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Introduction to algebraic graph theory

UNIVERSIDAD DE LA REPUBLIGAR

FACULTAD DE IMGENIERIA

DEPARTA siwarass D8

BOCUMENTACION Y BIBLIOTECA

MONTEVIDEO - URUGUAY

About the book

This book is concerned with the use of algebraic techniques in the study
of graphs. The aim is to translate properties of graphs into algebraic
properties and then, using the results and methods of algebra, to deduce
theorems about graphs.

It is fortunate that the basic terminology of graph theory has now be-
come part of the vocabulary of most people who have a serious interest
in studying mathematics at this level. A few basic definitions are gath-
ered together at the end of this chapter for the sake of convenience and
standardization. Brief explanations of other graph-theoretical terms are
included as they are needed. A small number of concepts from matrix
theory, permutation-group theory, and other areas of mathematics, are
used, and these are also accompanied by a brief explanation.

The literature of algebraic graph theory itself has grown enormously
since 1974, when the original version of this book was published. Liter-
ally thousands of research papers have appeared, and the most relevant
ones are cited here, both in the main text and in the Additional Re-
sults at the end of each chapter. But no attempt has been made to
provide a complete bibliography, partly because there are now several
books dealing with aspects of this subject. In particular there are two

~ books which contain massive quantities of information, and on which it

is convenient to rely for ‘amplification and exemplification’ of the main
results discussed here.
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4 Introduction to algebraic graph theory

edge is incident with two vertices, and no two edges are incident with
the same pair of vertices, then we say that I' is a strict graph or briefly,
a graph. In this case, ET' can be regarded as a subset of the set of
unordered pairs of vertices. We shall deal mainly with graphs (that is,
strict graphs), except in Part Two, where it is sometimes essential to
consider general graphs.

If v and w are vertices of a graph I', and e = {v,w} is an edge of T,
then we say that e joins v and w, and that v and w are the ends of e.
The number of edges of which v is an end is called the degree of v. A
subgraph of I' is constructed by taking a subset S of ET" together with
all vertices incident in T with some edge belonging to S. An induced
subgraph of T' is obtained by taking a subset U of VI' together with
all edges which are incident in I" only with vertices belonging to U. In
both cases the incidence relation in the subgraph is inherited from the
incidence relation in I'. We shall use the notation (S)r, {(U)r for these
subgraphs, and usually, when the context is clear, the subscript I" will
be omitted.

PART ONE

Linear algebra in graph theory

LA REPUBLIGH

ONIVERSIDAD e
- NGENIERIA

FACULTAD DE
HNTO DE

DREART AnED
DOCIMBNT ACION Y BBLIO’F‘WAA

MONTEVIDEQ - URUGUAY



'y 0} Surpuodsallod $10300AU930
jo ooeds oYy Jo UoISUAWIp 9} 03 Tenbo st g = (v — 1Y)39p uoryenba oy
3o 1001 ® se Y jo Ayordynur oY) pue ‘[eal sI Y ey} smof[of 1 ‘oLrgomx
-wks pue (831 ST ¥ SoUIs ‘UdY T, "V JO an[eauoSe ue st Y e} asoddng

v Jo serjzadoxd
rexjoeds ayg are sepjzedoad yons Suoure 1SOWISIO] ‘SUWN[OD PUB SMOI
ay) jo suoryenurdd ISPUN JUBLIGAUT dI8 [OIYM XLIyB Lousoelpe o643 jo
serjradoid ssoyy ur Aprrewtad pajsardur @q [[BYS dm ey} I8d[> ST ¥ ‘1
jJO seo1pIeA 9Y) Jo Suifeqe] Arerjiqre ue 0} puodssilod Y JO SUUMIOD
pU® SMOI o) 9OUIg °019Z S| Yy JO d0eI} 0U) ey} pue ‘Xujeus DLI)OUITIAS
[eel ® SI ¥ Yeq) uonuygsp oy} woy A[J0e1Ip SMOT[o] § ‘9sIn0d JO PIRY
xo[dUIO) 9Y) ISAC X118 8 S€ Y IOPISUOD 9M SSOUaI[uyop JO oyes o} 104

‘osmIagio ‘0| _ fip
‘yuooelpe are fapue fayt ‘1

£q uoal8 ore fp ssrxjue esoym (I)V

= ¥ Xuyewr © x u oY) si I Jo zngowe fiousovlpo ayy, 1°g uorpuys(

Jua00lpy
axe ‘a pue ' jey) Aes om uoyy ‘17 ul st {‘a‘fa} JI 1A Jo sjuswIde
Jo sired palspioun jo 998 € Se J5 I9pISuod pue {za‘-‘2a‘ta} jo8 oy
S1 A 195-%01104 osoym ydead e s1 J yey) asoddng -3jooq sy jo spred
Kweur ur ajo1 quejtodurn ue Aefd [[Im yorym xiryews ¢ Suruyep Aq wi8oq oM

AVOADAUO - OAAIATLNON

vOILOIIEIE A NOIDVLNEIWZDQOO
S O NE L e AR

YIMTINADNGD Al (110Yd
¥OII8043Y9 w1 40 GYQSHTIAIND

ydeaid e Jo winijoads oy,

(A



8 Linear algebra in graph theory

Definition 2.2 The spectrum of a graph I is the set of numbers which
are eigenvalues of A(T'), together with their multiplicities. If the distinct
eigenvalues of A(T") are A\g > Ay, > ... > Aq_1, and their multiplicities

are m(Ag), m(\1), .-.,m(As=1), then we shall write
’ Ao ) SR W
S I= .
pec (m(,\o) m) ... m(,\3_1)>

For example, the complete graph K, is the graph with n vertices in
which each distinct pair are adjacent. Thus the graph K4 has adjacency
matrix

A=

e O
o= O
O o R SR
O = e

and an easy calculation shows that the spectrum of K} is

3 -1
Spec Ky = (1 3 ) .
We shall usually refer to the eigenvalues of A = A(I') as the eigenval-
ues of T'. Also, the charactéristic polynomial det(AI — A) will be referred

to as the characteristic polynomial of T', and denoted by x(I'; A). Let us
suppose that the characteristic polynomial of T is

XTA) =2+ XA+ A" 24 A" 3 L+,

In this form we know that —¢; is the sum of the zeros, that is, the sum
of the eigenvalues. This is also the trace of A which, as we have already
noted, is zero. Thus ¢; = 0. More generally, it is proved in the theory
of matrices that all the coefficients can be expressed in terms of the
principal minors of A, where a principal minor is the determinant of a
submatrix obtained by taking a subset of the rows and the same subset
of the columns. This leads to the following simple result.

Proposition 2.3  The coefficients of the characteristic polynomial of
a graph T" satisfy:

1) er =05

(2) —cz is the number of edges of T;

(3) —c3 is twice the number of triangles in I

Proof For each i € {1,2,...,n}, the number (—1)%c; is the sum of
those principal minors of A which have i rows and columns. So we can
argue as follows.

(1) Since the diagonal elements of A are all zero, ¢; = 0.

(2) A principal minor with two rows and columns, and which has a

The spectrum of a graph 9

non-zero entry, must be of the form

01

1 0}
There is one such minor for each pair of adjacent vertices of I', and each
has value —1. Hence (—1)2¢c; = —|ET|, giving the result.

(3) There are essentially three possibilities for non-trivial principal
minors with three rows and columns: -
01 0 011 0
1 0 0}, 1 0 0f, 1
0 00 1 0 0 110
and, -of these, the only non-zero one is the last (whose value is 2). This
principal minor corresponds to three mutually adjacent vertices in T,
and so we have the required description of c3. O

These simple results indicate that the characteristic polynomial of a
graph is an object of the kind we study in algebraic graph theory: it is
an algebraic construction which contains graphical information. Propo-
sition 2.3 is just a pointer, and we shall obtain a more comprehensive
result on the coeflicients of the characteristic polynomial in Chapter 7.

Suppose A is the adjacency matrix of a graph I' Then the set of
polynomials in A, with complex coefficients, forms an algebra under
the usual matrix operations. This algebra has finite dimension as a
complex vector space. Indeed, the Cayley—Hamilton theorem asserts
that A satisfies its own characteristic equation, so the dimension is at

- most n, the number of vertices in I'.

Definition 2.4 The adjacency algebra of a graph I'" is the algebra of
polynomials in the adjacency matrix A = A(T'). We shall denote the
adjacency algebra of I' by A(T').

Since every element of the adjacency algebra is a linear combination
of powers of A, we can obtain results about A(T) from a study of these
powers. We define a walk of length I in T, from v; to vj;, to be a finite
sequence of vertices of T,

Vi = Uo, U, ..., W = Yy,
such that 4,3 and u; are adjacent for 1 < ¢ <.
Lemma 2.5 The number of walks of length l in I, from v; to v;, is
the entry in position (3, ) of the matriz Al.
Proof The result is true for I = 0 (since A® = I) and for I = 1 (since

Al = A is the adjacency matrix). Suppose that the result is true for
= L. The set of walks of length L + 1 from v; to v; is in bijective
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12 Linear algebra in graph theory

2e The eigenvalue 0  Suppose that a graph has two vertices v; and v;
such that the set of vertices adjacent to v; is the same as the set of ver-
tices adjacent to v;. Then the vector x whose only non-zero components
are z; = 1 and z; = —1 is an eigenvector of the adjacency matrix, with
eigenvalue 0. If I" has a set of r vertices, all of which have the same set
of neighbours, then the multiplicity of O is at least r —1. (An alternative
argument uses the observation that there are r equal columns of A, and
so its rank is at most n — r + 1.)

2f Cospectral graphs Two non-isomorphic graphs are said to be cospec-
tral if they have the same eigenvalues with the same multiplicities. The
first example of this phenomenon was given by Collatz and Sinogowitz
(1957), and many examples are given in [CvDS, pp. 156-161]. T'wo con-
nected graphs with 6 vertices, both having the characteristic polynomial
A8 — 724 — 423 4 722 44X — 1, are shown in Figure 1.

—O N

Figure 1: two cospectral graphs.

2g The walk-generating matriz  Let g;;(r) denote the number of walks
of length 7 in T" from v; to v;. If we write G(z) for the matrix

(G(2))i; =D _ g55(r) 2",
r=1 -

then G(z) = (I— zA)~}, where A is the adjacency matrix of I'. This
may be regarded as a matrix over the ring of formal power series in z,
or as a real matrix defined whenever z ¢ SpecI'.- From the formula for
the inverse matrix and 2e, we obtain

x(Ti;271)
zx(T;271)’

x'(T;271)

= X7

trG(z) =

2h Closed walks and sums of powers of eigenvalues A closed walk is
one whose initial and final vertices coincide. By Lemma 2.5 the total
number of closed walks of length [ is equal to tr A!. Since the tracé of a
matrix is the sum of its eigenvalues, an alternative expression is 3_ Al
In particular, the sum of the eigenvalues is zero, the sum of the squares

The spectrum of a graph 13v

\

is twice the number of edges, and the sum of the cubes is six times the

number of triangles.

2i An upper bound for the largest eigenvalue Suppose that the eigen-
values of I" are Ag > Ay 2 ... > An1, where I has n vertices and m
edges. From 2h we obtain 3_ A; = 0 and 3 A? = 2m. It follows that

o < (——27"(';_ 1))%

Another bound of the same type is Ao < v2m —n + 1 (Yuan 1988).

* 2j The spectral decomposition (Godsil and Mohar 1988) The adjacency

matrix has a spectral decomposition A = ) A\,E,, where the matrices
E, are idempotent and mutually orthogonal. It is easy to check that,
given a set of mutually orthonormal eigenvectors x,, we can take

E, = xaxfl, that is (Ea)” = (xa)iv(xa)j.
It follows that if f is any function for which f(A) is defined, then f(A) =
3= f(Aa)E,. For example, the walk-generating matrix G(z) = (I—zA)~!
is defined whenever z ¢ Specl’, and it can be expressed in the form

n—1
G(2) = ) (1= Xa2) 'E,.
a=0 .
This yields the following expression for the individual walk-generating
functions:

G(2)i; = 2(1— Aaz)” l(xa),(xa),

a=0

2k The distance matrices For a graph with diameter d the distance
matrices Ap, (0 < h < d) are defined as follows:
1, if 8(v;,v;) = h;
(An)ig = {O, othtgrwisg
It follows that
Ag=1I A;=A, Ag+Aj+Ac+...4+A;=17],
where J is the matrix in which each entry is 1. The distance matrix
A, can -be expressed as a polynomial of degree h in A, for each h in
{0,1,...,d}, if and only if the graph is distance-regular (see Chapter
20). For such a graph the adjacency algebra has the minimum possible
dimension d + 1. :
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16 Linear algebra in graph theory

For some classes of regular graphs, such as the strongly regular graphs
(3¢), it is possible to determine the polynomial function f for which
f(A) = J by direct means, based on Lemma, 2.5. This provides a pow-

erful method for determining the spectra of these graphs. At a more’

basic level, there is a special class of regular graphs whose spectra can
be found by means of a well-known technique in matrix theory. As
this class contains several important families of graphs, we shall briefly
review the relevant theory.

An n x n matrix S is said to be a circulant matriz if its entries satisfy
Sij = 81,j—i+1, Where the subscripts are reduced modulo n and lie in the
set {1,2,...,n}. In other words, row i of 8 is obtained from the first
row of S by a cyclic shift of i — 1 steps, and so any circulant matrix is
determined by its first row. Let W denote the circulant matrix whose
first row is [0,1,0,...,0], and let S denote a general circulant matrix
whose first row is [s1,82,...,5,). Then a straightforward calculation
shows that

S = zn: Sjwj_l .
i=1

Since the eigenvalues of W are 1,w,w?,...,w" !, where w = exp(2ri/n),
it follows that the eigenvalues of S are :

n
Ap = Zsjw(j—l)r, r=0,1,...,n—-1.
j=1

Definition 3.4 A circulant graph is a graph I"' whose vertices can be
ordered so that the adjacency matrix A(T) is a circulant matrix.

The adjacency matrix is a symmetric matrix with zero entries on the
main diagonal. It follows that, if the first row of the adjacency matrix
of a circulant graph is [a1,a2,...,a,], then a1 = 0 and a; = a,,—;42 for
it=2,...,n.

Proposition 3.5 Suppose that [0,a2,...,a,] is the first row of the
adjacency matriz of a circulant graph I'. Then the eigenvalues of T’ are

n
)\,.'=Zajw(j_1)', r=0,1,...,n—1
j=2 .

Proof This result follows directly from the expression for the eigen-
values of a circulant matrix. (|

‘We remark that the n eigenvalues given by the formula of Proposition
3.5 are not necessarily all distinct. :

Regular graphs and line graphs 17

We shall give three examples of this technique. First, the complete
graph K, is a circulant graph: the first row of its adjacency matrix is
[0,1,1,...,1]. Since

14w +...4+4 V=0 for re {1,2,...,n—1},
it follows from Proposition 3.5 that the spectrum of K, is:
n—1 -1
SpecK,,=( 1 n—l)'

Our second example is the cycle graph C,,, whose adjacency matrix
is a circulant matrix with first row [0,1,0,...,0,1}]. In the notation
of Proposition 3.5, the eigenvalues are A, = 2cos(2xr/n), but these
numbers are not all distinct; taking account of coincidences the complete
description of the spectrum is: '

Spec C,, = (f 2cosz27r/n ZCos(nz— 1)1r/n) (n odd),
Spec G,y = (% 2003221r/n 2005(n2— 2)w/n —12) (n even).

A third family of circulant graphs are the graphs H,; obtained by re-
moving s disjoint edges from Ks,. The graph H, is sometimes known as
a. hyperoctahedral graph, because it is the skeleton of a hyperoctahedron
in s dimensions. It is also known as the cocktail-party graph CP(s), so
called because it is alleged that if there are s married couples at a cock-
tail party each person talks to everyone except their spouse. It is also
a special kind of complete multipartite graph, to be defined in Chapter
6. Clearly, the graph H, is a circulant graph; we may take the first row
of its adjacency matrix to be [ai, ..., az2s], where each entry is 1, except
that a; = a,41 = 0. It follows that the eigenvalues of H,; are

AM=25—2, A=-1-w" (A<r<2s-1),

where w?® = 1 and w # 1. Consequently,

_(2s—-2 0 -2
SpecHs—( 1 s 3_1).

We now turn to another structural property which has implications for
the spectrum of a graph. The line graph L(I") of a graph I is constructed
by taking the edges of I' as vertices.of L(I"), and joining two vertices in
L(T") whenever the corresponding edges in I' have a common vertex. .

~The spectra of line graphs were investigated extensively by_Hoffma.n

(1969) and others. Here we outline the basic results; more recent work
is described in the Additional Resuits at the end of the chapter.
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20 Linear algebra in graph theory

Additional results

3a The complement of a reqular graph  Let I be a graph with n vertices
and let I'® denote its complement, that is, the graph with the same
vertex-set whose edge-set is complementary to that of I'. Let A denote
the adjacency matrix of I'*. Then A + A°¢ =J —1. It was proved by
Sachs (1962) that if I is connected and regular of degree k, then

A+ e+ DTSN ==D)"A—n+k+ Dx(T;—A —1).

3b The Petersen graph  The complement of the line graph of Kj is
known as the Petersen graph. It occurs in many contexts throughout
graph theory. We shall denote it by the symbol Og, as it is the case
k = 3 of the family {Ox} of odd graphs, to be defined later (8f). We

have

' 3 1 -2

SpecOa—(1 5 4).
In particular, the least eigenvalue is —2, although Oj3 is neither a line
graph nor a hyperoctahedral graph.

3c Strongly regular graphs A k-regular graph is said to be strongly
regular, with parameters (k, a, c), if the following conditions hold. Each
pair of adjacent vertices has the same number a = 0 of common neigh-
bours, and each pair of non-adjacent, vertices has the same number ¢ > 1
of common neighbours. It follows from Lemma 2.5 that the adjacency
matrix of such a graph satisfies

. A2+ (c—a)A+(c~-k)I=2cl.
In other words, the polynomial function f whose existence is guaranteed
by Proposition 3.2 is f(z) = (1/c)(z? + (¢ — a)z + (c — k)).

3d The spectrum of a strongly regular graph  Since the eigenvalues of
the n x » matrix J are n (with multiplicity 1) and 0 (with muitiplicity
n—1), it follows from 3c that the eigenvalues of a strongly regular graph
are k (with multiplicity 1) and the two roots A1, A2 of the quadratic
equation f()\) = 0 (with total multiplicity n — 1). The multiplicities
my = m(A;) and mg = m(A2) can be determined from the equations
my+mg=n—1, _ kE+mid +m2lA2 =0,

the second of which follows from 2h. For example, the Petersen graph
(3b) is strongly regular with parameters (3,0, 1), and this gives an al-
ternative method of determining its spectrum.

3e The Mdébius ladders The Mobius ladder My, is a regular graph of
degree 3 with 2k vertices (h > 3). It is constructed from the cycle graph
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C2n by adding new edges joining each pair of ‘opposite’ vertices, and so
it is a circulant graph. The eigenvalues are the numbers
Aj =2cos(nj/h) + (=1)7 (0<j <2h—1).

3f Graphs characterized by their spectra  Although there are many ex-
amples of cospectral graphs, there are also cases where there is a unique
graph with a given spectrum. We give two instances.

(@) The spectrum of the triangle graph A, = L(K}) is given above. If
I' is a graph for which SpecI' = Spec A, and t # 8, then I' = A,. In
the case ¢t = 8 there are three exceptional graphs, not isomorphic with
Ag, but having the same spectrum as Ag (Chang 1959, Hoffman 1960).

(b) The complete bipartite graph Kg q is constructed by taking two
sets of a vertices and joining every vertex in the first set to every vertex
in the second. If I" is a graph for which SpecI" = Spec L(K,,.), and
a # 4, then I' = L(K,,). In the case a = 4 there is one exceptional
graph; this graph is depicted in Figure 2 (Shrikhande 1959).

Figure 2: Shrikhande’s exceptional graph.

3g Regular graphs with least eigenvalue —2  The following graphs hav-
ing least eigenvalue —2 were noted by Seidel (1968). They are neither
line graphs nor hyperoctahedral graphs:

(a) the Petersen graph; :

(b) a 5-regular graph with 16 vertices;

(c) a 16-regular graph with 27 vertices (see p. 57);

(d) the exceptional graphs mentioned in 3f.

8h Generalized line graphs The cocktail party graph CP(s) is defined
on page 17. For any graph I' with vertices vy, v2,...,vn, and any non-
negative integers ai,as, ..., a,, we construct the generalized line graph
L(T’;a1,a2,...,an) as follows. The vertex-set is the union of the vertex-
sets of L(I"), CP(a1), CP(az),...,CP(a,), and the edge-set is the union
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24 Linear algebra in graph theory

defined by
1, ifi=j;
eile;) = {0, otherwise;
and hence represent a function £ : ET — € by a column vector X =
[IE],.’EQ,...,.’Em]t such that z; = &(e;) (1 < i £ m). We shall refer to
the bases {w1,wsz,--- ,wn} and {e1,€2,. . ,€m} as the standard bases for
Co(I") and C1(T).

We now introduce a useful device. For each edge eq = {Vo, 'U-,-} of I,
we shall choose one of v, v, t0 be the positive end of ea, and the other
one to be the negative end. We refer to this procedure by saying that r
has been given an orientation. Although this device is employed in the
proofs of several results, the results themselves are independent of it.

Definition 4.2 The incidence matriz D of I', with respect to a given
orientation of I', is the n x m matrix (di;) whose entries are

+1, if v; is the positive end of e;;
{ —1, if v; is the negative end of e;;

0,. otherwise.

The rows of the incidéxce matrix correspond to the vertices of T, and
its columns correspond to the edges of T'; each column contains just two
non-zero entries, +1 and —1, representing the positive and negative ends
of the corresponding edge.

We remark that D is the representation, with respect to the standard
bases, of a linear mapping from Ci () to Co(I'). This mapping will be
called the incidence mapping, and be denoted by D. For each £ : ET' — C
the function D¢ : VI' — € is defined by :

m
De(w) =D dijt(e;) (Lsi<n)
i=1 '

For the rest of this chapter we shall let ¢ denote the number of con-
nected components of I'.

dij‘ =

Proposition 4.3  The incidence matriz D of T has rank n — c.

Proof The incidence matrix can be written in the partitioned form

pb o9 .... 0
o D® ... o
6 6 D'<c) .

by a suitable labelling of the vertices and edges of T, where the matrix
D® (1 < i < ¢) is the incidence matrix of a component I') of I'. We
shall show that the rank of D) is n; —1, where n; = |[VT®)}, from which
the required result follows by addition.
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Let d; denote the row of D® corresponding to the vertex v; of I'®
Since there is just one +1 and just one —1 in each column otq D® it;
follows that the sum of the rows of D is the zero row vector, and tl,lat
the rank of D is at most n; — 1.- Suppose we have a linea,.r relation
S a;d; = 0, where the summation is over all rows of D), and not all
the coefficients a; are zero. Choose a row di for which oy # 0; this
row has non-zero entries in those columns corresponding to the :adges
ipcidept with vi. For each such column, there is just'one other row d,
with a non-zero entry in that column, and in order that the given linear
relation should hold, we must have oy = ax. Thus, if o # 0, then
a; = oy, for all vertices v; adjacent to vg. Since I'® jis connected, it
follows that all coefficients c; are equal, and so the given linear relat,ion
is just a multiple of _ d; = 0. Consequently, the rank of D@ isn; — 1.

a

The following definition applies to a general graph I" with n vertices, m
edges, and ¢ components, although for the time being we shall continue
to deal with strict graphs, rather than general graphs.

