Optimal stopping, ruin probabilities and prophet
inequalities for Lévy processes *

Ernesto Mordecki
Universidad de la Repiiblica, Montevideo, Uruguay. T

Abstract
Solution to the optimal stopping problem V (z) = sup, E(z + X;)" is
given, where X = {X;};>0 is a Lévy process, and the supremum is taken
over the class of stopping times. Results are expressed in terms of the
distribution of the random variable M = sup, X, under the hypothesis
E(M) < +o00, and simple conditions for this hypothesis to hold are given.
Based on this, the prophet inequality

V(z) < E(x+ M) <eV(x)

is obtained. Closed form solutions of the distribution of M are given for
a wide class of Lévy processes.

1 Introduction and main results

Let X = {X;}:>0 be a real valued stochastic process defined on a stochastic
basis (Q, F,F = (Fi)i>0, P) that satisfy the usual conditions. Assume that X
is cadlag, adapted, Xg = 0, and for 0 < s < t the random variable X; — X
is independent of the o-field F; with a distribution that only depends on the
difference t — s. X is a process with stationary independent increments (PIIS),
or a Lévy process. For general reference on the subject see Jacod and Shiryaev
(1987), Skorokhod (1991), or Bertoin (1996).

The characteristic function of X; is given by the Lévy-Khintchine formula,
that states

E(eith) _ etw(z)7

where the function ¥: R — C is given by
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where b and o > 0 are real constants, and II is a positive measure on R — {0}
such that [(1 A y?)I(dy) < 4oo, called the Lévy measure. The function
is the characteristic exponent and completely determines the law of X. 7 is a
stopping time relative to F if

7: Q0 — [0, +00] and {r <t} € F; for all t > 0.

We say that X drifts to —oo if P(limy_, 4o X = —00) = 1. Denote by M the
class of all stopping times relative to (F;)i>0 and by 2™ = max(z, 0).

1.1. Consider now the optimal stopping problem: given the process X
and the reward function z* find a stopping time 7% in M and a cost function
V:R — R such that

(2) V(z) = sup E(x+ X))t =B+ X)".

The solution to this problem can be expressed in terms of the distribution of the
overall supremum of X, that is the random variable M = sup,-, X; whenever
this variable is proper and has finite expected value. Denote by

B(z) = P(M > x)
the probability of crossing the barrier at level x, and z* = E(M).

Theorem 1 Let X be a Lévy process such that
+oo
E(M) = / B(y)dy < +o0.
0

Then, the solution to the optimal stopping problem (2) is

+oo
V(z) = B(z + M — E(M))* = / B(y)dy,
E(M)—z
(3) T =inf{t > 0:x + X; > E(M)}.

Theorem 1 essentially says, that although in general, the optimal stopping
problem for a Markov process leds to a free boundary problem (Theorem I11§8.15
in Shiryaev (1978)), in the case considered, this problem reduces to the bar-
rier problem (i.e. finding B(z)) for X, that has the advantage of having fixed
boundary conditions. The conclusion is, that for a Lévy process, (as happened
for random walks in Darling, Ligget and Taylor (1972)) the optimal stopping
problem with reward ™ can be explicitly solved once the distribution of M is
known. Observe that the barrier-crossing probability for the process X is equiv-
alent to the computation of the ruin probability for the process {x — X;};>0. In
section §2 we state conditions on the characteristic exponent 1 of the process
in order to have E(M) < +oo0.



1.2. The second result states a prophet inequality for the class of Lévy
processes, similar to one the obtained for random walks by Darling, Ligget and
Taylor (1972).

Theorem 2 Let X be an arbitrary Lévy process, and x > 0.
(i) If E(M) < 400, the following inequality holds:

V(z) < E(z+ M) <eV(z).
(ii) If E(M) = 400, then V(z) = +o0.

This result is called a prophet inequality in the sense that is compares the
expected reward of a gambler that has complete foresight, or a “prophet” that
can choose the moment at which the maximum is attained, obtaining x + M,
with the expectation of the best possible strategy in the class M. For references
on analogous results for sequences of random variables see Hill and Kertz (1990).

