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Summary. Let A be an n x m real matrix and consider the linear conic
system
Ax <0,x #0.

In [Cheung and Cucker 2001] a condition number C(A) for this system is
defined. In this paper we let the coefficients of A be independent identical-
ly distributed random variables with standard Gaussian distribution and we
estimate the moments of the random variable In C(A). In particular, when n
is sufficiently larger than m we obtain for its expected value E(InC(A)) =
max{lnm,Inlnn} + O(1). Bounds for the expected value of the condition
number introduced by Renegar [1994b, 1995a, 1995b] follow.

Mathematics Subject Classification (1991): 65F35, 65K05

1 Introduction
1.1 Condition of linear systems

The dawn of digital computers brought the possibility of mechanically solv-
ing a plethora of mathematical problems. It also rekindled the interest for
round-off analysis. The issue here is that, within the standard floating point
arithmetic, all computations are carried in a subset ' C R instead of on
the whole set of real numbers R. A characteristic property of floating point
arithmetic is the existence of a number 0 < u < 1, the round-off unit,

* Partially supported by CERG grant City U 1085/02p.
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and a function 7 : R — T, the rounding function, such that, for all x € R,
|[r(x) — x| < u|x|. Arithmetic operations in R are then replaced by “rounded”
versions in F. The result of, for instance, multiplying x, y € Fis r(xy) € F.

During a computation these errors accumulate and the final result may
be far away from what it should be. A prime concern when designing
algorithms is thus to minimize the effects of this accumulation. Algorithms
are consequently analyzed with this regard and compared between them in
the same way they are compared regarding their running times. This prac-
tice, which today is done more or less systematically, was already present in
Gauss’ work.

Since none of the numbers we take out from logarithmic or trigono-
metric tables admit of absolute precision, but are all to a certain extent
approximate only, the results of all calculations performed by the aid
of these numbers can only be approximately true. [ ... ] It may hap-
pen, that in special cases the effect of the errors of the tables is so
augmented that we may be obliged to reject a method, otherwise the
best, and substitute another in its place.

Carl Friedrich Gauss, Theoria Motus (cited in [Goldstine 1977] p.
258).

To study how errors accumulate during the execution of an algorithm it is
convenient to first focus on a simplified situation namely, that in which errors
occur only when reading the input. That is, an inputa = (ay, ... ,a,) € R”
is rounded to r(a) = (r(ay),...,r(a,)) € F" and then the algorithm is
executed with infinite precision over the input r(a).

Let’s see how this is done for the problem of linear equation solving. Let
A be an invertible n x n real matrix and b € R". We are interested in solving
the system

Ax=b

and want to study how the solution x is affected by perturbations in the input
(A, b).

Early work by Turing [1948] and von Neumann and Goldstine [1947]
identified that the key quantity was

K(A) = |A|A7]
where || A|| denotes the operator norm of A defined by

Al = max [[ACx)].
lell=1

Here || || denotes the Euclidean norm in R” both as a domain and codomain
of A. Turing called « (A) the condition number of A. A main result for x (A)
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states that, if K (A) ””Af‘l” < 1 then
IAx] _ Kk (A) (IIAAII IIAbH)
el = 1= e \a " o
K(A)

Notice that the factor e T tends to x (A) when ||AA|| — 0. In addition,
A T
k (A) is sharp in the sense that no smaller number will satisfy the inequality

above for all A and b. Thus, k (A) measures how much the relative input error
is amplified in the solution and log x (A) measures the loss of precision. In
Turing’s words

It is characteristic of ill-conditioned sets of equations that small per-
centage errors in the coefficients given may lead to large percentage
errors in the solution.

When A is not invertible its condition number is not well defined. How-
ever, we can extend its definition by setting xk(A) = oo if A is singular.
Matrices A with k (A) small are said to be well-conditioned, those with k (A)
large are said to be ill-conditioned, and those with k (A) = oo ill-posed.

Note that the set X of ill-posed matrices has Lebesgue measure zero in
the space R" . The distance of a matrix A to this set is closely related to k (A).

Theorem 1 (Condition Number Theorem, [Eckart and Young 1936]) For
any n X n real matrix A one has

ey = 41
dr (A, X)

. . 2. .

Here dp means distance in R" with respect ot the Frobenius norm | A| =
2

V > aj;.

The relationship between conditioning and distance to ill-posedness is a
recurrent theme in numerical analysis (cf. [Demmel 1987]). It will play a
central role in our understanding of the condition of a linear program.

Reasonably enough, « (A) will appear in more elaborate round-off anal-
ysis in which errors may occur in all the operations. As an example, we
mention such an analysis for Cholesky’s method. If A is symmetric and pos-
itive definite we may solve the linear system Ax = b by using Cholesky’s
factorisation. If the computed solution is (x + Ax) then one can prove that,
for u sufficiently small,

A
M < 3n’uk(A).
[l
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Remark 1 Note that a bound as the one above for the relative forward error
of an input @ € R” in the form of an expression in its size n, its condition
number « (a), and the round-off unit # may not be computable for a particular
input a since we may not know « (a). Yet, such bounds allow us to compare
algorithms with respect to stability. The fastest the expression tends to zero
with u, the more stable the algorithm is.

Numerical linear algebra is probably one of the best developped areas in
numerical analysis. The interested reader can find more about it in, for in-
stance, the introductory books [Demmel 1997; Trefethen and Bau III 1997]
or in the more advanced [Higham 1996].

1.2 Condition of linear conic systems

To extend the ideas above to linear programming is not immediate. Let A €
R">™ be given and consider the two systems'

(1) Ax <0, x #0
and
(2) ATy=0,y>0, y#0.

It is well-known that one of these systems has a strict solution (one for which
the satisfied inequality is strict in all coordinates) if and only if the other
has no solutions at all. This is a generic property. Indeed, except for a set of
Lebesgue measure zero, for any A € R™*", one of the systems in the pair
(1)—(2) has a strict solution, and this continues to hold even if the matrix
A is slightly perturbed. A standard problem in linear programming is the
following

Given a n x m real matrix A, decide which of (1) or (2) is strictly
feasible and return a strict solution for it.

Here the concept of “input error” still makes sense but that of “output
error” becomes less clear. The answer of the “decision part” of the problem
(finding which of the two systems is strictly feasible) will either be severely
affected by input errors (the algorithm will return the wrong system) or will
not be affected at all. No “small output error” is possible. Also, for the strictly
feasible system there is not a unique strict solution and the algorithm may
return any of them. So, it is less clear how to define a condition number.

! Usually, in the literature, one considers a m x n matrix A appearing in (2), the “primal
system”, and its transpose AT appears in (1), the “dual system.” We revert this notation
here since in most of this paper we will deal with system (1) and we do not want to burden
the notation with the transpose superscript.
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A natural alternative to define condition numbers in the context above (and
for other forms of conic systems as well) was proposed by Renegar [1994b,
1995a, 1995b]. The idea is to use the condition number theorem. More pre-
cisely, let D (resp. P) denote the set of matrices A for which (1) (resp. (2))
is feasible and let ¥ be the boundary of D and P. Renegar defined

Al

=g

where both numerator and denominator are for the operator norm with re-
spect to the Euclidean norm in both R™ and R”. It turns out that the condition
number thus defined naturally appears in a variety of bounds related with the
problem above —besides, of course, those in error analysis. For instance, it
appears when studying the relative distance of solutions to the boundary of
the solution set, the number of necessary iterations to solve the problem (for
iterative algorithms such as interior-point or ellipsoid), or —as expected—
in different error estimates in the round-off analysis of these algorithms. All
these quantities may be bounded by expressions in which Cg(A) appears as
a parameter. References for the above are [Renegar 1995b; Freund and Vera
1999b; Freund and Vera 1999a; Vera 1998; Cucker and Pefia 2001] (see also
Section 4 for some of it).

If we are only interested in estimating complexity bounds for iterative
algorithms with infinite precision, it is possible to consider some measures
of condition which are always finite. This has been done for instance in [Ye
1994] where the condition measure o (A) for a matrix A with n > m is de-
fined. Then (cf. [Vavasis and Ye 1995]) this measure was used to show that a
feasibility problem similar to the one above can be solved by an interior-point
method with O(4/n|Ino (A)| + In n) iterations.

Similarly, always under the assumption n > m, an algorithm was given
in [Vavasis and Ye 1996] which solves optimization linear programs within
On33(Iny 4 +Inn)) iterations each of them performing O (m>n) arithmetic
operations. Here x4 is the condition measure introduced in [Stewart 1989]
and [Todd 1990]. Both | Ino (A)| and In ) 4 are finite for all matrices A.

Other recent measures of condition for linear programming, C(A) and
1 (A), are defined in [Cheung and Cucker 2001] and [Freund and Epelman
2000]. The first one, a very close relative of Cr(A), enjoys all the good
properties of Cr(A) and has some additional ones including some nice geo-
metric interpretation. It is the central character in this paper. We give now
its definition and delay exposing some of its main properties to Section 2 so
that we can quickly state our main result. Let a; denote the kth row of A,
k=1,...,n,and x € §""!, the unit sphere in R™. Define

(a, x)

llal

Ji(x) =
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(here, and in the rest of this paper, (, ) denotes the standard inner product in
R™ and || || its induced norm) and D = min max f;(x). We define C(A)

xeSm—1 1<k<n

to be

1
C —
(A) = Dl

1.3 Averaging condition measures

Condition numbers have two probably disturbing features. One is that, in
general, we don’t have an a priori knowledge of the condition of an input.
Unlike the size of a, which is straightforwardly obtained from a, the con-
dition number of a seems to require a computation which is not easier than
solving the problem for which a is an instance (see [Renegar 1994a] for a
discussion on this). The other is that there are no bounds on their magnitude
as a function of the input size. They may actually be infinite.

A reasonable way to cope with these features is to assume a probability
measure on the space of inputs and to estimate the expected value (and if
possible, other moments) of the condition number. The use of such idea in
complexity analysis is pushed forward, for instance, in [Smale 1997]. Ex-
amples of this kind of result are the following. We say that a random matrix
is Gaussian when its entries (real and imaginary parts of the entries for the
complex case) are i.i.d. N(0, 1) random variables defined on a probability
space (2, A,P).

Theorem 2 ([Edelman 1988]) Ler A be a n x n Gaussian matrix. Then the
expected value of log(k (A)) satisfies

E (log(k(A))) =log n +c+o(1) when n — oo
where ¢ = 1.537 for real matrices and c ~ 0.982 for complex matrices. O

Theorem 3 ([Todd, Tuncel, and Ye 2001]) Letn > m > 3 and A be a
Gaussian n X m matrix. Then

E(Inx,), E(lno(A)) = O(min {m Inn, n}).
O

Theorem 4 ([Cheung and Cucker 2002]) Let A be a Gaussian n X m ma-
trix. Then

(1)
O@min{mInn,n}) ifn > m
E(nC(A4)) =

O(Inn) otherwise.
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(ii)
S5Inn +lnm 212
m——— n2.
2 2

E(In Cr(A)) < E(InC(A)) +
O

Remark 2 The restriction to the case n > m in Theorem 3 (and in all the
work related with ) 4 and o (A)) is not severe. In the case n < m system (1)
is always feasible. The decision part of the problem at the beginning of the
previous section is thus, in this case, empty of content. In addition in most
of the occurrences in practice of that problem one actually has that n is some
orders of magnitude larger than m. The case n > m (i.e. n much larger than
m) is actually the case of interest among researchers in linear programming.

1.4 Main result in this paper

The goal of this paper is to improve the bounds in Theorem 4 for the case
n > m. We next state our main result. Let ® denote the standard N (0, 1)
distribution,

1 . 2
d(x) = —/ e 2dt
\/27'[ —00

and ¢ its density

o) = —.