Definition 4.4 The rank of I' and the co-rank of T' are, respectively,
TC)=n—¢ s(D)=m-—-n+c

We now investigate the kernel of the incidence mapping D, and its
relationship with graph-theoretical properties of I'. Let @ be a set of
edges such that the subgraph (Q) is a cycle graph. We say that Q is a
cycle in T'; the two possible cyclic orderings of the vertices of (Q) induce
two possible cyclg—orientations of the edges ). Let us choose one of these
cycle-orientations, and define a function {q in C1 (I") as follows. We put
§Q, (€) = +1 if e belongs to @ and its cycle-orientation coincides with its
orientation in I'; £g(e) = —1 if e belongs to @ and its cycle-orientation is

. the reverse of its orientation in I', while if e is not in @ we put £g(e) = 0.

Theorem 4.5 The kernel of the incidence mapping D of T’ is a vector
space whose dimension is equal to the co-rank of I'. If Q is a cycle in T
then &g belongs to the kernel of D. ' ’

Proof Since the rank of D is n — ¢, and the dimension of Cy(T") is m.
it follows that the kernel of D has dimension m — n +¢ = s(I). Witl;
respect to the standard bases for €;(T") and Co(T"), we may take D to be
the incidence matrix, and &g to be represented by a column veétor xQ-
Now (Dxg); is the inner product of the row d; of D and the vector xgq.
If v; is not incident with some edges of @, then this inner product is 0;
if v; is incident with some edges of @, then it is incidént with precisely
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28 Linear algebra in graph theory

Additional Results

4a The coboundary mapping The linear mapping from Co(T) to C1(T)

defined (with respect to the standard bases) by x — Dtx is sometimes
called the coboundary mapping for T'. The kernel of the coboundary map-
ping is a vector space of dimension ¢, and the image of the coboundary
mapping is the cut-subspace of I".

4b The isoperimetric number For any set X C VT the cut defined by
the partition of VT into X and its complement is denoted by 6X. The
isoperimetric number of ' is defined to be
' . . 16X1
(= min So.
= BB X1
For example, it is easy to check that i(Kn) = [n/2], i{Os) = 1.

4c Small cycles 'The girth of a graph is the number g of edges. in a
smallest cycle. For example, g(Kn) = 3 (n = 3), g(Kas) = 4 (a > 2),
and g(Q3) = 5. If I' has girth g > 2r + 1 then for each pair of vertices
v and w such that 8(v,w) = g < r there is a unique walk of length ¢
from v to w. In the k-regular case this leads to the following relations
between the adjacency matrix and the distance matrices Ay (2 <¢g < )
defined in 2k:
A, =A%2— kI, A, =AA 1 —(k—1)Ag 2 BLqg<T).
1t follows that a distance matrix A, with ¢ < 7 is expressible as a
polynomial in A. Explicitly, A, = fq (A), where :
fo(fl)) =1, fl(w) =z, falz)= 2 — k,

fa(@) = xfq-1(2) = (k — 1) fo-2(z) (g2 3).

4d Girth and ewcess It is an elementary exercise (see Chapter 23)
to show- that the number of vertices in a k-regular graph with girth
= 2r + 1 is at least
no(k,g) = 1+k+k(k—1)+k(k-1)2+...+k(k-1)’.

The Petersen graph Oz achieves the lower bound ng for the case k = 3
and g = 5, but in the general case graphs which achieve the lower bound
are rare (Chapter 23). For any k-regular graph I’ with girth g we define
the excess to be the amount e by which the lower bound is exceeded,
that is, e = n — ng(k, g), where n is the number of vertices in I'. Using
the equations given in 4c, Biggs (1980) established a lower bound for e
in terms of the eigenvalues of I'. Define the polynomials g; by

gi(x) = fo(z) + fi(@) + ...+ fi(z),

" Cycles and cuts 29

where the polynomials f; are defined above. Then for any k-regular
graph with girth g = 2r + 1 the excess e satisfies ‘

e>)g-(A\)|, (X €SpecT, A+ k).

4e The Laplacian spectrum Let pg < p11 < ... < pp—q be fhe eigen-
values of the Laplacian matrix Q. Then:

‘(a) po = 0, with eigenvector [1,1,...,1];

(b) if T" is connected, u1 > 0;

(c) if T is regular of degree k, then yu; = k — A;, where the ); are
the (ordinary) eigenvalues of T', in weakly decreasing order. '

4f Planar graphs and duality A planar graph is one which can be
drawn in the plane in the usual way, without extraneous crossings of the
edges. The dual of a graph so drawn is the graph whose vertices are
the resulting regions of the plane, two being adjacent when they have a
common edge. Let I"' be a connected planar graph, and I'* a dual of T".
If I is given an orientation and D is the incidence matrix of I, then I'*
can be given an orientation so that its incidence matrix D* sai,;isﬁes:'
(a) rank (D) + rank (D*) = |ET; : '
(b) D*D¢ = 0.

4g The image of the incidence mapping Let w be an element of Co(I),
where I' is a connected graph. Then w is in the image of D if and only

if

> wlv)=o0.

veVE . .
A more sophisticated way of expressing this result is as follows. Let
S : Co(I') — € denote the linear map defined by S(w) = 3" w(v); this is
known as the augmentation map. Then the sequence of linear maps

C1(1) 2 Co(I) 5 € — 0

is ezact. In particular, this means that the image of D is eqﬁal to the
kernel of S. :

4h Flows An element ¢ of the cycle-subspace of I is called a flowon I.
The support of ¢, written S(@), is the set of edges e for which ¢(e) # 0;
a subset S of ET is a minimal support if § = S(¢) for some flow ¢, and
the only flow whose support is properly contained in S is the zero flow.
We have the following basic facts. :

(a) The set of flows with a given minimal support (together with
the zero flow) forms a one-dimensional space.
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32 Linear algebra in graph theory

and §(T,h) of the edge-space Cy (I‘).; these elements are defined (in terms
of the given cycle and cut) as in Chapter 4.

Theorem 5.2 With the same hypothesis as in Lemma 5.1, we have:
(1) as g Tuns through the set ET —T, them— T 41 elements §(T.9)
form a basis for the cycle-subspace of T.

(2) as h Tuns through the set T, then—1 elements §(T.r) form a basis
for the cut-subspace of T.

Proof (1) Since the elements &(T.9) correspond to cycles, it follows
from Theorem 4.5 that they pbelong to the cycle-subspace. They form
a linearly independent get, because 2 given edge g in ET — T belongs
to cyc(T,g) but to 0o other cyc(T,g") for d #+9 Finally, since there
arem—"n-+1 of these elements, and this is the dimension of the cycle-
subspace, it follows that we have a basis.

(2) This is proved by arguments analogous to those used in the proof

of the first part. » a

‘We shall now put the foregoing ideas into a form which will show
explicitly how cycles and cute can be derived from the incidence matrix,
by means of simple matrix operations. To do this, we shall require some
properties of submatrices of the incidence matrix. ‘

Proposition 5.3 (Poincaré 1901) = Any square submatriz of the inci- _:

dence matriz D of a graph T has determinant equal to O or 4+1or —1.

Proof LetS denote a square submatrix of D. 1f every column of S

has two non-zero entries, then these entries must be +1 and —1 and so,

since each column has sum Zero, S is singular and detS = 0. Also, if '

every column of S has no non-zero entries, then det s§=0.

“The remaining case occurs when a column of S has precisely one non- 5
- gero entry. In this case we can expand det S in terms of this column,’
obtaining detS = 3 det S, where S’ has one Trow and column fewer

than S. Continuing this process, wWe eventually arrive at either a zero;

determinant or & single entry of D, and so the result is proved.

Propositioh 5.4 LetU be o subset of ET with U\

S .
panning trees and associated structures
33
Conversely, su
, suppose that Dy is i i

D a0y e P ! v is invertible. Then the inci
D of (1) hos isl?:e:tlll;le S(n— 1) x (n— 1) submatrix, ;::(ciliz;::e .
the ran! 1). Since |U] = n — 1, thi e
o pace of (U) has dimension zero, and ) s a8 e

' , so (U) is a spanning tree of

Suppose that VT O
> = vl 1)2 P ..
the labelli {v1, 2, »Un} and ET =
given spanlrlsnhats been chosen so that eq,ey,... 6{61, €2,...,€m}, where
as follows: g tree T of I'. The incidence m 1ot are the edges of a
ows: atrix of I is then partitioned
: e

D= [DT Dy
d, :

where Dt is an (n

—1)x(n—1)

5.4, and th . . square matrix, in : :

’ e last row d, is linearly dependent, 6nvfljzlbl-tinby Proposition
other rows.

the elements &

€5 <ji=< i

C: (D). (Te;) (7 < § < m) with res an as

1(I’). Then C can be written in the partiei!gz:g ; ho standard basis of
orm

| Y

Since ever,
: y column of C re
presents
the kernel of D; we have DC = 0. ;Eﬂ:le’ and consequently belongs to

CT = _D;IDN.

In a similar fashi

ion, the matrix K w

Eren (1< 3 ’ hose colum

(Tye;) (1 £j < n—1) can be written in the fol:s represent the elements

K= [I‘n—l]
KT °

Since each colu

' mn of K belon

c gs to the

ycle-subspace, we have CK*® = 0; that i: rt(l;og:l;il‘ complement of the
» T T =0. Thus

.

Kr = (D7'Dy)t.

1; Our equations f '
1 or Cr and K
i ciated with 1 show how the basi
T can be deduced from the incidenc ;CD‘;;’ :11-4138 and cuts asso-
x. We also have

=n—1. Let Du! an al .
_ ; ebra/
denote an (n—1) % (n—1) submatriz of D, consisting of the intersection gebraic proof of the following proposition

{U) is @ spanning tree of T.

Proof Suppose that (U) is a spanning tree

connected, the rank of D isn—1, and so Dy i8 invertible.

i

of those n— 1 columns of D corresponding to the edges in U and any sel]
of n — 1 Tows of D. Then Dy is invertible if and only if the subgraphg

Proposition 5
5 Let T be a , ‘
edge.g of T such thata € T, b ¢ Tsp;;::;ng tree of I' and let a and b be

b € cut(T,a) & a € cyc(T, b).

of . Then the submatrit Proof .
Dy consists of n— 1 rows of the incidence matrix 1 of U. Since {U) i This result follows immediately from the defi
efinitions of Cy and

|
|

KT: and the f:
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36 Linear algebra in graph theory

that z = D¢ for some potential ¢ in the vertex-space. Using the other
two equations we obtain

DD!¢ = Dn; thatis, Q¢ =1,

where Q is the Laplacian matrix and 7 is a vector in which 7, is the
current flowing into the network at the vertex v. In particular, defining

Ty —

Y=< -1, ifo=y;

{ +1, ifv=umz;
0, otherwise;

we see that the solution of the network equations when a current I
enters at x and leaves at y is given by finding the potential satisfying

Q¢ = In™v.

5g Existence and uniqueness of the solution; Thomson’s principle Sim-
ple proofs of the results in the following paragraphs may be be found in
a paper by Thomassen (1990). If z and y are vertices of.a finite graph
then there is a unique solution ¢ to the network equations for the case
when a positive real-valued current I enters at x and leaves at y. The
current vector z = D¢ is the vector satisfying Dz = I7®Y for which the
power ||z||? is & minimum. (This is known as Thomson’s principle.)

5h An ezplicit solution for the network equations Suppose that z and
y are adjacent vertices of a connected graph I', and let £ denote the
total number of spanning trees of I'. (See Chapter 6 for more about x.)
For each spanning tree T of T send a current I /k along the unique path
in T from z to y. Then the current vector z which solves the network
equations for a current I entering at « and leaving at y is the sum of these
currents taken over all T. This result goes back to Kirchhoff (1847). For
historical details and an algebraic proof, see Nerode and Shank (1961).

5i The effective resistance For any two vertices z and y let ¢ be the
potential satisfying Q¢ = In*¥. Following Ohm’s law, the effective

resistance from z to y is defined to be (¢ — ¢y)/I. If z and y are

adjacent vertices this is equal to Kz /x, where kg, is the number of
spanning trees which contain the edge {z,y}.

For example, it can be shown (see p. 39) that the number of spanning
trees of the complete graph K, is n™"%; since each one contains n — 1
of the n(n — 1)/2 edges, there are 2n™~3 spanning trees containing a
given edge. It follows that the effective resistance across an edge of K,

Spanning trees and associated structures

is 2/n. In general, if a graph has n vertices and m edges, and it is edge-
transitive (see Chapter 15), then the effective resistance across an edge
is (n — 1)/m.

5j Monotonicity results Let R(z,y,T') denote the effective resistance
of T' from x to y. If I'V is obtained from I' by removing an edge (the
cutting operation), then

R(z,y,I") > R(z,y,T).

The inequality is reversed if I'V is obtained from I' by identifying two

vertices (the shorting operation). These results are known as Rayleigh’s
monotonicity law.
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40 Linear algebra in graph theory

: det (J + Q)J = n?xJ.
It follows that det(J + Q) = n2k, as required. (]

The next result uses the Laplacian spectrum introduced in 4e.

Corollary 6.5 Let0< 1 < ... < -1 be the Laplacian spectrum of
a graph T' with n vertices. Then
K(I‘) - H1H2 - - Pn—1 .

n
IfT is connected and k-regular, and its spectrum is
(kA o A
Spec I' = (1 mi ... Mg_1 )’

then

s—1
w(T) = n [k — A)™ =07 X (T3 k),
r=1
where X' denotes the derivative of the characteristic polynomial x.

Proof Since Q and J commute, the eigenvalues of J + Q are the
sums of corresponding eigenvalues of J and Q. The eigenvalues of J are
n,0, 0,...,0, so the eigenvalues of J+Qaren, fi1, U2, - - -y Pn—1- Since the
determinant is the product of the eigenvalues, the first formula follows.
In the case of a regular graph of degree k, an (ordinary) eigenvalue
X is k — p, where p is a Laplacian eigenvalue. The result follows by
collecting the eigenvalues according to their multiplicities, and recalling
that k& — X is a simple factor of x in the connected case. a

Later in this book, when we have developed techniques for calculating
the spectra of highly regular graphs, we shall be able to use this Corollary
to write down the tree-numbers of many well-known families of graphs.
For the moment, we shall consider applications of Corollary 6.5 in somie
simple, but important, cases. If T is a regular graph of degree k, then
the characteristic polynomial of its line graph L(T) is known in terms
of that of I' (Theorem 3.8). If I' has n vertices and m edges, so that
2m = nk, then we have

K(L(T)) = m ™ X (L(X); 2k — 2),
w([) = n~ X (T; k).
Differentiating the result of Theorem 3.8 and putting A = 2k — 2, we get
X' (L(T); 2k — 2) = (2k)" "X/ (T5 k).
Hence we obtain the tree-number of T' in terms of that of L(I):
K(L(T)) = 2™~ g™ k(T).

The tree-number 41
For example, the tree-number of the triangle graph A, = L(¥,) is
K(Ag) = 2%(t"’—-3t+2)(t _ 1)%(t2—3t—2)tt—2'

T}‘le. complete multipartite graph Kg, q,.,...,a, has a vertex-set which is
part.ltloned into s parts A;, Aa,..., A;, where |4;] = a; (1 < i < 5); two
vertices are joined by an edge if and only if they belong to different parts
In generz?,l this graph is not regular, but its complement (as defined ix;
3a) consists of regular connected components. The tree-number of such
graphs can be found by a modification of Proposition 6.4, due to Moon
(1967). This is based on the properties of the characteristic function of
the Laplacian matrix: -

o(T; ) = det(pI — Q).
?roposﬂ:ion 6.6 (1) If T is disconnected, then the o function fof r
is the product of the o functions for the components of I'.

(.2)‘ IfI' is a k-regular graph, then o(T; p) = (—1)*x(I; k — u), where
X is the characteristic polynomial of the adjacency matriz.

(3) If T’ is the complement of T, and T" has n vertices, then

_ k(T) = n726(%; n).
Proof (1) This follows directly from the definition of o.
(2) In the k-regular case, we have
det(pI — Q) = det(uI — (KI — A)) = (—1)"det((k — p)I — A),
whence the result.

(3) Let Q¢ denote the Laplacian matrix for I'°, so that Q4+ Q¢ = nI—J
Then using Proposition 6.4, we have '
#(T) = n2det(J + Q) = n"2det(nl — Q°) = n"20(I°; n).

O

Consider the complete multipartite graph K, a;.az,..;,a, , where a1 +
as + o + as = n, the complement of which consists of s compo-
nents 1s<1morphic with K,,,K,,,...,K,,. We know that x(K,;\) =
(A+1)""1(A = n+1), and, using part (2) of Proposition 6.6, wénc.:)btain

o(Kasp) = (~=1)*x(Kaja — 1 — p) = ppn — a)*~ .
Consequently, applying parts (1) and (3) of Proposition 6.6,
((Kay,a,0.) =1 2(n)(n —a1)® ... (n)(n — a;)%!
=n*"2(n—a1)™ ... (n—a,)*".

This result was originally found (by di i
y different means) by Austin (1960).
We note the special cases: e ( )

R(Ka,b)- — ab-—lba—l, K,(Hs) — 223-—285—1(3 . 1)3.
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7

Determinant expansions

In this chapter we shall investigate the characteristic polynomial x, and
the polynomial o introduced in Chapter 6, by means of determinant ex-
pansions. We begin by considering the determinant of the adjacency ma-
trix A of a graph I'. We suppose, as before, that VI = {vy,v2,.-. »Unt
and that the rows and columns of A are labelled to conform with this
notation. The expansion which is useful here is the usual definition of a
determinant: if A = (ai;), then
det A = z sgn(m)a1,x182,x2 - - - An,rn

where the summation is over all permutations 7 of the set {1,2,...,n}.

In order to express the quantities which appear in the above expansion
in graph-theoretical terms, it is helpful to introduce a new definition.

Definition 7.1 An elementary graph is a simple graph, each compo-
nent of which is regular and has degree 1 or 2. In other words, each
component is a single edge (K?2) or a cycle (Cr). A spanning elementary
subgraph of I is an elementary -subgraph which contains all vertices of
.

We observe that the co-rank of an elementary graph is just the number
of its components which are cycles.

Proposition 7.2 (Harary 1962)  Let A be the adjacency matriz of a

graph T'. Then
det A = Z(_l)r(A)zs(A)’

Determinant expansions 45

where the summation is over all spanning elementary subgraphs A of T'

Proof Consider a term sgn(7)a1,71@2,x2 . ..@nxn in the expansion of
det A This term vanishes if, for some i € {1,2,...,n}, ai; = 0; that
is, if {v;, U’Ti} is not an edge of I'. In particular, the tel"miz;nishe,s ifa
fixes any symbol. Thus, if the term corresponding to a permutation 7 i7srz
non-zero, then 7w can be expressed uniquely as the composition of disjoint
cycles of length at least two. Each cycle (i5) of length two corres i)nlzll
to the factors a;ja;;, and signifies a single edge {vi,v;} in T pEacl?
cycle (pgr...t) of length greater than two correspondsJ to the‘factors
@pqlgr - - - Gtp, and signifies a cycle {vp,vq,...,7} in I'. Consequentl
each non-vanishing term in the determinant expansion gives rise to a};
elementary subgraph A of I', with VA = VT

The sign of a permutation 7 is (—1)"<, where N, is the number of
;\;en cycles in m. If there are ¢; cycles of length I, then the equation
> oc(;i - 1;, sI};c;:]v(s:e,that the number N, of odd cycles is congruent to n

T(A) =n— (No + Ne) = N, (mOd 2)1
so the sign of 7 is equal to (—1)"(M),

Ea,ch elementary subgraph A with n vertices gives rise to several per-
muta:tlons 7 for which the corresponding term in the determinant ex-
pansion does not vanish. The number of such 7 arising from a given A is
25(A) | since for each cycle-component in A there are two ways of choosin,
the corresponding cycle in 7. Thus each A contributes (—1)7(A)2s(A) tg
the determinant, and we have the result. g]

For example, in the complete graph K, there are just two kinds of ele-
mentary subgraph with four vertices: pairs of disjoint edges (for which
r == 2 and s = 0) and 4-cycles (for which r = 3 and s = 1. There are
three subgraphs of each kind so we have

det A(K,) = 3(—1)%2° + 3(~1)%2! = 3.
At the beginning of this book we obtained a description of the first

few coefficients of the characteristic polynomial of I', in terms of some
small subgraphs of I' (Proposition 2.3). We shall now extend: that result

" to all the coefficients. We shall suppose, as before, that

XN =24+ d™ 4 A" 2 +. .. +cp.

Proposition 7.3
given by

The coefficients of the characteristic polynomial are

(—l)ic,- — Z(_l)r(A)zs(A)’
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48 Linear algebra in graph theory

where the summation is over all sub-forests ® of T' which have i edges.
Proof Let Qx denote the principal submatrix of Q whose rows and

columns correspond to the vertices in a subset X of VI'. Then ¢q; =
3" det Qx, where the summation is over all X with {X| = i. Using the

notation of Lemma 7.4 and the fact that Q = DD, it follows from the
Binet—-Cauchy theorem that
det Qx = Y _ det D(X,Y) det D(X, V)t = (detD(X,Y))*.
This summation is over all subsets Y of ET with |V} = |X| = 4. Thus,
@ =Y (det D(X,Y))%
XY
By Proposition 5.3, (det D(X,Y))? is either 0 or 1, and it takes the
value 1 if and only if the three conditions of Lemma 7.4 hold. For each
forest ® = (Y) there are p(®) ways of omitting one vertex from each
component of ®, and consequently there are p(®) summands equal to 1
in the expression for g;. This is the result.

Corollary 7.6  The tree-number of a graph T is given by the formula

w(C) =n""? Zp(‘b)(—n)"%',
where the summation is over all forests ® which are subgraphs of the
complement of T
Proof The result of Proposition 6.6, part (3), expresses x(I') in terms

of the o function of I'. The stated result follows from the formula of

Theorem 7.5 for the coefficients of o. (]

This formula can be useful when the complement of T is relatively
small; examples of this situation are given in 6e and 7d. In the case of a
regular graph I, the relationship between o and x leads to an interesting
consequence of Theorem 7.5.

Proposition 7.7 - Let I be a regular graph of degree k, and let x® (0 < -

i < n) denote the ith derivative of the characteristic polynomial of T'.
Then -
X (T3 k) = it ) p(®), |
where the summation is over all forests & which are subgraphs of T' with
IE®l=n—1.
Proof From part (2) of Proposition 6.6, we have
' o(Tsp) = (~D)" 'x(Ts k — p)-

Determinant expansions 49

The Taylor expansion of x at the value k can be written in the form

n .
. —_ 1
X(Tik — ) = 3" xO (s k) 2L :) :
i=0 :
Comparing this with o(T; u) = 3 gn—ip?, we have the result. (18]

We notice that the case i = 1 of Proposition 7.7 gives
X (Ti k) = (1) gn—1 = nr(T),
which is just the formula given in Corollary 6.5.

Additional Results
7a Odd cycles (Sachs 1964) Let x(I'; A\) = 3_ ¢, —:\* and suppose
| c3=¢ =...=Car—1=0, corqy1#0.
Then the shortest odd cycle in ' has length 2r + 1, and there are
—C2r+1 /2 such cycles.

7b The characteristic polynomial of a tree  Suppose that Y c; A" ? is
the chfaracterlstlc polynomial of a tree with n vertices. Then the odd
coeflicients c2,41 are zero, and the even coefficients ¢, are given by the

rule that (—1)"cy, is the number of ways of choosing r disjoint edges in
the tree.

