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Introduction

Let K be a number Field. An elliptic curve over K is:
E:Y2=X3+AX+B, ABeK

with Ag = —16(4A% — 27B2) #£ 0.

E(K)={(x,y) € K?|y?=x*>+ Ax+ B} U {0}
O=[0:1:0]

E(K)?



Introduction

Let K be a number Field. An elliptic curve over K is:
E:Y2=X3+AX+B, ABeK

with Ag = —16(4A3 — 27B2) # 0.

E(K) = {(x,y) € K2|y2 = x* + Ax + B} U{O}

O=[0:1:0]

Mordell-Weil:
E(K) = E(K)ors D Z"



Torsion

E(K )tors !



Torsion

E(K)rors = L] nZ &% (n)
tors — Z/nZXZ/mZ m} (n7m)’ n|m

S(d) = {p prime : 2 i cre PI#E(K)WS}

= { ¢ JE k elliptic curve ’ E(K)tors = G}/N
)= { ¢ J00 E/i elliptic curve ’ E(K)rors = G}/N



Torsion

{p prime. JE/ elliptic curve ’ p|#E(K)tors}
= 3K, [K:Q=d -
B { JE/k elliptic curve y E(K)tors = G}/N
! (d) N { ¢ E|OOE/K elliptic curve ) E(K)tors = G}/N

P>(d) € 2(d)



Torsion

3K, [K:Q]=d
{” prime 3E k elliptic curve ’ p|#E(K)t°'S}

dK, [K: Q] =d 7 E(K)tors:G}

JE i elliptic curve /n
of N _ K, [K: Q] =d _
#>(d) = { G Joo E /i elliptic curve ’ E(K)iors = G}/N

Merel (1996)
E/k elliptic curve, [K : Q] = d. Then 3B(d) € Z such that

#E(K)iors < B(d).



Torsion

{p prime. JE/ elliptic curve ’ p|#E(K)tors}
= 3K, [K:Q=d -
B { JE/k elliptic curve y E(K)tors = G}/N
! (d) N { ¢ E|OOE/K elliptic curve ) E(K)tors = G}/N

#Q(d) < 00



Torsion over Q

E(@)tors?



Torsion over Q




Torsion over quadratic fields

E(K)tors ) [K : @] = 2?



Torsion over quadratic fields

Kamienny (1992), Kenku, Momose (1988))

5(2) = {2,3,5,7,11,13}
(n), n=1,...,11,12,13,14, 15,16, 18

) (@2m), m—=1723,456
22 =1 3.3). r=1,2
(4.4)

F°(2) = (2)



Torsion over cubic fields

E(K)wors, [K:Q]=237



Torsion over cubic fields

Parent (2003)

5(3) = {2,3,5,7,11,13}

Jeon, Kim, Schweizer (2004)

sofay ) (n), n=1,...,16,18,20
& (3)_{(2,2m), m=1,...,7

Najman (2012)

(21) € (3) \ 9>(3)



Torsion over cubic fields

Parent (2003)
S(3) = {2,3,5,7,11,13}

Jeon, Kim, Schweizer (2004)

i [ (1),  n=1,...,16,18,20
¢ (3)_{(2,2m), m=1...7

Najman (2012)

E:y>+xy+y=x3—x>—5x+5,
K = Q(C9)+7 E(K)tors = (21)



Torsion over cubic fields

Parent (2003)
S(3) = {2,3,5,7,11,13}

Jeon, Kim, Schweizer (2004)

o [ (1),  n=1,...,16,18,20
¢ (3)_{(2,2m), m=1...7

Najman (2012)

E =162p1, K = Q(<9)+7 E(K)tors = (21)



Torsion over cubic fields

Parent (2003)
S(3) = {2,3,5,7,11,13}

Derickx, Etropolski, van Hoeij, Morrow, Zureick-Brown (2017)

[ (), n=1,...,16,18,20,21
@(3)—{(2,2m), m=1,....7




Torsion over cubic fields

Parent (2003)
S(3) = {2,3,5,7,11,13}

Derickx, Etropolski, van Hoeij, Morrow, Zureick-Brown (2021)

[ (), n=1,...,16,18,20,21
@(3)—{(2,2m), m=1,...,7




Torsion over quartic fields

E(K)tors ) [K : Q] = 4?



Torsion over quartic fields

Kamienny, Stein, Stoll (2010)

S(4) = {2,3,5,7,11,13,17}

Jeon, Kim, Park (2006)

n), n=1,...,18,20,21,22, 24
2,2m), m=1,...,9
3,3r), r=1,2,3

4, 4s), s=1,2




Torsion over number fields

E(K)tors ) [K : @] — d?



