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Abstract

Consider a real-valued Lévy process with non-zero Brownian compo-
nent and jumps with locally finite variation. We obtain an invariance
principle theorem for the speed of approximation of its occupation mea-
sure by means of functionals defined on regularizations of the paths.
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1 Lévy processes

Let X = {X;:t > 0} be a real-valued Lévy process, defined on a probability
space (2, F, P), that we represent by

Xt :UWt+St+mt. (1)

Here W = {W;: t > 0} is a standard Wiener process, S = {S;: ¢ > 0} a pure
jump process with cadlag paths, m and o are real constants, and we assume
that the Gaussian part does not vanish, i.e. o > 0. Denote by F = {F;: t > 0}
the minimal filtration generated by X, that satisfy the usual assumptions (see
Jacod and Shiryaev (1987)).

Furthermore, assume that

(FV) the jump part of the process has locally finite variation, i.e. for each
positive ¢, D o, |AS,.| is almost surely finite,



where, as usual, we denote f(r—) the left limit of a cadlag function f on the
point r, and Af, = f(r) — f(r—) is the magnitude of its jump at this point.
In view of (FV), the random variable S; satisfies

St:: 2{: Z&){&

0<s<t

Given a positive constant a, it will be useful to define the processes S* =
{S§:t >0} and X®={X/:t>0} by

= Y AX l{ax,|za) (2)

0<s<t
that is the (a.s. finite) sum of jumps of the process greater or equal than a, and
X =mt+ oW, + 5S¢, (3)

respectively.

The characteristic function of the random variable X; has the standard form
E (eZX‘) = e!*(*) where the function x(z) (defined for the complex values of z
such that this expectation is finite) has the form

1 2.2 2y _
k(z) =mz+ 5072 —|—/R (e DII(dy). (4)

Here II(dy), the Lévy-Khinchine measure of the process, is a non-negative
measure defined on R\ {0} that, in accordance with condition (FV) above,
satisfies [(1 A |y|)II(dy) < oo. We denote by v4(dy) the Poisson jump mea-
sure of the process on the interval [0,¢]. Note that for each ¢t > 0, we have
a.s. v ({|z| = 0}) < oo for every § > 0. For general references on Lévy pro-
cesses see Skorokhod (1991), Bertoin (1996) or Sato (1999).

2 Regularized Lévy processes

We now describe the regularization of the trajectories, that, in our context, is
interpreted as a partial observation of the process through a physical device.
Let ¢: R — RT be a C! function with compact support, say supp(¢)) C [-1,1],
such that f L ¥(t)dt =1 and, for & > 0, define the approximation of unity

1 /1
vet) = < (2)-
We denote by ||| = ( ~ L WA(t)dt) "2 the norm of ¥ in L?(R, dt). The regular-

ization X¢ = {X7:t > 0} of the process is obtained by convolution with 1. in
the following way:

= (¢. *X /z/)s 5)X,ds */ P(—w) Xy ywedw, (5)



where we set X, = Wy =5, =0 if s < 0. In the same way, we define W¢ =
{Wg: ¢t >0} and S€ = {S5: t > 0}, and obtain that X{ = mt—ema+oWF+ 55
where o = [ wi(w)dw.

Observe that the regularized processes inherits the regularity properties of
1, so that X¢ has C! paths. For further reference, we compute the time-
derivative (denoted with a dot) of the regularized process, that can be written
as a stochastic integral:

X;

/ ot ws (t—s) X ds = — / w ) (Xtgew — Xi—c) dw

_ / el — 5) / P(—w)d® (Xreu). (6)

Similar formulae hold for W¢, S and S%¢. In particular,

/ D =0) (Wt — Wi )du,

which implies, for ¢t € [0,7] and 0 < e < 1:

EWE| <2l sup  [Wign = Wi—e| < Cylw)e/?77, (7)
|h|<e,t€[0,T]

with n € (0,1/2) arbitrary, and C,(w) a random constant independent of ¢; we
also have that \/eW§ has centered Gaussian distribution, with variance ||¢||%.

