x) = δ−1 Ex r(Xeδ).

Therefore, by the Wiener–Hopf factorization and the definition of Q in Assumption 2.7,

(H − c)(x) = δ−1 Ex Q(S).

By Assumption 2.3(iii), for every x ∈ R,

|H(x)| ≤ E

∫ ∞

0

|f ′(x+Xs)| e−δs ds

≤ K

∫ ∞

0

e−δs
(
1 +E

[
cosh

(
θ(x+Xs)

)])
ds.

Using

cosh(a+ b) ≤ 2 cosh(a) cosh(b)

and

E (cosh(θXs)) =
1

2

(
esϕ(θ) + esϕ(−θ)

)
,

we obtain

|H(x)| ≤ K

δ
+K cosh(θx)

(
1

δ − ϕ(θ)
+

1

δ − ϕ(−θ)

)
.

The two denominators are strictly positive by Assumption 2.2. Combining this estimate with the growth bound

for c in Assumption 2.3(iii), we conclude that there is a constant K̂ > 0 such that

|H(x)|+ |c(x)| ≤ K̂
(
1 + cosh(θx)

)
, x ∈ R. (23)

Also, for each λ ∈ {θ,−θ}, the process

Mλ
t := exp {λ(Xt − x)− tϕ(λ)} , t ≥ 0,

is a non-negative martingale under Px with expectation 1. Therefore, Mλ
t converges almost surely, as t tends

to infinity, to a finite random variable. Moreover,

e−δteλXt = eλxe−(δ−ϕ(λ))tMλ
t .

Since δ − ϕ(λ) > 0, it follows that

lim
t→∞

e−δteλXt = 0 Px-a.s., λ ∈ {θ,−θ}.

Consequently,

lim
t→∞

e−δt
(
1 + cosh(θXt)

)
= 0 Px-a.s.

Together with (23), this yields

Px

(
lim
t→∞

e−δtδ−1(H − c)(Xt) = 0
)
= 1. (24)

Therefore, by Assumption 2.3(iii) and [25, Theorem 4.2], the stopping time τ∗ is optimal for (21), and
equivalently for (6), completing the proof.

□
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To analyze the continuity and—in the case of unbounded variation—the smoothness of the value function
(22), we first record some regularity properties of the averaging function Q in the following proposition.

Proposition 3.6. If X has bounded variation, the function Q in (3) is continuous. If X has unbounded
variation, Q ∈ C1(R) and

Q′(x) = Ex

(
(f ′′ − r′)(I)

)
.

The proof follows by dominated convergence under Assumptions 2.3 and 2.5, and is omitted.
With the regularity of Q established, we now turn to the value function v itself.

Proposition 3.7. The value function v is continuous and there is a constant K ′ such that

|v(x)| ≤ K ′(1 + cosh(θx)) for all x ∈ R.

Proof. Let v̂(x) := H(x)− v(x). By Assumption 2.3(iii) and dominated convergence, H is continuous; hence it
suffices to prove that v̂ is continuous. Using [25, Theorem 4.2] and the same notation as in the previous lemma,

v̂(x) = δ−1 Ex

[
Q(S)1{S≥x∗}

]
= δ−1 E

[
Q(S + x)1{S+x≥x∗}

]
.

Since Q ≤ 0 on (−∞, x∗], we have

lim sup
h→0

(
v̂(x+ h)− v̂(x)

)
≤ lim sup

h→0
δ−1 E

[(
Q(S + x+ h)−Q(S + x)

)
1{S+x+h≥x∗}

]
.

By continuity of Q (Proposition 3.6) and dominated convergence (using Assumption 2.3(iii) to dominate the
integrand by an integrable random variable), the right-hand side equals zero. The matching lower bound

lim inf
h→0

(
v̂(x+ h)− v̂(x)

)
≥ 0

follows by the symmetric argument, using (1).
For the growth bound on v,

|v(x)| ≤ |H(x)|+ δ−1 E
[
|Q(S + x)|1{S+x≥x∗}

]
.

