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Motivation

Theorem (Mañe-Bonatti-Diaz-Pujals-Ures)

f is C 1-robustly transitive ⇒ Df -invariant geometric structure.

- (Mañe) dim(M) = 2 ⇒ Anosov.

- (DPU) dim(M) = 3 ⇒ Partially hyperbolic.

- (BDP) Any dimension ⇒ Dominated splitting (volume hyperbolicity).

Similar conclusions for stably ergodic diffeomorphisms (Arbieto-Matheus/
Bochi-Fayad-Pujals).
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Goal

Find results in the direction: Df -invariant geometric structure ⇒ Robust
dynamical property.

In the conservative setting, this has been (or is being) successful: Anosov-Sinai/

Pugh-Shub /Burns-Wilkinson/ Hertz-Hertz-Tahzibi-Ures / Avila-Crovisier-Wilkinson.....

What about the non-conservative case?

Existence of physical or maximal measures: Sinai-Ruelle-Bowen / Pesin-Sinai/

Alves-Bonatti-Viana/ Burns-Dolgopyat-Pesin/ Vasquez/ Viana-Yang/ Hertz-Hertz-Tahzibi-Ures/

Buzzi-Fisher-Vasquez-Sambarino/ Ures...

Characterizations of Robust transitivity: ????? Very little is known.
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Underlying idea behind this talk

Topological classification can help to understand dynamical consequences.

Geometric structures give hope that topological restrictions can be found.
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Anosov Case:

Theorem (Newhouse-Franks-Manning 70-74)

If f : N → N is an Anosov diffeomorphism of a infranilmanifold N, then f
is topologically conjugate to its linearization (which is also Anosov).
Moreover, if f : M → M and dimEu = 1 then M = Td (and thus
conjugate to its linearization which is Anosov).

This is essentially the state of the art for the general problem! (There are
some extensions by Brin-Manning and by Benoist-Labourie with extra
assumptions).

So, in dimension ≥ 4 the question seems very hard.
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Dimension 2:

Theorem (Pujals-Sambarino)

f a C 2 diffeomorphism of a surface, if the limit set of f admits a
dominated splitting, then, it is almost hyperbolic: The limit set
decomposes in finitely many pieces which are conjugate to a hyperbolic
basic piece or normally hyperbolic intervals or circles.

In the global dominated splitting case we obtain:

Theorem (Gourmelon-P-Sambarino)

f : T2 → T2 admitting a global dominated splitting TT2 = E ⊕ F . Then,
either f is isotopic to Anosov and f is essentially a DA diffeomorphism or
f is essentially Morse-Smale.

We have examples of all cases, and we have studied integrability properties
of the bundles to the detail.
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Partial hyperbolicity:

From now on, dim(M) = 3.

Definition

f : M → M is partially hyperbolic (PH) if TM = E cs ⊕ Eu where Eu

uniformly expanding and domination between bundles.

Definition

f : M → M is strongly partially hyperbolic (SPH) if TM = E s ⊕ E c ⊕ Eu

and E s uniformly contracting, Eu is uniformly expanding, and there is
domination between bundles.

Ergodicity problem: Hertz-Hertz-Ures / Hammerlindl-Ures.
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Integrability problem:

Question

Are the bundles integrable to f -invariant foliations?

The strong bundles E s , Eu are uniquely integrable (Hirsh-Pugh-Shub 70’s).

Definition

We say that f is dynamically coherent if:

- For f PH, if E cs is integrable to an f -invariant foliation.

- For f SPH, if E s ⊕ E c and E c ⊕ Eu are integrable to f -invariant
foliations (⇒ E c is also integrable to an f -invariant foliation).
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Integrability problem:

In T3 in the isotopy class of Anosov we contribute to this question:

Theorem (P.)

If f : T3 → T3 isotopic to Anosov is PH and admits a foliation F
transverse to Eu then f is dynamically coherent.

We say that a PH diffeomorphism f is almost dynamically coherent if ∃F
transverse to Eu.

- It is an open and closed property.

- It holds for every SPH (Burago-Ivanov).
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Classification Problem:

Definition

We say that two dynamically coherent SPH diffeos f , g : M → M are leaf
conjugate if there exists h : M → M homeomorphism such that:

h(Fc
f (f (x))) = Fc

g (g ◦ h(x))

We need models to be leaf conjugate to.
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Models of SPH diffeos

- Linear Anosov diffeos in T3 (3 different eigenvalues).

- Skew products over Anosov in T2 (the manifold is T3 or non-toral
nilmanifold).

- Time one map of Anosov flow (M =???).

Conjecture (Pujals (BW))

If f : M → M is transitive SPH then (modulo finite lifts and iterate) it is
leaf conjugate to one of the above examples.

Transitivity is necessary due to recent example of Hertz-Hertz-Ures. (They
conjecture the above changing transitivity for non-existence of Anosov
tori).