If F: Rt — R is a C! function, we denote the number of crossings of the
level u by the function F on an interval I = [s, ], by

NE[s,t]| = t{r: F. =u,r € I}, (8)

that is, the number of roots belonging to I of the equation F; = u. It is easy to
verify, that, for a given continuous function f: R — R, we have

T .
| rwntoTi= [ () (©)

3 Main Result

The aim of Theorem 1 below is to approximate the occupation measure of the
process X on the interval [0, T] by a re-normalization of the number of crossings
of the process X¢ = {X7: t > 0} with horizontal levels on the same time interval.

Theorem 1 Consider a Lévy process X = {X;:t > 0} with characteristic
exponent giwen in (4), o > 0, finite variation jump component, and the regular-

ization X¢ = {X§:t > 0} defined in (5). Then, for each C*-function f: R — R



with bounded second derivative, we have

% [ / F(W)CorENZE[0, du — / t f(Xs)dS] —c. / P92 s

t
= [ fee)is. (o)
0
as € — 0, where:

e B={B;:t >0} is a Wiener process independent of X ;

o The first constant is

o 1 T
cE:EWJWHmDem\/;:co c—0. ()

o The second constant is

2
D? = 202/ (r(t) Arsinr(t) + /1 — r2(t) — 1)dt, (12)
0
where r(t) is a covariance function defined by

1
r(t) = W /z/J(t — w)(—u)du.

e = denotes weak convergence in the space C = C([0,4+00),R) of continous
functions.

Before proving the Theorem we make some remarks on the statement.

Remarks.
1.- A simple consequence of Theorem 1 is that for each ¢ > 0, one has

/ f(u)Cor/eNXT[0, t])du — O’/t f(Xs)ds in probability (13)
R 0

as € — 0. This result can be used to estimate o from the observation of the
smoothed path X¢. Results of type (13) are well-known for semimartingales
having continuous paths (Azals & Wschebor, 1997) and also other classes of
processes (Azais & Wschebor, 1996), where almost sure convergence is proved.

2.- Theorem 1 contains the speed of convergence in (13). This allows to
make inference on o from the observation of X¢.

Analogous results for processes with continuous paths are in Berzin & Ledén
(1994) for Brownian motion and in Perera & Wschebor (1998, 2002) for certain
classes of continuous semi-martingales having It6-integrals as martingale part.
Even if X is a Brownian motion, the proof below seems to be simpler and more
direct than previously published ones.



There exist also some related results for Brownian motion and general diffu-
sions, where the approximation X< of the actual path X is replaced by polygonal
approximation and the smooth function f by a Dirac-delta function, or consid-
ering functionals defined on random walks. See for example, Dacunha-Castelle
and Florens (1986), Florens (1993), Génon-Catalot and Jacod (1993), Borodin
and Ibragimov (1994), and Jacod (1998, 2000). In this context, if € is the size
of the discretization in time, then the speed of convergence turns out to be of
the order e'/4.

3.- We shall prove (see Proposition 3 in next section) that for each ¢ > 0 the
bias term

t
L) =C. [ £0X0)|S5ds (14)
0
n (10), almost surely converges, as e — 0, to
Lo(f,t) =Co Y L(f,s)|AX,| (15)
0<s<t

where

L(f,t):/llw(z)f(Xt_ /zlw(w)duH—Xt /zlw(w)dw)dz. (16)

It follows that one can replace Theorem 1 by the statement

1 E t
L [ [ sweavenyoa-o [ f<X8>ds} S Lo(ft)am)
Ve Lk 0
converges cilindrically to the law of D fot f(Xs)dBs.
With this statement, the bias term does not depend on €, but excepting the

case of trivial f, we lose weak convergence when the jump part of X does not
vanish.

4 Proofs
Proof of Theorem 1

In order to prove the Theorem we first observe, in view of (9), that

/f(u)NfE[O,t]du:/tf(X§)|X§|ds, 0.s.
R 0



Write our expression as the sum of three terms:
1t ) o [t t )
— fXECE\/EXst——/fXSdS—CE/fXS SElds
= [ rencvEsis - 2 [ ) [ rexoiss)
t
= C. [ (X5 oW ] — (35 ds
0
t . t .
€. [ FED0WE 4 mlds — C. [ FX)IWE . +mlds
0 0

+ % /Ot (CovEloWE_, +m| — o) f(X,)ds.