It therefore suffices to observe that if a continuous function F satisfies

|F (x)| ≤ K1(1 + cosh(θx)) for all x ∈ R, with K1 > 0,

then
|Ex F (S)|+ |Ex F (I)| ≤ K2(1 + cosh(θx)) for some K2 > 0.

This follows from the inequality

|Ex F (S)| ≤ K1 +
K1

2

(
E eθx+θS +E e−θx−θS

)
≤ C(1 + cosh(θx)),

with C = K1 +
K1

2 max(E eθS ,E e−θS), which is finite by Assumption 2.2; the same argument applies with I in
place of S. □

The next regularity result follows from equation (17) in [17, Theorem 2], observing that P (S = 0) = 0 when
X has unbounded variation.

Proposition 3.8. If X has unbounded variation, then v ∈ C1(R).

We will need the following auxiliary lemma, ensuring that the exponential growth bound is preserved under
integration.
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Lemma 3.9. Let θ > 0 and suppose that v : R → R satisfies

|v(x)| ≤ K1

(
1 + cosh(θx)

)
for all x ∈ R,

for some constant K1 > 0. Let W be any primitive of v, i.e., W ′(x) = v(x). Then there exists a constant
K2 > 0 such that

|W (x)| ≤ K2

(
1 + cosh(θx)

)
for all x ∈ R.

The proof is a routine application of the fundamental theorem of calculus together with elementary inequalities
for hyperbolic functions, and is omitted.

Lemma 3.10. Let W be a primitive of v. Then W belongs to the domain of the infinitesimal generator, and
the map

x 7→ LW (x)− δW (x) + f(x)

is constant on (−∞, x∗) and non-decreasing on (x∗,∞).

Proof. The regularity of v established in Propositions 3.7 and 3.8, together with Lemma 3.9 applied to W , allow
us to apply Proposition 3.1. The proof then follows the same arguments as in [18, Lemma 1(i)–(ii)], where a
Dynkin game is considered. In our setting there is only one barrier instead of two, and the same reasoning
applies by taking (in the notation of that paper) −∞ in place of a∗ϵ . □

From the previous results, we can prove the main theorem of the article.

Proof of Theorem 2.13. By Lemmas 3.5, 3.9, and 3.10, together with Theorem 2.12, it suffices to construct a
primitive of v for which the map x 7→ LW (x) − δW (x) + f(x) vanishes on (−∞, x∗] (which, by Lemma 3.10,
reduces to vanishing at the single point x∗, since this map is constant on that interval). Consider

W (x) :=

∫ x

x∗
v(y) dy,

so that W (x∗) = 0, and let

u(x) = W (x) +
f(x∗) + LW (x∗)

δ
.

Since L annihilates constants, Lu = LW , and using W (x∗) = 0, we obtain

Lu(x∗)− δu(x∗) + f(x∗) = LW (x∗)−
(
f(x∗) + LW (x∗)

)
+ f(x∗) = 0.

Moreover, u′ = v ≤ c holds everywhere with equality on [x∗,∞) by Lemma 3.5, and the growth bound |u(x)| ≤
K(1 + cosh(θx)) follows from Lemma 3.9 applied to W . Thus u satisfies all the hypotheses of Theorem 2.12,
and the conclusion follows. □

4. Applications and examples

In this section, we introduce a motivating application and some examples in which the threshold x∗ can be
obtained explicitly.

Example 4.1 (Application: Optimization in pollution abatement). We model a company that seeks to opti-
mally adjust its pollution levels (or abatement efforts) over time. Let Zt > 0 denote the current emission rate
(the instantaneous flow of CO2 emissions). We assume that Zt = eXt , where X = {Xt : t ≥ 0} is a general
Lévy process as defined in Section 2.1. This logarithm specification ensures the positivity of Zt and captures
multiplicative shocks: a negative jump in Xt corresponds to a proportional reduction in emission rate (for
instance, due to improved technology or temporary efficiency gains), while a positive jump corresponds to a
sudden increase in emissions, such as those arising from production surges.
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In this setting, the regulator (or company) can control the emission rate through abatement actions. The
cumulative log-scale reduction in the emission rate is encoded by the control process D = {Dt : t ≥ 0}, so that
the controlled state

XD
t = Xt −Dt

yields the controlled emission rate

ZD
t = eX

D
t = Zt e

−Dt .

