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Prologue



Special things…

Example: 30/October



My goal today: convince you that something is special…

F(x) :=
2
π

log
1 + 1 − 4x2

2 |x | (for − 1
2 ≤ x ≤ 1

2 )
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How our story begins



Fourier optimization wonderland

✤ Tools from Fourier analysis are often useful when treating problems 
in number theory.

✤ Ideal situation: to be able to identify an analysis problem, as pure as 
possible, inside your number problem (and hopefully solve it).



Part I - A brief overview



Our project

✤ Mithun Das
✤ Alexandra Florea
✤ Angel Kumchev
✤ Amita Malik
✤ Micah Milinovich
✤ Caroline Turnage-Butternaugh
✤ Jiuya Wang



✤ Erdös-Turán (1950): If the size of P(z) in the unit circle is “small” and 
the  constant  coefficient  is  “not  too  small”  then  the  zeros  of  the 
polynomial tend to cluster around the unit circle and the angles of 
such roots tend to become equidistributed as the degree grows.

P(z) = zN + aN−1zN−1 + … + a1z + a0

Source: K. Soundararajan, Amer. Math. Monthly, 2019. 



Height and discrepancy

P(z) =
N

∏
j=1

(z − αj) = zN + aN−1zN−1 + … + a1z + a0 ; a0 ≠ 0 ; αj = ρj e2πiθj .

✤ Two notions of height have been considered:

H(P) = max
|z|=1

|P(z) |

|a0 |
and h(P) = ∫

1

0
log+

P(e2πiθ)
|a0 |

dθ .

✤ It can be shown that : h(P) ≤ log H(P);

N

∑
j=1

log (max {ρj , ρ−1
j }) ≤ 2h(P) .



✤ Given an interval I ⊂ ℝ/ℤ let   N(I; P) = #{αj = ρj e2πiθj : θj ∈ I} .

✤ Define the angular discrepancy by  𝒟(P) := sup
I

N(I; P) − | I |N .

𝒟(P) ≤ (4/ π) N h(P) = (2.256…) N h(P) .✤ Theorem 1:

Erdös-Turán (1950)

Ganelius (1954)

Mignotte (1992)

Soundararajan (2019)

𝒟(P) ≤ C N h(P) ≤ C N log H(P)

C = 16

C = 2.561…

C = 2.561…

C = 8/π = 2.546…

PS: The example P(z) = (z − 1)N shows that C ≥ 1.75936…



h(P) = N∫
1

0
log+ e2πiθ − 1 dθ = N

3 3 L(2,χ3)
4π

= N (0.322...),

P(z) = (z − 1)N

𝒟(P) = N

(C. Smyth) 
(D. Boyd, Appendix, 1981)

Hence, if 𝒟(P) ≤ C N h(P) ⇒ C ≥ 1.759..



Hilbert transforms

Continuous world

ℋ(F)(x):= p . v .
1
π ∫ℝ

F(x − t)
1
t

dt

:= (−i sgn(t) ̂F (t))
ˇ

(if F ∈ L2(ℝ))

For F : ℝ → ℂ :

̂F (t) = ∫
∞

−∞
F(x) e−2πixt dx

ℋ : Lp(ℝ) → Lp(ℝ) (1 < p < ∞) is a bounded operator



Hilbert transforms

ℋ( f )(θ) = p . v . ∫ℝ/ℤ
f(θ − α) cot(πα) dα

:= (−i sgn(k) ̂f(k))
ˇ

(if f ∈ L2(ℝ/ℤ))

For f : ℝ/ℤ → ℂ :

Periodic world

̂f(k) = ∫ℝ/ℤ
f(x) e−2πixk dx

ℋ : ℓp(ℝ/ℤ) → ℓp(ℤ) (1 < p < ∞) is a bounded operator



𝒜 =

F : ℝ → ℝ even, continuous and non−negative;

supp(F) ⊆ [− 1
2 , 1

2 ];

̂F ∈ L1(ℝ) .

Class of functions

fF(θ) := ∑
k∈ℤ

F(θ + k) .

For each F ∈ 𝒜 we consider its periodization fF : ℝ/ℤ → ℝ

C := inf
0≠F∈𝒜

max {∥ℋ(F)∥L∞(ℝ) , ∥ℋ( fF)∥L∞(ℝ/ℤ)}
∥F∥L1(ℝ)

.