7c Cospectral trees  The result 7b facilitates the construction of pairs

of cc')spectra.l trees. For example, there are two different trees with eight
vertices and characteristic polynomial A8 — 7A% 4- 10)\%. Schwenk (1973)
proved that if we select a tree T with n vertices, all such trees being

equally likely, then the probability that T belongs to a cospectral pair
tends to 1 as n tends to infinity.

7d The o __function of a star graph A star graphis a cdmplete bipartite
graph K. For such a graph we can calculate o explicitly from the
formula of Theorem 7.5: the result is

(K1) = pu(p— b —1)(u — 1)1

Consequently if I' is the graph obtained by removing a star K, ; from
K,, where n > b+ 1, we have o

w) ==z (1= 1) (1 2L,
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8

Vertex-partitions and the spectrum

One of the oldest problems in graph theory is the vertex-colouring prob-
lem, which involves the assignment of colours to the vertices in such
a way that adjacent vertices have different colours. This can be inter-
preted as a problem about a special kind of partition of the vertex-set,
as described in the first definition below. In this chapter we shall apply
spectral techniques to the vertex-colouring problem, using inequalities
involving the eigenvalues of a graph. Similar techniques can also be ap-
plied to other problems about vertex-partitions, and some of these are
mentioned in the Additional Results at the end of the chapter. -

Definition 8.1 A colour-partition of a general graph T is a partition
of VT into subsets, called colour-classes,

Vi=ViuUVau... UV,
such that each V; (1 < i < l) contains no pair of adjacent vertices. In

other words, the induced subgraphs (V;) have no edges. The chromatic
number of T', written v(I'), is the least natural number ! for which such

a partition is possible.

We define a vertez-colouring of I' to be an assignment of colours to the .:

vertices, with the property that adjacent vertices have different colours,
so clearly, a vertex-colouring in which I c¢olours are used gives rise to a

colour-partition with ! colour-classes.

We note that if T has a loop, then it has a self-adjacent vertex, and

consequently no colour-partitions. Also, if T has several edges joining
the same pair of vertices then only one of these edges is relevant to
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the definition of a colour-partition, since the definition depends onl
whether vertices are adjacent or not. Thus we can continue foryt(l)'nIl
moment, to deal with strict graphs. However, this is allowable, onl foe
the purposes of the present chapter; some of the constructions us:,d ir
Part Two require the introduction of general graphs. "
If »(I') = 1, then I has no edges. If ¥(I') = 2 then I is a bipartite
graph, as defined in 2c. Since a cycle of odd length cannot be coloured
with two colours, it follows that a bipartite graph contains no odd cycles
This observation leads to another proof of the result established in 2¢ &

Proposition B.2  Suppose the bipartite graph T has an eigenvalue A
of multiplicity m(A). Then —\ is also an eigenvalue of T', and m(—A) = 2
). ’ s
Proof The formula of Proposition 7.3 expresses the characteristic
polynomial of a graph I" in terms of the elementary subgraphé of T
If T is bipartite then I'" has no odd cycles, and consequently no ele;

mentary subgraphs with an odd number of vertices. It follows that the °
characteristic polynomial of I" has the form ;

x(T32) =2" 4+ ca2™ 2t a2z V4. .. = z‘sp(z2)
wh.ere 6 =0or 1, and p is a polynomial function. Thus the eigenvalues =
which are the zeros of x, have the required property. E’]

The spe.ct,rum of the complete bipartite graph K, can be found in
the follovag manner. We may suppose that the vertices of K, are
labelled in such a way that its adjacency matrix is ,

o J
A= [Jt 0] ’

.where J is the @ x b matrix having all entries +1. The matrix A has

jUFt two linearly independent rows, and so its rank is 2. Consequently,

0 is an .eigenvalue of A with multiplicity a + & — 2. The cha.ra.cteristi(,:

Polynomia.l is thus of the form 22+5~2(22 4+ ¢;). By Proposition 2.3, —c

is equal the number of edges of K, 4, that is, ab. Hence o :
Spec Ka b= (\/(ab) 0 —\/(ab))

o ’ 1 a+b~—2 1 '
This (?xample illustrates the fact (Proposition 8.2) that the spectrum
of a bipartite graph is symmetrical with respect to the origin. Indeed
the converse of this result is also true [CvDS, p. 87]. But if v(T') > 2’
the s;.)gctrum of I"' does not have a distinctive property, as it does in
the bipartite case. However, as we shall see, it is possible to make
usefl.ll deductions about the chromatic number from a knowledge of the
maximum and minimum eigenvalues of I
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56 Linear algebra in graph theory

Let X be a real symmetric matriz, partitioned in the form

P
x-[q =)
where P and R are square symmetric matrices. Then
Amax(x) + Amin(x) < }\max(P) + Amax(R)-

Let A = Amin(X) and take an arbitrary € > 0. Then X* =
definite symmetric matrix, partitioned in the

Lemma 8.6

Proof

X-(A—¢elisa positive-

same way as X, with
p*r=P—- (-6l Q" =Q, RR=R-(AM—-9IL

d of Rayleigh quotients to the matrix X*, it can

By applying the metho
be shown that
Amax(X*) € Amax(P*) + Amax(R*)-
r Transformations by H. L. Hamburger and M. E.

(See for instance Linea
1956), p. 77.) Thus, in terms of X, P and R,

Grimshaw (Cambridge,
we have
Amax(){) — (A - €) < Amnx(]-)) - (>\ - f) + Ama.x(‘-R') - (>\ - 5)7

and since € is arbitrary and A =
Corollai‘y B.7

submatrices A;j in such a way that
the same; in other words, each diagonal sub-matriz Ay

the row and column partitions are

square. Then
t

Amax(A) + (= DAmin(A) < D Amax(Bis)-

i=1

Proof We prove this result by induction on t.

the lemma. Suppose that it

that it holds when t = T.

in the manner stated, and
column of submatrices deleted. By the lemma,

Amax(A-) + )\mm(A) S Amax(B) + Amax(-A~TT)':
and by the induction hypothesis,
T—1
Amax(B) + (T — 2)Amin(B) = 37 Amas(Auis)-
i=1
Now Amin(‘-B) Z Amin(A)a
adding the two inequalities, we have the result for £ =
result follows by induction.

]

We can now establish a lower bound for the chromatic number.

Amin(X) we have the result. o -
Let A be a real symmeltric matriz, partitioned into 2

Q<i<t)is

It is true when t = 2, by
is true when t =T — 1; then we shall show -
Lot A be partitioned into T2 submatrices,
let B be the matrix A with the last row and

as in the proof of Proposition 8.3. Thus,:“.'.
T, and the general |

Vertez-partitions and the spectrum
87
Theorem 8.8 (Hoffman 1970)

F
non-empty, or any graph I', whose edge-set is

Amax(T)
o ] —‘/\min(r ) )

roo The vertex-set VI' can b iti

' e partitioned into v =
;:tlli.(s)s?fé cox};seque.ntly the adjacency matrix A of T" can beul()l;ltf:t(?lour—
it Cmalsu lx)natn(.:es, as in the preceding corollary. In this ca.;emnid
¢ g o )su_ lélatrxce.s A;; (1 < i < v) consist entirely of zeros a,J;dt .
max{(Aii) =0 (1 < <v). Applying Corollary 8.7 we have ’ >
Amax(A) + (¥ — 1)Amin(A) < 0.

But, if I' has at least one edge en A) =
ut, th i

1 . ge, Amin(A) = Amin(T") < 0. The result
now follows ]

v(il) > 1+

Caflnb(;as‘:a:r w}:;n; t;he spec?;rum of a graph is known, Hoffman’s bound
can be » d:ss ic(; 1u . gonmd'er, for example, the graph ¥ which arises
from tho classic mco:1 guration o_f 27 lines on a general cubic surface, in
e e t.ee s 10 other lines. The vertices of X represent lir;es
and adi verticesr 1c§s drepresent skew lines, so that X is a regular gra };
wih 27 vertic inegl S?gree 16. This is the graph with least eigenvalll)le
bound is ¥(X) > ?-+ llnf;:;2/\ia’;)(2:—)x—: llfjiland f\min(z) D dian’s
establish by direct means. On t],:le otfer th;”n}:ilc}:t v;so?;?rlsee:si;ﬂ'i (;zl ‘f;i tg
) 1

a vertex-colouring using 9 colo
urs (Haemers 1 K
leads to the exact answer v(X) = 9( in this (S:as?:g), =0 Hoffman's bound

Additional Results

8a Qhe ezgenvalues of a pla7la7 gTapﬂ Let I be a plaﬂa»l' COIIIIGCted
graph. Tllell it fOllows fIOlTl Illeolelﬂ. 8.8 a!ld tlle fouI-COlOuI tlleolel]l

1
Amin (F) < — "3_Amax (F)

8b Another bound fc

_ : or the chromatic b

o 4 ! number Let I" be a regul

o agt (;(i ::S 1:mth n vertu.:es. In any colour-partition of I' each E(‘:l;:ff;al;h

(o7, s S'r; ;hk vertices; consequently v(T') > n/(n — k) Cvetkovi?
) ) proved a corresponding result for any, not necessa,ril;

regUIar) gl‘aph:

vy > —o
n

- ’\max
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PART TWO

Colouring problems
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64 Colouring problems

The simplest example is the chromatic polynomial of the complete

graph Ky. Since every vertex of K,
numbers of colour-partitions are

my(Kn) = mo(Kp) = ... = Mn—1(Kn) = 0; ma(Kn) = 1.

Hence

C(Kn;u) = u(u — 1)(v — 2)...(u—n+1).
important fact about the chromatic polynomial is
in other words, the number of vertex-
colourings of a graph, with a given number of colours available, is the
value of a polynomial function. This is because the expressions u(r)
which occur in the definition are themselves polynomials.

Some simple properties of the chromatic polynomial follow directly
from its definition. For example, if I has n vertices, then m,(T) = 1;
hence C(L;u) is a monic polynomial of degree 7. Other results follow
directly from Proposition 9.2 and the principle that a polynomial is
uniquely determined by its values at an infinite set of natural numbers.
For instance, if I is disconn
we can colour the vertices of Ty and I'y independently, and it follows that
Cc(l;s) =C(T; s)C(T'2; s) for any natural number s. Consequently
. C(Tu) = C(T1;6)C(T2; 1),
as elements of the ring of polynomials with integer coefficients.

Since u is a factor of u(r) for all » > 1,
for any general graph I'. If T has ¢ components, then the coefficients of
1=u%,...,
graphs in the previous paragraph. Also,
colouring with just one colour, and so C

of C(T';u).

The problem of finding the chromatic number of a graph is part of the
general problem of locating the zeros of its chromatic polynomial, be-

cause the chromatic number v(I') is the s

Possibly the most
that it is indeed a polynomial;

if ET # 0 then I has no vertex-

(see 9i, 9j and gk for example), but, as ye
proved more useful in answering questions about chromatic numbers.

The simplest method of calculating chromatic polynomials is a recur-
eneral graph and that e is an edge E

sive technique. Suppose that I' is a g

of T which is not a loop. The graph () whose edge-set is ET \ {e} and
whose vertex-set is VT is said to be obtained by deleting e; while the
ed from I'®) by identifying the two vertices incident :
We note that I'(®)

graph T'¢.) construct
with e in T, is said to be obtained by contracting e.

» is adjacent to every other one, the

ected, with two components I't and Iz, then

it follows that C(I';0) = 0
w°—1 are all zero, by virtue of the result on disconnected

(F;l):Oandu—lisafa.ctor ¥

mallest natural number v which

is not a zero of C(I'; u). This fact has stimulated some interesting work
t, elementary methods have *
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has one edge fewer than I', and I'¢.) has one edge and one vertex f.

than I", and so the following Proposition provides a method for xl ewer
ing the chromatic polynomial by repeated reduction to ‘small ?a culat-
This is known as the deletion—contraction method. er’ graphs.

Proposition 9.3  The chromatic polynomial satisfies the relation

C(T;u) = C(T'®;u) — C(T(ey; u).
Proof Consider the vertex-colourings of I'(¢} with s colours availab
These colourings fall into two disjoint sets: those in which the al; p
e are coloured differently, and those in which the ends of e are c::;l s
alike. The first set is in bijective correspondence with the colouri e
T, and t_he second set is in bijective correspondence with the cololllllg'S %
of I'(.y- Hence CT®); s) = C(T; 8) + C(T'(e); s) for each natural aber
s, and the result follows. pumber
B W

Corollary 9.4 IfT is a tree with n vertices then

C(T;u) = u(u — 1)* 1.
Proof. We prove tlTis by induction, using the elementary fact that an;
tree with n > 2 vertices has a vertex (in fact, at least two vertices) o};'
degree 1. The result is clearly true when n = 1. Suppose it is true when
n = N —1, and let T be a tree with IV vertices, e an edge of T incident
with a vertex of degree 1. Then T¢) has two components: an isolated
vertex, and a tree with N — 1 vertices, the latter being T{.). Hence
) C(T(e); u) = uC(T(e); u)a
and using Proposition 9.3 and the induction hypothesis
C(T;u) = (u— 1)C(Tey;v) = (u — Du(u — 1)V 2 = y(u — 1)NV1
Hence the result is true wh = :
ence the en n = NN, and for all n by the principle of
O

o The dleletion—contraction method also yields the chromatic polynomial
i a cyc l:e graph C,. If'n = 3 the deletion of any edge from C,, results
r; a path graph P,, which is a tree with n vertices, and the contraction
of any edge results in a cycle graph C,,_;. Hence
- C(Cnvu) =u(u'— l)n—l —'C(Cn—l;u)'
Since C3 = K3, we have
C(Csyu) = u(u —1)(u—2) = (u—1)% — (u—1).

We can solve the r i 3
’ ecursion given above, with this ‘initial T
obtain the formula , his ‘initial condxt.xon’, to

C(Criu) = (u— )" + (-1)"(z — 1).
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68 Colouring problems

If V1 NV is empty we make the convention that the denomina-
tor is 1, and the result is a consequence of the remark about disconnected
graphs following Proposition 9.2. Suppose that (Vi N V2) is a complete
graph K, t > 1. Since T contains this complete graph, I’ has no vertex-
colouring with fewer than ¢ colours, and so ug) is a factor of C(T;u).
Tor each natural number s = t, C(I'; 8)/ 8¢ty is the number of ways of
extending a given vertex-colouring of (V1 N'V2) to the whole of T, us-
ing at most s colours. Also, both (V4) and (V2) contain the complete
graph K, = (Vi N Vo), so C({Vi); 5)/s), t € {1,2}, has a correspouding
interpretation. Since there are no edges in T joining V1 \ (i nVy) to
V2 \ (Vi N V), the extensions of a vertex-colouring of (Vi N V2) to (V1)
and to (V) are independent. Hence .

C(T;s) _ C((Va);8) C((Va); 9)

0) 3 s@)

for all s > t. The corresponding identity for the polynomials follows.
[

Proof

The formula of Proposition 9.9 is often useful in working out chromatic
polynomials of small graphs. For instance, the graph shown in Figure 3
is ‘two K3’s with a common K>’; hence its chromatic polynomial is

u(u 1)(7-" u(ziz i‘b(;.l') 1)(’”‘ 2) — u(u _ 1)(u . 2)2'
An important theoretical application of Proposition 9.9 will be described
in Chapter 12.

Additional Results

9a Wheels and pyramids The cone of the cycle graph Cp_1 is the wheel
or pyramid Wp; the suspension of Cn_2 is the double pyramid 11,. The
chromatic polynomials of these graphs are

C(Wp;u) = ulu — 2)" ! + (——1)"—1u(u —2);

C(Mn;u) = u(u — 1)(u — 3)" 2 + u(u — 2)"2 (—1)"u(u? — 3u-+1).

Ob The cocktail-party graphs
cocktail-party graph Kop2,..2 with 2s vertices.
can be found from the recursion

p1(u) = u?, ps(u) =u(u— 1pe—1{u —2) + ups—1(u — 1) (s =2).

Let pa(u) = C(Hs;w), where H, is the ¢
The polynomials ps(u) |

SEHEEERR

T e T S T R T e T R T o S e R P e DS s v o O ;

The chromatic polynomial 69

9c Ladders and Mébius ladders  The ladder Ly (b > 3) i

graph of degree 3 with 2h vertices uy,ug,...,un,v1, 'vz_. vs 'a t;egmar
tices ui1,...,up form a cycle of length h, as do the ve,rtic:(;s :)’ o
and the remaining edges are of the form {u;,v:},1 <i<h Th:I.vi'.'l’a'f)h,
ladders Mh were defined in 3e. By systematic sze _of .the deleziolxlllf
:ﬁ::::;ttlﬁzt method Biggs, Damerell, and Sands (1972, see also 9i)

CLniu)=(w?-3u+3)"+@w-1D{B—-uw)+ (1 - uw)'} +u? — 3u+1;
C(Mp;u) = (u® — 3u + 3)* + (u — {3 —u)* — (1~-uw)h} -1

9d Th.e chromatic polynomial characterizes trees Corollary 9.4 i .
that different graphs may have the same chromatic polynomgz;l 'S. implies
f.wo 1':re'es with the same number of vertices have this propert; 1 Hmce i
if ' is a simple graph with n vertices, and C(T; u) = u(u ~){- n_olwever,
I" is a tree (Read 1968). ’ ) , then

9e'C’hro.m_atically unique graphs A graph is said to be chromaticall
unique if it is the only graph with its chromatic polynomial g‘a .
Corollary 9.4 we know that any tree with more than three ve;'t' OI'n
not chromatically unique. Several families of graphs are kn. "o be
chromatically unique, among them the following own to be

(a) The complete graphs, K. '

{b) The cycle graphs, Cy, (n > 3).

gc) The wheel graphs W,, for odd n.
;t 1sLlfnown tha:t We and Wy are not chromatically unique, but Wiq is.

ee Li and Whitehead (1992) for this result and additional references.

9f The cfhromatic polynomials of the regular polyhedra The chromati

polynomials of the graphs formed by the vertices and edges of thm; pi
rggular polyl'ledra in three dimensions are known. The graph oi' tl‘:e
:Zt;a:l;dron is K4, the graph of the octahedron is Hy = Kgp 2.2 (9b)e
ane icose 1%rzph of the cube is Ly (9¢). The chromatic polyx;c;mial 0;'

ahedron was computed by Whitney (1932b); after removing th ‘

factors u(u — 1)(u — 2)(u — 3), it is &
u® — 2447 + 260u® — 1670u° +6999u* — 1969843 +36408u? — 40240u+20170

T . .

. rl;: cc:;r:xputatxon of the chromatic polynomial of the dodecahedron was

oy :Idemlpted by D.A. Sands (in an unpublished thesis, 1972) and
g8 (1976). In order to reduce the size of the coefficients it is
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9k Chromatic roots of planar graphs  Tutte’s result (9j) led to specula-
tion concerning the numbers b, = 2+ 2cos(2m/n) as chromatic roots of
families of planar graphs, based on the observations that by =0, bs = 1,
by = 2, bs = 2.6180.. ., bg = 3, and b, — 4. Beraha and Kahane (1979)
proved that 4 is indeed a chromatic root of a family of planar graphs, and
Beraha, Kahane and Weiss (1980) proved the the same thing for bs, b7,
and big. Concerning the numbers b, in general, Tutte (1984) observes
that ‘their significance is not yet properly understood’.

91 Zero-free intervals If T is a graph which triangulates the plane,
there are no non-integral zeros ¢ of C(T'; u) for which ¢ < 2.5466.. ., the
zero of the octahedron mentioned in 9 (Woodall 1992).

9m Confluence of the deletion—contraction method In the method of
deletion and contraction we are free to choose any edge at each step.
The fact that the order of choosing edges does not affect the final result
is obvious, given the concrete interpretation of the chromatic polynomial
in terms of colourings. However, the deletion—contraction method may
be applied formally, as a set of so-called rewriting rules, and then it is
necessary to prove that there is a ‘normal form’, independent of the order

in which the rules are applied. This follows from two general properties '

_ of the rewriting rules, known as well-foundedness’ and 9ocal confluence’
(Yetter 1990).

on The umbral chromatic polynomial If P is a partition of an n-set in

which there are oy parts of size i, then we define the formal expression
] P) — ™2 Otn

7%( 2L Pnti-

Given a graph T, let
m2(r) = D_7*(P);
P

where the sum is over all colour-partitions P of VT with r parts. Clearly,
putting ¢1 = ¢2 = ... = Py = 1 we obtain the ordinary m(I), as
defined on p. 63.

Ray and Wright (1992) show that the corresponding generalization of
the chromatic ‘polynomial is obtained by replacing the expressions U(r)
by what are known as the conjugate Bell polynomials b¢(u). Thus they
define the umbral chromatic polynomial

OO (T u) = ST ).

r=1

They obtain interpolation formulae like those in 9g and anslogues of |

other properties of the ordinary chromatic polynomial.

10

Subgraph expansions

{: ansst <;l:al:a:3a1;s c?ilc(til.latir?g_ the chromatic polynomial of a graph is at
known to be difﬁc:lt,nfx ;t Ste(;}llll:ig:l‘t;cenzuml;ﬁr.h o ater problem i
: : t e which appears to corr
K:Sl:l ;::a,ac:la?i Z}:()lenfeg;e. (More details may be found in the Ad(ﬁi?(;)r?a(;
pesults at the end c()i apf,er 13.) There are nevertheless good reasons
both the 1 ¢ pra(ftlcal, for studying methods of calculating th ,
ic polynomial which are more sophisticated than those discssseg

in the previous cha
pter. These methods are i
‘expansion’ in terms of certain subgraphs based on the idea of an

Definition 10.1

The rank pol ;
function defined by polynomial of a general graph I is the

R(Tyz,y) = Z 27 (S)gy5(S)
whe; S&ET
ehere 1{(5) and (5) are the rank and co-rank of the subgraph (5) of I
of T with iani 7"2[:1'/3 = Eplr(sm'ys then p,. is the number of subgraphs.
: co-ran , .
rank matriz of T. s, and we say that the matrix (pr,) is the

For example, the rank matrix of the graph K3 3 is

1
9
36
84 9
117 45 6

81 78 36 9 1
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76 Colouring problems

coefficients, we have

Zbiu"_i = C(T;u) = u"R(T; —u 1)
t
=u" Z PTS(_’U)—T(—]')S
= ZZ(—I)T+sPrsun——T'

Equating coefficients of powers of u, and rearranging the signs, we have
the result stated above. . 0

The formula for the coefficients expresses b; as an alternating sum of
the entries in the ith row of the rank matrix. This formula was first
studied by Birkhoff (1912), in the original paper on chromatic polyno-
mials, and Whitney (1932a). For example, from the rank matrix for
K33 given above we have

by = —9, by=236, b3= —844+9=-75 bs= 117 — 45+ 6 = 78,
, b5=——81+78—36+9——1=—31.
This checks with the result obtained in Chapter 9 by a different method:
C(K3giu) = u® —9u® + 36u? — 75u3 + 78u* — 3lu.

Proposition 10.6 Let T be a strict graph of girth g, having m edges
and 1 cycles of length g. Then, with the above notation for the coeffi-
cients of the chromatic polynomial of ', we have

(1) (-1 = (™) for i=0,1,...,9 —-2;

(2) (-1 *bg—1 = (gr—:ll) -
Proof A subgraph of I’ with rank i < g — 2 must have co-rank zero,
since T" has no cycles with fewer than g edges. Thus, for all i < g — 2,
we have p;o = (’:‘) and p;; = 01if j > 0. Further, the only subgraphs
 of T with rank g — 1 are the ( g’fl) forests with g — 1 edges (which have

co-rank zero), and the 7 cycles with g edges {which have co-rank 1).
Thus,

m . . .
Pg—1,0 = (1,\)’ Pg-1,1 = 7, Pg—1,5 = 0, if 7> 1.