Without control (D ≡ 0), Zt follows its natural exponential Lévy dynamics, representing the firm’s spontaneous
emission rate. The factor e−Dt thus quantifies the multiplicative emission reduction achieved through abatement
up to time t.

The process D is non-decreasing and right-continuous by Definition 2.9: increases in Dt correspond to extra
abatement efforts, which may correspond, for instance, to investments in clean technologies or to regulatory
mandates. Hence the controlled state process reflects the combination of natural emission dynamics and de-

liberate abatement interventions. Since ZD
t = eX

D
t , lower values of XD

t correspond to lower emissions; thus
increases in Dt reduce both XD

t and the emission rate ZD
t .

The cost structure of the problem involves two functions. The running cost F (ZD
t ) is associated with the

emission rate ZD
t , capturing long-run economic or social costs such as environmental damage and regulatory

penalties. A natural assumption is that F is non-negative and non-decreasing in ZD
t , since higher emissions

entail higher environmental costs. The marginal abatement cost C(ZD
t ) represents the cost of further reducing

emissions; it is typically non-negative and non-increasing in ZD
t , reflecting that abatement is cheap when

emissions are high—effective and inexpensive measures such as improving energy efficiency or switching to
cleaner fuels are available—but becomes prohibitively expensive once emissions are already low, where the
remaining reductions require radical technological or behavioral changes.

A natural and tractable particular case is the exponential cost model, obtained when

F (z) = Azα, C(z) = Bz−β , A,B, α, β > 0.

Passing to the log scale via f(x) = F (ex) and c(x) = C(ex), we obtain a running cost f(XD
t ) = AeαX

D
t that

is non-decreasing in XD
t , and a marginal abatement cost c(XD

t ) = Be−βXD
t that is non-increasing in XD

t ,
consistent with the economic interpretation above. Assumption 2.2 then requires that there exist θ ≥ max(α, β)
in the domain of ϕ with max(ϕ(θ), ϕ(−θ)) < δ. Under these conditions, Theorem 2.13 applies, and the optimal
policy is a reflecting control at a critical barrier x∗. The corresponding emission threshold z∗ := ex

∗
has a natural

interpretation: it is the highest emission level tolerated under the optimal policy, beyond which abatement is
triggered.

• If XD
t > x∗, the optimal strategy is to increase Dt (i.e., to abate emissions) so that the controlled state

is pushed back to x∗ immediately.
• If XD

t < x∗, the optimal strategy is not to intervene, allowing the emission dynamics to evolve freely
until XD

t reaches x∗. The intuition is that when the system is already in a “clean” state, additional
abatement yields little benefit while generating unnecessary costs; no further abatement is undertaken
until the state rises back to x∗.

We now derive x∗ explicitly. Since Leηx = ϕ(η)eηx for any η in the domain of ϕ, the function r defined in (2)
satisfies

r(x) = (δ − ϕ(−β))B e−βx,

so that

(f ′ − r)(x) = Aαeαx − (δ − ϕ(−β))B e−βx.

The Wiener–Hopf factorization at −β gives the identity δ−ϕ(−β)
δ E(e−βI) = 1/E(e−βS). Using this in Ex[(f

′−
r)(I)] = E[(f ′ − r)(I + x)], the map (3) becomes

Q(x) = Ex

[
(f ′ − r)(I)

]
= K1 e

αx −K2 e
−βx,



18 TITLE WILL BE SET BY THE PUBLISHER

where

K1 = Aα E(eαI), K2 =
δB

E(e−βS)
.