Torsion over number fields

Derickx, Kamienny, Stein, Stoll (2017)

5(5) ={2,3,5,7,11,13,17,19}
5(6) = {2,3,5,7,11,13,17,19,37}

Derickx, Sutherland (2017)

o5y = 4 (M), n=1,...,25, n#23
? (5){(2,2m), m=1,...,8 }

(n), n=1,...,30, n# 23,25,29

(2,2m), m=1,...,10
&>°(6) =14 (3,3r), r=1,...,4

(4,4s), s=1,2

(6,06)



Torsion over number fields

Derickx, Kamienny, Stein, Stoll (2021)

S(5) = {2,3,5,7,11,13,17,19}
S(6) = {2,3,5,7,11,13,17,19,37}
S(7) = {2,3,5,7,11,13,17,19, 23}



Torsion over number fields



Growth of torsion upon base change

E/K y L/K7 E(L)tors?

We say that there is torsion growth from L to K if

E(K)tOFS g E(L)tors



Growth of torsion upon base change

E/Q ) K/@) E(K)tors?

We say that there is torsion growth in K/Q if

E(Q)tors Q E(K)tors



Growth of torsion upon base change

E/Q ) K/@7 E(K)tors?

Problem:
INPUT . Ejg an elliptic curve, K/Q number field
OUTPUT :  E(K)iors

Solution:

Nagel-Lutz algorithm



Example: 30a7

Magma V2.26-3 Thu May 20 2021 20:10:10 on luna

Type ? for help. Type <Ctrl>-D to quit.

> E:=EllipticCurve("30a7");E;

Elliptic Curve defined by y™2 + x*y + y = x"3 - 5334*x - 150368
over Rational Field

T:=TorsionSubgroup (E) ;
AbelianInvariants(T);
21

K:=QuadraticField(10);
EK:=BaseChange (E,K) ;

TK:=TorsionSubgroup (EK) ;
AbelianInvariants(TK) ;
2, 21




Rational torsion over number fields

Eg, E(K)os, [K:Q]=d?

Problem:
INPUT . Ejg an elliptic curve
OUTPUT :  E(K)tors for all K/Q number field, [K : Q] = d

é@(d7 E) = {H : EIK/Q- [K : Q] =d, E(K)tors = H}/N

So(d, E)={p prime : 3K, [K: Q] =d, p|#E(K)iors}



Rational torsion over number fields

AlEg, E(K)ws, [K:Q=d?

JE g elliptic curve

@Q(d):{G: HK/, [K:Q=d ° E(K)tors:G}/N

_ . dJE/qg elliptic curve
SQ(d)—{p prime : 9K, [K:Q=d P\#E(K)tors}



Rational torsion over number fields

AlEg, E(K)ws, [K:Q=d?

Bo(d) = | Po(d, E)
E/Q

So(d) = | Sol(d, E)
E/Q



Rational torsion over number fields

Eg, E(K)ws, [K:Q =d?

Problem:
INPUT : Ejg an elliptic curve
OUTPUT :  E(K)iors for all K/Q number field, [K : Q] = d

Solution:

Division polynomials + ®q(d, E) or Sg(d, E)



Rational torsion over number fields

Eg, E(K)ws, [K:Q =d?

Problem:
INPUT : Ejg an elliptic curve
OUTPUT :  E(K)iors for all K/Q number field, [K : Q] = d

Solution:

Division polynomials + ®q(d) or Sg(d)



Rational torsion over number fields

So(d)?
Lozano-Robledo (2013)
For example:
U Se(k), d<21 So(2) = {2,3,5,7}
k<d So(3) ={2,3,5,7,13}




Rational torsion over number fields

(n), n=1,..

(2,2m),
(3,3r),
(4,4)

?(2) =

=1,... 21
¢(3):{(n), n=1,...,10,11,12,13,14, 15,16, 18, 20,

(2,2m),

Do(d)?

.,10,11,12,13,14,15,16, 18

m=123405106
r=1,2

m=1,23,4567

}



Rational torsion over number fields

(n), n=1,..

(2,2m),
(3,3r),
(4,4)

?(2) =

¢(3):{ (n), n=1

(2,2m),

Do(d)?

.10, 12,

m=123405106
r=1,2

,...,10, 12,13,

m=1,2,3,4,

15,16, 18

14,
e

18,

"



Rational torsion over number fields

Do(d)?