Let

1 e % n— m mAn
D(n,m):@—m(ﬁ (@) 21+ (m An)3) (Kon®m>2g2) """

where m A n denotes the minimum of m and n,

V2
(e — Dymd(1)

Note that D (n, m) becomes small when either 7 is sufficiently larger than
m or m is sufficiently larger than n, and the larger one of this parameters
becomes with respect to the other the smaller is the value of D(n, m). For

instance, if either w < | or 2lthm ﬁ, we have D(n,m) < 1. It

m —

Ky =

32
~ 11.086 and q=max{3.2, n( ”)}.

m

follows that if m or n (or both) tend to oo in such a way that either @ or

”1% tend to O then D(n, m) < 1 holds true for sufficiently large values of
m or n. Our interpretation of n > m will thus be n > m and D(n, m) < 1.
The relation m > n is defined similarly.
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Main Theorem Let A be an n x m Gaussian matrix. Then
(1)

Inm+2Ing +2D(n, m) ifD(n,m) <1

E(nC(4)) < {lnm +2Ing +2In D@, m) +2 if Din, m) > 1.

(i) Forv=2,3,...
E([InC(A)]")

210 & (Enm+1ng) if D(n,m) < 1
<

20137 % (In D(n, m) + %lnm +1In q)k if D(n,m) > 1.

Remark 3 Note that when m >> n then ¢ = 3.2 and we get E(InC(A))
Inm + O(1). More interestingly, when n > m, we get E(InC(A))
max{Inm, Inlnn} + O().

Corollary 1 Let m,n > 1 be given. Then, for each A, € R, 0 < A < 1, and
anyy >0

(@) If D(n,m) <1,

1 A\
P(InC(A) >y Elnm—l—lnq < 1+2€k 1 e .

) If D(n,m) > 1,

1 A
P (lnC(A) >y <1n D(n,m) + 5 Inm + lnq)) < (1 + 2ek 1) e,
Proof. We only prove (i). Part (ii) is done similarly.
From the Main Theorem
E{(InC(A))"} < 2ev!a,
with o = 3 Inm + Ingq. It follows that, for 0 < 1 < 1,

InC(A) ©

AV InC(A)\" nd A
E{*a }:1 L g <1423 A =142
¢ w0 +v§"’! {( ” )}_ +2e ) +2e"—

v=1

and using Markov’s inequality, if y > O,

InC(A)

A
P(InC(A) > yay) = P(e @ > e“’) <e W (1 +2€A 1) . O

In the next section we review some of the basic properties of C(A). In
Section 3 we prove, modulo a few technical results, the Main Theorem. The
proofs of these technical results are given in Section 5. In doing so, we in-
tended to isolate the central ideas behind the proof of the Main Theorem from
the less conceptual, yet necessary, results allowing these central ideas to be
applied. Section 4 is devoted to point out some consequences of the Main
Theorem.
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2 Main properties of C(A)

Let A be areal n x m matrix. For 1 < k < n denote by a; the kth row of A.
For any vector x € R™, x # 0, let 6, (A, x) € [0, ] be the angle between x

(x,ak)

n i.e. A = 0s
and ay, i.e. 6 (A, x) = arccos 5

= arccos fj < ) and

Tl
6(A, x) = min 6 (A, x).

Denote by X any vector satisfying

60(A) =60(A,x) = mIa}Rx 0(A, x).
xeRm
Then

cos@(A) = cos (max min 6; (A, x))
xeR™ k<n

) X
= COS | max min arccos fk —
xeRM k<n x|

x7#0
=D

and we conclude that

1

CA) = ———.
“ | cos(0(A))]

The number C(A) captures several features related with the feasibility of
the system Ax < 0. We next briefly state them. Proofs of these results can
be found in [Cheung and Cucker 2001].

Let Sol(A) ={x | Ax <0,x #0}and D = {A € R"™ | Sol(A) # 0}.

Lemma 1l Let x € R™ and X as above. Then,

(i) (ar,x) <0 < cost(A,x) <0 < O(A,x) > 7,
(i) x € Sol(A) <= 6(A,x) > 5 <= cos0(A,x) <0 and
(ili) A €D <= X € Sol(A).

O
A version of the Condition Number Theorem holds for C(A). Let
Q(A):sup{A r{laxw <A=>AeD — A'ED)}
=n Ay
where A" denotes the matrix with a; as its kth row.
Theorem 5 C(A) = - O

o(A)”
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We already mentioned that C is a close relative to Renegar’s condition
number Cg. Actually, one can prove that, for every matrix A, C(A) <
/nCr(A). Moreoever, there is no converse of this in the sense that there
is no function f(m, n) such that Cx(A) < f(m,n)C(A) for all n x m matri-
ces A. This shows that Cg(A) can be arbitrarily larger than C(A). However,
the following relation holds.

Proposition 1

Cra) < —IAL_cp),
ming | ax |

O

Therefore, restricted to the set of matrices A such that ||a;|| = 1 for
k=1,...,n,onehas

C(A) < +/nCr(A) < nC(A).

We now note that if A is arbitrary and A is the matrix whose kth row is
ak
llall

then C(A) = C(A) since C is invariant by row-scaling and Cz(A) < nCgr(A).
Thus, C(A) is closely related to Cg (A) for a normalization A of A which is
easy to compute and does not increase too much Cg(A).

The last feature of C(A) we mention in this section relates the probabi-
listic behaviour of C(A) (for random matrices A) with a classical problem
in geometric probability. Before that, we do a remark on distributions for
random matrices. Leta;, € R™,k =1, ..., n, denote the rows of a matrix A.
The assumption that A is Gaussian is equivalent to say that the random vari-

ables {H—;H oo et llall, . lla ||2} are independent, the first n being

uniformly distributed on the sphere $”~! and the last n having the com-
mon distribution x? with m degrees of freedom (i.e. ||a;||*> can be written
as ||lai||> = Zj;l ;1.2 where ¢;...¢, are ii.d. random variables in the real
line with standard normal distribution). Thus, since C(A) is invariant under
row scaling of A, its moments (or those of In(C(A))) will be the same for
both the Gaussian assumption on A or the assumption that ay, ... , a, are
independently drawn from $”~! with the uniform distribution.

Assume that the rows of A have all norm 1. Then it is easy to prove that

6(A) = inf{f : the union of the circular caps with centers a; and

angular radius 6 covers S™ '}

Thus, if the rows a; of A are randomly drawn from $”~!, independently and
with a uniform distribution, the random variable 6 (A) (and a fortiori C(A)) is
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related to the problem of covering the sphere with random circular caps. The
latter is a classical problem in geometric probability (cf. [Hall 1988; Solomon
1978]). The aspect most studied of this problem is to estimate, for given 6
and n, the probability that n circular caps of angular radius 6 cover S”~!. A
full solution of this problem is, as today, unknown. Partial results and some
asymptotics can be found in [Gilbert 1966; Miles 1969; Janson 1986]. In our
case, for the estimation of the moments of the random variable InC(A) the
main point is to understand the behaviour of the distribution of the random
varible

1
lcos(6(A))]

near the zero values of the denominator, that is, for the set of matrices A such
that 6(A) is near 7. The above mentioned results do not seem to be helpful
for this purpose.
On the other hand, the covering problem can be explicitly solved for the
T

special value & = 7 in which case (cf. Theorem 1.5 in [Hall 1988]), the

probability that n circular caps cover "~ is equal to

| 1 "X /n—1
o on—1 k :
k=0

This has some immediate consequences in our context. In the following, by
“Ax < 01s feasible” we mean that Ax < 0 has non-zero solutions.

Proposition 2 Let A be a random matrix whose n rows are randomly drawn
in S~V independently and uniformly distributed. Then,

m—1
1 n—1
P(Ax <0i ible) = E .
(Ax < 0 is feasible) T kzo( L )

Consequently, P(Ax < 0 is feasible) = 1 if n < m, P(Ax < 0 is feasi-
ble) — 0 if m is fixed and n — oo and P(Ax < 0 is feasible) = % when
n=2m.

Proof. From (ii) and (iii) of Lemma 1 it follows that A € D if and only if
6(A) > 7. And the latter is equivalent to say that the n circular caps with
centers a; and angular radius 7 do not cover S™=1_Thus, the first statement
follows. The rest of the proposition is trivial. O
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3 Proof of the Main Theorem

Letay, k = 1,...,n, be i.i.d. random variables with standard (N (0, I,,))
normal law. We want to give bounds (depending on n, m) for

1 v
E{(lnﬁ) } wv=12...).

Note that | D| < 1, so that In % > 0.

3.1 Replacing |lay|| by /m fork =1,... ,n

Y
As we noted in Section 2 to compute E {(ln W) } we may assume the a

either uniformly distributed on $”~! or standard normally distributed in R™.
The first choice has the drawback of introducing dependencies among the
coordinates of the a;’s. So, we will take the second one.

In addition, our computations will become less complicated if we replace

llax|| by «/m for k = 1, ..., n. To do so we now introduce a few objects
which will be present during the whole development.
Letg > 1 and

lla|l
EqZ{Q)EQ ﬁ< fOI'k—l I’l}

Also, let
o) = max fi(x),
Z(x) = k (x ay), and

Z = min Z(x).

xesm—1

Lemma 2 Ifw € E, then

1
—\Z| < qg|D|.
ﬁI_I_QI |
Proof. If w € E, one has, for all x € S"=landallk=1,...,n,

<x7ak> < (x’ak>

(x,ar) > 0= < q
J/m llax |l
and

(roa) _ (¥ a)

laxl = /m

(x,a) <0=¢
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Taking maxima over 1 < k < n it follows that

Z(x) > 0= % <qf )

and

Z(x)
Z(X)<0=>qf(X)<ﬁ

Since Z(x) and f(x) have the same sign for all w € E,, now taking minima
over x € §"1,

Z>0= %Z <qD
and
Z<0=¢qD < LZ
Jm
from which the conclusion follows. O

Lemma 3 Ler E; denote the complement of the event E, in the probability
space. If

31In(2n)
g > max 3.2,
m

then

P(EC) < l
2

Proof. One has
2 X ot X
P(ES) < nP (”‘“” > q2> = nP (L >q° - 1)
m m

where X1, ..., X,, are i.i.d. random variables with the distribution of £> — 1,
& a normal standard random variable.
The logarithmic moment generating function of £2 — 1 is

—r—=Limm@a =2n)ifr <
AQ) = InE{e*E D) = 3 In( ).
+o0 if A >

RI— l—

and its Fenchel-Legendre transform

A*(x) =sup(Ax — A(L)) =

reR

( —Inx+ 1)) ifx > —1
+oo if x < —1.
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A basic result on large deviations (cf. Chapter 2 of [Dembo and Zeitouni
1998]) states that, for any x > 0,

P (u - x) BN
m

Therefore, in our case,
c —mA*(g%-1)
P(ES) <n (e ).

Using the form of A* shown above, and the fact that if ¢ > 3.2 then ¢?
—1—2Ing > %qz, an elementary computation shows that the right-hand
side of this inequality is at most 1/2 if g satisfies the hypothesis. O

Proposition 3 Let o > 0 and g > max {3.2, 3In@n) } Then:

m

E{(ln ﬁ)} < 2|:oc + /;OOP ({|;| < ﬂqeﬂ””} N Eq) dx:|.

Proof.

o #{ (o) | { (o) e o (o) o]

Here we denote by Iy the characteristic function of a set S.

Since D is a function of Hfﬁ k=1,...,n,and ]IEq is a function of ||a||,
k=1,...,n,the random variables D and I[Eq are independent.