We now introduce the following simplification, that will be useful for the proof.
Given an arbitrary 6 € (0,1) there exists b > 0 such that there is no jump
with absolute value greater than b, with probability greater that 1 — §. The
given Lévy process can be written as X; = (X; — S?) + S?, where the random
processes {S? : t > 0} (defined in (2)) and {X; —S? : t > 0} are independent. A
standard argument shows that it is enough to prove the result for the process
{Xt —-Shio<t< T}, so, in what follows, we assume that the support of N is
contained in the interval [—b,b]. Under this additional hypothesis, it is easy to
see that for each ¢ > 0 the random variable X; has finite moments of all orders.

In what follows, the parameter of the various processes we will consider vary
in a fixed interval [0, 7.

We divide the proof into three steps:

1. Proof of
t
7he = / FOXE)(1XE] = [oWE +m| — [$)ds = 0. (18)
0
2. Proof of
t . t .
the:/ f<X§)|aW§+m|ds—/ FXOoWE . +mlds =0 (19)
0 0
3. Proof of

1t - '
7% = %/0 (CeveloW:_. +m| — o) f(X,)ds = D/O f(X})dBs.

(20)
Proof of Step 1. We prove
¢
sup ’/ FXE)(|XE| = [oWE +m| — |S§|)ds’ —0 as. (e—0).
o<t<T ! Jo
Since there exists an almost surely finite random variable M (w) such that
sup |f(X5)[ < M(w), sup | f(Xs)| < M(w), (21)
0<s<T 0<s<T



it is enough to prove that

T
|z o1z s ml -5
0

ds—0 a.s. (e—0).

We have

|12 = oW72 + ml = 21| < 2min (JoWW +ml, 12])

< 2min (|JoWE +ml, [SF)) +2[S%¢ — S5

We claim that

T
sup / |55 — S%¢|ds — 0 a.s. (a—0). (22)
0<e<1J0

In fact, denoting g(z) = |z|1{|3|<q}, in view of (6), we have

c/ 11 Bew)l S g(AX,)dw

3
t—e<v<t+ew

|57 — 57

IN

IN

2l Y sax.),

t—e<v<t+e

Furthermore, if G(t) = >y, <; 9(AX,) and 0 < e < 1, we obtain
T, ) 9 . T
/ 155 — §9¢|ds < gllwlloo/ (G(t+e)— Gt —e))dt
0 0

=2t [ ([ )

t—e

< 2l | Y / a6t

—€

= 4[|¢ ]| G(T +1)

=4dlle D> IAX1(ax,<a}s
0<t<T+1

and (22) follows.
Consider now a fixed. Put 7p = 0, and denote the succesive epochs of jump
with absolute value not smaller that a by

o =Inf{t > 71 |AXy| >a} (n=1,2,...).

Denote also by Ny = max{n: 7, < t} (¢ > 0) the number of these jumps up
to time ¢. Fix w € Q, and choose ¢ > 0 such that the intervals (1, — &, 7, +
) (n=1,..., Np) are disjoint. Taking into account that S*¢ = 0 outside these
intervals, and applying (7) with n = 1/4, we obtain for s € [0,T]:

Nt
min (lUng + m\, |Sg76|) < 01/4(w)5_3/4 Z 1(7—71.7577—71,4’5)(8)'
n=1



where C’l/4 is a new constant depending on w € €2, and on the parameters m, o.
We then obtain

Tn+e

T
/ min (|oW: +m|,|S%¢|)ds < Z/ 01/4 w)e 3 4ds
0 T

= 20 /4(w) Ny (w)e/™.
From this inequality and (22) the statement of Step 1 follows.
Proof of Step 2. First observe that

t t—e
/ f(Xs)|oWs .+ m|ds = F(Xsie)|oWE 4+ m|ds
0

—€

which implies

t
727 = / (F(XE) = F(Xuye))[oWE + mlds

0 t
F(Xape)loWE + m|ds + / F(Xap)[oWE + mlds.
—c t—e

For the second integral we have
‘ f st loWE 4 mlds| < M(@)Cryalw)e/*,
where M (w) is given in (21). (Remember that Wy = 0 if s < 0, but W¢ does

not necessarily vanishes for s < 0.) A similar bound holds for the third integral.
So, in order to obtain (19), we must prove that

7 / (f(X2) = F(Xore))loWE + mlds = 0 (23)
Denote

fi = F(X5) — f(Xige), gi = [oW5 +ml.