The result follows from the expression for the coefficients of the chro-
matic polynomial. O

We observe that for a strict graph the girth g is at least 3, so the coef-
ficient of u™—1 in the chromatic polynomial is —m, where n and m are
the numbers of vertices and edges respectively.

Subgraph expansions 77
The formula for the coefficients of the chromatic polynomial i

alternating sum, and its use involves counting many subgraphs l:an
‘caflcel' out’ in the final result. Whitney (1932a) discovered a redwt'lCh
which involves counting fewer subgraphs. His result also shows thuz :‘;ﬂ
?on-zerq coefficients of the chromatic polynomial alternate in si nz? th .
is, {(—1)'b; is always positive. Let I"' be a simple graph whose id,e— az
ET = {el., €2, - . .,€m} is ordered by the natural order of subscripts gT;ei
f)rder}ng is to remain fixed throughout our discussion. A broken: ¢ ;S
in T is the result of removing the first edge from somé cycle; in tzilc -
words, it is a subset B of ET such that for some édge e; we h;ve e

(1) Bu{ei}isacycleinT'; (2) i > | for each edge e; € B.

The next proposition expresses the coefficients of the chromatic polyno-

‘ muﬁ in terms of the 5:.ubgraphs which contain no broken cycles; clearly
such subgraphs contain no cycles, and so they are forests. ,

Proposii_;ion 10.7 (Whitney 1932a) Let I' be a strict graph whose
edge-set is ordered as above, and let C(T;u) = S bu™~t. Then (~1)b;

is the number of sub h. ; ; j
e f subgraphs of I which have i edges and contain no broken

P.ro.of Suppose B, Ba,...,B; is a list of the broken cycles of I in
dictionary order based on the ordering of ET'. Let f; (1 <i<t) den, t
the edge which, when added to B;, completes a cycle. Tl_le e_dges Ji :, . 4
not necessarily all different, but, because of the way in which the br:)k::i )

. . N
cycles are ordered, it follows that f; is not in B; when j > ¢ = ¢
Define Xy to be the set of subgraphs of I' containing no_ broken 1 N
and for 1 < h < ¢ define e By
o B_ < efine X}, to be the set of subgraphs containing B), .
l; x;ot 3h+1, Bpyo,...,B;. Then ¥g,%4,...,%,; is a partition of the =
set of all subgraphs of I'. We claim that, in the expression =
(~1)%b: =Y (=1 pij, 5,
the total contribution to the sum from ¥,,...,3; is zero ‘é
‘Siuppos? S is a subset of ET not containing f5; then S contains By, if %‘::
aml o.rflly if SU {fn} contains By. Further, S contains B; (¢ > h) if and ‘;.-
only if S U {fr} contains B;, since fy is not in B;. Thus if one of the é

subgraphs (S), (S U {fn}) is in X4, then both are in 3,. They have the
same rank, but their co-ranks differ by one, and so their contributions
to th(? a,ltfarnating sum cancel. Consequently, we need only consider the
f:ontrlbutlon of Tg to > (—1)7p;;. Since a subgraph (S) in ¥ is a forest

it has co-rank j = 0 and rank ¢ = |S|, whence the result. D,

Corollary 10.8 Let T be a strict graph with rank r. Then the co-
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are ‘particles’, each of which which can have one of u attributes, so that
a ‘state’ of the system is a function w : V — [u]. Each pair of adjacent
vertices, corresponding to an edge e € E, has an interaction ¢, (e) which
depends on the state w, and the ‘weight’ I(w) is the product of the
interactions i,,(€). The partition function is the sum of all the weights:
Zm) =3 1wy = > J]iue).
w wEu]V e€E

The chromatic polynomial is the special case arising when ¢, is the
indicator function @ as in Definition 10.2: that is, i, (e) is 1 if the ends
of e have different attributes, and is 0 otherwise. In general, the value
of u and the function i, determine an interaction model. An account of
the properties of such models was given by Biggs (1977b).

10g The Ising and Potts models Using the ‘interaction model’ termi-
nology, suppose i,(e) is « if the ends of e have the same attribute in the
state w, and 1 otherwise. For general u this is known as the Potts model,
and the special case u = 2 is known as the Ising model. The partition
function for the Potts model can be expanded as a rank function:

— . a—1
Zrotts(T) = D w" "N~ YIS = u R ==, & — 1).

SCET

10h A general form of the subgraph erxpansion An interaction model
for which i,(e) takes only two values, one when the ends of e have
the same attribute and another when they have different attributes,
is said to be a resonant model. The expansions in terms of the rank
function described above can be generalized to any resonant model in
the following way. Let F' and G be resonant models for which the two
(distinct) values of i, (e) are fi1, fo and g1, go respectively, and let f; =
vg: + 6,7 = 0,1. Then Zg(I') can be expanded in terms of the values of
Zg on the subgraphs of I" as follows:

Zr(T) 151 Ze((S))
v = 8% Sér (3) =S

10i Another expansion of the chromatic polynomial Nagle (1971) ob-
tained the following expansion:
CTu) = Y ulVT\WSI(1 — o HIENSIN((S); w),
SCET
where the function N has the following properties: (a) if I" has an isth-
mus, then N(T;u) = 0; (b) N is a topological invariant.

11

The multiplicative expansion

In this chapter and the next one we shall investigate expansions of the
chromatic polynomial which involve relatively few subgraphs in compar-
ison with the expansion of Chapter 10. The idea first appeared in the
work of Whitney (1932b), and it was developed independently by Tutte
(1967) and researchers in theoretical physics who described the method

“as a ‘linked-cluster expansion’ (Baker 1971). The simple version given

here is based on a paper by the present author (Biggs 1973a). There are
other approaches which use more algebraic machinery; see Biggs (1978)
and 11e. i

We begin with some definitions. Recall that if a connected graph I' is
separable then it has a certain number of cut-vertices, and the removal
of any cut-vertex disconnects the graph. A non-separable subgraph of T’
which is non-empty and maximal (considered as a subset of the edges)
is known as a block. Every edge is in just one block, and we may think
of T as a set of blocks ‘stuck together’ at the cut-vertices. In the case
of a disconnected graph we define the blocks to be the blocks of the
components. It is worth remarking that this means that isolated vertices
are disregarded, since every block must have at least one edge.

Let Y be a real-valued function defined for all graphs, and having the
following two properties.

Pl: Y@ =1ifI has no edges;
P2: . Y(I') is the product of the numbers Y (B) taken over all blocks
BofT.
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‘We shall prove that _
log X(I) = > X(S),
SCEr

from which the theorem follows by taking exponentials. Now, from the
definition of X,

D> X8 = > (=) 37 (-1)!"log X(R),

SCET SCET RCS :
and (R) as a subgraph of (S) is identical with (R) as a subgraph of I'.
Writing Y = S \ R the right-hand side becomes

Yo DT (=1)IRHYI(—1)Rilog X(R)

RCET YCET\R
= > log X(R) > (-p¥L
RCET YCEI\R

The inner sum is non-zero only when ET'\ R = @; that is, when R = ET.
Thus the expression reduces to log X (ET) = log X (I'), as required.
O

We now apply the general theory of the logarithmic transform to the
particular case of the chromatic polynomial. We take the function Y to
be

Yul() = (~1)!FFlu=®,
This satisfies P1 and P2 and, by Theorem 10.4, the corresponding X
function is ,

X () = v~V er; w).

Lemma 11.5 Let (X,,Y,) denote the particular pair of functions
given above. Then, for a given graph T", X,(I')and }7“(1“) can be defined
Jor all sufficiently large integers u.

Proof In order to define X, (") satisfactorily we must ensure that
log X, {S) is defined for all subsets S C EI'. Now if u is an integer
greater than the chromatic number of I', it is clear that C({S);u) is
positive and so the logarithm of X, (S) = v~ V{SNC((S); ) is defined.
' (|

We can eliminate the logarithmic and exponential functions from the.

general definition of Y, obtaining

}7(1") = H {X(S)}G(S), where €(S) = (-——1)|EF\S|;
SCET
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For the particular case Y, we get
Vo) = J] {wVIC(S);u)}®,
SCET

which is valid for all sufficiently large positive integers u. The product
formula shows that 1~’u is a rational function in its domain of definition.

We shall find it convenient to deal separately with the f’u’ function
for a single edge, that is Ya (K2). It is easy work this out explicitly:
You(K2) =1—ul.
Proposition 11.6  For every non-separable graph A having more than
one edge there is a rational function q(A;u) such that the chromatic
polynomial of a graph I has a multiplicative expansion

CT;u) =ulVTI(1 — 4~ 1)ETI Hq(A; u),

where the product is taken over all those non-separable subgraphs A of T’
which have more than one edge.
Proof We have seen that, if (X, Ys) is the pair defined by

Y. (D) = (—1)/FTly=M X (T) = u~VTIo(T; ),
then )7,, is defined for all subgraphs of I" provided w is a_sufficiently
large integer, and Y, (K32) = (1 — u~1). Setting g(A;u) = Y,(A) when
|EA| > 1 and applying Theorem 11.4 we see that the identity holds for
an infinite set of values of u. Since both sides are holomorphic functions,
they are identical. O

‘The functions ¢(I';u) can be found explicitly for certain standard
graphs. For example, for the cycle graph C,, the only subgraph occuring
in the product is C,,.itself; hence

C(Cpzu) = u™(1 — u~1)q(Chp; u).
By a result of Chapter 9, the left-hand side is (u — 1)" + (—=1)™(u — 1),
so that
="

(w—=1)»1°

This simple calculation highlights an apparent circularity which arises
if we propose to use the multiplicative expansion to calculate chromatic
polynomials. The difficulty is that the right-hand side of the multiplica-
tive expansion of C(I'; u) contains a term ¢(T"; u), and we have, as yet,
no way of finding ¢(I'; ») without prior knowledge of C(I'; u). In the
next chapter it will be shown that this seemingly fundamental objection
can be surmounted by means of a few simple observations. We shall also
obtain a version of Proposition 11.6 in which the number of subgraphs
involved is reduced still further.

g(Criu) =1+



un(,_g)r =1 owysn ‘(Ix) = ()7
aary am ‘Apyordxy

4936 qreioy (Po)py = (Por)ydxe
. Jey) yons Oy uo 7
peuoljouny rsaul] Surpuodseliod e ST 9197} SUOHIPUOD UIe}Iad Ispun ey}
umoTts st 31 eaoqe pajonb siaded s Joyne ay3 uy “(2)wr s9INQLIU0D 7 2d Ly
jo ydeidqns yoes yorgam ut sydeiSqns 1040 wns v ‘Jonpord rTefess oy jo
wonyragep Aq ‘st (32))y ¢ sydeis yeaz, Suruasaidsi 55 5109004 uQ (W ‘K)
= (£))y £q psuyep py [euoljouny reaur| e sy a10y) 0 > w uaAl3 Lue 103

7 o
@AW LTS = (24 1R)  (o)ex(o)x [ = (ex‘1x)
:Lem rensn
ain ur peuygep sjonpoxd reress qruupe 0x pue 0 sooeds 109094 [€31 Y,
‘Apparpoadsar 0x pue 0y Aq jroddns 991Uy Yjim $10300A JO SUMSISUOD X
pue X jo sooedsqns ot} ajous(  sjpuoounf Lvaul] sv suotsuvdrig JTT

1530

£q peugep Surddeur Jerwouow, oY}
ST X + X : [) PU® ‘XIIjeul 9)Iuyul urejrdd ® Aq psugsp ioyersdo reaury
e Sl g o1UuM ‘). g = M 1Y paaoad st 1 ‘pajonb sioded sy} ug

49 D6 qreiy %= (%r)m

eyl Uyons ‘X «— ¥ : 4 Iorerado ue st 21943} eI
S1I9sse wa109Y) s AougA\ I Jo sydeidqns ojqeredas-uou Jo soquinu aY3
squasaadex o p uayy, -2 ad4£) jo ore yorym I jo sydeiSqns jo zoquunu o3}

st (7) %o yeyy o[na o) £q X > Fo ouyep ‘6 2d4L) jo ‘I ydeid usals @ 104
"X — X : r uomnpafoid e
2A®y om ‘Aem SNOIACO 9Y) UI .LH) JO }9SqNS € S8 POpIe3al St 25 USYA 4D
pue 3¢ U0 pauyep SuUOIOUNy penfes-[eal Jo seoeds 10300A Y3} g A[OAl}
-0adsex x pue Y 9o -proddns ajuyg yum ‘smwIsqul sarpeldsu-uou ayj o}
18 wox suorjouny Jo 198 8y} aq 0} ‘sadfy ydv.b jo 1os oY) ‘up) pue ‘sydeid
a[qeredas-uou jo sesse[d wsydiourost Jo 39s a7} 2q 03 ‘sadfiz 4p3s JO 198 9}
‘36 ouya(] ‘yiomsurely oreiqeSre Suimof[oy Y3 peonpoljur (8161 ‘ALL6T)
s381g ‘esoqe poquIosep waI0sYy} S ASUMNYA\ pue uoisuedxe saryeordn
-[nwx oY) Jo A109Y) oY) AJIUN O} IOPIO U]  YLomawnif 01010260 uy 1T

‘Kroyeurdxa-Jo8
SI uonelou 150 Ay} pue 1'2'2g ydeid eioyy oYy jJo adLy ayy st g axoyM

28 uorsundra anpvoydiynus YJ,

‘Vuéu% + fug — Vulu% — Vug = vy

aaey am &37 01 oIgdIourost syoo[q om) pue

€37 09 orydiowrosy yoofq suo yYpm adLy oy sejouap ||y J1 ‘eidurexs 1oq
‘3 uey} sodpo arowr j0u YHm sodA} ajqeredssuou ayj} d8I1e ‘"L 0 2I9YM

‘(D (D w)e = (D)

7271 Yons ‘urIaj Juejsuod ou pue SjusIdnja0d

reuorjer yum ‘g jo juspuadopur ‘*¢ uorjouny rerwroudod e st o19y) way g,
‘ssepd wstydIiouwost yoes Jo S¥oo[q Jo jequuinu oy} Aq peuruiiejep st odLy,
e sxaym ‘2 adA) usAld e sarvy yolgm J jo sydeilqns jo szsquunu ay) aq
(1) *u 991 ‘Aqreoyroedg -sydeidqns sfqeredos-uou Jo sroquinu 9y} JO SULIO}
ur ad43 remnorjred Aue jo sydei3qns jo roquunu 9y} 10} uorssardxa [ersusad
® SI 0191} 1By} SULMOYs Aq ‘Aem JUSISHIP ® Ul }[NSa1 Sy} pautelqo (qze61)
Asupypn ‘popeau axe sydeidqns siqeredss-uou oy} A[uo ‘A109y) ur ‘yeyy
umoys oney am 1idetyo sy uj -sydeadqns oyl [[B SUTUNOD PIA[OAUL
yorga [erwoudjod d19eWIOIYD 877 JO SIUSIOYJA0D aY) IOf B[NULIO] B paure)
-qo am (T Joydey) uy  sydoubgns HuJuUNod UC WIL03Y] S, ﬁ.auz_zym PIL

‘(2961 @3INL) 98pa auo ueyY} dIOUI
aary yo1yMm I Jo v syderdqns s[qeredas-uou [[e I9a0 sI jonpoid ay) aioym
‘(ﬁ’ E LV){S H |Jg|(m + I) = (ﬂ ‘T fJ)H

uolsuedxs sanyesridynur © 03 speasl (X ‘) Ired ayj 03

parjdde uriojsuers oruuygrreSof oYy pue (A ‘z 1)y = ()X ueys (s (T
= (DA 11 (ovrwoufijod yuvs 2yy fo uorsuvndra sanvordipnus sy OTT

. (u=3( = 1) = D(u—s(® — 1) — D(a—u(r —1) — T)
u-—-(n - '[_)(TL——- Z) + u—'](n - I) - u—-s(n - I) - u—.:.(n - I) -1

st (nf#'%4Q)b pue ‘seBpo 7+ § + . pUB SOOI}OA [ — 2+ S + & = u sey
¥#erg -7 pue ‘s ‘4 yjBuel jo syred jurofsip 9o1y) Aq poulof s8013I0A OM] JO
Surjsisuoo ydeis oy} sjousp **g o7 (1267 Tosed) sydouib 1oy LT

ATl | (nr)s) = (010D
1—u(1-)
uay ], ‘%O ur jusoelpe jou are yoIym S9OTLISA JOULSIP OM)
Surutof 98ps auo Jo UOHIPPE oY} Aq U ydeild o[ofo oY} WOI PojonIs
-uoo ydeid & ajousp D 19T 3fio passous v fo uoyounf b syl ery

S)NSoY [eUOIHPPV

swajqosd Burinojon 98



88 Colouring problems

11g The Hopf algebra framework There is clearly a substantial amount
of algebraic structure underlying Whitney’s theorem and the multiplica-
tive expansion. Schmitt (1993) carries this idea to its logical conclusion
by introducing coalgebras and Hopf algebras. He shows that the algebra
of formal power series with rational coefficients over St can be given the
structure of a Hopf algebra, and that it is isomorphic to the dual of the
free module with rational coefficients over Gr. Whitney’s theorem is a
direct consequence of the isomorphism.
Another approach using Hopf algebras is discussed by Ray (1992).

12

The induced subgraph expansion

In this chapter we shall modify the multiplicative expansion of the chro-
matic polynomial in such a way that the induced subgraphs are the
only ones occurring in the formula. This procedure has two advantages.
First, there are fewer induced subgraphs than subgraphs in general; and
secondly, the function which takes the place of the g function (in the
notation of Proposition 11.6) turns out to be trivial for a wider class of
graphs.

The formal details of the transition to induced subgraphs are quite
straightforward. For any non-separable graph A define

QA u) =[] ea5w),
where the product is over the set of spanning subgraphs A of A, that
is, those for which VA = V'A. Tt follows immediately that  is a ratio-
nal function of u. For example, the cycle graph C,, has just one non-
separable spanning subgraph, which is C, itself. Thus the definition of
Q gives
="

Q(Cn;u) = q(Crnsu) =1+ @=1) 1"

Proposition 12.1  The chromatic polynomial has a multiplicative ex-
pansion.

O(T;u) = w1 — u~)EN [T Q(A; w),

where the product is over all non-separable induced subgraphs of I' having
more than one edge. ’
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Proposition 12.3  The matriz N completely determines the chromatic
polynomial of T'.

Proof We know the C and Q functions for all the graphs with at
most three vertices. Now, suppose we know the C and @ functions for
the induced subgraphs of I' with at most ¢ vertices; then we can find
the C and @ functions for each induced subgraph with £ + 1 vertices,
by using the technique previously explained. Thus, using this procedure
recursively leads to the chromatic polynomial of T'. . O

For example, the following is a complete list of the non-separable
isomorphism types of induced subgraphs of the ladder graph L. (The
graph itself occurs as Ag in Figure 6.)

- = A A

A, A, A, A, A, Aq

Figure 6: the induced subgraphs of Lj.

The N matrix for T is:

1

2 1

3 3 1

4 4 0 1
5 6 1 1 1
6 9 2 3 6 1

To see how the method works, suppose that we have completed the
calculations for subgraphs with at most four vertices. The C and Q
functions for these graphs are as follows.

Ao A3 Ay

C: wu—-1) ulu—1)(u—2) u(u —‘1)(u2 —3u+3)

Q: (u—1)/v u(u—2)/(u—1)? u(u?-—3u+ 3)/(u~—1)3
The remainder of the calculation now proceeds in the following way. We
have C(As; u) = Ps(u)Q(As;u), where

= (452 () (525
= (v — 1)(u — 2)(u® — 3u + 3).

The induced subgraph expansion 93

Here (atypically) Ps(u) is a polynomial divisible by u(u — 1), and so
C(As;u) = u(u — 1)(u — 2)(u® —3u+3) and Q(As;u) = 1.
At the next stage, we have C(Ag; u) = Ps(u)Q(Ag; 1), where
9 2 2 3
_ efu—1 u(u — 2) u(u? — 3u + 3) 6
Po(u) = u ( w ) ((u—1)2 w1z ) ®
= u® — 9u® + 34u? —67u® +67u% —....

Here Fs(u) is not a polynomial. Extending the terms in »2 and above
to a polynonial divisible by u(u — 1) we get C(I'; u) = u® — 9u’ + 34y4 —
67u® + 67u? — 26u.

One noteworthy feature of the preceding calculation is that Q(As; u) =
1, although A5 is a non-separable graph. This means that we could
have ignored As completely, both in setting up the matrix N and in
the subsequent calculations. The next proposition shows that there is a
large class of non-separable graphs I'" for which Q(I'; ) = 1.

Proposition 12.4 (Baker 1971) If the graph T is quasi-separable, in
the sense of Definition 9.8, then Q(T';u) = 1.

Proof We prove this result by induction on the number of vertices
of I'. The result is true for all quasi-separable graphs with at most
four vertices. For this set contains only one graph (the graph shown in
Fig.3, p. 67) which is not in fact separable, and the claim can be readily
checked for that graph.

Suppose that the result is true for all quasi-separable graphs with at
most L vertices, and let I" be a quasi-separable graph with L+1 vertices.
We have a quasi-separation (V1,V2) of I', where (V3 N V,) is complete
and (VI — (Vi NV3)) is disconnected. The expansion of Proposition 12.1
can be written in the form

CTu) = P(u)Q(T; ),
where P(u) is a product of factors corresponding to the proper non-
separable induced subgraphs of I If U is any proper subset of VI
for which U Z Vi and U € V3, then (U) is a quasi-separable graph,
with quasi-separation (V; NU),(Vz NU). By the induction hypothesis,
QUU);u) = 1.

Thus the non-trivial terms in the product P(u) correspond to the
subsets of 'Vl and the subsets of V2. However, a subset of V; NV, occurs
just once, rather than twice. It follows that

' _ C((N)iu) C({V2); u)
PO ==cvinvayw
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isomorphism class in each case. The N matrix is

1

5 1

6 0 1

8 2 1 1

10 4 2 4 1

12 6 4 9 3 1

. 15 12 10 30 15 10 1
Using the method described on Pp. 92-93 this gives the chromatic poly-
nomial of Oj:

u(u — 1) (u — 2)(w" — 12u8 + 67u® — 230u? + 52943 — 814u? 4 775y — 352).

12d The first non-trivial coefficient in g and Q If I is non-separable
and has n vertices and m edges, then the coefficient of ©—("~1) in the
expression for ¢(I'; u) in descending powers of u is equal to (—1)™. The
corresponding coefficient in Q(T';u) is therefore 2 (—1)!EAl where the
i;rg;r)nation is over all non-separable spanning subgraphs A of T (Tutte

12e Chromatic powers Let (L") denote the sum of the mth powers
of the zeros of C(I'; u). Suppose that

oo
log QAsu) = =y~
J=
where the expansion is valid for lu| sufficiently large. If n(T; A) denotes
the number of induced subgraphs of T" which are isomorphic with A, we
have

om(T) = Zn(T; A)em(A),
where the sum is taken over isomorphism classes of non-quasi-separable
graphs (Tutte 1967). '
12f Approzimations for the infinite square lattice There have been
{nan?r attempts to determine the ‘chromatic polynomial’ Co(u) of the
infinite square lattice. Biggs and Meredith (1976) obtained the estimate

1
5(u—3+ Vvu? —2u +5).