1.3. Finally we address to the question of the distribution of M. Next result
presents a wide class of processes that admits simple closed solutions. Let X be
a Lévy process with characteristic exponent

) 1 1z 0 iz ,
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where 7 is an arbitrary Lévy measure concentrated on (—oo,0), A > 0 and
a>0. As
1z

+oo
/ (e — Nae™dy = -
0 o —1iz
we conclude that the process considered has positive exponential jumps with
parameter « at poissonian moments with rate A, and arbitrary negative jumps.

Taking

| Aaem¥dy if y >0,
(5) (dy) = { 7(dy) if y<DO.
and )
(6) b:a—l—a[l—(l—i—a)e_o‘]

in (1) we obtain (4).
Consider now, for p > 0, p # « the function
0

1
(7)  w(p) =ap+50°p* + AQL_p +/ (e =1 —pyl_1cy<op)m(dy).

The function z +— (z) in (4) can be extended analytically in such a way that,
for 0 < p < a, k(p) = ¥(—ip), and the Laplace transform of X; is given by

E(er*) — tr(P),



Following Bertoin (1996) we call k = k(p) the Laplace exponent of X.
As the integrand in (7) is convex in p for fixed y, we obtain that x(p) is
convex on [0, «). From this follows, that when

1 Aot
(8) K'(0+) = pl_i%l+ Eﬁ(p) =a+ o +/ ym(dy) < 0,

(the integral can take the value —o0) equation x(p) = 0 has two positive roots
p1, p2 that satisfy 0 < p; < a < ps.

Theorem 3 Let X be a Lévy process with characteristic exponent given by (4).
Denote by M = sup,~, Xy and by B(z) = P(M > z). Assume that condition
(8) holds. Then -

(i) The process drifts to —oo, and the barrier problem for X has solution

| AeTP T 4 AjeP® ) 1 >0,
) (o) = { ; Iy
where p1 and pa are the two positive solutions of the equation k(p) = 0, and the
constants Ay and As are given by

A1:p2(04—p1) A2:p1(p2—04)

(10) a(p2 *pl), a(p2 *P1).

(ii) The random variable M has finite expectation,
z* = E(M) = Ai/p1 + Az/po,

and the optimal stopping problem (2) for the process X with reward x+ has
solution

Ay pi(z—z™) Az p2(z—z™) *
V({L‘):{ple + SZe , T <z¥,

x, x> xr.

2 Conditions for E(M) < 400

In this section we give conditions in order to have E(M) < 400 in terms of the
characteristic exponent 1 of a Lévy process X. More precisely, we state condi-
tions in terms of the triplet (b, 0, 1I) similar to the ones for random walks, i.e.
(1) negative drift, and (ii) finite second moment of the positive part (Theorem 5
in Kiefer and Wolfowitz (1956)). The analysis is based on the decomposition of
the process X as a semimartingale, (see Protter (1992) or Jacod and Shiryaev
(1987)). The first question addressed is the case of bounded positive jumps.

Lemma 1 Let X = {X,}1>0 be a Lévy process. Denote M = sup, X;. If the
positive jumps of X are bounded, and drifts to —oo, then E(M) < +oo.



Proof. Without loss of generality we can assume that the positive jumps are
bounded by 1. Denote B(z) = P(M > x). We claim that

(11) B(z+y+1) < B(z)B(y) for all positive x, y.
Denote 7, = inf{t > 0: X; > 2}. We have

Bx4+y+1)=Pup Xy >ax+y+1)=Pup Xy >ax+y+ 1,7, < +00)
t ¢

=Plsup X — X, >ae+y+1—-X, 7% < +0)
t
=P(sup(Xr, 4+t — Xr) 2y+ae+1— X, 7, < +00)
t
< P(sup(Xr, ¢ — Xr,) 2y, 72 < 400) = B(z)B(y)
t

based on z+1—X,_ > 0 on the set {7, < +00}, and the strong Markov property
(1.6 in Bertoin (1996)). In this way (11) is proved.
As the process drifts to —oo there exists z such that B(xo) < 1. As E(M) =

fOJrOC B(x)dx, to conclude the proof is enough to verify

—+oo
/ B(z)dr < +00.
2xo0+1

As B(z) is non-increasing, taking x = y = ¢ in (11), by induction, we obtain
that if x € [nzg+n—1,(n+ 1)zg+n], n € N

B(z) < B(nzg+n —1) < B(zo)".