Given S < T we compute the second moment:

52, 52,e\ 2 e re € €
B(Z3° — Z5°) :2// E(f ffgsgs )dsdt (24)
S<s+2e<t<T

vz ff B(f2 f79505)dsdt = 2(Ly + L),
S<s<t<s+4+2e<T

We denote by Aj the increment

AE XE Xiye = /w XterE Xt+s)dw

=AW AT —em(a+1)



(with the obvious notation). Furthermore

AE W // 1/J ((WtJrsu Wt+6)(Wt+€v - WtJrs))d’LLd’U

=c )(1—uVov)dudv.
//w )

Now we apply Taylor’s expansion:

F7 = F(Xuve o 85) = F(Xire) = F/(Xise) A + 3 " (Xere +085)(85)/2
= f(Xi—) A + (f'(Xere) = f1(Xi—e)) AF (25)
bS8 (Kuge + 00T (A7) 2 (26)

where 0 < 6 < 1.
Take now conditional expectations in the integrand corresponding to L; in
(28):

B(fSfigies) = B(fegSE(ffg5 ) Fi-s))-

Plug the Taylor expansion for f; into the last expectation and consider each
term. First, as Afg; is independent of F;_.,

E(f/(ths)Aigf/ftfe) = f/(the) (Atgt)
= ['(Xi-2) [0B(ATY 67) + B(AT*)E(g]) — em(a + DE(g7) |

since S and W are independent processes. )
For the first term in brackets, substracting E(Ai‘W|0Wﬂ) =0, we have

|B(ATY 69| = (E (AW (o WE +m| — |aW€|))(
< \m|E|AfW| = (const)e'/?.

In what concerns the second term in brackets,

AT < WlB( Y IAX) = o)z [ follido)
t—e<s<t+e
so that
|E(AS)E(gf)| < (const)e'/?,
and we obtain:
|E(f (Xi—e)ATgi | Fooe)| < 1 (Xi—2)| (comst) e'/?
< (1" loo| Xe—c| + 1) (const)e*/2.



Furthermore
E((F(Xire) = F1(Xi-0) Mg | e
— ‘E((f”(the + 0 (Xppe — Xi—e)) (Xpge — Xy—o) AT g5 | ]:tfe)

<1 oo B (o (Wie = W) + Stve = Sime + 2me] x [85157),

where 0 < 0’ < 1. A standard computation with normal distributions shows
that:

E(AFY P [g]7) < (const)
So, by Cauchy-Schwarz’s inequality we obtain
E(|U(Wt+€ — Wi—e) + Stse — St—e + 2me| x |A] W\gt) (const)e'/?.
Also

E(|Wt+€ — W] x |A§’S|gf) - E(|Wt+5 W, €|gt>E|AsS| (const)e.

As for the other term
E([Sure = Si-e] x 127747 )
= B(|(Sue= — $1-)AF %) Blgi| < (const)e!/?,
because E|gf| < (const)e~'/? and
E(’(SfﬂH: - St—e)AE’S’)
= E‘ / Y(—w)(Stye — St—e)(Strwe — Stre)dw| < (const)e.

Let us now consider the result of plugging the last term of (26) into the
conditional expectation. We have:

B(7" (Xure + 08589205/ Fo-c) | <

(const)Hf”||ooE(a2(Af’W)2 S (AST)2g8 +e2g5) < (const)e/?,  (27)

based on similar computations. Summing up, we obtain (in the integral L;):
E(fig:/Fi—c) < (const){—:l/z.
This also shows that

E(fg3) < (const)e'/?,

10



so that
Ly < (const)(T — S)%e. (28)

On the other hand, let us show that for s,t € [0,7] and 0 < & < 1 the
expectation E(f¢ ffgSg;) is bounded.