Extremal Problem 1 Find the infimum:

Theorem 2: 𝒟(P) ≤
4 C

π
N h(P) Theorem 3: C = 1



Part II - How does the extremal 
problem appear?



z
ρj

− ρj e2πiθj

2

≤ z − e2πiθj
2

⟹ |P(z) | / |a0 | ≥ |Q(z) ⟹ h(P) ≥ h(Q)

Simplification 1: Schur

Let P(z) =
N

∏
j=1

(z − ρje2πiθj) and define Q(z) =
N

∏
j=1

(z − e2πiθj) . Then, for |z | = 1

Simplification 2:

N(I; P) − | I | N = | Ic | N − N(Ic; P),

Since

it suffices to prove upper bounds for N(I; P) − | I | N .



Idea: Given an interval I ⊂ ℝ/ℤ let   gδ ≥ χI

N(I; P) − | I | N ≤
N

∑
j=1

gδ(θj) − | I | N ≲ … ≲ Nδ +
h(P)

δ
.

Let  Proper implementation: 0 ≠ F ∈ 𝒜 and  0 < δ ≤ 1. Assume  ∥F∥1 = 1.

(note that   supp(Fδ) ⊂ [− δ
2 , δ

2 ]) . Define  Iδ as the interval “enlarged” by δ
2

on each side and   
gδ(θ) := ∫ℝ/ℤ

χIδ
(α) fδ(θ − α) dα

Fδ(x) := 1
δ F( x

δ ) fδ(θ) := ∑
k∈ℤ

Fδ(θ + k) .and  Define  
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gδ(θ) := ∫ℝ/ℤ
χIδ

(α) fδ(θ − α) dα ⟹ ∫ℝ/ℤ
gδ(θ) dθ = | Iδ | ≤ | I | + δ

N(I; P) − | I | N ≤
N

∑
j=1

gδ(θj) − | I | N

=
N

∑
j=1 (

∞

∑
k=−∞

̂gδ (k) e2πiθjk) − | I | N

= (N ̂gδ (0) − | I | N) +
N

∑
j=1

∑
k≠0

̂gδ (k) e2πiθjk

≤ Nδ + ∑
k≠0

̂gδ (k)
N

∑
j=1

e2πiθjk

Use the identity: ∫ℝ/ℤ
− 2 |k | e2πikθ log P(e2πiθ) dθ =

N

∑
j=1

e2πikθj .



∑
k≠0

̂gδ (k)
N

∑
j=1

e2πiθjk = ∫ℝ/ℤ
∑
k≠0

− 2 |k | ̂gδ (k) e2πikθ log P(e2πiθ) dθ

≤ 𝒢δ ∫ℝ/ℤ
log P(e2πiθ) dθ

= 𝒢δ (∫ℝ/ℤ
2 log+ P(e2πiθ) dθ − ∫ℝ/ℤ

log P(e2πiθ) dθ)
= 2 𝒢δ h(P)

where:
𝒢δ := max

θ ∑
k≠0

2 |k | ̂gδ (k)e2πikθ



̂gδ (k) = ̂χIδ
(k) ̂fδ (k) = ( e−2πikα − e−2πikβ

2πik ) ̂fδ (k) .

Assume that Iδ = [α, β] . Since gδ = χIδ
* fδ

∑
k≠0

2 |k | ̂gδ (k) e2πikθ =
1
π ∑

k≠0

− i sgn(k) ̂fδ (k)(e2πik(θ−α) − e2πik(θ−β)),

Hence

∑
k≠0

2 |k | ̂gδ (k) e2πikθ ≤
1
π ∑

k≠0

− i sgn(k) ̂fδ (k) e2πik(θ−α) +
1
π ∑

k≠0

− i sgn(k) ̂fδ (k) e2πik(θ−β)

=
1
π

ℋ( fδ)(θ − α) +
1
π

ℋ( fδ)(θ − β)

≤
2
π

∥ℋ( fδ)∥L∞(ℝ/ℤ).

and therefore



We ended up proving that 

N(I; P) − | I | N ≤ Nδ +
4
π

∥ℋ( fδ)∥L∞(ℝ/ℤ).