Using the ‘transfer matrix’ method, Biggs (1977a) obtained the bounds
u? —3u+3 1 Ty s—
Kim and Enting (1979) obtained a series approximation in terms of
z = 1/(u —1): apart from a simple factor it is
142 + 27+ 32°% + 42° + 3210 4 3011 4 112712 4 94413 4 gy 14
~ 912" — 2612'® — 29027 + 254518 4 . .

13

The Tutte polynomial

There is a remarkable relationship between the rank polynomial and the
spanning trees of a graph. In this chapter we shall develop this theory
by giving an explicit definition of what is known as the Tutte polynomial
T(T';z,y) of a graph I in terms of its spanning trees, and then proving
an identity between the Tutte polynomial and the rank polynomial.

An alternative approach to the Tutte polynomial is to define it recur-
sively by the deletion—contraction property,

T z,y) = TT®;z,y) + T(L'(e); 7, 9),

where e is neither a loop nor an isthmus. This rule, together with a

' ‘bounddry condition’ (see 13c), does in fact define T completely. How-

ever, it is not immediately obvious that the method leads to a result
which is independent of the order in which edges are deleted and con-
tracted, and it provides no insight into the remarkable properties of T'.
For these reasons we shall follow the con§tructive route given below.

The definition of the rank polynomial depends upon the assignment
of the ordered pair (rank, co-rank) of non-negative integers to each sub-
graph; we shall call such an assignment a bigrading of the set of sub-
graphs. If I' is connected, the set of subgraphs whose bigrading is
(r(I"),0) is just the set of spanning trees of I We shall introduce a
new bigrading of subgraphs which has the property that, if it is given
only for the spanning trees of I', then the entire rank polynomial of I
is determined. Our procedure is based initially upon an ordering of the
edge-set ET, although a consequence of our main result is the fact that
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Proof By definition, e is externally active if and only if e is the first
edge whose removal decreases the co-rank of TUe. But T U e contains
just one cycle, which is cyc(T, e), and any edge whose removal decreases
the co-rank must belong to this cycle.

The second part is proved by a parallel argument. ()

Definition 13.6 The Tutte polynomial of a connected graph I', with
respect to an ordering < of ET, is defined as follows. Suppose t;; is the
number of spanning trees of ' whose internal activity is ¢ and whose
external activity is 7. Then the Tutte polynomial is

(I <;z,y) = Ztijxiyj~
Remarkably, it will turn out that T is independent of the chosen ordering.

In order to obtain the main result we shall investigate the relation-
ship between the concepts just defined and the following diagram of
operators.

A 2 B
[T
¢c A p

Here A denotes all subsets of ET, B denotes subsets Z with r(Z) = rg,
C denotes subsets W with s(W) = 0, and D denotes subsets T with
7(T') = 7o and s(T") = 0 (that is, spanning trees). It is worth remarking
that the diagram is commutative, although we shall not need this result
(see 13g).

Proposition 13.7  Let X be any subset in the image of the A operator,
50 that 7(X) = rg and X* = X. Then
X=Y '+ X"CcvYcCx.

Proof Suppose X = Y*. Then V CY*=X,s0VYC X, If fis an
edge of X, then certainly f isin X = Y. If [ were in Y2\ Y, then by
Lemma 13.2, A(Y> \ f) = f; but this means that J is internally active
with respect to X = Y, contradicting f € X~. Thus f is in Y, and
X-CvY. ]

Suppose X~ CY C X. If X = Y, then we have X = X* = y,
Now if f € X \ Y, then f is internally active with respect to X and so
AX\f) = f. From Y C X\ f we have (by Lemma 13.3) M(X\ f) e YA,
that is, f € Y*. Since this is true for all S in X\ Y, it follows that
X \Y C Y?, and consequently X C Y, Finally, from Definition 13.1
and ¥ € X C Y we deduce that X> — Y2, that is X = YA, |

The Tutte polynomial 101

We note the analogous result: if X is in the image of the u operator,
then
X=Yte=XcYcxt

‘Proposition 13.8 Let T be a spanning tree (that is, T € D), and

suppose W € C is such that W* = T. Then W< = Tk,

Proof Suppose that the edge e is externally active with respect to
T. We shall show that the whole of cyc(T,e) belongs to W, whence it
follows that e is externally active with respect to W. If there.is. an edge
f # e in cyc(T, e) which is not in W, then, since (by Proposition 13.7)
we have T~ C W C T, f must be internally active with respect to 7.
Now f € cyc(T,e) implies that e € cut(T, f), and the internally act?ve
property of f means that f < e. This contradicts the externall-y a.ctfve
property of e. Hence cyc(T,e) C W, and e is externally active with

respect to W, . .
Conversely, if e is externally active with respect to W it follows im-

mediately that e is externally active with respect to 7. (]

We now set up the main theorem, using the portion .4 <> C 2D
of the operator diagram. Define
pij = {X € A| r(X) =70 — 1, s(X) = j}|,
mj =|{W € C| r(W) =10 —i, |W*| = 5},
tij =T € D||T"| =1, |T*| = j}.
Of course, the last line merely repeats Definition 13.6. We have three

. corresponding two-variable polynornials.

R(Tiz,y) =) pya'y’, P, <izy) =Y mjac'y’,

| T(T, <;2,y) = ) tyz'y,
where the modified rank polynomial R is related to the usual one (Defi-
nition 10.1) by ﬁ(f‘; z,y) = xR 71, y).

Theorem 13.9 Let I' be a connected graph with n vertices and let <
be any ordering of ET'. Then the Tutte polynomial is related to the rank
polynomial as follows:

T, <;z+ lLy+1) = I_~Z(I‘; z,y) =" 1R 271, y).
Proof We shall use the intermediate polynomial P defined above, and
prove the equalities ' B

T, <;z+1,y+1) = P(T, <2,y + 1) = R(T; z,v),
which are equivalent to the following relationships among the coeffi-



. 11—
I -ma-n)(®A)d
uoy ], ‘Aarpoedser ,,_ (1 — ii)(z)li pue
(A 'z t¥37).1 srermoudjod ay) 10y suorjouny Suryersusas jerpusuodxoe o3 aq
(0‘A)d pue (0‘fi‘z)L 9] sydvub agapdwios fo spprwoufijod ayny, g1

= (o‘A‘x)s

(‘o6 osye sag) -sydeid asey} 10§ sfenu

-oukjod d1)RWIOIYD SY} pUE SISQUINU-93I} SY) SONPOP Ued oM SIq} WOL]

0=©AZ+2(1+A+z+ 2)— Dz + g +A+2)— D(E-DIT—2)

st uorjenba Lrermxne

9SOyM ‘90UIIINJAI Jures oY) oAy A3Y) {9 = d YJIm SoI[liue] SAISIND3I oIe

s10ppE| SNIqQON pue s1oppef jo {Ypy} ‘{¥7} seymurey oqy, g = J yum

Anure oAisINoax ® wioy sydeid ojoLo ayj snyy, °7 jo juepusdopul are

pue ‘(f‘x) jo suorjouny jerwoufjod are v ¢ - - ‘Ip SJUSIOIPYAOD SYJ ISYM
‘0= (A'za) %+ + (Ble o) e + (B e ) L

ULIOJ 91} JO SOUSIINIDI TeIUI[ € SI

o10q) J1 fippuunf anrsunoa. @ oq 0y pres st sydeis jo {11} Apturey 8 ‘Ajreisusy)
‘0= (A'zD) LT + (‘T D) I(T + %) — (A'zE+D) L

:sgdes a1o4o oy Jo srerumoufjod ajny, syl 10§

90UDIINOAI ISPIO-PUCOIS B Urejqo med am fjrodord worjorIjuod—UuOISP

oy Suts)  (ZL61 spueg pue [[pioure(y ‘sS3ig) sazpwof dntsiny PEI

‘R = (Azify)

‘sdoo] £ Suippe £q so8pe 1 YM o901} ® wioy pawnio)y st fry g1 (2)
(AztP L+ (Ax L)L = (f‘ziI)L uayy ‘snury)st ue 1ou

dooy & 1ayjteu st yorym 1 ydead pajosuuod o) Jo a8pe we st 2 31 (1)
‘syderd pajosunod 10} rertmoudjod )Iny, oY) suyep Ajeeidurod
so1310dosd omy Buwmmoqoj oy, fipodosd uo2)onLU00-U022)2P YT OCT

- [ 9
9
1z
98

(AR 41

oL 0Ll

0¢ OLT 081

SI SO O0FZ 03zl

0T 99 T.T 891 9F

L 1 6 g8 94 8 98 o0 J

st ydeid s uesiojoed 10§ rerwousjod 93ng, oy} jo sjuewyyeod jo (£7)

Xuyewr a4y,  (qgLeT s8S1q) ydoub suasuogag fo rnygvws apmp oYL ST

€01 wrwoufijod apny, ayJ,

1wt BT A= (A i)
UleIqo oM SeMIANOE [RUILIXS pue [BUIdUT 1Y) SUNenOEd pue
¥ 3o seo1y Suruueds oy Suisy Ag §3p2fia fo sppruwoufjod opng ewer

S}NSOY [eUOINPPY

*Suriopio sy3 uo pusdap
S30p (£ A)ATIOR JeUI)Xe pue ¢ A31A190% pRurSyul Suiaey) seory Suruueds
Jo 39s Furpuodse1rod sy ‘Suprepio 8y} jo jquapuadapur st % qua;'og;aoo
Yyoes ¥Snoyje ‘yeyy pejou aq prnoys 3 °J 30 Termoudjod eyny, o)
10§ (Az )L 931am ued om 4re[[o10)) 843 Jo yS1[ oy Uy (6961) odei)
£q jooid sanoniysuoo 181y o3 Jo uorpeoyrduuts e st saoqe ueard jooid
a3 ‘sArjonpur sem (pg61) @1, £q 61 URIodYY, Jo Jooid feurSiio ayf,

O “Buriapio a1y jo juopuadspur s [erwioudod yuei oy
Teq3 108 Y3} pPUR §°'gY WSIOSYJ, UIOL SMO[[O} JUSUSIRIS SIqL, jJooad

uorUop sy Uz Pasn Funapuo ayp fo ruspuadapus
st I ydosb pagoduuod v fo mwrwoufijod ayny ayg OT'¢T Axefjoxo)

o "£31quept puoses
oYy seaoad sIUY, “X Jo se8ps oAIOE A[[RUIo)XD J 9} ul paurgjuod seSpa
£ jo 108 Lue x 03 Suippe Lq paurelqo axe sydesdqns ssayy, L = (1)
pue ¢ — 04 = ( g)s yym [ sydeidqns (f) o1e areyy ‘7 = |, x| pue 2 — 0
= (X)+ qyum puw x sydeadqns " ayj jo suo yoes J0} ‘Arguenbasuo))

+X3S5A5X phuopuwen ,g1=x

usyy ‘Y ur st x ju ‘rf 10§ 4'g uorisodoig

Jo enJofeue ayy Ag D — y: 1l 19pISUOD oM ‘A}13UBPI PUODSS 9Y} 10
"A}1yuspl 981y
oy} saao1d siyy, I Jo seSpo aa13or A[reulsiur Y 9y} ur psurejuod safps 2
30 jes Lue .y woij Juraouwrar £q paurejqo are syderdqns esayy, £ = |, Ml
Pu® 2 — 0s = ()« q3mm D ur 44 sydeiSqns (;) are axey £ = |, x| pue y
= [, X| ypm [ sooxy Sutumeds £y 9Y3 JO U0 yoeo 10§ ‘A[jusnbasuo)) ‘sures
oY} a8 A4 pue [ JO SSI1IAIOR [eulaixe oyl ‘g'gl uoryisodoig Aq ‘ospy

LOM3S L phuopuen g =g

‘ uay} ‘@ ur
SU.L It °L'¢1 uotpsodoad A '@ «— D : ¥ 19pIsuod ‘Lyyuspr 981y oY) 104

1 3y
-z.m(f) Z = by ‘.fagg(;) Z = f1y

ISIUDIO

swajqoLd burinojor) o1



104 Colouring problems

13f Inversions of trees A labelled tree on n vertices is a spanning tree
A of K, with the vertex-set {1,2,...,n}. Let inv(A) denote the number
of edges {7,5} of A for which i < j and j is on the path in A from 1 to
2. Then we have

T(Kn;l,y) = Y y™v@),
A

where the sum is over all labelled trees on n vertices.

13g The commutative diagram If X C ET, define
T=XFU(XM\X)=X*\(X\XH).
Then X** =T = X#* (Crapo 1969).

13h Counting forests If we write T(T;1,1 + t) = L¢;t?, then ¢; is
the number of forests in I' which have |VI| — i — 1 edges. It follows
that T(I'; 1, 2) is the total number of forests in T, and T(T;1,1) is the
tree-number of I

13i Planar graphs If I' and I'* are dual planar graphs, then there is
a bijective correspondence between ‘their spanning trees which switches
internal and external activity. It follows that ¢;; = t}; and

Tsz,y) = T(T; y,x).

13j The medial graph Let T' be a connected graph which is embed-
ded in the plane. For each e € E(I') choose an interior point m(e)
on e. The medial graph M(I') associated with the given embedding of
I" has vertex-set {m(e) | e € E(I')} and edge-set defined as follows.
For each face of the embedded graph I' there is a cycle with edges

€1,€32,...,e; bounding that face; we create a corresponding sequence
K1, pz, ..., px of edges of M(T') which (i) forms a cycle in M(I") with
vertices m(e1),m(ez), ..., m(ex) and (ii) is topologically identical with

the original cycle. M(I') is a 4-regular graph and as such it has at least
one Eulerian partition; that is, a partition of its edge-set into cycles with-
out repeated edges. Let f; denote the number of Eulerian partitions of
M(G) into k cycles such that, at any any vertex of M (G), the two cy-
cles passing through that vertex do not cross, in the obvious topological
sense. Las Vergnas (1978) proved that’

T(T;z,2) = ) frpa(z — 1)k,

k>0
See also Jaeger (1988) and Las Vergnas (1988).

The Tutte polynomial 105

13k Tutte polynomials for knots and links (Thistlethwaite 1987) A

knot or link L is usually represented by a diagram in the plane; the

diagram is said to be alternating if the ‘crossings’ are alternately over and

under as we traverse each component. Associated with an alternating

diagram is a graph Dy, such that the Jones polynomial of L is given by

Vi(t) = (—t) KT (Dp;—t, —t1),

where K is a number depending on L. .

This relationship leads to a simple proof of a conjecture made by Tait

in the 19th century: the number of crossings in any alternating diagram
of a given link is invariant, provided there are no ‘nugatory’ crossings.

13} Intractability of calculating the Tutte polynomial A counting prob-
lem is said to be #P-hard if it has a certain technical property which,
it is believed, is equivalent to computational intractability. Jaeger, Ver-
tigan and Welsh (1990) showed that computing T'(T'; x,y) is #P-hard,
except for a few points and curves in the complex (x,y)-plane. In par-
ticular, computing the Jones polynomial (13k) of an alternating link is

# P-hard.
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108 Colouring problems

Theorem 14.1 provides another interpretation of 6(I') in terms of the
chromatic polynomial of T'. Let C’ denote the derivative of C; then a
simple calculation shows that

C'(T;1) = (=1)"t10 = (—1)"0(T).
When T is non-separable it has at least one spanning tree with internal
activity 1 and external activity 0 (14b). Thus, for a non-separable graph
with an even number of vertices C is increasing at its zero u = 1, whereas
if the graph has an odd number of vertices it is decreasing.

The link with the chromatic polynomial can also be used to justify
the use of the name ‘invariant’ for 6(I"). Recall that two graphs are said
to be homeomorphic if they can both be obtained from the same graph
by inserting extra vertices of degree two in its edges.

Proposition 14.4 IfT; and I'; are homeomorphic connected graphs
with at least two edges, then
(1) = 6(T2). _

Proof Let T be a graph which has at least three edges, and a vertex
of degree two. Let e and f be the edges incident with this vertex. The
deletion of either e or f, say e, results in a graph T'(e) in which the
edge f is attached at a cut-vertex to a graph I'p with at least one edge.
Hence C(T'(9; ) is of the form (u—1)C(To; u), where C(I'p; 1) = 0. The
contraction of e in T results in a graph homeomorphic with I'. We have
C(T5u) = C(T950) — C(T(e);u)

= (u—1)C(To;u) — C(T(e); u)
and, on differentiating and putting « = 1, we find

C'(I51) = —C'(Tey; 1)
Since I' has omnie more vertex than I'(.), it follows that

o) =6(I'(ey)-

Now, if two graphs are homeomorphic, then they are related to some
graph by a sequence of operations like that by which I'¢;) was obtained
from TI'; hence we have the result. O

It is worth remarking that both the proof and the result fail in the case
where one of the graphs is K»; we have §(K2) = 1, whereas any path
graph P, (n > 3) is homeomorphic with K2 but 0(P,) =0.

We end this chapter with an application of Theorem 14.1 to the uni-
modal conjecture of Read (1968). This is the conjecture that if
CTu)=u™ —ciu™ ' +... + (-1 tepiu,

Chromatic polynomials and spanning trees 109

then, for some number M in the range 1 < M < n — 1, we have
aa<ep<...SeM 2 CM41 2 .- 2 Cpt.

There is strong numerical evidence to support this conjecture, but a
proof seems surprisingly elusive. The following partial result was ob-
tained by Heron (1972).

Proposition 14.5 Using the above notation for the chromatic poly-
nomial of a connected graph I with n vertices, we have

ci.1<¢ forall i< —;—(n —1).

Proof The result of Theorem 14.1 leads to the following expression

~ for the coeflicients of the chromatic polynomial:

i .
n—1-—1 * n—1-—1
C; = tn1- K ( .) = th—1—
; 140\ .y g g 1-1,0 i—1 .
Now if i < 4(n — 1), then i — 1 < 3(n — 1 — 1) for all { > 0. Hence, by
the unimodal property of the binomial coefficients, we have

n—1-—1 n—1-1 |
( i1 )Z(i—l-—l) for zs-z—(n—l), l>0.

Thus, since each number t,_1_;0 is a non-negative integer, it follows
that ¢; > ¢;-1 for i < 3(n — 1), as required.

Additional Results

14a A product formula for & If I' has a quasi-separation (V;, V3) with
Vi N V| =t then

6(I") = (t — 1)1 0((V1))0((V2)).
This formula is particularly useful when t = 2.

14b Graphs with a given value of § A connected graph I is separable
if and only if (') = 0. It is a series—parallel graph if and only if
(") < 1 (Brylawski 1971). One graph with 8 = 2 is K}, and it follows
from Brylawski’s result on series—parallel graphs that if I" contains a
subgraph homeomorphic to K4 then 6(I') > 2. In order to show that
all values of @ can occur we need only remark that for the wheel W,, we
have §(W,,) = n — 2. Using the product formula 14a we can construct
infinjtely many graphs with any given value of 9, by gluing any edge of
any series-parallel graph to any edge of the appropriate wheel.
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PART THREE

Symmetry and regularity




IoUjId oXe [ PUe X 1BY} HQJIO UE JO UOINUYSP S} W01} SMO[[O] 3] "So01}
-30A a1y uo (I)INY JO UOIOR oY) Ispun Aeanpoadser fi pur z Sururejuod
§11q10 oY) ajousp [ pue X 39 pum ‘1 Jo 98pa ue oq {A‘x} jory jJooaq

2913.40d2q ST B UDYD ‘ININISUDLI-TILLIO
gou nq 202suDLy-36pa st ydoub pagoauuod v fr T'er uorjisodoag

J{nsax SUIMO[o]
oy oaey om wuolpeaip apsoddo oy uy -spdurexe sidums v st &7 ydeis
19ppe| oY} :OAIISURI)-98pS J0U Nq SAIJSURII-XI)I9A ore Yorysm sydesd
30n19su0d 09 Ases ST 9] "I9Yj0 oY) OJUI JUO SuLIojsueI} YOIgM wsiydiow
-ojne we s 219Y) sofpo Jo rred Aue UdAIB JI ‘SpIom I9YJ0 Ul ‘SAI}ISUBI) ST
uoIjOe ST} J1 3apsuvLy-06pa st I yeys fes om pue {(A)r‘(z)r} = {A‘z}u
o[ oy} Aq ‘I uo woroe ue sednpur JA uo (J)INy JO uome ayj,
‘o = (n)x yeys yons (J)my D & wsiydiourone ue Sf 219U} 4 pue n
$901710A OMY) Aue USAIS jey] sueaw SIUJ, '11qI0 auo jsuf st 919y} J1 ‘st Jey)
‘1A UO Lpanisuer) syoe (J)INY JU 201715uD.L-TagLan ST T YU} Kes app

‘uorpisodxa Ino ur pejueld 10§ uoye)
oq [[IM ‘sSy[nsea IeIwWIs IS9YJ)0 pue ‘siyJ, ‘9o18ep oures oyj aaey fi pue T
woy) ‘A = (z)o ye) yons o wsigdiowrojne ue ST d19Y3 JI ‘ST Yy} ‘79.0
aures a1} 0} Suo[eq £ pue T sa01310A om} J1 ‘ojdurexs 104 ‘SUOIIUYSP oY)
Jo soousnbasuod 0a11p are swsnjdiowojng jo ssrjradoiad oiseq ewog
‘(Dmy 4Aq pajousp ‘T Jo dnoib-wsiydiowono ayy s1 ‘uolysoduwiod jo
uonyerado ayy yym ‘J jo swsiydiouroine [fe jo 19s ayy, "I jJo 98po ue st
{(a)x‘(n)x} ;1 Auo pue Ju T Jo o8ps ue st {a‘n} yeyy Lyedoxd ayy sey
yomm 1A Jo x uoryemnunrad e st T yderd (sjduus) e jo wsiydiowono uy

sydei3 jo swsiydiowoiny

CT




116 Symmetry and regularity

disjoint or identical. Since I' is connected, every vertex z is in some
edge {z,w}, and since I is edge-transitive, 2 belongs to either X or Y.
Thus XUY = VI. If X =Y = VT then I'" would be vertex-transitive,
contrary to hypothesis; consequently X NY is empty. Every edge of T
has one end in X and one end in Y, so I is bipartite. (|

The complete bipartite graph Ko with a # b is an obvious example of
a graph which is edge-transitive but not vertex-transitive. In this case
the graph is not regular, and it is not vertex-transitive for that reason,
because it is clear that in a vertex-transitive graph each vertex must have
the same degree. Examples of regular graphs which are edge-transitive
but not vertex-transitive are not quite so obvious, but examples are
known (see 15¢).

The next proposition establishes a link between the spectrum of a
graph and its automorphism group. We shall suppose that VI is the
set {v1,v2,...,v,}, and that the rows and columns of the adjacency
matrix of I are labelled in the usual way. A permutation 7 of VI can
be represented by a permutation matriz P — (pij), where pij = 1if
v; = 7(v;), and p;; = 0 otherwise.

Proposition 15.2 Let A be the adjacency matriz of a graph I', and
7 a permutation of VI'. Then n is an automorphism of ' if and only if
PA = AP, where P is the permutation matriz representing .
Proof Let v, = n(v;) and v = m(v;). Then we have

(PA)p; = Zpniay; = ayy;

(AP)h; = Zanpi; = an.
Consequently, AP = PA if and only if v; and v; are adjacent whenever
vp and vy are adjacent; that is, if and only if 7 is an automorphism of
T. ]

A consequence of this result is that, loosely speaking, automorphisms
produce multiple eigenvectors corresponding to a given eigenvalue. To be

Precise, suppose x is an eigenvector of A corresponding to the eigenvalue
A. Then we have

‘ APx = PAx = P)x = )\Px.
This means that Px is also an eigenvector of A corresponding to the
eigenvalue A. If x and Px are linearly independent we conclude that

A'is not a simple eigenvalue. The following results provide a complete
description of what happens when ] is simple.
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Lemma 15.8 Let A be an simple eigenvalue of I', and let x be a cm.‘-
responding eigenvector, with real components. If the permutation matriz
P represents an aqutomorphism of I' then Px = +tx.