This implies that

1\’ 1\’ .
E{(lnﬁ> ]IE;[:}zE (lnﬁ) }P(Eq).

By Lemma 3, P(E;’) < % and therefore it follows from (3)

o)l )

Consequently

<5>E{(1n 1)”]1 } /+°°p<(1n 1)”]1 )d
- — _ > X X
D)) ) D]
“+o00 "
:/0 P({ip1 <"} nE,)dx

+oo 1/v
5/ P({|;| < Jmge™ }ﬁEq)dx
0
+o00 v
§a+f P({|Z|<«/mqe_x }ﬂEq)dx
o
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the third line by Lemma 2. Replacing (5) in (4) we get

E{Oniiy}52Lm+lij<h;p«ﬁawXW}mEqu.

In the rest of this paper we fix ¢ = max {3.2, % } Thus

1
Ing = max {ln 3.2, 3 (In(In2n) — Inm + In 3)} .

In the sequel we focus on bounding the probability

P({IZ] <a}NE,).

3.2 Bounding P({|Z] < a} N E,): preliminaries

In what follows we face the difficulty that the random process Z = {Z(x) :
x € S§™ 1} does not have differentiable paths. We will deal with this by
smoothing out Z through convolution with a deterministic kernel.

Let ¥, : R™ — R be a regular isotropic approximation of the unity. It
is defined, for ¢ > 0, by

0.0 =S (1)
&

e
where ¥ : [0, +00) — RT is of class C*, supp(v) < [0, 1],

1 T(m/2)
Cm = = ’
Op—1(S"7Y)  2mm/?

and me Y.(y)dy = 1. Here 0,,_ denotes the standard surface measure in
Sm—l‘
Note that if [, ¥.(y)dy = 1 holds then

1 1
1=/‘%mw=wjj7W@ﬂ>@=/pwmep
Rm Rm & & 0

Thus, to ensure that me Y. (y)dy = 1 it suffices to choose i satisfying that
fol p" " (p) dp = 1. This can be obtained with

e
(6) V]e <Cim and C; =

e—1
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Indeed, notice that if we take ¥ (p) = bmﬂ(lfi’l) (o) we have:

1 'Om
/ p" "y (p) dp = bm (—)
0 m

which is equal to 1 if we choose

<[ ()T <5

This ¢ verifies |||, = bm but is not C*. At the cost of slightly increas-
ing its norm we can change it into one such function that also verifies the
remaining conditions.

Now define Z, : R™ — R by

1

1
p=l-=-

Ze(x) = (Ve x 2)(x) = /R Ve(x — y)Z(y)dy

and

Z. = min Z.(x).

£
xesm—1

Since for every w € Q

Z:(x) —(>) Z(x) uniformly on §"~!
E—>

we may deduce a bound for
P{IZ] <a}NEy)

by passing to the limit as ¢ — 0 in a bound for P({|Z,| < a} N E,). This will
be our goal. To attain it we will use a simple geometric idea. For all ¢, a > 0,
the condition

min Z.(x)
xesm—1

<da

implies the existence of a local minimum & of Z, such that |Z.(§)| < a. The
ideatobound P({|Z,| < a}N E,) is to use a formula for counting the number
of local minima & as above. We next give such formula.

Let F : S" ! - Rand a > 0. Denote

MFE(a) = {x e " st |F(x)| < a and x is a local minimum of F}

and let m” (a) = #M¥ (a), the cardinality of M (a) (if a = 400 we simply
write MF and m). We also use the following notations:



On the Expected Condition Number of Linear Programming Problems 435

° (l~)F ) and (l~)2F ) denote respectively the first and second derivatives of
F. For their computation at a point x € $"~! we will parametrize §"~!
locally by projection on the tangent hyperplane 7.

o If A: R"~! — R™~! s a real symmetric linear transformation we write
A > 0 to denote that A is positive definite.

Lemma 4 Let F be smooth and assume that all the local minima of F are
strict (in the sense that D*F is non-singular at those points). Then,

F

~N2
m det(D"F) )Ly 5 7)1 <1152 7 ) -0y Om—1(d ).

=lim ——
5—>0|Bm_1(0; 8)| sm—1

where B,,_1(0; 8) is the open ball of radius § centered at the origin in R™~!
and |B,,_1(0; 8)| its Lebesgue measure in R,

Proof. The hypothesis implies that the local minima are isolated points in
S™=1 hence m” is finite. Let m’ = N and MF = {x;,..., xy}. Then,
forj=1,...,N,

(DF)(x)) =0
(D*F)(x;) > 0.

For 8y > 0, 8o small enough, there exist £y, ... , Ey, pairwise disjoint neigh-
bourhoods of x, ... , xy respectively, such that

UJE = {x I(DF)(x)| < 8 and (D2F)(x) > o}

j=1
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E,

E;

Ey

and, for each j = 1,..., N, the map x +— (55)()6) is a diffeomor-
phism between E; and B,,_1(0; dp). Thus, ij det(D?F(x)) opm_1(dx) =
| Bii—1(0; 8o)|. Consequently

1 ~
F 2
m' = —— det(D”“ F) )Ly 55y cooi <0t Lic 52 Fy ey w01 Om—1(dX) .
1B,y 1(0: 80)] Joro D F) ) l<80) H(D? F) (x)>-0) Om—1
Since this holds for every 6 < g the conclusion follows. O

Remark 4 The same proof, mutatis mutandis, shows that

F 1 1 N2 ~
m”(a) = gl_r)l})wm,l(o;an sn-1 4et(D”F) )Ly 5 7)) <s)
]I{([N)ZF)(x)>O}]I{|F(X)|<0}O‘m*1 (dx).

Let

I*(e,8,a)=E {det(Dzzs)(el)H{<fﬂzg)<e1)>0}n{||<Bzg><e.>||<6}m{|zg<e1>|5u}nEq}

and

1
I(e,6,a) = ———1I°(¢, 8, a).
| Bin—1(0; 6)|
Proposition 4 For all ¢ > 0,

P({|Z.| < a} N Ey) < 0,1 (S""HIim (e, 8. a).

To prove Proposition 4 we would like to apply Lemma 4 to the (random)
function F = Z,. To be able to do this we need a result ensuring that, with
probability one, the local minima of Z, are strict. The next lemma provides
such a result.

Lemma5 Let V : [0, 119 — RY, be a random vector field defined on the
probability space (2, A, P) and y € R such that:
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(1) For almost every w € 2 the function T +— V(1) is twice continuously
differentiable.

(2) For each t € [0, 11¢ the probability distribution in R? of the random
vector V (t) has a density 1.

(3) There exist positive constants L and & such that

sup {7 (2) : T € [0, 1%, |z =yl <8} < L.
Then the probability for y to be a critical value of V is equal to zero. That is,
P({r:7€[0,11%, V(r)=y, det DV(r) =0} #0) =0.

Proof. Suppose y = 0 (if this is not the case, replace V by V — y).
Denote by Ej the set

Ep={r:7€[0,1]% V(r) =0, detDV(r) =0}

and for each positive integer N consider [0, 1]¢ as the union of the cubes of

sides equal to % that are products of intervals of the form [4, %] X oo X
[, %], 0<ji,...,Jjs < N — 1. Denote these cubes by Cy, ..., Cya.

In a similar way, consider each face of the boundary of each cube C, as
a union of (d — 1)-dimensional cubes of sides equal to # We denote these
cubesby D,s, s =1, ... ,2dN4T,

In each set D, fix a point 7. For instance, let 7%, be the center of D,,.

For given 1 > 0, using the hypothesis, we can find B > 0 (large enough)
so that if we denote Fz the event

aV; 3V,
Fp= {[sup — ()|, )| :i,j,h=1,...,d; T €[0, 1]d] >B}
0T; 07,01y,
where V = (V4,...,Vy)and T = (11, ..., Tz) one has
P(Fp) < n.
Clearly,
Nd
(7 {Eo# 0} = J{EoN C, # 0}
r=1
and

{EoNC, # 0} C {31, € C, s.t. V(z,) = 0,det DV (1) = 0}
={3r, € C,,veR?st. V(r,) =0, [lv =1, and
DV (t,)v =0}.
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>S

1

Let w € {Eg N C, # ¥} N F§. Take an intersection point of the straight line
through 7, parallel to v with the boundary of C,. This point belongs to some
D, for some s € {1,...,2dN%"'}. We denote it by 7,s. Let i < d and
consider the Taylor expansion of V; around the point 7,, evaluated at ,,. This
is

49,
Vi) = Vi(@) + ) o (0 (s j = 7))
j=1 "

1 3%V,
+§ Z 07,01y,

J-h=1

(Tr + e(frs - Tr))(frs,j - Tr,j)(frs,h - Tr,h)

with 0 < 6 < 1. Since the first two terms of this sum are equal to zero, we
deduce that, fori =1, ... ,d,

|Vi(%)| < K4BN >

where K is a constant depending only on the dimension d.

Since the diameter of each D, is bounded by K,N 2 the existence of
Tos € Dyg St |Vi(Ths)| < KgBN 2 implies that || V(r;’;)” < K N2 for some
constant K depending only on d and B. Here 7, is the point a priori chosen
in D, (apply the mean value theorem on the line segment with extremities
7%, Trs and the fact that w € Fp).

rs?

Hence, if N is large enough so that

1\2
K (—) <4
N
with § given by hypothesis (3), one has

P(Ey # ) < P(Fp) + P({Eq # ¥} N Fp)
<n+P (I <N s<2dN"'st |V(EH)| < KNT?)
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N4 24N4-1

<n+y > P(Vva)|=kN?)
r=1 s=1

=n+ / 7. (2)dz

S n + Nde—lLKlN—Zd

where K is a new constant depending only on B and d. Letting N — 400
and using that 7 is an arbitrary positive number, the result follows. O

Proof of proposition 4.
P({I1Z,l <a}NE,) <P ({m*™(a) = 1} NE,) <E{m”*(a)lg,}

Note that the property in Lemma 5 is local and to apply it to the random
field V = 528 and the value y = 0 one only needs to check conditions (2)
and (3) in that lemma. The probability distribution of DZ, (x), x € ™1 is
invariant under a linear linear isometry of R™ so that it suffices to check (2)
and (3) for x = e;. This is contained in Proposition 9 (take g = 1) which we
state in §3.4 below and prove in Section 5.

So we may use Lemma 4 which, together with Fatou’s Lemma, permit to
bound the expectation above (for related formulae, see for example [Adler
1981; Brillinger 1972]). We get:

E {m*(a)lg,} =E {1' det(ﬁzzg)(x)ﬂ{(ﬁzzg)(x)>o}

im ——
80 |By—1(0; 8)| Jgm—1

XL || Bz || <s}ntize ol <ainE, Um—l(dx)}

. ) -
=< %13(1) m . E{ det(D Zs)(-x)]l{(DZZS)(x)>0}

XL Bz || <s}ntizewi<ank, }Um—l(dx)-

Since the law of the random set of vectors {a;, ... ,a,}and {Tay, ..., Ta,}
is the same for any isometry 7' of R™ it follows that the last integrand does
not depend on x and the result follows. O

Using Proposition 4 we obtain

P({|Z| <a}NE,) < am_l(s'"—l)@ﬁ 1(s,8,a).
E— —

Consequently we will focus on estimating the limit in the right-hand side. The
next section is devoted to the computation of the first and second derivatives
of Z. and the following one to describe the joint distribution of Z, and its
gradient, as well as its limiting behaviour as ¢ — 0.
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3.3 Computation of partial derivatives

We now compute the first and second derivatives of Z, : R” — R. Later we
will be interested in computing the derivatives of the restriction Z, : $”"~! —
R. To distinguish between both we will write a™ over the latter (as we did
above). Thus, for instance, D Z, denotes the first derivative of Z, : R™ — R
and DZ, that of Z, : "' — R.