So
400 +00  s(n+)zo+n +oo
/ B(z)dz = Z/ Bla)dz < S (w0 + 1)B(xo)"
2z0+1 n=2Ynzo+n—1 n=2
_ B(xo)?

and the proof is concluded. O

In order to analyze the general case consider the condition
(12) b +/ yII(dy) < 0.
{lyl=1}

This means f{y>1} yII(dy) < 400 but the integral can take the value —oo.



Lemma 2 Let X be a Lévy process with characteristic exponent given by (1).
Then
(i) If condition (12) holds the process drifts to —oo, that is

P( lim X;=-00)=1.

t——+o0

(ii) If (12) holds, and furthermore

+oo
(13) /1 y*II(dy) < +oo,

we have
E(M) < +o0.

Proof. Consider the decomposition of X as

t
(14) XtZJBt+/ / y*(u—l/)“rbt-F Z AXsl{\AXS|21}~
0 J{lyl<1}

0<s<t

(Theorem 1.42 in Protter (1992)) where B = {B;}:>¢ is a Brownian motion, y =
p(w, dy, dt) is the random measure of the process X, v = v(dy, dt) = II(dy)dt
. 1 L
its compensator, and b = E(X; — [; f{\y\zl} y * p1). By condition (12) we can
take € > 0 such that
yIl(dy) +b+¢e < 0.
{lyl>1}

Let X, = X| + X/ with

¢
Xt':JBt+// y* (u—v)—et,
0 J{lyl<1}

X/ =@®b+e)t+ > AXdax.>1)-

0<s<t

Denote now
M’ = sup X, M" =sup X}'.
>0 >0
We have M < M’ + M". The process X’ has bounded jumps. From Theorem
1.34 in Protter (1992) follows that X’ has finite moments of any order, giving
E(X]) = —et < 0. This fact allows to conclude that X’ drifts to —oo (16.3.3 in
Koroliuk et al.(1988)). Then Lemma 1 applies, giving E(M') < +oo.
Let us analyze X”. Define the sequence of stopping times

Ty =0, Tey1 = inf{t > Ty: |[AX,| > 1}



The process N = {N,};>¢ defined by N; = sup{k: T}, < t} is a Poisson process
with parameter \ = f{|y|>1} II(dy). Denote AXy, =T = Xr,_ = 0. X/ can

be represented as
Ny

X! = AXgp + (b+o)t.
k=0

In consequence if b+ ¢ < 0

sup X! = sup X/, = sup { 3 (AXg, + (b+ )T — Tien)) }
t n n>0 k=0

andif b+e<0

n

Sup X7 = sup X _ — sup { ST (AXq, + (b4 )Ty — Tisr)) }
t n n k=0

As both cases are similar we analyze the first. Denoting
Ziy =AX7, + (b+e)(Tk — Tr—1),
from Theorem 18§4.3 in Skorokhod (1991) we deduce
1
E(Zk):—</ yH(dy)+b+€) < 0.
AN S(yl21)

concluding (i) based on the fact that the random walk Y.}'_ | Zj, drifts to —oc.
If (13) holds, we obtain

2 4(b+e)?

E(ZH)?) < /\/{ >1}y2H(dy) + g <
Yy=

So Theorem 5 in Kiefer and Wolfowitz (1956) applies giving E(M") < oo,
concluding the proof of (ii). O

3 Examples

Theorem 1 gives the solution to the optimal stopping problem for a Lévy process
X trough the function B(z) = P(M > z) and the value z* = E(M). We
present some examples where explicit formulae for this quantities can be found,
and discuss whether the bound in Theorem 2 is attained.