Hence we need to understand how big δ ∥ℋ( fδ)∥L∞(ℝ/ℤ) can be.

sup
0<δ≤1

δ ∥ℋ( fδ)∥L∞(ℝ/ℤ) = max {∥ℋ(F)∥L∞(ℝ) , ∥ℋ( fF)∥L∞(ℝ/ℤ)} .Lemma:

Calling 𝒞(F) := max {∥ℋ(F)∥L∞(ℝ) , ∥ℋ( fF)∥L∞(ℝ/ℤ)} .

N(I; P) − | I | N ≤ Nδ +
4𝒞(F)

π δ
.

Choosing δ =
4 𝒞(F) h(P)

πN
⟹ N(I; P) − | I | N ≤

4 𝒞(F)

π
N h(P) .

𝒟(P) ≤
4 C

π
N h(P)



Part III - Magic functions



Competition is fair…

F(x) =

0, if 0 ≤ |x | ≤ 1
4 ;

64 |x | − 16, if 1
4 ≤ |x | ≤ 5

16 ;
1
3 (32 − 64 |x | ), if 5

16 ≤ |x | ≤ 1
2 .
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The triangle function
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F▴(x) = 2(1 − 2 |x | )+
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ℋ(F▴)

∥ℋ(F▴)∥L∞(ℝ) = ℋ(F▴)( 1

2 2
) =

4
π

log(1 + 2) = 1.12...

Leads to 𝒟(P) ≤ (2.39…) N h(P)
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Fν(x) = cν(1 − 2 |x | )v
+

ν = 1/2 ν = 1 ν = 3 ν = 4
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Lots and lots of convex combinations of convex combinations later… 

C ≤ 1.015
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The first miracle

ℋ(F)(x) :=
1
π ∫ℝ

F(x − t)
1
t

dt =
1
π ∫

1/2

0
F′�(t) log ( |x − t |

|x + t | ) dt

page 563 of 1170



A little bit of reverse engineereing… 

F(x) :=
2
π

log
1 + 1 − 4x2

2 |x | (for − 1
2 ≤ x ≤ 1

2 )

ℋ(F)(x) =
sgn(x), if |x | ≤ 1

2 ;
2
π arcsin ( 1

2x ), if |x | > 1
2 .

C ≤ 1Conclusion:



How to prove a lower bound?  
A duality argument

G : ℝ → ℝAssume that there exists a function

∥G∥L1(ℝ) = ∫ℝ
|G(x) | dx = 1.

ℋ(G)(x) = − 1 a . e . on − 1
2 < x < 1

2

∥ℋ(F)∥L∞(ℝ) = ∥ℋ(F)∥L∞(ℝ) ∫ℝ
|G(x) | dx ≥ ∫ℝ

ℋ(F)(x) G(x) dx

= −∫ℝ
F(x) ℋ(G)(x) dx = ∫

1
2

− 1
2

F(x) dx = 1

Then, for any F ∈ 𝒜 normalized so that ∥F∥L1(ℝ) = ∫
1
2

− 1
2

F(x) dx = 1 ,



The second miracle

page 248 of 451



C ≥ 1Conclusion:

Again, a little bit of reverse engineereing… 

G(x) :=
2x

1 − 4x2
(for − 1

2 ≤ x ≤ 1
2 )

ℋ(G)(x) =
−1, if |x | < 1

2 ;

−1 + 2 |x |

4x2 − 1
, if |x | > 1

2 .



An interesting related result

𝒜* = {
F ∈ L1(ℝ) ; F ≥ 0

supp(F) ⊆ [− 1
2 , 1

2 ] .Class of functions

C* := inf
0≠F∈𝒜*

∥ℋ(F)∥L∞(ℝ)

∥F∥L1(ℝ)
.Extremal Problem 2 Find the infimum:

Theorem 3: C* = 1 and the unique extremal function is 

F(x) :=
2
π

log
1 + 1 − 4x2

2 |x | (for − 1
2 ≤ x ≤ 1

2 )

{F ∈ L1(ℝ) ; F ≥ 0
supp(F) ⊆ I .

∥ℋ(F)∥L∞(ℝ) ≥ | I |∥F∥L1(ℝ)Consequence if



Thank you!