Proposition 5 Forall x e R" and all j,1=1,...,m,
() 52 () = fn Ve x = 3) (X aiillu, () dy
i 0] = 5 T

Proof. Recall that for x € R”, we defined

Ze(x) = . Ve(x — y)Z(y)dy.
Therefore, forj =1,...,m,
oY
3 “(x — Y)Z(y)dy
X; Rrm 0X;
oy
= / AL / ﬁ(x — NZ(y)dy;
Rl R
®) — [ Tlan [ v )—(y)dy,
Rm— 1
h#j
the last equality on integration by parts since %(x —y) = 8‘”” (x y) and
J
Ye(x —¥)Z(y) |y / ijg: 0 because 1/, has compact support (as a function of
=
Yi)-
Denote

Uc={y e R": (y,ar) > {y,a) for all [ # k}.

Note that almost surely, for almost all y € R™ —in the sense of Lebesgue
measure— there is exactly one k such that y € Uy. In addition, if y € Uj one
has

)
a(y) oy, — (¥, a) = ay;.

Therefore

= / Velx —y) (Z ax;lly, (y)> dy
R™ k=1
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We now proceed to part (ii). To do so, the following notation will be use-
ful. For x € R™ we denote by %/ the vector in R"~! obtained from x by
suppressing the jth coordinate.

Forj,¢=1,... ,m,

8’z dve d
dx; axe( 0= /Rm 0x¢ * =) |:Z axjly, (y)i| dy

—Z% [ Hew [ 526 =10 an

" nete

Note that for each k = 1, ..., n, the set Uy is convex so that, fixing y, €
R”1 the set

Uk(i—{yé (y1’~"syfv'--’ym)€Uk}

is also convex. Thus Uy, is an interval (possibly infinite),
n
JTw =R
k=1

(Uye denotes the closure of Uy) and, almost surely, the interiors of the U
are pairwise disjoint. Therefore, fixing x € R™ and 3, € R”~! we have

B Bre AV,
/ (= )l (30) dye = / = GG x)
R Ok
where
GO x) = Ye(X1 — Y1, oo s Xl — Vo1, X¢ — Oty «« s Xy — Ym)
—Ye(X1 — Y1y oo s Xom1 — Ye—1. % — Brts -+ s Xm — Ym)

and oy < Pre are the extremities of Uy,. Hence

3x18x5( )_gak// - G(’)\;Zyx)l_[dyh

Bu_1(X%;¢) h#e

So,

n

<Y lagil1Bu-1(0; D™ [¥elloo

k=1

B,,_1(0; 1
©) —D g e

027,
(x)
0x;0xg
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(this bound is asymmetric with respect to (j, £) because of the way it has
been obtained). Also:

1

1
|Bpu—1(0; 1| = om—z(S"’_2)/ P = —————.
0 (m — 1)cp

As a consequence, using (6) and Lemma 6 below, the bound in (9) implies
that

(10)

C
(x )‘ “/_ka,

8xj ax@

Lemma 6 Forallm >2, =2 — < /m.

> (m=Depo1 —

—_~
NMNE
N—

r
Proof. Use ¢,, = o and Stirling’s formula, I'(¢) > /27t~ et , (see
[Ahlfors 1979], Chapter 5, Section 2.5, Exercise 2). |

We now compute the partial derivatives of the restriction of Z, to $”~!. We
denote by {ey, ... , e,} the canonical basis in R™, where ¢; = (th)
Jj=1,...,m,and §j, is the Kronecker §.

h=1,...,m’
Proposition 6 Choose {e, ... , e} as a basis for the tangent hyperplane to

S"™=1 at the point e,. Then:

) Forj=2,...,m

37, EYA ‘
= — e =) | Y ayl d
9%, (e1) 9%, /Rm Ye(er —y) L_l akj Uk(y)} y

(i) For j,£=2,...,m

327, YA 327
(e1) = — je+

&€
0x;0x, (e)-

0x;0xg

Proof. Fix the parametrization of $”~! defined in a small neighbourhood of
€] by

X1 =yXx2, ..., Xnm)
= =@+ +x2NV2

Thus, (x2, ... , X,,) varies in a small ball centered at (0, ... ,0) € R" L.
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X2, . » Xn
\‘
X1
4 1
To prove part (i), using Proposition 5 (i) we obtain, for j =2, ..., m,
9Z,  Z 0V (o4 0%
X

0x; T dx 0x; 8xj

= / Yelx — y) [Zakj Wy)} dy (_—x’)
Rm il 14
+ / Yelx — y) [Z aijUk<y>] dy
R k=1

where y denotes y (x3, ... , Xp), and withx = (Y (X2, ... , X)), X2, «« » Xp)-
Evaluating at e;, we get

= / Yeler —y) [ZaijUk(Y)} dy
R k=1

For part (ii),if j =2,... ,m

7.

Pz _|(_ 2z .ﬁ+ 1z, (K1) 0% v —xj(—=0)
v—er dx? 8x18xj Y dx; y?

2
axj

8225 x] 8228
+ e+ (e1).
dx;0x; V ! 0x7 :
Forj,t=2,...,m,j#¢,
97, Pz X, 1.1
= = (535200
0X;0X¢ |y, 8x1 y 8x18x 27y
a Z. 0°Z, azz
+3 (——) (e1).
X;0x1 y 0x;0xe | |, — —e, ax,axe
O

Remark 5 The computations in Propositions 5 and 6 remain valid if instead
of the canonical basis {eq, e, ... , ¢, } one uses a basis {e;, vo, ... , v, } with
{va, ..., vy} any orthonormal basis of the orthogonal complement of e;.
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3.4 Bounding Tim lim (¢, 8, a)
e—>0 6—0

‘We now return to our purpose, stated at the end of §3.2, of bounding Trr(l) ﬁ
e—>0 86—

I (e, 8, a). The main statement in this section is the following.
Proposition 7 For a > 0 the expression @ ﬁ 1 (e, 8, a) is bounded by
e—>0 6—

mAn t
n\ (t —1)! [é? 32 ani—1 1
> [(z) g (3) (4Cinm*?q?) " ——

1 2m) 2

/a e (@ ()" (\/ 2Tn<b(x/;x)(n — Do) + tnzle_éxzq)(X))dX].

To obtain bounds for the limiting behaviour of I (¢, §,a) as § — 0 and
& — 0 (in that order) we intend to describe the joint distribution of the random
vector

(Ze(er), (DZ:)(er))

in R™ as well as to bound the expression det([)ZZE)(e]))]IEq appearing in
I°(e,8,a) (orin I (g, 8, a)).
Note that almost surely one has

Ze(e1) —> Z(e)) = max ay
e—0 1<k=<n

and, for j =2,...,m,
525(81) .
agjﬂ
8Xj e—0 — {aﬁl:éll?énakl}
Denote, for£ =1, ... ,n,
xe=1 _
{ael = max ai }

and, for j =2,...,m,
n
Y; = Zazj‘xzz-
=1

Note that both the x, and the Y; are well-defined almost surely. With this
notation, the joint distribution of the m-tuple

(Zg(el)’ ZAD azs(eo)

0x2 0x,,
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converges, as € — 0, to the distribution of

(Z(er), Y2, ..., Yy)

which s easy to compute. Actually, conditionally on the n-tuple (ay1, . . . , a,1)
the random variables Y5, ... , Y, are independent (Y; depends only on ay;,
£=1,...,n), Gaussian with mean zero and variance

E(Y]) =) x{Elaj) = 1.
=1

Hence, the distribution of (Z(ey), Y»,...,Y,) is that of m independent
random variables, Z(e;) being the maximum of » i.i.d. N(0, 1) r.v.’s and
Y, ..., Y, being N (O, 1). Thus, the joint density at the point (z, y2, ... , Ym)
is .
np@(@@)" " [ [0
j=2

The actual picture is, however, more complicated since we have first to pass
to the limit when 6 — 0 and this implies that, as ¢ — 0, we have to deal
with convergence of densities, not only of distributions.

The other problem to overcome is that, due to the non-smoothness of Z,
in some w-sets det(ﬁzze)(el)) becomes very large for small ¢ > 0. As a
consequence, we will need to estimate the size of the probability of these
w-sets and check that it compensates the growth of det([)ZZg (e1)).

These are the resons for the technical detour implied by Propositions 8, 9,
and 10 which we state below in this section. We delay their proof to Section 5
to avoid breaking the main stream of our argument.

Towards the proof of Proposition 7 we introduce some additional nota-
tions. Let, for 1 <i £ j <n,

Fj={yeR":(y,a) = (y,a;)}
and
0(e) = #{k : B(ey; &) N Uy # B}.

Clearly 6 (¢) can take the values 1, 2, ... , n. Note that if 6(¢) = ¢ then, out

of a set of measure zero, one also has 6 (¢") = ¢ for some ¢’ > ¢, &’ depending

on w € Q. This is because, for each pair k, [ with k # [, the probability for

the distance from e; to Fy; to be exactly equal to ¢ is equal to zero.
Fortr=1,2,... ,nlet

17(e, 8, a)
= E{ det(Dzzs)(61)]1{<5225><e.>>0}m{||<5zg><e1>||<8}m{|zg<e1)\sa}nEqm{e<e>=z}}
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and

1
I;(e,8,a) = ———1%(¢, 68, a).
R R (5 T
Clearly
I*(e,8,a) =Y _I7(z,8,a)
t=1
and
(11) I(s,8,0) =) I,(s,8,a).
t=1

To prove Proposition 7 we study the limiting behaviour of each term of the
sum in (11) as § — 0 and & — O (in that order).

Before that we state as a lemma an observation that we will be using
repeatedly.

Lemma7 Letw € E,. Then:

0Z,
8)61

(e1) = Z.(e1) + Ry

where |R|| < eq/m.

Proof. We have

9Z, -
ox: (e1) = me Yeler — ) (; axly, (y)) dy

= Z(er) +/R Yeler —y) (Z (ar, e — y) ]IUk(Y)) dy.

k=1

Use now that, since w € E, ||ax|| < g+/m and that ZZ:] Iy, (y) = 1 almost
everywhere, to bound the absolute value of the second term. O

Denote by X’ the random set of integers
X ={k : U, N B(ey; &) # 0}

sothat 0(e) = #X =1t.
We will call a chain on X a set of t — 1 non-ordered pairwise different
pairs {k;,[;}, j=1,...,1t —1,suchthat k; # [;, and

t—1
Jtkj. 153 = x.
j=1
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A chain is proper if there exists a permutation o of the indices {1, ... ,¢ —
1} such that for all j = 2,...,7 — 1 exactly one of ks ;), l5(j) does not
belong to {ks (1), lo(1), - - - » ko (j—1)» lo(j—1)}. Without loss of generality, when

considering proper chains in the sequel, we will assume that o is the identity
and that the element which has not appeared previously is k.
We next give a coarse bound on the number of chains on X'.

_ 2\" . .
Lemma 8 There are at most % (%) different chains on X.

Proof. Clearly, there are at most 1>~ sequences of length 2(t — 1) with
elements from X
Consider the subset of those sequences

ki, L kay oy oo ke lem1)
that verify k; # [; for j = 1,...,¢ — 1 and also that the 2—subsets of X’

{kl’ll} ) {k2712} 9 ety {kl717llfl}

are pairwise different.