3.1 Lévy Processes with no positive jumps

Let X = {X,;}+>0 be a Lévy process with no positive jumps, that is, a process
with Lévy measure 7 with support on the set (—oo0,0). It is known, that for
this class of processes the distribution of the overall supremum can be computed
explicitly (Prabhu (1980), Bertoin (1996)). Let us remark in advance, that in
the case considered, the bound e in Theorem 2 is attained. The characteristic
exponent of the process is

1 O ,
(19 wle)=iar- 30+ [ (€ - 1= il acyeo)n(dy).
The Laplace exponent is given by
1 0
(16) K(p) = ap + 50°p" + / (€ — 1= pyli_1<y<oy)m(dy).

Corollary VIL.2(ii) in Bertoin (1996) states that, under the condition

-1

(17) K (0+) =a +/ ym(dy) <0,

— 00

there exists an unique positive root py of the equation x(p) = 0, and that
M = sup, X; has exponential distribution with parameter py. In other words,
forx >0

1

B(z)=P(M >z)=e"?" and E(M)=—.

Po
Observe that the bound in the prophet inequality (Theorem 2) is attained at
x = 0, that is

E(M) = eV(0).

Consider some particular cases.

3.1.1 Wiener process with trend
Let X = {X,;}1>0 be given by

Xt = O'Bt + at,
with B = {B;}+>0 a Wiener process. In this case 7 = 0, and (17) reads a < 0.
The root is pg = —3—‘; (This is example in III§3 in Shiryaev (1978), see also

Taylor (1978)).



3.1.2 Risk processes
Consider a Lévy process X = {X,};>0 with

Ny
Xt =at — Z Yk,
k=1

where N = {N,};>¢ is a Poisson process with intensity A, and ¥ = {Y} }ren is a
sequence of independent positive random variables with distribution F' = F(y).
X is called a Risk process (Embrechts and Kliipelberg (1993)), and is a Lévy
process with characteristic exponent

+o0 ) 0 )
W(2) = iaz + A / (=59 — 1)dF(y) = iaz + A / (€% — 1)dr(y)
0 —o0
with 7(y) =1 — F(—y~). Condition (17) is

—+o00
a< A/ yF(dy),
0

where the integral can take the value +oc0. pg is the Cramer-Lundberg constant,
i.e. the positive root of the equation

+oo
ap + )\/ (e7P¥ —1)F(dy) = 0.
0

We are interested in two particular cases, the first considered in Mordecki (1998)
e Exponential jumps.
If F(x) =1— e % we obtain py = % - B.

e Negative Poisson process.

Taking F(dz) = 0,(dz), the probability measure concentrated at p > 0,

our process results
Xt =at — Nt.

Condition (17) is a < pA, and py is the solution of the equation

ap+ e PP —1)=0.

3.2 Processes with positive jumps
3.2.1 Poisson processes

Consider a Lévy process X = {X;};>0 with

Xt:Nt—at



where N = {N;},>¢ is a Poisson process with parameter A\. The characteristic
exponent is ‘
Y(z) = —iaz + A(e”® —1).

The crossing barrier probability B(z) was obtained by Pyke (1959), and when

A<ais .
r _ Kk
B(z)=1- (1 _ é) kZ:O (ﬂ)k%e—x(k—@/a.

a a

Then the problem is solved according to Theorem 1. By Lemma 1, under the
condition A < a, v* = E(M) < +o00. Let us compute its value. The function
B(x) is the solution to the problem (VI.5 in Feller (1966))

a

(18)  B(@)-B—1)=%

B'(z), B(z)=1 for —1<z<0.

Denote for z > —1

We compute z* = E(M) = lim,_, ;- w(x). Integrating (18) over [z, +00),

2B()

(19) w(z) —w(x—1) = X

From the boundary condition in (18) follows
(20) wx)=z if —-1<z<0.

Integrating (19) over [0, z], taking into account (20)

v 1
| ) = fu@ - 5.