Since K1,K2 > 0 and Q′(x) = αK1e
αx + βK2e

−βx > 0 for all x, the map Q is strictly increasing, so As-
sumption 2.7 is automatically satisfied and the root x∗ is unique. Setting Q(x∗) = 0 gives K1e

(α+β)x∗
= K2,

whence

x∗ =
1

α+ β
log

δB

Aα E(eαI) E(e−βS)
≥ 1

α+ β
log

δB

Aα
, (25)

where the inequality follows from E(eαI) ≤ 1 and E(e−βS) ≤ 1, one of them strict for a non-trivial Lévy process.
This expression yields the following insights:

• z∗ = ex
∗ ≥ (δB/(Aα))1/(α+β) is bounded away from zero, reflecting the unbounded growth of the

marginal abatement cost as z → 0+, which makes pushing emissions arbitrarily close to zero prohibitively
expensive.

• The dependence of z∗ on A and B is only through the ratio B/A: rescaling both costs by a common
factor leaves the optimal threshold unchanged.

• As α → 0, x∗ → ∞ (and hence z∗ = ex
∗ → ∞). This matches the intuition that when the running cost

becomes nearly constant, abatement provides no benefit and the optimal policy is to never intervene.

The formula (25) for x∗ holds for any Lévy process satisfying the standing assumptions. To make it explicit,
consider the two-sided jump-diffusion process

Xt = b t+ σWt +

N
(1)
t∑

i=1

Y
(1)
i −

N
(2)
t∑

i=1

Y
(2)
i , (26)

where W = {Wt} is a standard Brownian motion; for k = 1, 2, the processes N (k) = {N (k)
t } are independent

Poisson processes with intensities λk; and {Y (k)
i }i≥1 is an i.i.d. sequence of exponential random variables with

parameter ηk. The five families W , N (1), N (2), Y (1), Y (2) are mutually independent. The characteristic
exponent of X is

ϕ(z) = 1
2σ

2z2 + b z +
λ1z

η1 − z
− λ2z

η2 + z
.

The equation ϕ(z) = δ has four real roots ρ1, ρ2 > 0 and −γ1,−γ2 < 0 satisfying

−γ2 < −η2 < −γ1 < 0 < ρ1 < η1 < ρ2.

By [12, Theorem 3.1], the Wiener–Hopf factors of X killed at rate δ are

E(ezS) =
ρ1ρ2(η1 − z)

η1(ρ1 − z)(ρ2 − z)
, E(ezI) =

γ1γ2(η2 + z)

η2(γ1 + z)(γ2 + z)
. (27)

Substituting into (25) yields

x∗ =
1

α+ β

[
log

(
δB

Aα

)
+ log

(
η1η2(γ1 + α)(γ2 + α)(ρ1 + β)(ρ2 + β)

γ1γ2ρ1ρ2(η2 + α)(η1 + β)

)]
.

In this example, Assumption 2.2 holds for θ = max(α, β) iff max(ϕ(θ), ϕ(−θ)) < δ, which by the root structure
above is equivalent to max(α, β) < min(γ1, ρ1).

Example 4.2 (Linear controls, monomial running cost). Let f(x) = Ax2n + B and c(x) = −x, with A > 0,
B ∈ R, and n ∈ N. Since f and c are polynomials, they are dominated by K(1 + cosh(θx)) for any θ > 0,
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so Assumption 2.3(iii) holds as soon as the process satisfies Assumption 2.2 for some θ > 0. In this case
r(x) = δ(EXeδ − x) and the function

(f ′ − r)(x) = 2Anx2n−1 − δ(EXeδ − x) = 2Anx2n−1 + δx− δEXeδ

is strictly increasing, so it admits a unique root.
In the particular case n = 1, using the Wiener–Hopf identity EXeδ = ES +E I,

Q(x) = Ex[(f
′ − r)(I)] = (2A+ δ)(x+E I)− δEXeδ = (2A+ δ)x+ 2AE I − δES,

whence

x∗ =
δES − 2AE I

2A+ δ
.