Each such sequence induces a chain on X” but the same chain is counted
(t — 112"~ times since we can permute the + — 1 pairs as well as the 2
elements of each of these pairs without altering the chain. Now use Stirling’s
formula to get the stated bound. O

Recall we defined, fork,l =1,... ,n,k #1,
Fg ={y : (y,a) = (y, a)}.
Lemma 9 Suppose 6(¢) =t > 2. Then there exists a proper chain
{ki, i} Ako, b} oo Kkmr, L}
on X such that
d(el,ij,j) <egfor j=1,...,t—1.
Here d denotes Euclidean distance in R™.

Proof. The construction of such a chain is immediate. Start with ky, [ € X,
ki # [;. Since t > 2, (ﬁk1 U Ull) N B(ey; €) is not the whole B(ey; €).
Therefore, there exists k € X such that k # k;,[; and U; has a common
boundary either with U, or with U;, with a non empty intersection with
B(ey; €). Say itis with Uy, . In that case choose k, = ki, [, = k. The procedure
continues until one fills B(ey; ¢€). O
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In what follows, let p = g+/m and B,,_;(0; p) = {¢ e R" | ||| < p}.
Also, let M, be the set of n x (m — 1) real matrices M = (axj), k= 1,... ,n;
j =2,...,mdefined by

m
M, = M|Za£j§p2f0rk:1,...,n
j=2

Note that, forall w € Q, w € E;, = @ € M,. That is, considered as events,
E, C M,.

Proposition 8 (i) Foralla = (a1, ... ,a,) € R", ¢ >0andg : R - R
continuous with compact support there exists a continuous function

pga :EWI71(O; 10) - RJ’_

suchthat, for all continuous functions G : R"=! — Rwith support contained
in By—1(0; p),

dZ; IZ,
E, {g(Zg(el))G ( (CIDREER _(31)> HMp}

0x> 0X,,
= / G Q) pi o (0)de.
B;—1(0:p0)
Here Ey{ } denotes conditional expectation under a;| = oy, ... ,ay = Q.
For fixed g, ps o is uniformly bounded on B, —1(0; p), 0 <& <1, ¢ € R".
(ii) Assume there exists k < n suchthatay > oyforl =1,... ,n,1l #k.

Then lir% P (&) = q& (&) uniformly on Bu—1(0; p) where
&—> ’

g5 = glep) P2y < 0))" " [T eh.
j=2

Herel = (&, ..., ¢n) and X,%l_l is a random variable having x*-distribution
with m — 1 degrees of freedom.

Proposition 9 (i) For fixed e > 0 and g : R — R continuous with compact
support, there exists a continuous function

pS: Buo1(0; p) > RT

such that for all continuous functions G : R™~' — R with support contained
in B,,_1(0; p) one has

0Z, 0Z,
E{g(za(el))G( (e, ..., (61)> ]IM,,}=/ G() pi)de.
dxa X Bou1(0:p)
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That is, ps is the density of the Borel measure defined by

B+— E {g(Zg(el))H[(%XZ;(61)’...’3,{2’2(61))631]1114/]}
where B is any Borel subset of Bu_1(0: p). Forall g, p¢ is uniformly bounded
on B, —1(0; p). .
(i) lim pi(&) = p*(¢) for each ¢ € B,—1(0; p) where
E—>

2 21! +o0
P = [P(Xm(; )Empl )] e‘i(ﬁz*'"ﬂ,%)/ g(X)ne(x)(®(x)" ! dx.
)2 .

Proposition 10 Ler g : R — R, be continuous with compact support. Let
teN,2=<t<nandlet(kj,l;), j=1,...,t—1, beaproper chain. Then,
forall A > 0,

— 1

lim —

e=0 ¢ Hakj —ay; ’<ks for j=1,... ,t—l}

20 e
< % / (0@ ()"
T 2 —00

3.5 Proof of Proposition 7

Letk < nbesuchthate; € Ui.Then,foralll # k,a; > aj.

In addition, because of the discussion above, almost surely, there exists ¢’ > ¢
such that B(e;; ¢') C Uy.

P2 0) [ [le(e)do]

k=1

So (use Proposition 5 (i), if |[x —ei|| <& —¢e,forj=1,... ,m,
0Z,
gj(x) = ay,
which implies that, for j, £ =1, ..., m,
0°Z,
0x;0xg (er) =

Therefore, by Proposition 6,

< 97,
(DZ.)(e1) = 3 (e1) ) In—1
X1
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where I,,_; denotes the identity map on R”~! and, taking determinants,

- azg m—1
det(D*Z.)(er) = (— o (el)) :

Observe also that Lemma 7 implies that if Z.(e;) > ¢p then (5225)(61) is
not positive definite.

Let now A > 0 be given and denote by ga : R — R a C* function with
support in the interval [—a — A, 2A] and such that 0 < ga(z) < 1 for all
z€Rand ga(z) = 1forz € [—a, Al

Choose ¢ > 0 small enough so that ep < A.

Then:

I7(e,8,a) <E {(IZe(el)l +&p)" ! H{”(BZS)(Q)”<6}ﬂ{—a§Zg(e1)§ep}ﬂEq}
< E{ga.1(Z:(e))Gs((DZ:)(e)y, }
with
gr1(@) = (z] + A" galz)

and Gs : R"! — R, C* with support in the ball Bu_1(0; 8 + 8%) and
satisfying 0 < Gg(¢) < 1 forall ¢ € R" ! and Gs(¢) = 1 for ¢ €
Em—l (O, 8)

Using Proposition 9 (i) with g = ga.; and G = G we get

_ - 1
lim I;(e,8,a) < li
§—0

™ G 8A.1 de = p8a1(0
S_I)r(l)iBmfl(O;aﬂ Bu-10;p) 8(8) P21 (€) db = p 21 (0)

the last by the continuity of p§*"' proved in that proposition. Therefore, using

Proposition 9 (ii),
— < Tit H&8AL1
21_1)% (%1_1)1(1) Ii(g,8,a) < gl_r)% pia1(0)

P 2 2 n—1 400
= PO =7 / ga.1(0)ne(x) (@ (x)" 'dx.

Qn)"s o

Since A is an arbitrary positive number, using the rough bound P(x? | <
p?) < 1, it follows that

o 1 0
lim lim 7, (e, 8, a) < — f X" np(x) (@ (x))" ! dx.
e—>06—0 (27[ 5

—a

This inequality yields the term corresponding to ¢ = 1 in Proposition 7.
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The extension of the above result to the case 6 (¢) = 2 requires

some additional computations that will also suggest the general procedure
for 0(e) > 2.

Without loss of generality assume that the U;’s having non-empty inter-
section with the ball of radius ¢ centered at the point e¢; are exactly U; and
U,, that is:

(12) {UkﬂB(el;s)géQ)forkzl,Z

U:NB(ej;e)=Wfork=3,...,n.
Then B(ey; €) is partitioned into the three sets: B(e;; €) N Uy, B(ey; €) N Uy,
and B(ey; €) N Fps.

Ul' F12

U, —
Let E; = FjpN{x; = 0}. Then, almost surely, E, has dimension m — 2.
Choose an orthonormal basis {vs, - - - , v,,} of the subspace {x; = 0} so that
{vs, ..., vu} € Epp (note that vy, ... , v, depend on w).

As in the previous case, almost surely, there exists ¢/ > ¢ such that
B(ey; &) c Uy UU, U Fip. For y € B(ey; €') write the orthogonal decom-
position

y=y"+y" with y*€ E;p and y™ € Ef;.
Then

L ap)

<y7al> = <y*’al> + <y
and

*k

(yaa2> = (y*aa2>+<y ,Cl2>

where (y*, a;) = (y*, a») since y* € E|,. It follows that

Z(y) = max (y, a;) = max (y, ax) = (y*, a1) + max{{y™, a1), (y**, a2)}.

1<k=n 1<k<2
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Forv € Ej; and § € R, |§] small enough so that y 4+ v € B(ey; &), one has
Z(y+8v) — Z(y) = (y* 4+ 6v,a1) — (y*, a1) = 8(v, ar)

which implies

a—(y) (vj,a;) for j=3,...,m andall y € B(ey; €').
vj

Using Proposition 5 (i) and the fact that ¢’ > ¢, it follows that, for j =
3,...,mand x € B(ey; & —¢),

ij = (v;, ar)
which implies, for j =3,... ,m,and ¢ =2,... ,m,
(13) PZ: (=0,
0v;0vy
In the basis {e;, vy, ..., v,} the matrix of (5228)(61) is diagonal (use

Proposition 6, Remark 5, and (13)) and

)M.

det(D?Z.)(e;) = (

9%Z,
8—11%(61)) (—

In addition, by Proposition 5 (ii),

0%Z e
£ < 1\/_ Z | a, Uj
8Uj81)g
for j,£ =2, ..., m.From here it follows that, for w € E,,
02Z, le Ciy/m
14 —n forj, =2, ..., m
A |5 ] < Z lax e J

Denote with Vi, the event (the set of w’s) such that (12) holds. If w € V5,
the Euclidean distance from e; to F), is smaller than &, that is

lai — ani]
la; — azl

which implies, if in addition w € E,, that

layr — az1] < 2ep.
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Hence, taking into account the ('2’) forms in which 6(e) = 2 may occur,
corresponding to all pairs (k, /) in the place of (1, 2), we obtain, with the
same notations as for r = 1:

135, a) < (;)E { (1Ze(enl + 0" 2 (1Zeen)] + 0 + Onp) }

L0\[(Bzeyen || <8)}ni—a=Zeten) <epdnEyNilan —az | <2¢p)
n ~
< (2)E {Gs((DZ.)(e1)ga2(Ze(e1)jjay,—ar 1 <260)Ina, }

where

1 \/— 2)

gan(2) = g(l) (2) + ——np gp, )
with
g @) = ga@ (2l + A", ¢25(2) = ga@) (2] + A" 2.

We apply Proposition 8 (i) to express the right-hand member of the last
inequality:

I3(e.8.a) < (’;) / Gs(¢)d¢ pE320) [ et dey]
Bu-1(0;p) lon —aa|<2ep k=1

- (’;) f Gs(0)de
By—1(0;p)

/I - |: gm(f)‘i‘ ﬁnﬂ Pf%z(f)}n[q)(ak)dak]_
o= <280

k=1

Letting § — 0 and applying dominated convergence:

o M C, @
lim/(e, 8, a) < (n)/ [ e52(0) + /m np Pf%z(o)]
80 2 lorp —a2| <2ep €

[ Jle(@dad.

k=1

We want to obtain a bound for the upper limit of the right-hand side above as

& — 0. Note that this right-hand side splits as the sum of two integrals (corre-
(1

sponding to the two terms ps %2(0) and C“ﬁn,o pfﬁlz (0) in it). To bound the
upper limit of each of these integrals we use, for each of them, Proposition 10
witht =2,k; = 1,11 =2,and A = 2p = 2q/m.

It is easy to see that the upper limit for the first of these integrals, the one
£,
corresponding to pe «"(0), is zero. This is due to the term 1/ in the left-hand

side of the inequality in Proposition 10.
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Thus, using Proposition 10 on the second integral, we obtain:

o0

[ 1 +0o0
lim lim 7 (e. 8, a) < (’2’)4clnm3/2q2—m+. / ghan (@) [P
e—0 85— (JT) _

: [ﬁ(n —2)o(xvV2)e(x) + 2%e—x2q>(x)] dx
and therefore, since A may be any positive number,

. 1 0
lim lim Iy (e, 8, a) < (”)4clnm3/2q2—m+] f "2 [@ ()]
e—>08—0 2 (27-[)7 —a

. [ﬁ(n — ) (xv2)0(x) + 2mT_]e_x2<I>(x)] dx.

This inequality yields the term corresponding to ¢+ = 2 in Proposition 7.
The method follows closely the previous calculations.