As w = w(x) is increasing, we obtain
w(zx—1) < %w(m) -

Taking limit as x — +o0, results

A
2(a— )’

¥ =

3.3 Signed exponential jumps

We consider a particular case of Theorem 3. Take X = {X;};>0 with

N} Ny
Xp=at+oB+» V=Y v/
k=1 k=1

10



where B = {B;};>0 is a Wiener process, N* = {N}};>0, N* = {N}'};>¢ are
Poisson processes with parameters A and p respectively, and Y* = {Y,*}ren
YP = {Ykﬁ }een two sequences of independent exponentially distributed random
variables with parameters o and 3 respectively. The five processes B, N*, N*,
Y Y# are independent. The process X has exponentially distributed positive
(negative) jumps with rate A (1) and parameter « (5). The characteristic
exponent of the process is
1z 1z
a—1iz # B+iz

1
¥(z) =iaz — 502,22 + A

with Lévy measure
] Aaem®dy  y >0,
Ti{dy) = { pBePvdy  y < 0.

In consequence, the Laplace exponent is

L 55 Ap Hp
Kp)=ap+ -0 + — .
(p) = ap + 50°p o7 Bip
The conclusion follows from Theorem 3. This example is motivated by example
VL.8 (b) in Feller (1966). The case with only positive jumps was considered in

Mordecki (1997).

3.3.1 Compound Poisson process with exponential jumps

In the following example we have P(M = 0) > 0. This fact makes the bound in
Theorem 2 not to be attained.
Consider X = {X;}+>0 with

Ny
X, = ZYk — at,
k=1

where N = {N,;},>¢ is a Poisson process with intensity A, and ¥ = {¥} }ren
form a sequence of independent random variables with exponential distribution
and parameter a. The characteristic exponent is

12

P(z) = —iaz + A

o —1z
Condition (8) reads A < aa. It is known (see for instance Embrechts and
Kliipelberg (1993)) that for = > 0
A
B(z) = 2~e—r"
(x) = —e

with p=a — % > 0. Simple computations show, that



In particular, taking % = %, follows that

E(z+ M)
sup

— =2 <e.
w0 V(@) ‘

and the bound in Theorem 2 is not attained.

4 Proof of the Theorems

Proof of Theorem 1. It is enough to verify the following two conditions
(1) sup,en Elw + Xo)* = B(w+ M — E(M))*.
(i) BE(x+ X, )t =E(@+M - E(M))*.
In order to prove (i) we consider our problem as the limit of a sequence of

optimal stopping problems for the random walks X™ = {X}9-»:k € N}, n € N.
Denote g(z) = 2+ and Tyg(x) = Eg(x + X;). For each fixed n, let

Qng(z) = max{g(z), To-ng(z)},  M" = sup Xpg—n-

The sequence {M™} increases with n, and

M" —- M =supX; P-as.
t

because X is cadlag. Denote F" = (F}') the filtration generated by the random
walk X", that is F}! = 0-{Xj5-»:1 < i < k}, and M™ the class of stopping
times relative to F™, that take values k27", k € N. Observe that if 7 € M™,
X" = X,. QV is the N iteration of the operator Q,,.

Now

sup Eg(z + X,) = lim (Im Q) g(z)) = lim ( sup Eg(z + X,))
TEM n "N noreM,

= lim B(x + M" — E(M"™))* = Bz + M — E(M))".

The first equality follows from Lemma III.3 and Theorem II.3, in Shiryaev
(1978). The second from Theorem II.3 also in Shiryaev (1978). The third from
Darling, Ligget and Taylor (1972) and the fourth by dominated convergence,
because

—EM)<M"—-E(M"™) < M.

(ii) is proved as in Darling, Ligget and Taylor (1972). For the sake of com-
pleteness we rewrite the proof. Consider 7* defined by (3), and A = {7* < +o0}.
We have

Ex+M1y=FEM—-X,«+2+ X, )la=EM — X, )1a+ E(x+ X,;-)14.