Proof If A has multiplicity one, x and Px are linearly dependent;
that is Px = ux for some complex number y. Since x and P‘ are real,
4 is real; and, since P = I for some natural number s > 1, it follovxfs
that u is an sth root of unity. Consequently x4 = £1 and the lemma is

proved. O

Theorem 15.4 (Mowshowitz 1969, Petersdorf and Sachs 1969)  If

all the eigenvalues of the graph I' are simple, every automorphism of T’
(apart from the identity) has order 2. |

Proof Suppose that every eigenvalue of I" has multiplicit';y one. Then,
for any permutation matrix P representing an automorphism of F,- and
any eigenvector x, we have P2x = x. The space spanned by the eigen-
vectors is the whole space of column vectors, and so P2 = 1. (]

Theorem 15.4 characterizes the group of a graph which has the maximum
number nn = |VT} of distinct eigenvalues: every element (?f the group
is an involution, and so the group is an elementary abelian 2-group.
For example, the theta graph €25, (K4 with one edge -delc?ted) has
automorphism group Z; x Zy. The characteristic polynomial is
X(©2,2,1;A) = MA + 1)(A% — A —4),

and so every eigenvalue is simple. On the other hand if w.e know that
a graph has an automorphism of order at least three, then it must have
a multiple eigenvalue. In particular, this means that the 2h numbers
obtained in 3e as the eigenvalues of the Mébius ladder My, cannot all

be distinct.

The question of which groups can be the automorphism group of some
graph was answered by Frucht (1938). He showed that, f<')r every al.)—
stract finite group G, there is a graph I whose automorphism .group is
isomorphic to G. He also proved that the same result holds with I" re-
stricted to be a regular graph of degree 3 (Frucht 1949). Although there
are some gaps in the original proof, satisfactory proofs of the result are
now available. For an overview of this subject the reader is referred to
Babai (1981). He describes how Frucht’s work stimulated a great deal
of research, and how it has been extended by several authors to show
that the conclusion remains true, even if we specify in advance that T’
must satisfy a number of graph-theoretical conditions.
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120 Symmetry and regularity

Case-by-case checking of the latter result shows that P(h,t) is distance-
transitive if and only if (h,t) is one of (4,1), (5,2), (10,3).

15f The connection between Aut(I') and Aut(L(I')) (Whitney 1932c)
The automorphism groups of I" and its line graph L(I") are not necessar-
ily isomorphic: for example K, = L(K3,), so in this case the first group
is trivial but the second is not. However, this is a rare phenomenon.
There is a group homomorphism 6 : Aut(I') — Aut(L(T")) defined by
(09){u,v} = {6u,0v} where ge¢ Aut(T"), {u,v} € E(I),

and we have: (i) ¢ is a monomorphism provided I" # Kp; (ii) 6 is an
epimorphism provided I" is not K4, K4 with one edge deleted, or K,
with two adjacent edges deleted.

15g Homogeneous graphs A graph I' is said to be weakly homogeneous
if, whenever two subsets Uy, Us of VT are such that (Ur) and (Us,) are
isomorphic, then at least one isomorphism between them extends to an
automorphism of I". The complete list of weakly homogeneous graphs is
as follows.

{(a) The cycle graph Cs. :

(b) The disjoint union of t > 1 copies of the complete graph K.

(c) The complete multipartite graphs Kss,....s with £ > 2 parts of
equal size s.

(d) The line graph L(K3 3).
A graph is homogeneous if, whenever two subsets Ui,U; of VT are such
that (U1) and (Up) are isomorphic, then every isomorphism between
them extends to an automorphism of I'. It is obvious that a homo-
geneous graph is weakly homogeneous, and somewhat surprisingly the
converse is also true. This result has a contorted history. The 1974
version of this book caused some confusion by attributing to Sheehan
the classification of weakly homogeneous graphs given above. In fact,
Sheehan (1974) obtained the classification of homogeneous graphs. Gar-
diner observed the error in the book, and then (1976) obtained the same
list for the weakly homogeneous case by an independent method. Fi-
nally Ronse (1978) showed directly that a weakly homogeneous graph is
homogeneous.

15h Graphs which are transitive on vertices and edges LetT be a graph
for which Aut(I') acts transitively on both vertices and edges. Then I’
is a regular graph, and if its degree is odd, it is symmetric (Tutte 1966).
If its degree is even, the conclusion may be false, as was first shown
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by Bouwer (1970). Holt (1981) gave an example of a 4-regular graph
with 27 vertices which is vertex-transitive and edge-transitive, but not
symmetric, and Alspach, Marusi¢ and Nowitz (1993) showed that Holt’s

example is the smallest possible.

15i Graphs with a given group (Izbicki 1960) Let an abstract finite
group G and natural numbers r and s satisfying r > 3, 2 < s 5 T be
given. Then there are infinitely many graphs I" with the properties:

(a) Aut(T') is isomorphic to G

(b) I is regular of degree r;

(c) the chromatic number of I is s.
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124 Symmetry and regularity

In the example illustrated in Figure 8, every group automorphism of
53 fixes Q setwise, and so it follows that the stabilizer of the vertex
1 has order at least 6. In fact, the order of the stabilizer is 12, and
JAut(Ks3)| = 72.

Not every vertex-transitive graph is a Cayley graph; for example Pe-
tersen’s graph Oj is not a Cayley graph. This statement can be checked
by noting that there are only two groups of order 10 and they have
few generating sets of size three satisfying the conditions in Definition
16.1. An exhaustive check of all the possibilities confirms that Petersen’s
graph does not arise as a Cayley graph in this way.

We begin our study of the hierarchy of symmetry conditions with the
case when Aut(I') acts regularly on V(T).

Lemma 16.3 Let I' be a connected graph. Then a subgroup H of
Aut(T") acts regularly on the vertices if and only if ' is isomorphic to a
Cayley graph T'(H, ), for some set Q@ which generates H.

Proof Suppose VIT = {vi,v2,...,v,},and Hisa subgroup of Aut(T")
acting regularly on VI'. Then, for 1 < i < n there is a unique h; € H
such that h;(v1) = v;. Let

@ ={h; € H | v; is adjacent to v, in r}.
Simple checks show that  satisfies the two conditions required by Def-
inition 16.1 and that the bijection v; « h; is a graph isomorphism of T"

with I'(H, Q). Conversely if I" = I'(H,$2) then the group H defined in
the proof of Proposition 16.2 acts regularly on VT, and H ~ H. )

Lemma 16.3 shows that if Aut(T") itself acts regularly on VT, then I’
is a Cayley graph I'(Aut(T"), £2).

Definition 16.4 A finite abstract group G admits a graphical regular
representation, or GRR, if there is a graph I such that G is isomorphic
with Aut(T), and Aut(I") acts regularly on VT.

The question of which abstract groups admit a GRR was answered
completely in the late 1970°s (see 16g). It turns out that the second
part of Proposition 16.2 is essentially the only obstacle to there being a
GRR for G. In other words, a group G has no GRR if and only if every
generating set Q for G which satisfies conditions (1) and (ii) is such that
there is an automorphism of G fixing ) setwise.

As an example of the ideas involved we show that the group S3 admits
no graphical regular representation. If there were a suitable graph T,
then it would be a Cayley graph I'(S3, Q). Now, it is easy to check by an
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exhausti-ve search that, for any generating set Q satisfying conditions (i)
and (ii) on p. 122, there is some automorphism of S fixing Q setwise.
Thus, by part (2) of Proposition 16.2, the automorphism group of a
Cayley graph I'(S3, ) is strictly larger than Ss.

In the case of transitive abelian groups, precise information is provided
by the next proposition. '

Proposition 16.5 Let I" be a vertez-transitive graph whose automor-
phism group G = Aut(T') is abelian. Then G acts regularly on VT, and
G is an elementary abelian 2-group.

Proof If g and h are elements of the abelian group G, and g fixes v,
then gh(v) = hg(v) = h(v) so that g fixes h(v) also. If G is transitive,
every vertex is of the form h(v) for some h in G, so g fixes every vertex.
That is, g = 1.

Thus G acts regularly on VT and so, by Lemma 16.3, " is a Cayley
graph I'(G, Q). Now since G is Abelian, the function g +— g¢g~! is an
automorphism of G, and it fixes 2 setwise. If this automorphism were
non-trivial, then part (2) of Proposition 16.2 would imply that G is not
regular. Thus g == ¢! for all g € G, and every element of G has ordj;:rI
2.

We now turn to a discussion of some simple spectral properties of -
vertex-transitive graphs. A vertex-transitive graph I' is necessarily a
regular graph, and so its spectrum has the properties which are stated

in Proposition 3.1. In particular, if I is connected and regular of degree

k, then k is a simple eigenvalue of I". It turns out that we can use the
vertex-transitivity property to characterize the simple eigenvalues of T'.

Proposition 16.6 (Petersdorf and Sachs 1969) Let I' be a verter-
transitive graph which has degree k, and let A be a simple eigenvalue of
r. If |[VI| is odd, then X = k. If |VT| is even, then XA is one of the
integers 2o — k (0 < a < k).
Proof Let x be a real eigenvector corresponding to the simple eigen-
value A, and let P be a permutation matrix representing an automor-
phism 7 of I'. If 7(v;) = v;, then, by Lemma 15.3,

z; = (Px); = *z;.
Since I' is vertex-transitive, we deduce that all the entries of x have
the same absolute value. Now, since u = [1,1...,1]¢ is an eigenvector
corresponding to the eigenvalue k, if A # k we must have utx = 0, that
is ) x; = 0. This is impossible for an odd number of summands of equal
absolute value, and so our first statement is proved. :
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128 Symmetry and regularity

Figure 10: the vertex-stabilizer is not bounded.

16f Coset graphs Let G be an abstract finite group, H a subgroup of G,
and €2 a subset of G\ H such that 1 ¢ Q, Q! = Q, and HUS generates
G. The simplest way of defining a (general) graph whose vertices are the
right cosets of H in G is to make Hg, and & g2 adjacent whenever g, g1 1
is in §2. The graph so constructed is connected and vertex-transitive.
There are other ways of defining a graph whose vertices are cosets,
and some of them result in a symmetric graph. Examples and further
references may be found in a paper by Conder and Lorimer (1989).

16g Graephical regular representations Hetzel (1976) proved that the
only solvable groups which have no GRR are:

(a) abelian groups of exponent greater than 2;

(b) generalized dicyclic groups;

(c) thirteen ‘exceptional’ groups, such as the elementary abelian groups
Z%,Zg,Zé, the dihedral groups Dg, Dg, Dyg, and the alternating group
Ay

This work subsumed earlier results by several other authors. Godsil
(1981) showed that every non-solvable group has a GRR, so the list
given above is the complete list of groups which have no GRR.

16h The eigenvalues of a Cayley graph (Babai 1979) Let I'(G, ) be
a Cayley graph and suppose that the irreducible characters of G are
X13X2, s Xe, With degrees ny,na,...,n, respectively. Then the eigen-
values of I' fall into families (Ai)j, 1 € i< e 1 €3 < n; such that
each (A;); contains n, eigenvalues, all with a common value Aij. (Note
that the total number of eigenvalues is thus >-n2, which is the correct
number |G|.) The sum of the tth powers of the Aij corresponding to a

given character x; satisfies

e
Z Ay = Z Xi (Wiws . . . we),
=1

where the sum on the right-hand side is taken over all products of ¢
elements of (.

Vertez-transitive graphs 129

16i The Paley graphs Denote the additive group of the field GF(q)
by G, and let 2 be the set of non-zero squares in GF(g). If ¢ = 1 (mod
4) then Q generates G4 and satisfies the conditions at the foot of p. 122
(remembering that the identity of G, is the zero element of the field).
The Paley graph P(q) is the Cayley graph I'(Gg,). These graphs are
strongly regular and self~-complementary. If q is the rth power of a prime,

. the order of Aut(P(q)) is rq(g — 1)/2.

16j Graphs with a specified vertex-neighbourhood A graph i§ said to be
locally K if, for each vertex v, the subgraph induced by the neighbours of
v is isomorphic to K. For example, the graphs which are locally Petersen
were determined by Hall (1980): there are just three of them, having
21, 63, and 65 vertices. Many other papers on this topic are listed by

Blokhuis and Brouwer (1992).

16k Generators for the automorphism group Let I' be a connected
vertex-transitive graph and let G, denote the stabilizer of the vertex
v. If h is any automorphism of I for which 8(v,h(v)) = 1, and T is
symmetric, then h and G, generate Aut(I"). .
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[a], without repeated vertices, contained in it. Let [3] be the (g — t)-arc
beginning at a; and ending at ap which completes the cycle of length
g. Also let v be a vertex adjacent to o,_;, but which is not Qy_3 OF Qy;
this situation is depicted in Figure 11. Since I' is t-transitive, there is
an automorphism taking the t-arc [o] to the t-arc (a0, a1, @y, ).
This automorphism must take the (9 — t + 1)-arc [a;_1.8] to another
(9 — t + 1)-arc [@t~1.7], where 9 = v and Yo—t = 9. The two arcs
forg—1.8] and [0t—1.7] may overlap, but they define a cycle of length at
most 2(g — ¢+ 1). Hence g < 2(g —t+1), that is, g > 2t — 2. [}

Definition 17.3 Let [a] and [8] be any two s-arcs in a graph I". We
say that [G] is a successor of [@if i = ;1 (0<i<s— 1).

It is helpful to think of the operation of taking a successor of [@] in
terms of ‘shunting’ [a] through one step in I". Suppose we ask whether
repeated shunting will transform a given s-arc into any other. If there
are vertices of degree one in I then our shunting might be halted in
a ‘siding’, while if all vertices have degree two we cannot reverse the
direction of our ‘train’. However, if each vertex of T has degree not
less than three, and I' is connected, then our intuition is correct and
the shunting procedure always works. The proof of this requires careful
examination of several cases, and may be found in Tutte’s book (Tutte
1966, pp. 56~58). Formally the result is as follows.

Lemma 17.4 LetT be a connected graph in which the degree of each
vertez is at least three. If s > 1 and (@], [8] are any two s-arcs in r,
then there is a finite sequence [e®] 1 <3< ) of s-arcs in T such
that [aM] = [a], [@®] = (4], and [aC+D)] is @ successor of [@®] for
1<i<l—1. : (]

We can now state and prove a convenient test for t-transitivity. Let
I' be a connected graph in which the degree of each vertex is at least
three, and.let [o] be a t-arc in I

P

e

o0

Figure 12: a t-arc and its successors.
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Suppose (as in Figure 12) that the vertices adjacent to oy are Q1 and
v @ v® and let [BM] denote the t-arc (a1,02,...,0q0®) for
1 < i<, so that each [8)] is a successor of [o].

Theorem 17.5 LetI' be a connected k-regular graph with | = k — 1 >

'3, and let [a] be a t-arc in T. Then Aut(T) is transitive on t-ares if

and only if it contains automorphisms g1,g,...,q; such that gila] =
O (1<i<y.
Proof The condition is clearly satisfied if Aut(T") is transitive on ¢-
arcs. Conversely, suppose the relevant automorphisms g;,g2,...,9; can
be found; then they generate a subgroup H = (91,92,...,9) of Aut(T),
and we shall show that H is transitive on t-arcs. )
Let [6] be a t-arc in the orbit of [a] under H; thus {8] = hla] for some
h € H. If [¢] is any successor of [6], then h~[¢] is a successor of [o],
and so [¢] = hg;[a] for some i € {1,2,...,l}. That is, [#] is also in the
orbit of [a] under H. Now Lemma 17.4 tells us that all t-arcs can be
obtained from [o] by repeatedly taking successors, and so all t-arcs are
in the orbit of {a] under H. 0

As an example, consider Petersen’s graph O3, whose vertices are
the unordered pairs from the set {1,2,3,4,5} with disjoint pairs be-
ing adjacent. The automorphism group is the group of all permuta-
tions of {1,2,3,4,5}, acting in the obvious way on the vertices. Since
the girth of O3 is 5, Proposition 17.2 tells us that the graph is at
most 3-transitive. The 3-arc [o] = (12,34, 15, 23) has two successors:
[BM) = (34,15,23,14) and [3@] = (34,15, 23, 45). The automorphism

-(13)(245) takes [a] to [3V] and the automorphism {(13524) takes [o] to

[B®)}], hence O is 3-transitive.

In addition to its usefulness as a test for t-transitivity, Theorem 17.5
also provides a starting point for theoretical investigations into the struc-
ture of ¢-transitive graphs. Suppose that T is a connected i-transitive
graph (¢ > 1), which is regular of degree k > 3, and let [a] be a given
t-arc in T'.

Definition 17.6 The stabilizer sequence of la] is the sequence
AutM)=G>F,>F,_1>...>F, > F

of subgroups of Aut(T'), where F; (0 < i < t) is defined to be the

pointwise stabilizer of the set {ag,ay,.. ., a_;}.

In the case of Petersen’s graph, with respect to the 3-arc (12, 34, 15, 23),
the group Fj is trivial, F} is the group of order 2 generated by (34), F;
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136 Symmetry and regularity

comsists precisely of those vertices whose distance from og is even, and
T is bipartite, with colour-classes U and VI \ U. Since G fixes them
setwise, G* is the subgroup of G preserving the bipartition. (]

We remark that the only connected graphs of girth three whose auto-
morphism group is transitive on 2-arcs are the complete graphs. Thus
the girth constraint in Proposition 17.8 is not very restrictive.

In the next chapter we shall specialize the results of Propositions
17.7 and 17.8 to 3-regular graphs; our results will lead to very precise
information about the stabilizer sequence.

Additional Results

17a The significance of the condition t > 2 In 16d we observed that
the vertex-stabilizer G, has a normal subgroup L, such that G, /Ly is
a group of permutations of the vertices adjacent to v. In the case of
a symmetric graph with ¢ > 2 this group of permutations is doubly-
transitive. Since all doubly-transitive permutation groups are ‘known’,
this observation links the problem of classifying symmetric graphs with
the classification theorems of group theory. See also 17f and 17g.

17b The stabilizer of an edge-neighbourhood Suppose that I is a sym-
metric graph of degree k with G = Aut('). For any edge {v,w} of T,
define Gy = Gy N Guw, Lyw = Ly M Ly, where L, and L, are the stabi-
lizers of the respective vertex-neighbourhoods, as defined in 16d. Then
we have the following subgroup relationships among these groups.
(a) Ly is a normal subgroup of G, and Guw;
(b) Ly is a normal subgroup of L, and Gyw-
1t follows from standard theorems of group theory that

Ly Lolw

Lyw L
and L,L, /L, is a normal subgroup of Gyw/Lw. The last group is a
group of permutations of the neighbours of w, fixing v. Thus we have
{Ly : Lyw| < (k—1)!, and

|Go| < KMk — 1) Lyel-

17¢ The full automorphism group of Knn Itis clear that the graph
K, has at least 2(n!)? automorphisms. Simple arguments suffice to
show that there are no others, but, for the sake of example, we can use
17b. In this case the neighbourhood of an edge is the whole graph, so
Ly = 1. 1t follows that

IG] < 2n|Gy| < 2nn!(n— 1)! = 2(n!)%.

Symmelric graphs 137

17d The automorphism group of Or A more substantial application
of 17b shows that the symmetric group Sax_; is the full automorphism
group of Or. When k > 3 every 3-arc in Oy determines a unique 6-cycle,
and it follows from this that if ¢ € L,,, then g € L,,, for all vertices =
adjacent to w. Hence L,,, = 1, and the order of the full automorphism
group is at most

2k -1
k' (k- 1) = - 1)
( )(k—l) (2k — 1)L
An alternative proof using the Erdés—Ko-Rado theorem may be found
in Biggs (1979).

17e The ;tabz’lize’r sequence for odd graphs The odd graphs O are
3-transitive, for all £ > 3. The stabilizer sequence is

G =831, F3=08kxSk_1, Fo2=8r_1 %S5k,
Fy = 8Sk_1 X Sp—2, Fo = Skg-2 X Sg_2.

17f L., is a p-group (Gardiner 1973) For any t-transitive graph with
t 2 2 the edge-neighbourhood stabilizer L,,, is a p-group, for some prime
p. If t > 4 and the degree is p + 1 it follows that the order of a vertex-
?tabili)zzer Gy is (p+ 1)p*~im, where t = 4,5 or 7 and m is a divisor of
p— 1)=.

17g There are no 8-transitive graphs Weiss (1983) extended the results
of Gardiner and others, and using the classification theorems of group
theory he showed that there are no finite graphs (apart from the cycles)
for which a group of automorphisms can act transitively on the t-arcs
for t > 8. 7-transitive graphs do exist: the smallest is a 4-regular graph
with 728 vertices [BCN, p. 222].

17h Symmetric cycles A cycle with vertices vg,v1,...,v1—1 in a graph'r
I is symmetric if there is an automorphism g of I such that g(v;) = vit1,
where the subscripts are taken modulo {. J.H. Conway observed that
in a symmetric graph of degree &k the symmetric cycles fall into k¥ — 1
equivalence classes under the action of the automorphism group. The
details may be found in Biggs (1981a). For example, the two classes
in Petersen’s graph contain 5-cycles and 6-cycles, and in general, the
classes in O have lengths 6,10,...,4k — 6 and 2k — 1.
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and so F; = (29, T1,...,Ti-1).
(2) It follows from Proposition 17.8 that the group G* = (Yi41), that
is (zg,71,...,2¢), is a subgroup of index 1 or 2 in G, provided that the

girth of I' is greater than three. If the girth is three, then it is easy to
see that the only possibility is ¢ = 2,I' = Ky, and we may verify the
conclusion explicitly in that case.
(3) If G = G*, then {zq,g) contains (o, T1,. -, Te) = G* = G. If
|G : G*| = 2, then I is bipartite, and each element g* of G* moves
~vertices of I" through an even distance in I. But the element g =g
moves some vertices to adjacent vertices, and so g & G*. Thus, adjoining
g to G* must enlarge the group, and since G* is a maximal subgroup of
G (because it has index 2) we have (G*, 9) = (z0,9) = G. a

In the previous chapter we considered Petersen’s graph, obtaining for
the 3-arc [a] = (12,34, 15,23) the automorphisms g; = (13)(245), g2 =
(13524). Hence

zo = (34), x1=(12), z2=(35), =z3=(14).
We know that this graph is not bipartite, since it has cycles of length 5,
and so in this case G* = (.7:0,:1:1,:1:2?;1:3) =G~ Ss.

Another simple example is the 2-transitive graph Q3, the (ordinary)
cube graph, depicted in Figure 14. Taking [a] = (1,2,3) we have the
automorphisms as listed.

1

W

1 3
Figure 14: the cube graph Qs.

91 = (1234)(5678), g, = (123785)(46),
Zo = (36)(45), =z = (16)(47), =z = (18)(27).
In this case the graph is bipartite and G* = (o, 1, z2) preserves the
bipartitio_n
VQs ={1,3,5,7} U {2,4,6,8}.
It follows that |G : G*| = 2.
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The main result on ¢-transitive cubic graphs is that there are no finite
examples with ¢ > 5. The proof of this very important result is due to
Tutte (1947a), with later improvements by Sims (1967) and Djokovié
(1972). Following these authors we shall obtain the result as an alge-
braic consequence of the presentation of the stabilizer sequence given in
Proposition 18.2. A rather more streamlined proof, using ‘geometrical’
arguments to replace some of the algebraic calculations, has been given
by Weiss (1974).