Lemma 10 Assume w € {6(¢) = t} N {(D*Z.)(e1) > 0} N E,, t > 2. Then
there exists an orthonormal basis {v, ... , v,} of {x1 = 0} such that

dx1 0x1

P m—t . t—1
< ‘—%(61)‘ ‘—&(6 )—l— Cl;/%n,o‘ ift <m
det(D"Z;)(e1) <
‘—8Z€(€)+len,0‘ lfl‘Zm

0x1

Proof. We only prove the case t < m. The other case is proved in the same
way. Applying Lemma 9, there exists a proper chain C = {{kl, I }, {kz, I },

, {k,,l, l,,l}} on X such that d (e, Fi1;) <e¢ forj=1,...,t—1.Let
Ec C R™ be the subspace defined by

-1
ﬂ Fyi; | N {xp =0}
j=1
(which plays the role E|, had in the case t = 2). Almost surely, E¢ has
dimension m — ¢, and the argument in the case t = 2 on the differentiation
in directions parallel to E¢ can be extended to this case without significant

changes. That is, we can construct an orthonormal basis {v,, ..., v,} of
{x; =0},sothatv,4y,...,v, € Ecand,for j =t+1, ..., m,and a certain
g > ¢,

Z /
—— =const on B(e;e —¢).
31}]'

Therefore, for j =¢t+1,... ,mand £ =2,... ,m,
0°Z,
dv;duy

(15) (61) =0.
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Write (5228)(61) in the basis {vy, ... , v,} of {x; = 0}. Then, it follows
from Proposition 6, Remark 5, and (15) that its matrix has the form

[Tffg (61)] L1+ M 0
0 EEQILE

where [; denotes the k x k identity matrix and M isthe (r — 1) x (¢t — 1)
matrix given by

azz,
L . 8v28v, (61)
M= 3v23v3( l) (el)
927 927
81}28;, (er) ... - avrf (e1)

Then,

) =5

Since (5225)(61) is positive definite,

<|:
det
axl

where tr( ) denotes the trace. Therefore

det(D*Z.)(e)) = ( (6‘1)i| L1+ M) .

t—1

tr ([ en | 11 + M)
(=1

- (el)] I+ M) =

t—1

LZ (61)

Use now inequality (14) to finish the proof. O

m—t

det(D?Z,)(er) <

Reasoning as in the case t = 2 we obtain for %i_II(l)It (¢, 8, a) an upper
—

bound of the form

2 2 f [ZA— gA’} [Tl (@oda]
ak —ag; |<2ep for j=1,...,t—1}

{(X#X=1) k=1

where the outer sum is over all subsets X of {1,...,n} having ¢ elements,
Y _* extends over all proper chains on X, and in each term the notation for
the chain is that of Proposition 10. Also, the functions g(Ah.)t, h=1,...,t,
are defined as in the case + = 2 and the A, are real numbers depending on
n and m but independent of ¢. Again, when taking the limit for ¢ — 0, only
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the term corresponding to 4 = ¢ in the last summation has a nonzero limit
and its corresponding coefficient, it can be shown with the same arguments
used in the case t = 2,is A; = (Cin/mp)' .

Since the value of the integral above does not depend on X or on the con-
sidered chain, we may use Lemma 8 to obtain for (@)I, (g, 8, a) the bound

n\ (r — 1) [ ~ An g
t Tt 2 ; Zeh—lpw
{|041<j 7agj|<2£p for j=1,....t—1} | ;4

[ [lee)da]

k=1

where now C = {kj, Ej}
and

P is an arbitrary —but fixed— proper chain

satisfies that #X = r.
Using Proposition 10 we obtain, for 1 <t <m,

o t—1)! [\ - 1
lim imZ, (¢, 8, a) < (">( ) (e—) (4C1nm3/2q2)’ 1—m+,_]
e—08—0 t Tt 2 2m) 2

x / x| (@D () !

—a

[, / ZTJTCD(\/ZX)(n —Dex) + tgeéx2<1>(x)i| dx.

Actually for t < m one can replace [ by ff)a but this is irrelevant in what
follows.
Also note that, if # > m we obtain

llil(l) %Lné I;(e,6,a) =0
by Proposition 10 and using the bound

det(D2Z,)(ey) <

gm—l

which is valid for w € {(5223)(61) - 0} N{lZ.(e1)| < 1} N E, and some
constant K.
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3.6 Putting the pieces together

Recall

1 e % n— m mAn
D(n,m):6q—m<a) (@) 21 + (m Am)%) (Kon2mg?) """

Proposition 11 For 0 < a < 1, we have:
P(1Z| < a) NE,) < aD(n,m).

Proof. First note that if a < 1, the bound for lir% ;in(l) I (e, 8, a) in Proposi-
e—>0 6—
tion 7 is at most

mAn _ 2\ !
Z (’Z) (r— 1! (%) (4C1nm3/2q2)t71

wt
t=1

L sy (—” —! +z’é’>
Qm)" T NG

= a (@) 2n)E Y (’Z) ¢!

wt
t=1

-1
C1v/2enm*%q? —1
x( W2ernm%q (n y

[STH]

o ()7 Ji )

man 232 2\"7!
m CiV2e2nm?! q n—t
< a @)y 2 1Y [ = i
<ad(@)yen ) 5 (S0 e
mAn
< ac @) 22 (n+ mAmE —1) 3 (Konm¥g?)™
T
t=1
(K0n2m3/2q2)(m/\”) -1

Kon?m3/2g% — 1

fF

= a2 @) 2Q) 4 (n+ mamt — 1)
T

C[\/E€2
JTO(1)

P(1ZI < a) N E,) < Tim PIZ.] < a} N E,)

where we have denoted Ky = . Therefore,

< 01 (S" Hlim im1 (e, 8,
< om—1( )sgrg)agrg) (e,8,a)

m

m (mAn)
2tz , m N m (K0n2m3/2q2)

< <I>1”’22n’7—< A 7—1) :

< Faee @ P Em T (nk A Rorriig =



458 F. Cucker et al.

By Stirling’s inequality, the last expression is bounded by

m m
2e2

4 @)y P2

2
V2 (%)

(SN

(K0n2m3/2¢]2)(mm)
Kon?m32¢% — 1

(mAn)
e\ n-2p2 | M z (Kon’m*4?)
a(;) (® (1)) 2en /;(n-l—(m/\n)Z _ 1)
a

;<n+(m/\n)%—l)

Kon2m3/2q% — 1

(mAn)

IA

e\? n— m
6om () @Y+ 0nAm) (Kowim* )

aD(n,m).

/%eznzmyzq

. . . 73 1
Note in the last inequality we used that o P21 < forall m,n > 1.
O

Proof of the main theorem. Consider first the first moment of InC(A), i.e.
v=1If /mge™ < l,ie.a > ap = 5 Inm + In g, we may apply Proposi-
tions 3 and 11 to obtain

1
E(InC(A)) =E(In —
(ne (n|D|>
+00
§2<a+/ P ({|Z] <ﬂqe—X}mEq)dx)

+o00
<2 (a + D(n, m)/mgq / e_xdx)
=2 (a + D(n, m)ﬂqeﬂ") .
This bound is minimized if one chooses
_J oo if D(n,m) <1
oo+ InDm,m)if D(n,m) > 1.
Hence,

Inm+2Ing +2D(n, m) if D(n,m) <1

E(nC(A)) = {lnm +2Ing +2InD(n,m)+2if D(n,m) > 1.

For higher moments we proceed in a similar way. Consider v € N, v > 2.
Reasoning as above and using the (easy to check) formula

v—1

+oo 1 1 p! k
—xV — .

e dx =e*' E — oV
k!
o !

k=0



On the Expected Condition Number of Linear Programming Problems 459

we deduce
; v—1 '
E ((InC(A))") <2 (a +D(n,m)mge™" Y %ak/”) .
k=0 "

If D(n, m) <1 taking o = «; we obtain

v—1
E((InC(A)") <2 (a(‘)’ + D(n, m)/mge Z —'oz](§>

1 /1 ¢
< 21)!2; (Elnm—l-lnq) .
k=0 "

Else, if D(n,m) > 1, taking ¢« = (a9 + In D(n, m))" so that D(n, m)
Jmge " =1 we get

v—1
E ((InC(A))") <2 <a +y Z—:ak/V) =21y ‘z'
k=0 "~ !

"1 1 k
< 2v!ZF (lnD(n,m) + Elnm +lnq> .
k=0 """

4 Some consequences
4.1 On the expected value of In Cr(A)

A first consequence of the Main Theorem is that it also yields bounds for
Cr(A). From Theorem 4 (ii) we have

Slnn  Inm
+T+21n2.

E(In Cr(A)) < E(InC(A)) +
Therefore, the following result follows.

Theorem 6 Let A be an n x m Gaussian matrix. Then

2Ing +2D(n, m) + 222 4 3m 4 21n2 if D(n,m) <1

E(InCg(A)) =
2Ing +2In D(n,m) + 292 4+ 3% £ 2102+ 2 if D(n,m) > 1.

O

Note that in the most interesting case, when n >> m, the bound for
E(In Cg(A)) is significantly worse than that for E(InC(A)). We don’t know
whether this is inherent to Cg(A) or a better bound for E(In Cg(A)) can be
obtained (for instance, improving the first inequality in this section).
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4.2 Running time and round-off analysis of an interior-point algorithm

Recall, in §1.2 we considered the problem

Given a n x m real matrix A, decide which of (1) or (2) is strictly
feasible and return a strict solution for it

where (1) and (2) are the systems
Ax <0, x#0

and
Aly=0, y=>0,y#0

respectively. We remarked there that one of these systems is strictly feasible
if and only if the other is not feasible.

In [Cucker and Pefia 2001] a finite (but variable) precision algorithm for
solving the problem above is described. Due to the finite precision assump-
tion, if the system having a strict solution is (2), there is no hope to exactly
compute one such solution y since the set of solutions is thin in R” (i.e., has
empty interior). One can however (and the algorithm in [Cucker and Pefia
2001] does) compute good approximations.

Definition 1 Ler y € (0, 1). A point y € R" is a y-forward solution of the
system Ay =0,y >0, y #£ 0, if there exists y € R", y #£ 0, such that

Ay =0, 7>0

and, fori =1,... ,n,
lvi — il < vyi.

The point y is said to be an associated solution for y.

The algebraic complexity of an algorithm is the number of arithmetic op-
erations performed by the algorithm. If the precision is fixed, this is a good
measure of the amount of work realized by the algorithm. If the precision is
variable the cost of each operation needs to be considered as well. In §1.1 we
defined the round-off unit of an algorithm to be anumberu € R,0 < u < 1,
such that during the execution of the algorithm real numbers x are systemati-
cally replaced by approximations r (x) satisfying | (x) —x| < u|x|. Roughly,
| log u| corresponds with the number of bits (digits if the log is in base 10)
of the mantissa in the floating-point representation of r(x). The cost of an
arithmetic operation with machine precision u is quadratic in |logu|. The
total cost of an algorithm with variable precision is the addition of the costs
of all the operations performed by the algorithm.

The main result of [Cucker and Pefia 2001] can be stated as follows.
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Theorem 7 There exists a round-off algorithm which, with input a matrix
A € R™" and a number y € (0, 1), finds either a strict y-forward solution
y e R"of ATy =0, y > 0, or a solution x € R™ of the system Ax < 0,
x # 0. The machine precision varies during the execution of the algorithm.
The finest required precision is

1
“T e ) 2CR(A)

where ¢ is a universal constant. The algebraic complexity of the algorithm is
bounded by O ((m + n)*>(In(m + n) + In Cg(A) + | Iny|)). The total cost
of the algorithm is bounded by

O ((m +n)*>(n(m +n) + In Cg(A) + [Iny|)’) .