Conjecture (Hertz-Hertz-Ures)

If f : M → M has no periodic two-torus tangent to E s ⊕ E c or E c ⊕ Eu

then f is dynamically coherent.
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Classification result:

Theorem (Hammerlindl-P)

Let f : M → M be a SPH without periodic two-torus tangent to E s ⊕ E c

or E c ⊕ Eu and assume that π1(M) is almost solvable. Then, (modulo
finite lifts and iterates) it is leaf conjugate to one of the following:

- A linear Anosov on T3.

- A skew product in T3 or Nil .

- The time one map of the suspension of a linear Anosov map in T2.

The result is based on previous results by: Bonatti-Wilkinson,
Brin-Burago-Ivanov, Hammerlindl, Parwani, P.....
Solvmanifold = Mapping torus of hyperbolic automorphism A of T2. We
denote as SA.

The hypothesis on the existence of the periodic torus is to rule out the
non-dynamically coherent examples of Hertz-Hertz-Ures which can be
done in T3 (but not in the isotopy class of Anosov) and in solvmanifolds.
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Idea of the proof in the Solvmanifold case

(1) Burago-Ivanov’s Branching Foliations:

- There exists f -invariant branching foliations close to Reebless foliations.
- If these branching foliations do not “branch” we get dynamical

coherence.
- We call these foliations F cs

bran and F cu
bran and F̃ cs

bran and F̃ cu
bran to the lifts

to the universal cover.

(2) Plante-Gabai’s classification of foliations in solvmanifolds. Essentially,
foliations must remain close to either the center-stable or the
center-unstable foliations of the suspension of the linear Anosov.

(3) Mapping class group in SA is very small (every diffeomorphism has
iterate isotopic to identity).

(4) A suitable lift f̃ fixes many leaves of F̃cu
bran and F̃cs

bran.
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center-unstable foliations of the suspension of the linear Anosov.

(3) Mapping class group in SA is very small (every diffeomorphism has
iterate isotopic to identity).

(4) A suitable lift f̃ fixes many leaves of F̃cu
bran and F̃cs

bran.
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Idea of the proof in the Solvmanifold case II

(5) No “Denjoy-phenomena”:

- If two leaves of F̃ cu
bran remain “close” then an arc of uniform length of

F̃ s crosses both leaves.
- Iterate backwards and get a contradiction.

(6) As a consequence, f̃ fixes every leaf of both F̃cs
bran and F̃cu

bran in the
universal cover.
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Pause: Leaf conjugacy if we get coherence:

What now if f̃ where dynamically coherent?

- Since there is no Denjoy phenomena, points move “forward”
uniformly.

- This implies that center stables and center unstables are close to
different foliations of the suspension.

- This gives that f̃ fixes center leaves: We can define a flow.

- Points move forward, this allows to find a global cross section
(Verjovsky’s arguments).

- The return map is expansive, then by the results of Lewowicz we get
leaf conjugacy.

The difficulty is that if it is not coherent, then points can “stop” and
possibly both foliations are close to the same.
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Idea of the proof in the Solvmanifold case II: Returning to
the proof:

(5) No “Denjoy-phenomena”:

- If two leaves of F̃ cu
bran remain “close” then an arc of uniform length of

F̃ s crosses both leaves.
- Iterate backwards and get a contradiction.

(6) As a consequence, f̃ fixes every leaf of both F̃cs
bran and F̃cu

bran in the
universal cover.

(7) f̃ fixes the intersection of leaves of both foliations, but may have
many connected components.

(8) There are no periodic points in the universal cover (based on idea of
Bonatti-Wilkinson).
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Idea of the proof in the Solvmanifold case III:

(9) If the branching foliations are close to different foliations we get
dynamical coherence:

- First it allows to prove that the intersection has finitely many
connected components, so an iterate fixes centers.

- Using that there are no fixed points, we can see that saturating the
centers by strong stables we get the whole center-stable.

- This implies that if there is branching we obtain a fixes stable leaf,
contradicting the no periodic points in the universal cover.

(10) If both foliations are close to the same we get that points cannot go
“back”.

(11) Points remain bounded in the “flow” direction.

(12) The exponential growth of volume appears in the flow direction, so
this allows to perform classical growth arguments to reach a
contradiction.
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Other manifolds/ Dynamical consequences

Some seems to extend to isotopy class of identity in unit tangent bundle of
high genus surfaces: All Anosov flows are known to be conjugate to
geodesic flows (Ghys). General 3-manifolds: we lack understanding of

Anosov flows yet.

Dynamical consequences seems more difficult. Results of Bonatti-Guelman
(uniqueness of Attractor and Repellor for time one maps of Anosov
different from suspension) can be extended after our results to
nilmanifolds and the isotopy class of Anosov.

The unstable holonomy induces on certain transverse tori pseudo-rotations
with irrational rotation number. This allows to show uniqueness of
attractors for example.
What else???? We need examples.....
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Thanks!
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