12



On the set A, applying the strong Markov property

t=>
In conclusion, as the process drifts to —oo
E(x+ X))t =E(z+ X;+)1a = E(z + M)14 — E(M)P(A) =
E(x+M —E(M))1a=E(z+M — E(M))*
concluding the proof. O

Proof of Theorem 2. (i) Let X be an arbitrary Lévy process such that
E(M) < 4o0. Inequality V(z) < E(xz + M) is immediate. We have to prove,
that for £ > 0

E(xz+ M) <eV(x).
As V(z) = E(x+ M — E(M))™", this amounts to say, that for z > 0

B E(z+ M)
(1) 1) = g M —EGQD)T = ©

If © > E(M), E(x+ M — E(M))" =, and ¢(z) < 2 < e. Let now z € R,
and denote 7, = inf{t > 0: X; > «}, and as before, B(x) = P(M > z). We now
prove, for all x, y positive

(22) B(z +y) = B(x)B(y).
Taking into account that X, — x > 0, we obtain
Bz+y)=PM>z+y)=PM>z+y,1, <+00)
= P(sgp(Xt —T) >y, Ts < +00) = P(S%P(erﬂ —Z) >y, Te < +00)
2 P(sup(Xeir, — Xr.) 29,72 < +00) = B(x)B(y)

and (22) is proved. Consider now the auxiliary function f = f(z) given by

+oo
fo = [ By az0,

Differentiation gives

7wy = o (- /;00 B(a)dz — B(x))

x*

In order to conclude that f/'(x) > 0 for all z > 0, we integrate (22)

+oo +oo +o0
/ B(y)dy = / B(z +y)dy > B(x) / B(y)dy = B(a)a*

13



and deduce that f(z) is an increasing function. As f(0) = x* we conclude

+o0o
(23) ﬂw=e#/' Bly)dy > o

Now, applying (23) with 0 < z < x*

T+ z* T+ x* Tt —x
q(z) = < ” ( ” ):cx.
D By =« e ) =

It is direct to see that the function c¢(x) is decreasing, and that ¢(0) = e, con-
cluding the proof of (i).

(i) Assume E(M) = +oo. If P(limsup,_ . X¢ = 4+00) = 1, denoting
To = inf{t > 0:x + X; > a} for any level a, we have P(1, < +00) =1 and

V(z) > E(x+ X;,) > a.

As a is arbitrary V(z) = 400 follows.
By VI.3.12 in Bertoin (1996) it remains to consider the case P(limy_, oo Xt =
—o00) = 1. Introduce X as

X{ =X, — Y AXdax,sa)-

0<s<t
As P(X{ < X; ¥t) =1, we deduce P(lim;_, 4o X = —00) = 1 and

(24) V(x) =sup BE(z + X4t < V(x).

Furthermore, as the Lévy process X® = {X/};>¢ has bounded positive jumps
and drifts to —oo, denoting M* = sup, X{* by Lemma 1 (i) we have E(M?) <
+00. Then by part (i)
a
| < Bt M)
S Ve S
As
M* /M P-a.s. as a— +oo,

and E(M) = +o0, we conclude that V*(z) / +o0o0 as a — +o0o. By (24) the
proof of (ii) is concluded. O

Proof of Theorem 3. First observe, that (ii) follows from (i) and Theorem 1.
Let us prove (i). In order to see that the process drifts to —oco we apply
Lemma 2. By (5) and (6)

-1

—+o0
b+ / yI(dy) = b+ /\/ yae” Ydy + / ym(dy)
{ly|>1} 1

— 00

14



)\ —1
:a+a+/ ym(dy) <0

o (12) follows from (8), and f;roo y2Il(dy) < +oo follows from (5).
Fix now > 0, and consider the auxiliary function

(25) A(z) = B(z — 2),

with B given in (9). In order to prove (i) we apply Meyer-1to’s formula to X
with characteristic exponent given by (4) and the function A.

As the process considered has a finite number of positive jumps on [0, t] we
consider a slightly modification in the decomposition of X in (14). Denoting

t
Mt:oBt+/ / y* (pn—v), Sy = Z AXLiax.¢(-1.0));
0 J{-1<y<0}

0<s<t

with M = {M,};>0 a local martingale and S = {S;};>0 a process with finite
variation, we have
Xt :Mf+Sf+at

As the function A is not CQ(R) we apply Meyer-1t6 formula (IV.51 of Protter
(1992)) denoting m(da) the signed measure that is the second derivative of A
in the sense of distributions (when restricted to compacts).