The bounds above are in case (2) is strictly feasible. If (1) is, then similar
bounds hold with the | In y | terms removed. O

The complexity bounds in Theorem 7 cannot be written as a function
of m and n solely due to the unboundedness of Cg(A). One can, however,
eliminate the ocurrences of In Cg(A) in these bounds at the cost of trading
worst-case by average-case complexity. This is done using Theorem 6.

5 Proof of Propositions 8, 9 and 10
5.1 Proof of Proposition 8

We introduce the following notations:

HO(M) = Z.(ey),

0Z
HI) (M) = #(61) forh=2,...,m.
h

We are writing the matrix A = ((ax;)) k=1,...n as
j=1l,....m
o)y adypp ... Ay
0o Ay ... A2y
A= ) = (o, M)
Oy Apy ... Apm
that is, we fix ajy, ... ,a, equal to oy, ..., «, respectively and M is the

n x (m — 1) matrix M = ((axj))k=1,....n, and we consider the functions
j=2,....m



462 F. Cucker et al.

Z.(e1) and gf; (e1) as functions of M for each fixed @ € R”. We also identify

the set of these matrices M with R*™~1 and denote
Lga . Rn(m—l) — Rm—l
M~ (H2M), ..., H"(M)).

Also, (M) denotes the density

n m
o) =[[[]et@
k=1 j=2
in Rtm=1),
The proof of (i) is divided in two parts. Firstly we exhibit the function

ps o that verifies, for any continuous G : R”~! — R with support contained
in B,—1(0; p)

0Z, 0Z,
E, ig(Zs(el))G(a (er) ... ,—(61)) ]IMP}
X2 0x,,

(16) _ / G(¢) po () de.
By—1(0;p)

Secondly, we show the continuity of p3 .
For the first part we consider the Borel measure i, 4 in M, C R"™=D
given by
fea(dM) = g (HS)(M)) G(M)dM.

One can express the left-hand side of (16) as

0Z, 07,
E, {g(zg(el))G (a ..., (el)) HMp}
X2 0X,,

= /R ot 8 (HE)(M)) G (Le.o (M) Ty, (M)@(M)dM

_ /M G (Lo (M) jrea(dM).

Then, according to the coarea formula, if L, , : R*"™~D — R™=!is C! and
DL, o(M) has full rank at every point M € M, the image measure of 11, o
by L., has the density p$ , given by

(17)  p8,@) = / g (HY (M) ¢(M)
L

sa({EhnM,
[det(DLe o (M) (DLe o (MND] ™ 07 0.0 (dM).
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For each ¢ € R"~1, L;é({{}) N M, is a compact C' manifold of dimension
(n—1) x (m — 1) embedded in R"~D and 0¢,6,« (dM) denotes the standard
geometric measure on it.

Thus, to prove the first part of (i) it is enough to show that L, 4 is C Iand
that DL, (M) has full rank at every point M € M,. With this aim let us
compute the partial derivatives of the coordinates of L., with respect to the
coordinates of M in R"™~D,

Lemmall Fork=1,... ,nand j=1,...,m,
0Z
@) = Yelx = y)y;ly, (y)dy.
aakj Rm

Forh,j=2,... mandk =1, ... ,n,

whwj

OH :
= | Wl

Iy (e1 — ew)dw.
day; R wl

Proof. 1t is useful to start with

YA 0z
(x) = / Ye(x —y)—()dy = / Ye(x — y)y;ly, (y)dy
day; R day; R

(18)

which is valid for k = 1,... ,nand j = 1, ..., m. The first equality fol-
lows from the fact that a;; — Z(y) is absolutely continuous, toghether with
Fubini’s Theorem. The second follows from the simple computation

0Z

Sar) ) = yly, ()

which holds for almost all y € R™.
For the computation of

dHM 3 9Z,

h,j=2,...,mandk=1,...,n

8akj 8akj Bxh x=e

it is convenient to reverse the order of differentiation and to compute

0 07,
axh aakj x=e|
One must check that
0 0Z, 0Z, 0Z,
——, ——, and
8xh 8ak.,' 8xh 8Clkj

are continuous functions of the pair (x;, ax;) which follows from the forego-
ing formulae ([Courant 1988] p.56).
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Now, using (18),

9 92 [ v = vyl 0)d
s — o (x — ;
xp, aakj x=ej axh Rm PRI x=ej
_ / a—ws(x—m,»ﬂyk(y)dy
Rm h x=e]

So,forh,j=2,... , mandk =1,... ,n,
IHM 5 9z,

8akj B 8xh aakj

x=ej

Cm ler =yIY (=
em! /R £ ler =y ) 77O

WwhLW j
= [ 00D T L e~ ew)dw
- ol

where the last equality comes from the change of variables

1=y ) —Ym
=Wy, — =W,y «.. , — = Wy,. O
£ & &

(h)

The continuity of as a function of M is now immediate.

Lemma 12 For all values of ¢ > 0, o and M one has

1 m—1
det [ (DLeo) (M) (DLe) (WD) ]| 2 (;) .

In particular, (DL o) (M) has full rank.
Proof. Write @ = (6,, ... ,6,) € R""! and consider the quadratic form
dHM 8H(h )

day; Oayj

(19) (D Leo)(M) [(DLo)(M)]' 67 = Z ehehfZZ

h,h'=

n m m BH(h) 2
=zz(m aaj;)

k=1 j=2 \h=2

the last by the Cauchy-Schwartz inequality. Using Lemma 11
(h)

= ’ WhW
336, o —cm;ehfww(nw g

k=1 h=2

because Y ;_; Iy, (y) = 1 for almost all y € R™. The last integral is easily
evaluated:
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e If i # j itis zero by a symmetry argument.
e If 7 = j integration by parts and the compactness of the support of i
gives

Rm—1 -
Z/

-/ ll—ldwe( i wuwn)dw,)
@751

=—| vwlhdw
Rm
1

Cm

1w(||w||)—dw—/ Hdwz/vf(llwll)—dw
+

Hence, (19) implies that, for all § € R"™~!,
1 2
O(DLea)(M) [(DLe) D] 0" = = >0
which implies that the determinant

1 m—1
det[(DLe) WD [(DLe)MD)]'] 2 (;)

for any values of ¢, @ and M. m|

It now remains to prove the second part of (i) namely, the continuity of

g
Pe,a-

Let us denote by K, , the (compact) image of M, by the function L, 4,
ie. Koo =Leo(M,).

Lemma 13 Forall « € R",

Em—l(O; 10) g m KE,O{-

e>0

Proof. Let¢ = (42, ..., ¢y) besuchthat [|£]| < p. Choose, M = (ay;), k =
I,...,n,j=2,... ,msuchthatg;; = ¢;fork=1,... ,n,j=2,... ,m.
Then, foralle > 0andh =2, ... ,m,

H")(M) = ¢, /R Veler — y) (Z HUk<y)> d
" k=1

ie. Loo(M)=¢. O
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Now, a close look at the implicit function theorem shows that for fixed
g, ¢ and « the function

¢ psL)

is continuous on the set K, ,. This is due to the C ! character of Lo, the
lower bound in Lemma 12, the continuity of the function M — ¢(M), and
the compactness of L;’i({g}) N M, for ¢ € K, . In addition, for fixed g, the
value of pé”a(g) is bounded by a constant which does not depend on ¢, o, ¢
when 0 < ¢ < 1, € R* and ¢ € B,,_(0; p). This follows from ((17))
o gy ()
T

and the uniform boundedness of
Lemma 11.
This finishes the proof of Proposition 8 (i).
We now focus on part (ii).

which is implied by the formulae in

Lemma 14 Let o € R” satisfy

ag>oay fort=1,...,n LFk

for some k. Then,

(i)
HY(M) — af
? e—0

and, forh, j=2,... mandk =1,... ,n,

(i1)
He(,ha)(M) o Ykn
and
(iii)
H®
2 (M —8inb, 7.
day; ( )g:)O jhOrk

The convergence in (i), (ii) and (iii) is uniform on M € M,

Proof. We only prove (i). For (ii) and (iii) the same arguments, mutatis mu-
tandis, can be used.
To prove (i) note that

HE)(M) = N Yeler = ) Z(y)dy

= Zf Veler — ) [ oyt + Y aijy;
k=1 R j=2

I .
{aky1+27’=2 agjyj>aeyi+3 7, agyj forall € # k}

(20)
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Denote n = af —max{a, : 1 <€ <n, L # k).IEM € M, and one chooses

U
<
n+2p

then, for all y € R” such that |e; — y|| < & one has that, for ¢ # k,

(g —agyr + Z(% —ag)y; =2 n(l—¢e)—2pe >0
j=2

which means that in the integ_rand in the right-hand side of (20) the indicator
function is equal to 1 if k = k and vanishes for k # k.

i _n
So, if ¢ < prGyE

m
HE(Q(M) = Yeler —y) ogyr + ag;yj dy
Rm J
Jj=2

forall M € M, and

m

| ‘g(l)(M) —Ol‘k| = ws( 1 Y) k( 1 ) J
H e oy 1 k]} )
j=2

m

< f Veler = dy| sup |ogn — 1+ Y g,
B(ey;¢) yEB(er:e) =2
< &(logl + p).
The remainder is plain. O

Remark 6 We have already used the uniform boundedness of the functions
g™

£,

day,

to prove the uniform boundedness of ps «- We note now that it follows

B in .

This produces some technical problems we will have to deal with in our proof.

Lemma 15 Let o € R” satisfy the hypotesis of Lemma 14. Then
ﬂ Ks,oz = Emfl (0; ,0)-
e>0

Proof. We have already shown one of the inclusions in Lemma 13. To show
the other, note that Lemma 14 (ii) implies that

®) )
sup (H)(M) — ag; 0
MeM, ; - k/) £—0
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so that
1/2

m
lim s L. o(M)| < 2 < p.
fim sup 1Lea (M)l < ;ak} <p

From this inequality it follows that, forevery > 0, if ¢ > 0is small enough,
Keo € Bu—1(0; p + ). This finishes the proof. O

End of the Proof of Proposition 8 (ii). Parts (i), (i1) and (iii) in Lemma 14
and the argument used to show that pg, is continuous show that, actually,
for fixed g and « the set of functions

(21) {pga}0<s§1

defined on B,,_;(0; p) is equibounded and equicontinuous. Using this, we
next show that for fixed g and «, the functions p£, converge uniformly on
B,,_1(0; p), as ¢ — 0, to a continuous function which we will denote by g5.

To do so, by the Arzela-Ascoli theorem applied to the family of functions
(21)on B,,_1(0; p), it suffices to prove that, for all sequence {¢,},0 < ¢, < 1,
if &, — 0 and

{pfu,a}vzl,l.“

is a uniformly convergent sequence of functions, then the limit function does
not depend on the sequence {¢,}. Let {¢,} be such a sequence and put

(22) 4(6) = lim {pf, ,}().

take any function G : R”~! — R continuous with support in B,,_;(0; p),
replace ¢ by ¢, in (16), and let v — oo. The limit on the right-hand side of
(16) is equal to

/ G()q()de.
Rmfl

For the left-hand side, use Lemma 14 (i) and (ii) plus the fact that g and G
are continuous and bounded to obtain the limit

E, {gep)Glag,, ... . ag,)ln,}

23) =g [P, <] E{Gp, ... a))

since the random variables ay, k = 1, ... , n, are independent and the support
of G is contained in B,,_1(0; p).
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We conclude that

gl [P(x2_; < ,02)]"_1/

Rm—1

6o [Toepde= [ G@at
j=2
So,

(24) 9(@) = g [P2_, = o] [ e

j=2
almost everywhere in B,,—1(0; p) since both sides are continuous on this ball.