Applying Cauchy-Schwarz’s inequality, it suffices to prove the boundedness
of

E{(f795)}
for t € [0,7] and 0 < € < 1. Check that

E{(£799)*} < (const) (1"l +1)° x
B {XE (8507 + B{(2D)" (61} } + B{(Xire — Xe-0)2(89)%(99)%} ]

and the proof of the boundedness of this expression follows in much a similar
way as the one of L.
This implies, first, that

E((Z%E - Z;E)Q) < (const)(T — S)?

for 0 < S,T < Ty, hence that {Z7°: 0 < T < Ty} is tight in C(]0, Ty],R) and,
second, that

E((Z:QFE)2) < (const)T2e,

so that, for fixed T, Z2° — 0 (¢ — 0) in L2. This proves (23).
Proof of Step 3. Introduce the processes y* = {yf: t > 0} and Y = {Y7: ¢ >
0} defined by

t
yE = CovEloWe . +ml—0,  Yf=— / yids,  t>0.
0

Let us prove that
Y® = DB, (29)

where B = {B;:t > 0} is a Wiener process independent of X, and D the
constant in (12).

In order to see this, first observe that, since y; depends on the increments of
the process W on the interval [t — e,t + €], the process y° is 2e-dependent, and
as a consequence, the process Y¢ has asymptotically independent increments as
€ — 0. This means that any cluster point in the weak topology for the family
of processes {Y¢: ¢ > 0} as ¢ — 0 is a process with independent increments.
Analogous arguments give that any cluster point has stationary increments. In

11



order to complete the proof of (29), we prove the tightness in the space of
continuous functions.

E(YF -Y5H)t = 12E</t yidU)4

3
4| t w1 +2¢ t uz+2¢e
== / duy / dus / dus / Aus E(Ys, Yo Yors Yina)
€ S Uy U us

<4 x4l(s—t)*E(y5)* < (const)(t — s)?,

where we have used (i) the 2e-dependence of {W¢: t > 0}, (ii) the fact that due
to the choice of C. we have E(y) = 0, and (iii) the fact that E(y5)* converges
to a finite limit, as ¢ — 0. This proves the tightness property (see 12.51 in
Billingsley (1968)). As Y© is a centered process, in order to conclude (29) it
remains to compute the constant D. This constant can be obtained as

. 2
D? = lim B(Y¥)".

Now,

9 1 1 1 2 1 (tJrE)/\l
E(Yf) = —/ / E(yiyf)dsdt = —/ dt/ E(yiyf)
€Jo Jo €Jo t
9 2 2 2
~ g/o E(yiyi4.)dt = 2/0 E(Yii o) dt — 202/0 E(g9(Uo)g(Uy))du.

with U defined in (30), and g(«) defined in (32). The rest of the computation
of the constant D is presented in the following result.
Given € > 0 define the process U¢ = {Uf: t > 0} by

\/g .
U; = —WEE —
el

For t > 2, U® is a centered Gaussian stationary process with covariance function

(30)

8 . .
r(t) = E(U;Us,,) = WE(W;W;(1+t))

- ﬁ / B(t — u)(—u)du, (31)

(where we used (6)). We conclude that the distribution of U¢ does not depend
on ¢ (excluding the interval [0,2]), and introduce the process U as a centered
Gaussian stationary process with covariance given by (31), that can be put in
place of U¢ for our purposes. Observe that E(U;)? = 1.

Lemma 2 Define

g(z) = \/§|x| -1, (z € R). (32)
Then

12



(1) E(g(Uy)) =0.
(2) E(9(Uo)g(Uy)) = r(t) Arsinr(t) + /1 — r2(t) — 1.