A(Xy) — A(Xo) = /0 A(X,_)dXs + %/Rlx(a,t)m(da)

(26) + 30 (AX) — AX,-) - A(X,0)AX,)

0<s<t

where (X (a,t) is the local time of the process X at level a and time t.
We examine the three terms in (26) one by one.

t t t t
/ A(X,_)dX, = / A'(X,_)dM, + / A'(X,_)dS, + / A'(X,_)adt.
0 0 0 0

In particular,
t
/ A’(Xs_)dSs = Z A/(Xs—)AXsl{Ang(—l,O)}-
0 0<s<t
For the second term, observe that
m(da) = A”(a)da — A'(x—)6,(da)

with A”(a) the second derivative of A if a # x, A’(x—) the left derivative of A
at the point  and 0, (da) the point mass at . Applying Corollary 1 to Theorem
VL51 of Protter (1992),

15



/ZX(a,t)m(da):/ A"( X )d (X, X), — A'(z—)1% (z,1).
R 0

If
T, = inf{t > 0: X; >},

we have [X(z,7,) = 0 because X; < z on the set [0,7,). So,

tATy tAT, 1
/ X (.t A )m(da) = / (X, )d (X, X), = / A(X, )50
R 0 0

The third term is transformed with stochastic integrals with respect to the
measures g and v. First

S (A - A ) - A(X,)AX,)

0<s<t

t
= Z (A(Xs)—A(XS_)—A’(XS_)AXS1{,1<AX57<O})—/ A'(X,)dSs.
0<s<t 0

Now, by Proposition I1.1.28 in Jacod and Shiryaev (1978)

Z <A<XS) - A(Xsf> - A/(Xsf)AX81{71<AXS<O}) =

0<s<t
/ [ (A ) = A = A (X Cryor) = (0= )

/ / AXs— +y) — A(Xs-) — A’(Xsf)y1{71<y<0}) * UV
and, as v(dy,ds) = II(dy)ds

/ / AXs- +y) — A(Xs) — A/(Xsf>y1{71<y<0}) * U

= [ (A )~ A~ A0y ) )
0 R
In conclusion, evaluating (26) at time ¢ A 7, we obtain
tATy
(27) AXins) = AO) = [ (XA s+ M (A,
0
where

(LXA)(I) = %JQA”(x)JraA’(m)Jr/

(Al +y) = A@) -y (@)1 1<y<0) ) T1(dy)
R

16



is the infinitesimal generator of X, and the process M(A) = {M(A):}+1>0 given
by

M= [ A

t
| [ (G 0 = A )~ A K1 yen) = (0= ).
0
is a local martingale. Suppose that
(28) LX¥A(z)=0 for z<u.

As X, < x on the set [0,t A 7],
tATy
/ (LXA) (X, )ds = 0.
0

Furthermore, as the function A is bounded, from (27) follows that M(A) is a
martingale. Taking expectations, and limit as t — +oo in (27), in view of (25)

B(z) = A(0) = FA(X;,) = P(1, < +00) = P(M > z).

because X, = —oo on the set {7, = 400} and lim,_, o A(y) = 0. To conclude
the proof we verify (28).

Denote A(z) = A,(2) = B(z — 2). As the operator L¥ is homogeneous in
space, taking t = z — x, (28) is equivalent to

L¥Ap(t)=0 for t<O.

As A1 + Ay = 1, we have Ap(t) = Ei:l ApePrt  where t~ = min(¢,0). By
linearity

2
LXAg(t) = > ALX (en!).
k=1
For t <0,
1 0
LX (ePt) = eP! (ap + 502]92 +/ (e’ —1 —py1{71<y<0})77(dy))+

— 00

—+o0
+)\/ (ep(t-s-y)’ — ePHae™dy.
0

The second integral equals,

—t “+oo
/ ePUHY) e dy + / ae”Wdy — et = (e — ePt) (L)
0 —t p—a

17



In conclusion, for t < 0

2

1
LAt Z ApePrt (apk + —o%pi + AP
Pt 2 a—0p

0
+/ (eP*Y —1 — pryli_1cy<o})™ (dy)) + et ZA’“

> k=1

2
= 3 A ) £ S A
k=1

k=1

Pk —

=0

Pk —

by (10), concluding that (28) holds, and the proof of the Theorem 3. O
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