As an illustration, consider the process defined in (26). From (27), ES = ρ−1
1 + ρ−1

2 − η−1
1 and E I = η−1

2 −
γ−1
1 − γ−1

2 , yielding

x∗ =
δ(ρ−1

1 + ρ−1
2 − η−1

1 )− 2A(η−1
2 − γ−1

1 − γ−1
2 )

2A+ δ
.

The same argument applies more generally: for any convex running cost f satisfying the regularity and inte-
grability conditions of Assumptions 2.3 and 2.5, with f ′(x) → ±∞ as x → ±∞, there exists a unique root
x∗.

Example 4.3 (Exponential running cost and quadratic control cost). Let f(x) = ex and c(x) = Ax2+B, with
A > 0 and B ∈ R. In this example

r(x) = δ(Ax2 +B)−A (2xEX1 + varX1) ,

thus
(f ′ − r)(x) = ex − δAx2 − δB +A (2xEX1 + varX1) ,

then
Q(x) = E(eI)ex − δAE(x+ I)2 − δB +A (2E(x+ I)EX1 + varX1) .

To study the monotonicity of Q(x) we differentiate

Q′(x) = E(eI)ex − δ2AE(x+ I) + 2AEX1 ≥ ex+E I − δ2AE(x+ I) + 2AEX1 > 0,

provided δ2A ≤ e and EX1 > 0 (where we used Jensen’s inequality). Hence, Q is strictly increasing and has
exactly one root, satisfying Assumption 2.7.

As an illustration, consider a compound Poisson process X = {Xt : t ≥ 0} with double-sided exponential
jumps, given by

Xt = x+

N
(1)
t∑

i=1

Y
(1)
i −

N
(2)
t∑

i=1

Y
(2)
i ,

where N (1) = {N (1)
t : t ≥ 0} and N (2) = {N (2)

t : t ≥ 0} are two Poisson processes with positive intensities λ1, λ2

respectively; Y (1) = {Y (1)
i : i ≥ 1} and Y (2) = {Y (2)

i : i ≥ 1} are two sequences of independent exponentially

distributed random variables with respective positive parameters α1, α2. The four families N (1), N (2), Y (1),
Y (2) are mutually independent. Again, using [12, Theorem 3.1], the equation ϕ(z) = δ has two roots γ1, γ2
(here, with γ1 a positive root and −γ2 a negative root) that satisfy −α2 < −γ2 < 0 < γ1 < α1, and

fI(x) =
γ2
α2

δ0(x) +
α2 − γ2

α2
γ2e

γ2x, x ≤ 0,

fS(x) =
γ1
α1

δ0(x) +
α1 − γ1

α1
γ1e

−γ1x, x ≥ 0,
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where δ0 denotes the Dirac mass at x = 0. A direct computation yields

Q(x) =
γ2(α2 + 1)

α2(1 + γ2)
ex − δB

+A

[
− δx2 + 2

(
λ1

α1
− λ2

α2
− δ

γ2 − α2

α2γ2

)
x

+
2
(

λ1

α1
− λ2

α2

)
(γ2 − α2)

α2γ2
− 2δ(α2 − γ2)

α2γ2
2

+
2λ2

α2
2

+
2λ1

α2
1

]
.

In this setting, the only delicate requirement is Assumption 2.2, which holds iff there exists θ ≥ 1 such that

max

(
θλ1

α1 − θ
− θλ2

α2 + θ
,

θλ2

α2 − θ
− θλ1

α1 + θ

)
< δ.

For instance, choosing

λ1 = 4/7, λ2 = 3/7, α1 = 3, α2 = 4, A = B = δ = θ = 1,

we obtain x∗ ≈ −0.0377.
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arXiv preprint arXiv:2403.05731, 2025. https://doi.org/10.48550/arXiv.2403.05731
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