Najman (2012)

(n), n=1,...,10,12,15,16, 18
) (2,2m), m=1,2,3,4,56
Pe(2) = (3,3r), r=1,2
(4,4)
on(3)— J (1), n=1,...,10,12,13,14,18,21
e(3) = (2,2m), m=1,23,47

(21) € 2(3) \ 2*°(3), (21) € 2(3)



Rational torsion over number fields

Dy(d)?




On the division polynomials

E:y?>=x>4ax+b, a,beQ
1 =1,
Yo =x3+ax+b
3 = 3x* + 6ax? + 12bx — a°,
g = (2x° + 10ax* + 40bx3 — 10a?x? — 8bax — 2a° — 16b%)V;
Vo1 = Y2V — Yi1Vp g, k> 2
Yok = Vi(Vrg2tVi_q — Yk—2tiyq) /2, k > 2.

UVm m odd

Va=v2 » WUm= { Ym/ 12 m even.

o VU, € Q[x].
e P € E[m] if and only if V,(x(P)) = 0.
e P € E(K)[m] if and only if W,,(x(P)) =0 and P € E(K).



Example: ®¢(2,30a7)

E:y’+xy+y=x>—5334x—150368  E(Q)iors = (2)

[1] Weierstrass Model: E : y? = x> — 6912243x — 6994821042
[2] Factorization of W, for m € {2,3,4,8,5,12,16}:

V3 = 3x* — 41473458x% — 83937852504x — 47779103291049
3(x + 1521)(x3 — 1521x2 — 11511045x — 10470984723)

(—1521)° — 6912243(—1521) — 6994821042 = —2°3352 = —30]

E(Q(\/__3))tors = (6)



Example: ®¢(2,30a7)

E:y?+xy+y=x3—5334x — 150368
E(Q)tors — (2)

E(Q(\/__?’))tors = (6) E(Q(\/__5))tors = (4)
E(Q(\/m))tors = (2’2) E(Q(\/__z))tors = (4)

Q(v=3) Q(v=5) Q(v=2) Q(v10)
(6) (4) (4) (2,2)

\//

)



Example: ®¢(2,30a7)

E : y?>+ xy +y = x3 — 5334x — 150368
E(Q)tors — (2)

E(Q(\/__?’))tors = (6) E(Q(\/__5))tors = (4)
E(Q(\/m))tors = (2’2) E(Q(\/__z))tors = (4)

Q(v-3) Q(v-5) Q(v4d) Q(v-2) Q(V10)

% A T %

(6) (4) ) (4) (2.2)

\/

)



Growth of torsion upon base change

G € 9(1)

E/Q ) E(Q)tors =G - E(K)tors , [K c Q] — d?



G € 9(1)
B . JE g elliptic curve, E(Q)tors = G
Po(d, G)—{H. HK,Q[K Q= E(K)Zors T }/N

bo(d,G)= |J @o(d.E)
E(Q)torszc



Torsion configurations

We say that the torsion growth in K is primitive if

E(K )tors € E(K)tors for all subfields K C K.

Given E/Q and d,
how many primitive degree d extension can appear?



Torsion configurations

Given E/q and d,
how many primitive degree d extension can appear?

B - 3JK/Q primitive, [K:Q]|d,
MG E =M g TR e ]



Example: 30a7




Torsion configurations

B ~ 3K/Q primitive [K : Q]|d
Hald,E) = {” C E(K)eors = H # E(Qors }

G € o(1):
MHo(d,G)= |J Ho(d,E)
E(Q)tors:G
Ho(d) = | Haold,6)
Ged(1)

ho(d) = max {#5 ]S € Ho(d)}







E.-Tornero (2014) d=2

[ G [#0(2,6)\{G}

(1) | {(3).(5),(7).(9)}
(2) | {(4),(6),(8),(10), (12), (16), (2,2), (2,6), (2,10)}
(3) | {(15),(3,3)}
(4) | {(8),(12),(2,4),(2,8),(2,12), (4, 4)}
(5) | {(15)}
(6) | {(12),(2,6),(3,6)}
(1) | O
(8) | {(16),(2,8)}
@ | U
(10) | {(2,10)}
(12) | {(2,12)}
(2,2) | {(2,4),(2,6),(2,8),(2,12)}
(2,4) | {(2,8),(4,4)}
(2,6) | {(2,12)}
(2,8) | {}




d=2

E.-Tornero (2014)
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Najman (2013):

ho(2) = 4

@ F. Najman.
The number of twists with large torsion of an elliptic curve.
Rev. R. Acad. Cienc. Exactas Fis. Nat. Ser. A Math.
RACSAM, 109 (2015), 535-547.