We shall suppose that ¢ > 4, as this assumption helps to avoid vacuous
statements. We observe that each generator x; (i > 0) is an involution,
and that each element of F; (1 < i < ¢ — 1) has a unique expression in
the form

_ TpTg... T+, Where 0<p<o<...<7<i—1,
where we allow the empty set of subscripts to represent the identity
element. The uniqueness of the expression is a consequence of the fact
that there are 2! such expressions, and |Fy} = 2 for 1 <i <t— 1.

“The key idea is to determine which stabilizers are abelian and which
are non-abelian. It is immediate that Fy and F; are abelian, since |Fi| =
2 and |F3| = 4. Let A denote the largest natural number such that F
is abelian. .

Proposition 18.3 Ift>4, then2< A < —;—(t + 2).
Proof We have already remarked that A > 2. Suppose that F) =
{9, ...,Tr~1) is abelian, so that its conjugate g—tt*—1Fygt—*+1 that
is {t—rt14---,T¢), is also abelian. If
A-12t—-A+1,
then both these groups contain z,_;, and together they generate G*;
hence zx--1 commutes with every element of G*. Now g? € G* (since
g € G and |G : G*| < 2) and so
Zr-1 =g 2zr_19% = Zr41,
whence z¢ = 2. This is false, given t > 4, since |F3| > |F2|, and so we
must have
A—-1<t—A+1, thatis A< %(t+2),

as claimed. 0

Proposition 18.3 gives an upper bound for )\ in terms of t. We shall

- find a lower bound of the same kind by means of arguments involving

the commutators [a, b] = a“‘lb—l_ab of the canonical generators z;. Note
that since these generators are involutions, we have

[z, 23] = (wiz;)?.
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adjacent to ay are ag, as and zs(az), and since zp fixes ao, a; and g
it must fix x5(az) also. Consequently zq fixes the whole 7-arc (6], and
this contradicts Proposition 18.1. Hence ¢ = 7 cannot occur. O

Goldschmidt (1980) proved an important extension of this result.

The simplest example of a 5-transitive cubic graph is constructed as
follows. Let the symmetric group Ss act on the § symbols {a,b,¢c,d, e, f},
and take the vertices of a graph Q to be the 15 permutations of shape
(ab) and the 15 permutations of shape (ab)(cd)(ef). Join two vertices
by an edge if and only if the corresponding permutations have different
shape and they commute. For instance, (ab) is joined to the vertices
(ab)(cd)(ef), (ab)(ce)(df) and (ab)(cf)(de), while (ab)(cd)(ef) is joined
to (ab), (cd) and (ef). Clearly, any automorphism of the group Sg is an
automorphism of 2, and so

[Aut(2)| = |AutSs| = 1440 = 30 x 3 x 24,
as we expect for a 5-transitive cubic graph with 30 vertices. We can
verify that Q is indeed 5-transitive by working out generators in terms
of the following 5-arc:

(ab), (ab)(cd)(ef), (cd), (ae)(bf)(cd), (ae), (ae)(bd)(cf).
If 7 is an element of Sg, denote the corresponding inner automorphism
(conjugation) of S¢ by |r|. Then the generators for the stabilizer se-
quence may be chosen as follows:

zo = |(cd)], w1 = [(ab)(cd)(ef)], =z2 = [(ab)],
z3 = [(ab)(cf)(de)l, x4 =|(cf)l.
The groups which occur in the stabilizer sequence are
Fs = S4xZ>, Fy=DgxZy, F3=(Z)?,
Fy = (Z3)?, F=12Z,.
Finally, we may choose z5 so that G* = {(xo0,...,zs) is isomorphic to
Se6, and so |G : G*| = 2 in accordance with the fact that the graph is
bipartite.
Additional Results

18a A non-bipartite 5-transitive cubic graph A 5-transitive cubic graph
with 234 vertices, which is not bipartite, can be constructed as follows.
The vertices correspond to the 234 triangles in PG(2, 8) and two vertices
are adjacent whenever the corresponding triangles have one common
point and their remaining four points are distinct and collinear. The
automorphism group is the group Aut PSL(3, 3), of order 11232 = 234 x
3 x 24,
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18b The sextet graphs (Biggs and Hoare 1983) Let ¢ be an odd prime
power. Define a duet to be an unordered pair of points ab on the pro-
jective line. PG(1, q) = GF(q) U {oo}, and a quartet to be an unordered
pair of duets {ab | cd} such that the cross-ratio

(a—c)(b—d) -1
(a—d)(b—c)

(The usual conventions about co apply here.) A sextet is an unordered
triple of duets {ab | cd'| ef} such that each of {ab | cd}, {cd | ef} and
{ef | ab} is a quartet. There are g(g®> —1)/24 sextets if ¢ = 1 (mod 4),
and none if ¢ = 3 (mod 4). ‘

When ¢ = 1 (mod 8) it is possible to define ‘adjacency’ of sextets
in such a way that each sextet is adjacent to three others. Thus we
obtain a regular graph ¥(q) of degree 3, whose components y(g) are all
isomorphic. The sextet graph S(p) is defined to be o(p) if p = 1 (mod
8) and Xo(p?) if p=3,5,7 (mod 8).

The sextet graphs S(p) so defined form an infinite family of cubic
graphs, one for each odd prime p. The graph S(p) is 5-transitive when
p = 3 or 5 (mod 8), and 4-transitive otherwise. The order of S(p)
depends on the congruence class of p modulo 16, as follows:

n= -418-p(p2 —1) when p=1,15 (mod 16);
n= 51:1-1;(;;2 —~1) when p=7,9 (mod 16);

"= 2i4p2(p4 —1) when p=3,511,13 (mod 16).

The group AutS(p) is PSL(2,p), PGL(2,p), PT'L(2,p?) in the respec-
tive cases. The two smallest 5-transitive sextet graphs are S5(3), which is
isomorphic to the graph Q described above, and S(5), which is a graph
with 650 vertices.

18c Conway’s presentations and the seven types Given an arbitrary ¢-
arc [of], let a and b denote the automorphisms taking [a] to its successors
(so a = g1 and b = g, in the notation described at the beginning of this
chapter). Also, let o be the automorphism which reverses [o]; that is,
olag) =oy_; (0<i<). '

Since we know that Aut(I') acts regularly on the t-arcs, it follows that
o? is the identity and oao is either a=! or b~1. We denote the case when
oac = a~! by ¢+ and the case when gac = b—! by ¢~. It turns out that
the t* case can occur only when ¢ = 2,3,4,5 and the £~ case only when
t=1,24. :

In each of the cases it can be shown, by analysis of the action of
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148 Symmetry and regularity

K4, K33, Q3, Petersen’s graph, Heawood’s graph S(7), P(8,3)
(see 15e), the Pappus graph (see 19h), P(10, 3) or the Desargues
graph (see 19b), the dodecehedron, P(12,5), Y(7 : 1,2,4) (see
18g), and Q = S(3).

18i All 5-transitive cubic graphs with less than 5000 vertices Coset
enumerations based on the Conway presentations and other techniques
have established that the following list of 5-transitive cubic graphs with
n < 5000 vertices is ‘almost certainly’ complete.

n = 30: the sextet graph S(3), group G7 (a?);

= 90: a threefold cover of S(3) (see 19c), group Gi (b1%);

n = 234: the graph described in 18a, group G¢ (ala),

n = 468: a double covering of the previous graph group G (b'2);

n = 650: the sextet graph S(5), group G7 (a!?);

n = 2352: a graph to be described in 19e, group G (alt);

n = 4704: a double covering of the previous graph, group G¢ ((ab)?).

18j The symmetric group Sio is a quotient of G§ (Conder 1987) The
following permutations of {1,...,9, X} satisfy the Conway relations for
G7, as given in 18c: _

a = (12)(34675)(89X), b= (1246853)(79X), o = (12)(34)(56)(9X).
Since these permutations generate the symmetric group Sjg, it follows
that there is a 5-transitive cubic graph with 10!/48 = 75600 vertices.
The graph can be constructed in a way which shows that it is closely
related to the simplest 5-transitive cubic graph, the graph © = S(3)
(Lorimer 1989).

19

The covering graph construction

In this chapter we shall study a ‘covering graph’ technique which, in
certain circumstances, enables us to manufacture new symmetric graphs
from a given one. The method was first used in this context by J.H. Con-
way, who used the simple version discussed in Theorem 19.5 to show that
there are infinitely many connected cubic graphs which are 5-transitive.
The general version given here was developed in the original 1974 edi-
tion of this book, and has since found several other applications, some of
which are described in the Additional Results at the end of the chapter.
The related technique of ‘voltage-graphs’ (see Gross 1974) is much used
in the theory of graph embeddings.

We shall use the symbol ST to denote the set of 1-arcs or sides of a
graph T'; each edge {u, v} of I' gives rise to two sides, (u,v) and (v, u).
For any group K, we define a K-chain on I to be a function ¢ : ST — K
such that ¢(u,v) = (¢(v,u)) ! for all sides (u,v) of T" .

Definition 19.1 The covering graph T = f‘(K ,®) of I', with respect
to a given K-chain ¢ on I, is defined as follows. The vertex-set of T is
K x VI, and two vertices (k1,v1), (k2,v2) are _]omed by an edge if and
only if

(vi,v2) € ST' and kg = k;¢(v1, v2).

It is easy to check that the definition of adjacency depends only on the
unordered pair of vertices.
As an example let T' = K, and let K be the group Z, whose elements
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152 Symmetry and regularity

there is a K-chain ¢ on I'" defined by the rule ¢(u,v) = e;, where e =
{u, v} regarded as an element of K. This K-chain is compatible with
the actions of G on K and ST, and so the covering graph = f(K )
exists and (by Proposition 19.4) its automorphism group is transitive on
t-arcs. ]

Theorem 19.5 Let I' be a t-transitive graph whose rank and co-rank
are (') and s(I'). Then, with the special choices of K and ¢ given above,
the covering graph T consists of 271 connected components, each having
25V vertices.

Proof Pick a vertex v of I, and let fo denote the component of T’
which contains the vertex (1,v). If

V=UGyUgy--e, U =V

are the vertices of a cycle in I, with edges e; = {vi—1,u;} , then we have
the following path in Ig:

(L,v), (e1,m1), (ere2,u2), ..., (e1e2...€;,0).
Conversely, the vertex (x, v) is in f‘o only if x represents the edges of a
cycle in I. Since there are s(I') independent cycles in I, there are 23(1)
elements « in K such that (x,v) is in T'g. It follows that T'g has 25(T v
vertices; further, I is vertex-transitive and so each component has this
number of vertices. Finally, since

VD] = |KIVT| = 2'PPYVT| and r(T) + () = |ET,
there must be 27(T) components. O

Corollary 19.6 There are infinitely many cubic 5-transitive graphs.

Proof We know that there is at least one cubic 5-transitive graph,
the graph @ constructed at the end of the previous chapter. Applying
the construction of Theorem 19.5 to 2, we obtain a cubic 5-transitive
graph € with 23ED|V Q) vertices, and since 5(f2) > 0 this graph is not
isomorphic with 2. We may repeat this process as often as we please,
obtaining an infinite sequence of graphs with the required properties.
O

Of course the number of vertices used in Corollary 19.6 quickly be-
comes astronomical; for instance, the two graphs which follow  in the
sequence have about 22! and 2109000 vertices respectively. Biggs and
Hoare (1983) have given an explicit construction for infinitely many cu-
bic 5-transitive graphs which involves much smaller numbers (see 18b).

The covering graph construction 153

Additional Results

19a Double coverings Let G be the automorphism group of a con-
nected graph I', and let G act on the group Z; by the rule that § is the
idehtity automorphism of Zy for each g in G. Then the Zy-chain ¢ on T’
which assigns the non-identity element of Z; to each side of I is compat-
ible with the actions of G on ST and Z;. The covering graph T'(Z,, )
is connected if and only if I is not bipartite. For example, applying the
construction to the graph with 234 vertices described in 18a we get a
connected 5-transitive cubic graph with 468 vertices.

19b The Desargues graph  The construction of 19a applied to Pe-
tersen’s graph results in a cubic 3-transitive graph with 20 vertices. The
vertices of this graph correspond to the points and lines in the Desargues
configuration, with two vertices being adjacent if they correspond to an
incident (point, line) pair. This graph was described by Coxeter (1950),
together with several others derived from geometrical configurations.

19¢ A threefold covering of S(3) The second 5-transitive cubic graph
in order of magnitude is a graph with 90 vertices which is a threefold
covering of the sextet graph S(3) (see 18i). Ito (1982) constructed an
explicit Z3-chain on S(3), which shows that the graph is a covering graph
of S(3) in the sense of this chapter.

19d Another covering construction for 5-transitive cubic graphs Sup-
pose that T is a cubic graph and G = Aut(l") is a group of type 4t.
Then the automorphism a~ b fixes the vertices ag, a3, a3, and a3 of the
basic 4-arc [a}, and (because the degree is 3) it must fix the other ver-
tices B3, 0= adjacent to ay, as respectively. By considerations of order
we see that this is the only non-identity automorphism with this prop-
erty. So for each e = {v,w} € ET the group L,,, has order 2; in other
words, there is a unique involution j. which fixes e and the four vertices
adjacent to e. The involutions j. generate the group G* (Proposition
18.2) which is normal, of index 1 or 2 in G. Consequently G acts by
conjugation as a group of automorphisms of G*.
If we take K = G™ and define a K-chain on I" by

é(v, ‘UJ) = Je,
then the compatibility condition is satisfied and, by Proposition 19.4,
we have a graph T on which KXG acts 4-transitively. However, there is
‘a bonus. As shown by Biggs (1982b) there is an ‘extra’ automorphism
T, so that I is in fact a 5-transitive graph.
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Lemma 20.1 A connected graph T' with diameter d and automor-
phism group G = Aut(T') is distance-transitive if and only if it is vertex-
transitive and the vertex-stabilizer G, is transitive on the set I';(v), for
each i€ {0,1,...,d}, and each v € VT.

Proof Suppose that I' is distance-transitive. Taking u = v and z = y
in the definition (as given above), we see that I' is vertex-transitive.
Taking y = v, we see that G, is transitive on I';(v) (0 < i < d).
Conversely, suppose vertices u,v,z,y are given such that 8(u,v) =
O(z,y) = i. Let g be an automorphism such that g(v) = y and let
h € Gy be such that h(g(u)) = z. Then hg takes u« to = and v to y.
0

As we shall see, the adjacency algebra (defined in Chapter 2) plays a
major part in the study of distance-transitive graphs. In preparation for
the algebraic theory we begin by investigating some simple combinatorial
consequences of the definition.

For any connected graph I', any vertices u,v of I', and any non-
negative integers A and %, define s;;(u,v) to be the number of vertices
of I whose distance from u is h and whose distance from v is i. That is,

sri(u,v) = [{w € VT' | 8(u, w) = h and 8(v,w) = i}|.
In a distance-transitive graph the numbers spi(u, v) depend, not on the
individual pair (u,v), but only on the distance 8(u,v). So if 8(u,v) = j
we shall write

shij = sh,-(u, 'U).

Definition 20.2 The intersection numbers of a distance-transitive
graph with diameter d are the numbers s;;;, where k,i and j belong to
the set {0,1,...,d}.

Clearly there are (d + 1)® intersection numbers, but it turns out that
there are many identities relating them; and in due course we shall show
that just 2d of them are sufficient to determine the rest.

Consider the intersection numbers with h = 1. For a fixed j, s145 is
the number of vertices w such that w is adjacent to u and 9(v,w) = i,
when 9(u,v) = j. Now, if w is adjacent to u and d(u,v) = j, then
d(v, w) must be one of the numbers j — 1, 7,7 + 1; in other words

811;_7'=0 if Z;‘éj'—].,],J"'l
More generally, s,;; = O if the largest of h,i,j is greater than the sum
of the other two.
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For the intersection numbers 31;; which are not identically zero we

shall use the notation
Cj =S1,j-15 G =S155 b= 815415

where 0 < j < d, and it is convenient to leave cp and b; undefined.
The numbers ¢;, a;, b; have the following simple interpretation in terms
of the diagrammatic representation of I' introduced at the beginning of
this chapter. If we pick an arbitrary vertex v and a vertex u in I';(v),
then u is adjacent to ¢; vertices in I';_;(v), a; vertices in T';(v), and b,
vertices in I';j1(v). These numbers are independent of 4 and v, provided
that d(u,v) = j.

Definition 20.3 The intersection array of a distance-transitive graph
is

* C1 cee [ Cd
L(F) = ag ai ce. Q5 N/ % ]
bo b1 bj .o *

For example, consider the cube @3, which is a distance-transitive
graph with diameter 3. From the representation in Figure 17 we may
write down its intersection array.

* 1 2 3
t(Q3)=4¢0 0 0 O
3 2 1 =«
Figure 17: Q3 as a distance-transitive graph.

‘We observe that a distance-transitive graph is vertex-transitive, and
consequently regular, of degree k say. Clearly we have by = k and
ag = 0,¢; = 1. Further, since each column of the intersection array
sums to k, if we are given the first and third rows we can calculate
the middle row. Thus it is both logically sufficient and typographically
convenient to use the alternative notation

o) = {k,by,...,ba—131,¢ca,...,ca}.
However, the original notation of Definition 20.3 is intuitively helpful,
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160 Symmelry and regularity

is b;_1,a;, ci11, respectively. Thus (A A;),, is equal to the (7, s)-entry
of the matrix on the right-hand side. ‘ (|

Theorem 20.7 (Da.rherell 1973) Let T be a distance-regular graph
with diameter d. Then {Aq, Ai,...,Aq} is a basis for the adjacency
algebra A(T'}, and consequently the dimension of A(T') isd + 1.

Proof By recursive applications of the lemma we see that A; is a
polynomial p;(A), for ¢ = 2,...,d. The form of the recursion shows
that the degree of p; is at most i, and since Ag, A;,..., A, are linearly
independent (exactly one of them has a non-zero entry in any given
position) the degree of p; is exactly .

Since Ao+ A3 + ...+ Ag=J and T is k-regular we have

(A—KkD)(Ag+Ay+...+A;)=0.

The left-hand side is a polynomial in A of degree d-+ 1, so the dimension
of A(T") is at most d+1. However, since {Ap, A1,...,Ag} isaset of d+1
linearly independent members of A(T'), it is a basis, and the dimension
is equal to d + 1. O

It follows from Theorem 20.7 that a distance-regular graph has just
d + 1 distinct eigenvalues, the minimum number possible for a graph of
diameter d. These eigenvalues, and a remarkable formula for calculating
their multiplicities, form the subject of the next chapter.

The full set of (d + 1)3 intersection numbers can be defined for a
distance-regular graph; this is a trivial remark for a distance-transitive
graph, but it requires proof in the distance-regular case. In the course
of the proof we shall relate these intersection numbers to the basis
{AQ, A], ey Ad} of .A(I‘)

Proposition 20.8 Let I’ be a distance-regular graph with diameter d.
(1) The numbers s;p(u,v), h,i € {0,1,...,d}, depend only on 8(u,v).
(2) If spi(u,v) = spij when 8(u,v) = j, then

d
.A.hA,'; = ZshijA]

=0
Proof We prove both parts in one argument. Since {Ag, Ay,...,Aq}
is a basis for .A(T'), the product Az A,; is a linear combination ) thi; A;.
Now
(ArAi)rs = sni(vr, vs),
and there is just one member of the basis whose (r, s)-entry is 1: it
is that A; for which 8(v,,vs) = j. Thus spi(vr,vs) = thij, and so
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3hi(vr, vs) depends only on 8(vr,v,). Further, the coefficient ¢;; is just
the intersection number sp;;. O

At this point a few historical remarks are in order. The theory which
underlies our treatment of the adjacency algebra of a distance-regular
graph was developed in two quite different contexts. First, the associ-
ation schemes used by Bose in the statistical design of experiments led
to an association algebra (Bose and Mesner 1959), which corresponds
to our adjacency algebra. Bose and others also studied strongly regular
graphs which, as we have noted, are just distance-regular graphs with
diameter 2. Secondly, the work of Schur (1933) and Wielandt (1964) on
the commuting algebra, or centralizer ring, of a permutation group, cul-
minated in the paper of Higman (1967) which employs graph-theoretic

.ideas very closely related to those of this chapter. The discovery of

sporadic simple groups as the automorphism groups of strongly regu-
lar graphs (for example by Higman and Sims (1968)) gave a powerful
impetus to work in this area. The formulation in terms of the proper-
ties of distance-transitivity and distance-regularity was developed by the
present author and some of his colleagues in the years 1969-1973, and
a consolidated account appeared in the first edition of this book (1974).
In the last twenty years an extensive literature has been accumulating.
The reader is referred to the now-standard text of Brouwer, Cohen and
Neumaier [BCN], which admirably covers the state of the art up to 1989,
and contains a bibliography of 800 items.

Additional Results

20a The cube graphs The k-cube, Qy, is the graph defined as follows:
the vertices of Qy are the 2* symbols (€1, €2,...,€x), where ¢; = 0 or
1 (1 €14 < k), and two vertices are adjacent when the symbols differ
in exactly one coordinate. The graph Qy (k > 2) is distance-transitive,
with degree k and diameter k, and the intersection array is

{kk—1,k—2,...,1;1,2,3,...,k}.

20b The odd graphs yet again The odd graphs Oy, (k > 2) are distance-
transitive, with degree k and diameter k — 1. The intersection array, in
the cases k = 2l — 1 and k = 2! respectively, is

{20-1,20-2,21—2,..., 1+ 1,1+ 1,1; 1,1,2,2,...,0 — 1,1 — 1},
{20,201 —1,20-1,...,0+1,1+1; 1,1,2,2,...,1 — 1,1 — 1,1}
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Feasibility of intersection arrays

In this chapter we shall study the following question. Suppose that an
arbitrary array of integers {k,b1,...,bs_1;1,C2,...,cqa} is given: when
is there a distance-regular graph with this as its intersection array?

The results obtained in the previous chapter provide some simple nec-
essary conditions. For example, part (1) of Proposition 20.4 yields an
explicit formula for the numbers k; = |I';(v)|:

k; = (kby ... bi—1)/(c2c3...¢:) (2 <i<d).

These numbers must be integers, so we have a non-trivial constraint on
the intersection array. Similarly, the monotonicity conditions in parts
(2) and (3) of Proposition 20.4 must be satisfied.

There are also some elementary parity conditions. Let n = 1 + k; +

..+ kg be the number of vertices of the putative graph, then if &k is odd,

n must be even. That is, nk = 0 (mod 2). Similarly, considering the

induced subgraph defined by the vertices in I';(v), we see that k;a; =0
(mod 2) for 1 < i< d, where a; =k —b; — ¢;

These conditions are quite restrictive, yet they are satisfied by many
arrays which are not realised by any graph. For example, {3,2,1;1,1,3}
passes all these tests, and would represent a graph with degree 3, diam-
eter 3, and 12 vertices. In this case, simple (but special) arguments can
be used to prove that there is no graph. The main result of this chapter
is a general condition which rules out a multitude of examples of this
kind.

Recall that the adjacency algebra A(T") of a distance-regular graph I
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has as a basis the d+1 distance matrices. {Ag,A;,..., A4}, which satisfy
ApA; =3 spi;Aj. This equation can be interpreted as saying that left-
multiplication by A, regarded as a linear mapping of A(T") with respect
to the given basis, is faithfully represented by the (d+1) x (d+1) matrix
B, defined by
(Bnr)ij = 8hij-

(This representation seems natural for our purposes although it is the
transpose of the one most commonly employed. Since the algebra A(T")
is commutative, the difference is immaterial.) The existence of this
representation is sufficiently important to justify a formal statement.