Proof. As Uy is a standard Gaussian random variable (1) is direct. In order
to see (2), denote by

1 -1 9 9
) -2 :|}7
p(z,y,r) = 27r\/mexp{ﬂl_ﬂ)[ac +y rTy

the density of the Gaussian bidimensional vector (Up, U;) with r = r(t). If we
denote f(r) = E(g(Uo)g(Uy)), it is not difficult to verify the following formal

calculations:
=3 //RZ (33 y,)dzdy

- 5 / / } g<w>g<y>—p<x, y.r)dady

= o [ s @@t yrinay = 1) (33)
]RZ T
/ / Y "(2)g" (y)p(x,y, r)dzdy = 27p(0,0,7) =

1—r2

Here ¢"(x) = 2+/7/28p where &y denotes a Dirac delta function at the origin,
we twice use %p(x,y,r) = axayp(x y,7), and twice integrate by parts. When
r = 0 the random variables Uy and U; are independent. This gives f(0) =
E(9(Uo)g(Uy)) = E(g(Uo))2 =0, by (1); and, by the intermediate step (33) we

also have f/(0) = E(¢'(Uo)g'(Uy)) = E(g/(UO))2 = 0. Finally, integrating twice
we get

E(g(Uo)g(Uy)) = r(t) Arsinr(t) + /1 — r2(t) — 1,

concluding the proof of the Lemma.
We now claim that

(Y, W) = (DB,W) (34)

where (B, W) is a pair of standard independent Wiener processes.
For this, see first that

B((CevEloWi_. +m| - o)W,)
= B((CovEloWE_. +ml = 0) (Wins = Wans) )-

13



Now
|E(YSW,)| = ‘%ﬁ /Ot E((CgﬁWWf,a +m| — U)Ws)dr‘

_ ‘%ﬁ /(:j:w E((CE\/E\UW,f | — U)W5>dr‘

IN

€ : 2 1/2
D_\/E (E(CE\/E‘O'W;;E + m| - O') E(Wt - Wt7€)2)

= (const)e.
This means that E(YFW;) — 0 (¢ — 0), and, as it is direct to obtain that
{YEW;}eso is uniformly integrable, we obtain (34). As a consequence, since the

jump part is independent from the continous part in our Lévy process, we have
the weak convergence

(Y5, W,5) = (DB,W, 5)

where B is independent of X.
Let us finally see (20). Observe that for each € > 0, a.s. the process Y has
locally finite variation. Applying Ito’s formula:

1 r 17€ _ r €
7= | CovElei s mi— o) rxiar = [ gxoay;
T
— F(X)YE — /0 YEdf(X)),  (35)

where using the hypothesis that f is C? it follows that {f(X;)} is a semimartin-
gale. The process (Y¢, X) is adapted, and weakly converges to (B, X).

As the integrator in the right hand member of (35) is fixed one can verify
that the hypotheses of Theorem 2.2 in Kurtz and Protter (1991, see Remark
2.5) hold true, thus obtaining

F(Xr)Y5 / YEdf(X) = f(Xr)Br - / Budf (X)

Now, we apply Ito’s formula, taking into account that the quadratic covariation
[X, B] = 0 and we get

T T
f(Xr)Br — /0 Budf(X,) = /0 F(X,)dB,.

completing the proof of (20).
To finish, we state and prove the proposition announced in Remark 3 after
the statement of Theorem 1.

14



Proposition 3 Assume that X = {X;: t > 0} and f satisfy the hypothesis of
Theorem 1. Then, for the processes defined in (15) and (14), for each t > 0,
almost surely

Es(fa t) - ‘CO(fa t)v
as € — 0.

Proof. On account of (22) it suffices to show that for fixed a > 0, almost
surely

t .
o / F(X2)|$%¢|ds — L3 (£, 1), (36)

as € — 0, where L&(f,t) is obtained from (15) when the process X is replaced
by X“.

Using the same notations as in the last part of Proof of Step 1 in Theorem
1, we can write a.s., for € sufficiently small

Tn+e€
/ FX9)|§¢|ds = Z/ FX9)[§¢ds. (37)
Observe that for 7, — & < s < 7,, + € one has
. 1
$oe = —p(=)ax,,
€
so that
Tn+e . 1 Tn+e S—T
Xa,E ’ = — X(L,E I AXT d .
[ sereenszias = [ poceu (S )X s

Making the change of variables z = (s — 7,) /¢ in each integral, we obtain

/ fxaf|saf|ds— |AXTH| / o) (=)

To compute the limit as ¢ — 0 in the right hand member of the last equality,
use that

1
fniszﬂX“/ Y(w derXf_‘n_/ Y(w)dw

This proves the statement.
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