d=3

E.-Najman-Tornero (2016)
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d=3
[#a(3.6) |

E.-Najman-Tornero (2016)
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Chou (2016), E.-Najman (2017) d=4

( (n), n=1,...,10,12,13, 15,16,20,24
(2,2m) m=1,2.3,4,568
) (3.,3r), r=1,2
Po(4) = (4,4s), s=12
(5,5)
\ (676) Vs

Remark: K/Q quartic
Chou: Galois case: Gal(K/Q) =4, V4
E.-Najman: Gal(K/Q) = D4, A4, Sy




E.-Lozano-Robledo (2017) d=4

G 33 (4, G)\ (G)
M [ (3.6 (1.9, (13,05, 33, 657
@, 6), (8), (10), (12), (16), (20), (24), (2,2),

(2) (2,4), (2,6), (2,8), (2,10), (2,12),
(2,16), (3,6), (4,4), (4.8), (6,6)}

) {(15), 3.3))

@ {®), (12), (16), (24), (2. 4), (2,9),

(2,12), (2,16), (4,4), (4,8) }

(5) {(15), (5.5}

(6) {(12), 29, (2.6), (2.12), (3.6), (6,6)

7) 5

(®) {(16), (2.9), (2.16), (3.9)]

(9) 0

(10) {(20), (2,10}

(12) {(29), (2.12))

2.2) {2,4), (2,6), (2,9),

’ (2,12), (2,16), (4,4), (4,8) }

X)) {(28), (2.16), (4,4, (4,8)}

(2,6) .12}

2.8) {2.9), (2.16), (.9)]




E.-Lozano-Robledo (2017) d=4

[ G [ Ho®%E) [ E | [ Ho(4 F) [ E ]
(3) 19a2 (6)%,(2,2), (2,4) 256a1
(5) 11a2 (6), (12), (2,2),(2,6) 3624
(@) 208d1 (8)7,(2,2),(4,8) 288016
9) 54a2 (10), (20), (2,2), (2, 10) 45024
(13) 289041 (4%, (8),(2,2), (2, 4) 3322

W 3 s A ot
5 a 4 2
(%, 1) 50b3 (4%, (2,6), (2,12)° 93630047
(5) 99d2 (4),(6), (2,2),(2,4),(2,6) 130a4
(5),(5,5) 275b2 (4), (8), (12), (2, 2), (2,12) 960e3

(3)°, (5) 33841 (4),(8), (16, (2,2), (2,8
@) ), (2,8) 63al
(3),(5), (5 50ad (4),(8),(2,2),(2,4),(2,8) 2426
(37, (3,3 17502 (:)»(15),(24) (2,2),(2,12) 96003
R = OO R -
(4),(2,10) 75023 (4)%,(8), (2,2),(2,4)° 1723
(2,2),(2, %) 200b1 (), 8), (16)% (2,2, (2,8) 75b1
(4), (10), (2,2) 66c3 (4),(8), (16),(2,2),(2,4), (2,8) 51067
®,(2,2),(2,4) 49a1 #7,(8)7,(2,2),(2,4) 63a6
E;‘g g g) g ) 1014c2 (4). (6. (2.2).(2.6)°. (3.6) 11203
(), (2 2; EQ 4)) 1209?512 Eg;;(?)l g () ()2 2). (z 4, (2.8) 1470k3
T 2 (2,6)", (3,6) 98a4
(:);(;,2),(2,4) 120b1 @7.6), 1% (2.2). 2.9, (2.6) o
47, (2,2),(4,4) 32024
@ [@7.2.0.212) 45081 s gaf iy Sa0ct
) 41016
R (1 (7.(2.2), 2.4
(3)(6).(2.6).(6.6) 553 (4)%, (6), (8), (12)%, (2, 2), (2,4), (2, 6) 90c5
ORORGYRER) %523 @7.(6). (12, (2.2), (2. 4)%, (2.6) S0ca
(@), (10), (2, 2), (2, 10) 15063 @) 1) 50al
(#),(12), (2,2), (2, 12) 30a3 (3,3) 19al
(4), (16), (2,2), (2,16) 3150bk1
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E. (2017) d=5
| (n) n=1,...,11,12,25
Pq(5) = { (2,2m) m=1,2,3,4 }