This proves that the limit ¢ does not depend on the sequence {¢,} and at the
same time identifies this limit, that we have denoted

q8(¢)

as the right-hand member of (24). O

5.2 Proof of Proposition 9

Integrate both sides of the equality in Proposition 8 (i) with respect to the
distribution of (ay, ..., a,1) a random vector which is independent of the
event M,. We obtain

0Z, 0Z,
E {8(25(61))G ( (e, ..., (61)) ]IM,,}

0x> 0x

Bm—1(0;p)

= f G(&)pi(&)deg

with
(25) pi) = /R Pa(?) (]_[cp(ak)) da.
! k=1

The uniform boundedness of p¢ on B,,_(0; p) for ¢ > 0 follows from the
uniform boundedness of pg . To prove part (i) apply dominated convergence
as ¢ — 01in (25). We have, using Proposition 8 (ii),
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ri©o — [ a (]‘[ w(w)) da
f (Hw(w)) (max ak) POy < 0D)] ]_[go({,)da
= E{g (11111?2(”““)} [P(Xm 1=p ) 1—[(/)@]

= ( /R g(r)nw(r)@(r))”‘ldr) [POtar < 0] Hw(sv

since the random variable 1mkax ay has density ng(r)(®(r))"~! by a standard

calculation. O

5.3 Proof of Proposition 10

As a first step towards the proof of Proposition 10 we first show the following
result.

Proposition 12 In the hypothesis of Proposition 10,

— 1

lim —/
e—0 81—1 ”akj—a[j‘<M forj:l,...,t—l]
_ ey {f_*;? (@) dx [T g(y)(n — De(y) (D))"~ dy}

P2, (0) [ Tle(e)dey]
k=1

T Qo' 13 [T g () (@) (@) dx

We prove the statement first in the case t = 2, k; = 1,/; = 2. This is done
in Lemma 16 below. The general case will follow using similar arguments.

Lemma 16 Let g : R — R be continuous with compact support and ) a
positive constant. Then

1 .
im — P2, 0) [ [le(e)den]
k=1

=0 & Jig)—an|<r.e

A 1 e n—3
< — ml/ g(x) [®(x)]

—00

x [ﬁ(n — 2)p(x)®(xv2) + 2'”7"e—x2<1>(x)] dx
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Proof. Perform in the left-hand side of the inequality in the statement the
change of variables o = ap + €7 so that it becomes

e [ Tiveoda [
Rn—1 k=2

A
P o) (2 + eT)dT
A

where
a(e) = (a2 + 87:7 a27 LR aﬂ)

To pass to the limit in (26) as ¢ — 0 we want to proceed again as in
the proof of Proposition 8 (ii). For that purpose we have a difficulty, namely
that in the proof of this proposition we have assumed that « is fixed and
af = max a; > ag for £ # k. It is not hard to see that the proof of Proposi-

1<k<n
tion 8 (ii) still works when « is not fixed but depends on ¢ and converges to

a limit with the additional condition that the difference between oy and the
remaining o’s is bounded below by a positive number. This will be the case

when we fix ay, ... , ,, T in the integral (26) so that @y, < max{as, ..., a,)
but it is not the case if oy > max{ws, ... , o, }. So, we divide the integral into
two parts.

For

n

A
/ l_[ [<P(Olk)d0fk]/ i o) 0@z + 7)dT
oy <max{az,.. —A

o} p—n

we pass to the limit as ¢ — 0 and use Proposition 8 (ii) to obtain

n

A
/ { [ [ lo(e)des] / q50) O (ar)dt
oy <max{as,.. —A

0} k=2

P 2 < 2y 1
_ [P =0l f g(max(as, ... , @, Dg(er)
oy <max{as,...,o,}

(2m) =
x [ Jlo(@des]
k=2
n—1
P(xm 1 < p?)
= (POt - ] 21E {g(max{&, ... , £DeE) g <maxiés.... &) |
Qr) T
where &, ... , &, arei.i.d. standard normal. The expectation in the right-hand

side can be written as

1 [r

2 +oo
eV dy / g(x)(n — 2)p(x)(P(x))" dx.
y

2 ) o
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For the integral over the set A = {op > max{as, ... , a,}} weneed to go back
to the proof of Proposition 9 (ii) to understand the behaviour of pf’ O[(8)(4,“),
e Em_l(O; p) ase — 0, when (ap, o3, ... ,0,) € A.

As ¢ — 0 the statement that Pia (¢) cOnverges uniformly on Bpu_1(0; p)
remains valid. To see this, applying the same method as in Proposition 9 (ii),
it suffices to show that the existence of the limits (i), (ii), (iii) in Lemma 14
hold true, only that these limits are not the same. This is next Lemma.

Lemma 17 Leta(e) = (ay + €1, 02, ... ,0,) and 1, (a3, ... , o) be fixed,
oy > max{as, ..., oy} Then,
(1)
(1
@7) Hi Qo (M) —

(i1)
(28) Lg o) (M) = Yid1 + y2aa,
with
Y = Cm/ Yv(lwhlgmdw, V) = Cm/ VY (lwIDI; g (ryedw
Rm Rm
where we denote W = (wa, ... , Wy),

E(r)={weR"| (@ —a, w) < }

and ( , ) denotes here scalar product in R~
(i) For j,h=2,...,m

(h)

HSC(S

()M)—>Cm/ V' (lw E(r)dw = Lijn
8a1] ”
B

a(e) / wpw J
— WM f ——ligyedw = £y
Bazj ( )s—gcn mlﬁ(Hw”) [w]] [E(7)]° 2,j.h

(h)

S“(S)(M)—>O fork =3,.

8ak]

Note that Zl,j)h + Ez)j,h = 5jh-

The convergence in (i), (ii) and (iii) is uniform on M € M,,.
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Proof. Note first that, as in the proof of Lemma 14, there exists g9 > 0 such
thatif 0 < & < &g, simultaneously forall M € M, onehas UyNB(e;; ) =0
fork =3, ..., n. Hence:

HOM) = o Z/ Yllwl) | et — ewn) — e Zak,w,

H{ak(l—swl)—s Z;-”zz agjwj>oyp(l—ewy)—e Z'j":z agjw; forall £ # k}dw

where oy = ar + €7.
Almost everywhere in €2,

—
[al(l—swl)—s Y ajwi>ag(l—swi)—e Y7y agjw; for all £ # 1] ]IE(T)

—> .
{az(lfswl)fs ZT:z wmjwj>ay(l—swi)—e Z_T:z agjw; forall £ # 2} ]I[E(T)]C

This shows that H (l)(g) (M) —6 ap. Itis easy to see that the convergence

is uniformon A € M,,.
Similar computations show (ii) and (iii). O

We go back to the proof of Lemma 16. Replace @ by «(¢) in (16) to obtain

)

97,
Eou () {g(Z (en)G (8
X2
- f G (D) P o ().
m—1(0;p)

Let ¢ — 0 in both sides of this equality.
We use the same type of reasoning as in the proof of Proposition 9 (ii).
Suppose that pf’a(s)(g“) converges uniformly on some sequence ¢, — 0 on

¢ € B,u_1(0; p) to some function Ga....w, (). The right-hand side in the
equality above tends to

/ G(C)aaz,...,an (¢)de.
m—1@0;p)

On the left-hand side, according to Lemma 17 (i), Z.(e;) — a2 a.s. and the

random vector (azg (e1), ..., gfg (eq )) — E the limit in (ii) of the same
lemma. A standard Gaussian regression shows that (use y; + y, = 1) the
conditional distribution of the random vector{ giventhat a al—az =peR"!
is Gaussian with mean §U()/1 y2) and covariance matrix 5 L 1.—1. Note that

1, ¥» are functions of v.
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Hence, the density of the random vector E has the form:

1 _Lom-1},_1 —1) 2
pz(g‘) = ( )M ‘é 1e 2 HC 20(r1—»2 ” Da—a, (v)dv
T) 2 m—

where pz, g, denotes the density of the random vector @; — a,. It follows that
1
pi(¢) < —— forall¢.
(r) =

So,

Bu—1(0;p)

Ean... o {8@)G (F) Ly, ) = / GO 0 ()

which obviously implies

8@2)Ew@ . an{GO)} =gl@) [ G(¢) pr(¢)de
Bm—l(O?P)
=/ G(()Zi(xz,.‘.,a,,(f)dé‘
anfl(O;p)

because E is a convex combination of @; and 5.
The same type of arguments as in Proposition 9 (ii) imply that

aaz,...,oc,, (é‘) = g(a2) pz(;): IS Em—l((); 10)

is the uniform limit of pf’a(s)(;') ase — 0.
It follows that
n A
!i_l)% g [p(a)day] /A % aie) O (az + £7)dT

ar>max{es,... .0y} g _ -

= f g(c2) pr(0)p(e2). 22 [ [l ()da]
az>max{as,...,a,} k=2

<2X

/ g(a) p(e) [ [ lp(a)den].
ay>max{az,...,o,} k=2

The proof of Lemma 16 follows now by grouping the two terms in the integral.
O

()"

Proof of Proposition 12 (continued). We can now proceed with the case t >
2. As we have already mentioned, the proof goes through the same lines as
for + = 2 and we only give a brief sketch of it. Denote

t—1

X = Jik;. 1),

j=1
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Note that X is a deterministic set of integers that one should consider as a
realization of the random set X'. Clearly, A has ¢ different elements.
In the left-hand side of Proposition 12 make the change of variables

(29) O, —Qp; = €T, j=1,...,t—1

We obtain:

n

t—1
[ dmedna | offew [  tweda
, L

k=1
k#kj(j=1,...,t=1)

where a(¢) = (a;(€), ..., a,(e)) and the o (¢) are computed from (29).
Clearly

ar(e) = o for ke X.

There is again the easy part that corresponds to the integral over the set of

a’s such that o;, < max o which converges, as ¢ — 0, to the first term in
k¢ X
the right-hand side of Proposition 12.
Asfortheintegral over oy, > max oy one proves thatona = a(¢), ¢ — 0,

k¢X
almost surely:

dZ, 0Z, ~
( (81), U] (el)> - {

0xo 0x
where the conditional distribution of the random vector Z given thata, —a; =
vy fork,l € X, k # [ is normal with mean

; Z VicUki

kleX,
k£l

and variance matrix
1

“Im—-1-

t

Here the y,’s are non-negative functions of the vj;’s such that )", + v = 1.
This allows one to pass to the limit in the second term, as we did for t = 2.
O

Proof of Proposition 10. The expression between the square brackets in the
statement of Proposition 12 can be written as Q; + Q, where

+00 +00
Qi =/ (w(X))th/ g —De(y) (@) dy

e ¢]
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and

+oo
0, =12 / g(X) (9(x)) (P (x))" " dx.

o0

Write

2 +o0
H(x) = 1/TJTCID()C\/;) and G(x) = / g —1De(y) (@)~ dy.

Then,
2
H'(x) = v an(m/?)«/? .

and we have H (+00) = /2, H(—00) = 0, G(+00) = 0,and G(—o0) € R
due to the convergence of the integral. Now note

“+o00

= Gy H'(x)G(x) dx

01

+00

= W[H(+OO)G(+OO) —H (—00)G(+00) —

—00

1 +OO 2n n—t—1
= 2o /_oo V5 eaVDgme = Dp()(@ )" da

the second equality by integration by parts. We conclude

H(x)G'(x) dx]

1 400 i
01+ Q2 = W/oo 8(x)(P(x))
2 m
" [” TNCD(X«/;)(H —De(x) +t265”2<b()‘)} a
from which the proposition follows. |
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