For G € &(1)\ {(1), (2), (5)}:
$o(5,G) ={G} &  Hg(5,G)=0

Otherwise z 33(5.C) G | Ho(5,G)

O 0.6.001] |0 —
@ (.00 | o)
G 6. @) ] Ha )

hg(5) =1



d=656

Daniels-E. (2020)

Po(6) N E%(6)

P(6)

21,30 l

N— — N



Daniels-E. (2020)

d=656

G 5 (6,6)\ (G}
1) {(2), (3), (4), (5), (6), (7), (9), (10), (12), (13), (14), (15), (18)

( (21), (2,2), (2,6), (2,10), (2,14), (2,18), (3,3), (3,9), (4,4), (6,6) }
5 {(4), (6), (8), (10), (12), (14), (16), (18), (2,2),

© (2,6), (2,10), (2, 14), (2,18), (3,6), (3,12), (6,6) }

3) {(6), (9), (12), (15), (2 1)7( 0), (2,6),

(3,3),(3,6),(3,9), (6,6) }

(4) {(8), (12), (2,4), (2,8), (2,12), (3,12), (4,4) }

(%) {(10), (15), (30), (2,10) }

(6) {(12), (18), (2,6), (2,18), (3,6), (3,12), (6,6) }

(@) {(14), (2,14) }

(8) {(16), (2,8) }

(9) {(18), (2,18), (3,9) }

(10) {(2,10) }

(12) {(2,12), (3,12)}

(2,2) {(2,4), (2,6), (2,8), (2,12), (6,6) }

(2,4) {(2,8), (4,4)}

(2,6) {(2,12), (6,6) }

(2,8) {




Daniels-E. (2020)

hg(6) > 9

137 configurations
Conductor < 400.000
largest conductor to obtain all the torsion configurations: 10.816



Daniels-E. (2020)




Conjecture:
Pq(6) = P(6) U{(4,12)}

Guzvi¢ (2021):

é(@(6) - @@(6) U{(4,12),(3,18)}

@ T. Guzvié,
Torsion growth of rational elliptic curves in sextic number
fields.
J. Number Theory 220 (2021), 330-345.



E.-Najman (2017)

Po(7) = {

(n)
(2,2m)

For G € &(1)\ {(1)}:

Otherwise

Do(7,G) = {G}

d=7

&

n=1,...,10,12
m=1,23,4

}: o(1)

Ho(7,G) =0

G

Pq (7,G)

G

Ho(7,G)

(1)

{(1), (1)}

(1)

(7)

ho(7) =1



E.-Najman (2017) 2,3,5,71d

| (n) n=1,...,10,12 |
%(d)‘{ (2,2m) m=1,2,3,4 }_‘p(l)

For G € &(1):

Do(d,G)={G} & Ho(d,G)=10

hg(d) =0



2,3,5,71d

hg(d)




E.-Najman (2017) So(d)

Let E/Q be an elliptic curve, p a prime and P a point of order p in
E. Then all of the cases in the table below occur for p < 13 or

p = 37, and they are the only ones possible.

p [Q(P) - Q]

2 1,2,3

3 1,2,3,4,6,8

5 1,2,4,5,8,10, 16,20, 24

7 1,2,3,6,7,9,12,14,18,21, 24, 36,42, 48

11 5,10, 20, 40, 55, 80, 100, 110, 120
13[3,4,6,12,24,39,48,52,72, 78,96, 144,156, 168
37 12,36, 72, 444, 1296, 1332, 1368




E.-Najman (2017) So(d)

For all other p, we have [Q(P) : Q] the following cases do occur:

7 — 1l for all p,

8,16, 32,136,256, 272, 288 for p =17

(p=1)/2, p—1, p(p—1)/2, p(p—1) if pc{19,43,67,163},
2(p—1), (p—1)? ifp=1 (mod 3) or (‘TP):l,DGCM,
(p—1)2/3, 2(p—1)?/3 if p=4,7 (mod 9),
(p?> —1)/3, 2(p*>-1)/3 if p=2,5 (mod?9),

where CM = {1,2,7,11,19,43,67,163}.
Apart from the cases above that have been proven to appear, the
only other options that might be possible are:

(p2 —1)/3, 2(p>—1)/3 if p=28(mod 9).



E.-Najman (2017)

Sq(d)

Let p=2or p > 5 be a prime.

Sa(p) = So(1) = {2,3,5,7}
S(d) = So(d)~ | So(d)
d'|d
d'#d
d 1 [3,4]5 8]0 [12]21]33]44] other d <50
Si(d) | 2,3,5,7| 13 | 11|17 19| 37|43 |67 | 23 0




E.-Najman (2017) So(d)

Smallest “bad” prime is p = 3167
We determine Sg(d), d < 3.343.296

If Serre’s uniformity problem is answered positively,
then we determine Sg(d), for all d.

Serre’s uniformity problem (1981): Let E/g be a non-CM
elliptic curve, then

PE,p : Gal(Q/Q) — GL(F,),

is surjective for p > 37 prime.



Mod n Galois representations associated to elliptic curves
e E[n]={Pc EQ)|nP=0}~7Z/nZ x Z/nZ
e 0 € Gal(Q/Q),
P =(x,y) € E[n] = 7P = (0(x),0(y)) € E[n]

pE.n : Gal(Q/Q) — Aut(E[n]) ~ GL2(Z/nZ)

 Gal(QUEIR])/Q) = pen(Gal(@/Q)) = Ge(n) < GLa(Z/n7)
e Q(P) = Q(EIA)M* , Hp < GallQE[A])/Q)

* [Q(P) : Q] = [Gal(Q(E[n])/Q) - Hpl

e E[n] = (P1,P2), P=aP1+ bP>, a,b € Z/nZ:

P € E[n] <— v = (a,b) € (Z/n7Z)?
7P «— M.v, M € Gg(n)
[Q(P) : Q] = [Ge(n) : Ge(n)v] = |Ge(n) - v],

where Gg(n), (resp. Gg(n) - v) denotes the stabilizer (resp. orbit)
of v by the action of Gg(n) on (Z/nZ)>.



E.-Najman (2019) New algorithm GrowthTorsion

Magma V2.26-3 Thu May 20 2021 20:40:10 on luna
Type 7 for help. Type <Ctrl>-D to quit.

> E:=EllipticCurve("210e7");

> time G8:=GrowthTorsion(E,8);

Has CM? false

Torsion over Q : [ 2 ]

Computing for degree 2 ...

Primes : [ 2]

Torsion Growth over degree 2 : <[ 41, [ 41, [ 2, 21>
Computing for degree 4 ...

Primes : [ 2]

Torsion Growth over degree 4 : <[ 81, [ 81, [81, [ 2, 41,[2, 41>
Computing for degree 8 ...

Primes : [ 3, 2]

Torsion Growth over degree 8 : <[ 61, [ 16 1, [ 16 1, [ 161, [ 16 1,
(2,81, 2,81, [2, 81, [4,41>
Time: 30.050




(16) (16) (16) (16) (2,8) (2,8) (2,8) (4,4)




E.-Najman (2019) New algorithm GrowthTorsion

[d] B @)\ Ug g <a®(d) D [ho(d) [ No(d) | #Ho(d) |
@, ), 3, @), (5), (6), (1), (8,
U 9),(10),(12),(2,2), (2,4), (2,6), (2,8) ! 210 1
2 | (15), (16), (2,10), (2,12), (3, 3), (3, 6), (4, 4) 4 3150 52
3 (13), (14), (18), (21), (2, 14) 3 3969 26
4 | (13), (20), (24), (2,16), (4, 8), (5, 5), (6, 6) >9 | >14400 | > 130
5 (11), (25) 1 121 4
6 (30), (2,18), (3,9), (3, 12), (4, 12), (6, 6) >9 | > 10816 > 137
7 — 1 26 1
(17}, (20 G0, (32) (2. 20),
8 (27 24)’ (3 12) (4 ) > 17 > 277440 > 275
9 (19), (26)7 (27), (2 ) ( ) (42) (27 18) >6 > 3969 >34
10 — >4 > 3150 > 58
26), (28), (36), (37), ,(2,28), (2, 30),
2| (;,512)? ((3, 1)5)(, (3), 2(1),)(5(, 10),)(6(, 12) SRR
14 — >4 > 3150 > 52
15 (22), (50) >3 > 3969 > 30
20), (48), (2, 30), (2, 32), (3,1
16 (i’ 1%)7((47)26) (5)1é) (6)1g)7 8)8) >25 | >277440 | > 480
(45),(2,26),(2 36) (2 42) (3 )
18 (37 21)’ (47 28), (6, 18) (7 7)’ (9 9) > 17 > 254016 > 192
20 (22), (33), (2, 22), (5, 10), (5, 15) >0 | >14400 | > 149
21 (43) >3 > 3969 > 29
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