Proposition 21.1  The adjacency algebra A(T") of a distance-regular
graph T' with diameter d can be faithfully represented by an algebra of
matrices with d + 1 rows and columns. A basis for this representation is
the set {Bo,Bu,...,Ba}, where (Bpr)i; is the intersection number sp;;
for h,i,j € {0,1,...,d}. O

" The members of A(I') can now be regarded as square matrices of size
d+ 1 (instead of n), a considerable simplification. What is more, the
matrix B; alone is sufficient. To see this, we notice first that, since
(B1)i; = s1i4, the matrix B, is tridiagonal:

0 1
k a Ca
b1 a3
B; = b2
C4
ag

We shall often write B for By, and refer to B as the intersection matriz
of I'. Note that it is just another way of writing the intersection array.
Now, since the matrices B; are images of the matrices A; under a faithful
representation, the equation obtained in Lemma 20.6 carries over:

BB; =b;-1B;—1 +a;B; +ci11Biy1 (1<i<d-1).
Consequently each B; is a polynomial in B with coefficients which de-

~ pend only on the entries of B. It follows from this (in theory) that A(T")

and the spectrum of I" are determined by B, which in turn is determined
by the intersection array +(I'). We shall now give an explicit demonstra-
tion of this fact.

Proposition 21.2 Let T be a distance-regular graph with degree k and
diameter d. Then I" has d + 1 distinct eigenvalues k = /\0,,\1, R VR
which are the eigenvalues of the intersection matriz B.
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168 Symmetry and regularity

Definition 21.5 The array {k,b1,...,b4-1;1,¢2,...,cq} is feasible if
the following conditions are satisfied. ’

(1) The numbers k; = (kby...b;—1)/(cacs . ..c;) are integers (2 < ¢ < d).
(2) k>2bi>2...2bg1and 1< £... < cq.
@)Ifn=1+k+k+...+kganda; =k—-b;—c; (1 <i<d-1),
aq = k — cg4, then nk =0 (mod 2) and k;a; = 0 (mod 2).

(4) The numbers n/(u;, v;) are positive integers (0 < i < d).

It should be noted that the definition of feasibility given above is
a matter of convention. The conditions stated are not sufficient for
the existence of a graph with the given array, and indeed there are
many other, independent, ‘feasibility’ conditions. Some useful ones are
given in 21c, 21d, and 21e; the standard reference [BCN] provides
a comprehensive treatment. The four conditions which comprise our
definition of feasibility are chosen because they are particularly useful,
and any reasonable way of testing a given array will surely include them.

The four conditions are easy to apply in practice. The calculation of
n/(u;, v;) is facilitated by Lemma 21.3, which implies that

2
(i, vi) = Z kj(ui)? = Z (‘Zj)] .
For example, consider the array {3,2,1; 1,1,3} which, as we have al-
ready noted, satisfies the first three conditions. The eigenvalues of B
are 3, —1 and the roots of the quadratic equation A2 + A — 3 = 0. If
0 is one of the quadratic eigenvalues the corresponding eigenvector is
- [1,0, -0, —1]%, and the ‘multiplicity’ is

12/ G+%—2+%2+%) =24/(3+6%) =24/(6-0),

which is clearly not an integer. Thus there is no graph with the given
array.

For a positive example, consider the array {2r,r — 1;1,4} (r > 2),
for which the corresponding B matrix is

0 1 0
2r r 4 .
0 r—1 2r—4

It is easy to verify that k = 2r, ky = 3r(r — 1), n = 3(r + 1)(r + 2), so
that conditions (1), (2) and (3) of Definition 21.5 are fulfilled.

Feasibility of intersection arrays . 169

The eigenvalues of B are A\g = 2r, A\; = r — 2, Ay = —2, and the
calculation of the multiplicities goes as follows:
1 1 1
Vo = 2r , vi=|r—=2[, vo=|-2].
3r(r—1) 1—7r 1
1
n s(r+1)(r+2)
A = = 2 — .
(Rl ) Bl ey o) s e e oy B
s 1
n (r+1)(r+2) 1
Az) = =174 = =(r —1)(r — 2).
m(Az) (uz,v2) 1+4/2r + 1/%,,.(7. -1) 2(7‘ )(r )

Since these values are integers, condition (4) is satisfied and the array is
feasible. In fact the array is realized by the triangle graph A, 5, as we
noted in Chapter 20. (The eigenvalues and multiplicities of this graph
were found in a different way in Chapter 3.)

Another example is the graph X representing the 27 lines on a cubic
surface (Chapter 8, p. 57). This is a distance-regular graph with diam-
eter 2 and intersection array {16, 5;1,8}, from which we may calculate

the spectrum:
16 4 -2
Spec X = ( 6 20 ) .

These examples have diameter 2, and so they are strongly regular
graphs. In that case the multiplicities can also be obtained by more
elementary methods (see 3d). But for a general dlstance-regular graph
the multiplicity formula is invaluable. :

Additional Results

21a The spectra of Qi and the Hamming graphs The eigenvalues of the
k-cube Qi -are A; = k — 2i (0 < i < k), with multiplicities m(\;) = (k)

The k-cube is the case ¢ = 2 of the Hamming graph H(d, q), whose
vertices are the gq? d-vectors with elements in a set of size g, two being
adjacent when they differ in just one coordinate. The graph H(d,q) is
distance-transitive, with intersection array

{d(q_l) (d—l)(q—l)’ )(q_l). 1’21--'ad}‘
The eigenvalues are d(q — 1) — gi, i = 0,1,...,d with multiplicities
(d) (g — 1)®. The intersection array determmes the Hamming graph
H(d, q) uniquely, except when g = 4; in that case there are other graphs
with the same intersection array [BCN, p. 262]. :
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172 Symmetry and regularity

If there is a perfect e-code in I' then z.()\) is a factor of 24(A) in the ring
of polynomials with rational coefficients. This implies that the zeros of

ze(A) must be eigenvalues of I'. This result was first established by S.P. ' 2 2
Lloyd in the ‘classical’ case of a cube or Hamming graph. Biggs (1973c)
gave a proof for the general distance-transitive case and Delsarte (1973)
proved similar results in a more general context.

Imprimitivity
21k Sporadic groups and graphs Several of the sporadic simple groups
can be represented as the automorphism group of a distance-transitive
graph. A typical example is the distance-transitive graph with 266 ver- :
tices which has degree 11, diameter 4, and intersection array {11,10,6,1; ' JNIVERSIDAD DE LA REPuULLIOR
1,1,5,11}. The automorphism group of this graph is Janko’s simple FACITITAT 1R WGENIEBI;.
group of order 175 560. As usual, the reader should consult [BCN] for a : DEF s i \ ‘u DE
full account. DOCUMENTACION Y BIBLIOTECA

. MONTEVIDEO - URUGUAY
211 The permutation character IfTIis a distance-transitive graph with
diameter d, then the permutation character x corresponding to the rep-

resentation of Aut(I') on VT is the sum of d + 1 irreducible characters: In this chapter we investigate the relationship between primitivity and

=1l+x1+...+xa distance-transitivity. We shall prove that the automorphism group of a
and the labelling can be chosen so that the degree of x; is m()\;) (0 < , distance-transitive graph can act imprimitively in only two ways, both
i < d). This can be deduced from the results of Wielandt (1964) see "~ of which have simple characterizations in terms of the structure of the
also [BCN, p. 137]. graph.

We begin by summarizing some terminology. If G is a group of per-
mutations of a set X, a block B is a subset of X such that B and g(B)
are either disjoint or identical, for each g in G. If G is transitive on X,
then we say that the permutation group (X, G) is primitive if the only
blocks are the trivial blocks, that is, those with cardinality 0, 1 or | X]|.
If B is a non-trivial block and G is transitive on X, then each g(B) is a
block, and the distinct blocks g(B) form a partition of X which we refer
to as a block system. Further, G acts transitively on these blocks.

A graph T is said to be primitive or imprimitive according as the
group G = Aut(T') acting on VT has the corresponding property. For
example, the ladder graph L3 is imprimitive: there is a block system
with two blocks, the vertices of the triangles in Lj.

Proposition 22.1 Let T’ be a connected graph for which the group
of automorphisms acts imprimitively and symmetrically (in the sense of
Definition 15.5). Then a block system for the action of Aut(I') on VI
must be a colour-partition of T.
Proof Suppose that VT is partitioned by the block system

BW @  B®,
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Figure 18: illustrating the proof of Lemma 22.4.

{Figure 18). But then I';(v3) contains the adjacent vertices v; and z,
and if h is an automorphism of I' taking u to v3, h(Bs(uv)) is a block
containing adjacent vertices, again contradicting Proposition 22.1. Thus
we must have d = 2. ]

Proposition 22.5 Let I’ be a distance-transitive graph with diameter
d > 3 and degree k > 3. Then

X = Bb(TL) = {u} u Fz(u) U...Uly (u)
is a block if and only if I" is bipartile.

Proof Suppose I is bipartite. If X is not a block, then there is
an automorphism g of T such that X and g(X) intersect but are not
identical. This would imply that there are vertices = and y in X, for
which g(z) € X but g(y) € X, so that 9(z,y) is even and 9(g(x), g(¥))
is odd. From this contradiction we conclude that X is a block.

Conversely, suppose X is a block. A minimal odd cycle in I" has length
2j + 1 greater than 3, by Lemma 22.4. We may suppose this cycle to be
Uy - .. W1V VW3 . . . Usl, Where

ui,ug € I'1(u), wi,ws € Tj-1(u), v1,v2 € T (u),

and if j = 2, then u; = w; and ug = wy. If j is even, then X contains
the adjacent vertices v; and vz, and so X = VI, a contradiction. If
j is odd we have, for i = 1,2, 8(u,w;) = 8(u;,v:), and so there is an
automorphism h; taking u to u; and w; to v;. Thus Y; = h; ()@’—fs a block
containing u; and v;. But, since I" contains no triangles, d(u;,ug) = 2
and so uz € Y;. Consequently Y; = Y and we have adjacent vertices
v1,V2 in Y3, so that Y3 = VI, X = VI. From this contradiction it
follows that I" has no odd cycles and is bipartite. 0

Lemma 22.4 and Proposition 22.5 lead to the conclusion that, if a
block. of the type By(u) exists in a distance-transitive graph I', then
either d = 2, in which case the block is also of type B, (u), or d = 3 and
T is bipartite. The complete tripartite graphs K, , , are examples of the
first case and are clearly not bipartite.

Imprimitivity 177

We shall now show that graphs which have blocks of type B,(u) can
also be given a simple graph-theoretical characterization.

Definition 22.6 A graph of diameter d is said to be antipodal if,
for any vertices u, v, w such that 8(u,v) = 8(u, w) = d, it follows that
O(v,w)=dorv=w.

The cubes @, are trivially antipodal, since every vertex has a unique
vertex at maximum distance from it; these graphs are at the same time
bipartite. The dodecahedron is also trivially antipodal, but it is not
bipartite. Examples of graphs which are non-trivially antipodal and not
bipartite are the complete tripartite graphs K., ., which have diameter
2, and the line graph of Petersen’s graph, which has diameter 3.

Proposition 22.7 A distance-transitive graph I' of diameter d has a
block B,(u) = {u} UT4(u) if and only if T is antipodal.
Proof Suppose I is antipodal. Then if x is in B,(u), it follows that
B,(u) = {z} UT4(z) = B.(z). Consequently, if g is any automorphism
of ', and z is in Ba(u) N g(Bg(u)) then

B,(u) = {z} UTu(2) = g(Ba(u)),
so that B,(u) is a block.

Conversely, suppose B,(u) is a block, and v, w belong to I'4(u) (v #
w). Let &(v,w) = j (1 < j < d), and let h be any automorphism
of I such that A(v) = u. Then hA(w) is in I';(u). Also h(w) belongs
to h(B,(u)) = Ba(u), since h(B,(u)) intersects B,(u) (u is in both
sets) and B,(u) is a block. This is impossible for 1 < j < d, so that
d(v,w) = d, and I' is antipodal.

Theorem 22.8 (Smith 1971) An imprimitive distance-transitive graph
with degree k > 3 is either bipartite or antipodal. (Both possibilities can
occur in the same graph.)

Proof A non-trivial block is either of the type B,(u) or Bp(u). In the
case of a block of type By(u), Proposition 22.5 tells us that either the
graph is bipartite, or its diameter is less than 3. If the diameter is 1,
then the graph is complete, and consequently primitive. If the diameter
is 2, a block of type By(u) is also of type Bg(u). Consequently, if the
graph is not bipartite, it must be antipodal. (|

The notion of primitivity can be defined without reference to a group
action, in the following way. Given a graph I' with diameter d, let
I'; (1 € i < d) be the graph whose vertices are the same as those of I,
two vertices being adjacent in I'; if and only if they are at distance  in I
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23

Minimal regular graphs with given girth

Results on the feasibility of intersection arrays can be applied to a wide
range of combinatorial problems. The last chapter of this book deals
with a graph-theoretical problem which has been the subject of much
research. We shall study regular graphs whose degree (k > 3) and girth
(g = 3) are given. For all such values of k and g there is at least one
graph with these properties (Sachs 1963), and so it makes sense to ask for
the smallest one. We note that when k = 2 the cycle graphs provide the
complete answer to the problem, and so we shall be concerned primarily
with the case k > 3.

Proposition 23.1 (1) The number of vertices in a graph with degree
k and odd girth g = 2d + 1 is at least

no(k,g) =14+ k+k(k—1)+...+k(k—1)206-3),
If there is such a graph, having exactly no(k,g) vertices, then it is
distance-regular with diameter d, and its intersection array is

{k,k -1,k—1,...,k—1;1,1,1,...,1}.
(2) The number of vertices in a graph with degree k and even girth g = 2d
is at least .
no(k,g) =1+k+k(k—1)+...+k(k—1)392 4 (k—1)3571,
If there is such a graph, having exactly no(k,g) vertices, then it is bipar-
tile and distance-regular with diameter d; its intersection array is
{k,k—~1,k—1,...,k~1;1,1,1,...,1,k}.

Minimal regular graphs with given girth 181

Proof (1) Suppose that I is a graph with degree k and girth g = 2d+1,
and let (u,v) be any pair of vertices such that 8(u,v) = j (1 < j < d).
The number of vertices in I'j_;(v) adjacent to u is 1, otherwise we
should have a cycle of length at most 27 < 2d + 1 in I. Using the
standard notation (Definition 20.5) we have shown the existence of the
numbers ¢; = 1,...,cq4 = 1. Similarly, if 1 < j < d, then there are
no vertices in I';(v) adjacent to u, otherwise we should have a cycle of
length at most 2j+1 < 2d+1. This means that a; = 0 and consequently
bj=k—a;j—cij=k—1,for 1 <j<d It follows that the diameter of
I is at least d, and that T" has at least no(k,g) vertices. If I' has just
no(k, g) vertices, its diameter must be precisely d, which implies that
aq = 0, and I" has the stated intersection array.

(2) In this case the argument proceeds as in (1), except that cg may
be greater than one. Now the recurrence for the numbers k; = |T;(v)|
shows that kg is smallest when ¢y = k; if this is so, then I'" has at least
no(k, g) vertices. If I" has exactly nq(k, g) vertices, then its diameter is
d, and it has the stated intersection array. The form of this array shows
that I" has no odd cycles, and so it is bipartite. O

Definition 23.2 A graph with degree k, girth g, and such that there
are no smaller graphs with the same degree and girth, is called a (k, g)-
cage. A (k, g)-cage with ng(k, g) vertices is said to be a Moore graph if
g is odd, and a generalized polygon graph if g is even. (The reasons for
the apparently bizarre terminology are historical, and may be found in
the references given below.)

We have already remarked that a (k, g)-cage exists for all k > 3 and
g = 3. For example, Petersen’s graph Ojs is the unique (3, 5)-cage: it
has 10 vertices and np(3, 5) = 10, so it is a Moore graph. On the other
hand, the unique (3, 7)-cage has 24 vertices (see 23c) and n¢(3,7) = 22,
so there is no Moore graph in this case. The main result of this chapter
is that Moore graphs and generalized polygon graphs are very rare.

In the cases g = 3 and g = 4 the intersection arrays in question are

{k;1} and {k,k—1;1,k}

and these are feasible for all k > 3. It is very easy to see that each
array has a unique realisation — the complete graph K k+1 and the com-
plete bipartite graph K k, respectively. Thus, when g = 3 we have a
unique Moore graph K41, and when g = 4 we have a unique generalized
polygon graph Ky .

When g > 5 the problem is much more subtle, both in the technical
details and in the nature of the solution. The results are due to a number
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184 Symmetry and regularity

F =2h—(h®+1)cos2a, G=(h*—1)sin2a.
Allowing for the anomalous form of k4 by means of a compensating term,
we can sum the trigonometric series involved in 3~ k;u;()\)? and obtain:
sinda
sina

1+ (2hksin? a)~! [dE + {F cos(d + 1)a -+ Gsin(d + 1)a}

+(c™! — 1)(E + Fcos2da + Gsin 2da)].

Fortunately this expression can be simplified considerably in the two
cases, ¢ = 1 and ¢ = k, which are of particular interest.

Proposition 23.5 If ) # +k is an eigenvalue of a generalized polygon
graph with girth g = 2d, then its multiplicity is given by

nk [ 4h — \2

If X # k is an eigenvalue of a Moore graph with girth g = 2d + 1, then
its multiplicity is given by
nk 4h — A2
mA) = — | ——
® =7 (w50
Proof In the case of even girth, ¢ = k& and we know that \ = 2qcos
is an eigenvalue if and only if sin da = 0. In this case the expression for
>~ kiui(A)? becomes
1+ (2hksin® a)"'[dE + hk~}(E + F)] = (2hksin? o)~ 1dE.
On putting 2d = g, A = 2q cos a this leads to the formula given.
In the case of odd girth, ¢ = 1, and we know that \ = 2gcosa is an
eigenvalue if and only if
gsin{d + 1) + sinda = 0.

From this equation we have

(h=k—1, f=k+ (k—2)/q).

tando = — 350X . do = Z98I0C
1+gcosa k+ A
. sina q+cosa
sin(d + 1)a = ————=; cos(d+ 1)a = 0ot
(Do = ey et e =T

Substituting for the relevant quantities in the general expression, and
putting g = 2d + 1, we obtain, after some algebraic manipulation, the
stated formula. ]

We are now ready for the main theorem, which is the result of the
combined efforts of the mathematicians mentioned earlier in this chapter.
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Theorem 23.6 The intersection array for a generalized polygon graph
with k > 3, g > 4 is feasible if and only if g € {4,6,8, 12}. The inter-
section array for a Moore graph withk > 3, g > 5 is feasible if and only
ifg=>5 and k € {3,7,57}.

Proof Suppose g is even, g = 2d. Then a generalized polygon graph
has d — 1 eigenvalues \; = 2q cos(wj/d) with multiplicities

nk [4h — X2
m(r;) = 3 (m )
If m(X,) is a positive integer, A? is rational, which means that cos 27 /d
is rational. But it is well known (see for example, Irrational Numbers by
L. Niven (Wiley, 1956), p. 37) that this is so if and only if d € {2, 3, 4, 6}.
The case when g is odd: presents more problems. We shall deal with

g = 5 and g = 7 separately, and then dispose of g > 9. Suppose g = 5.
Then the characteristic equation )
gsin3a +sin2a = 0
reduces, in terms of A = 2gcosa, to A2 + X\ — (k — 1) = 0. Thus there
are two eigenvalues A\ = 1(—1+ VD) and Ay = 1(~1 - VD), where
D = 4k — 3. We have n = 1 + k? and putting this in the formula for
m(A) we get
) = (k+ k%)(4k — 4 — X?)
(k—A)(6k —245))"
If VD is irrational, we multiply out the expression above, substitute
A = 1(—14 /D) and equate the coefficients of vD. This gives 5m+k —
2 = k+ k3, where m = m(A1) = m(\z). But there are three eigenvalues
in all: k,A;, A2 with multiplicities 1,m,m; hence 1 + 2m = n = 1 + k2.
Thus 5k® —~ 4 = 2k3, which has no solution for k > 3. Consequently vD
must be rational, s = VD, say. Then k = 1(s? + 3) and substituting for
A1 and £ in terms of s in the expression for m; = m(\;) we obtain the
following polynomial equation in s:
8% + 5% +65% ~ 252 + (9 —my)s — 15 = 0.
It follows that s must be a divisor of 15, and the possibilities are s —
1,3,5,15, giving k = 1,3,5,57. The first possibility is clearly absurd,
but the three others do lead to feasible intersection arrays.
Suppose g = 7. Then the characteristic equation

gsinda + sin3a = 0

reduces, in terms of A = 2gcos , to A3+ A% ~2(k—1)A—(k—1) = 0. This
equation has no rational roots (and consequently no integral roots), since
we may write it in the form k& — 1 = A%(A +1)/(2\ 4-1), and if any prime
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188 Symmetry and regularity

It is easy to construct a Ga(k,k) for all k& > 2; the corresponding
graph is the complete bipartite graph Kix. A Ga(k, k) is simply a
projective plane with k points on each line. So the existence problem
for generalized polygon graphs of girth 6 is covered by the known results
on projective planes, a fact noted by Singleton (1966). There is at least
one such plane whenever k — 1 is a prime power, and none are known for
which k& — 1 is not a prime power. Generalized quadrangles G4(k, k) are
also known to exist for all prime power values of k — 1, and generalized
hexagons Gg(k, k) exist whenever k¥ — 1 is an odd power of 3. Benson
(1966) was the first to construct the graphs corresponding to the the
last two cases.

In the case of odd girth g > 3, the only Moore graphs allowed by
Theorem 23.6 are those with ¢ = 5 and k € {3,7,57}. The graph with
k = 3 is Petersen’s graph. The graph with & = 7 was constructed and
proved unique by Hoffman and Singleton (1960); a construction is given
in 23d. The existence of a graph with k = 57 remains an enigma: the
results of Aschbacher (1971) show that such a graph cannot be distance-
transitive, and so the construction, if there is one, is certain to be very
complicated.

Additional Results

23a Moore graphs and generalized polygon graphs with degree 3  In the
case k = 3, the Moore graphs of girth 3 and girth 5 (K4 and O3) exist and
are unique. There are no other Moore graphs of degree 3, by Theorem
23.6. The generalized polygon graphs of girth 4, 6, 8 and 12 exist and
are unique. They are K3 3, Heawood’s graph S(7), Tutte’s graph €2, and
the incidence graph of the unique generalized hexagon with 63 points
and 63 lines (see 23b).

23b The (3,12)-cage A direct construction of the generalized hexagon
graph of degree 3 is as follows. Given a unitary polarity of the projective
plane PG(2,3%), there are 63 points of the plane which do not lie on
their polar lines, and they form 63 self-polar triangles (Edge 1963). The
(3,12)-cage is the graph whose 126 vertices are these 63 points and 63
triangles, with adjacent vertices corresponding to an incident (point,
triangle) pair.

This graph is not vertex-transitive, since there is no automorphism
taking a ‘point’ vertex to a ‘triangle’ vertex. However, it follows from
Proposition 23.1 that it is distance-regular.
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23c Cages with degree 3 and g < 12 All cases except g = 7,9, 10 and 11
have been covered above. In these cases we know from the general theory
that a (3, g)-cage must have more than n¢(3, g) vertices. The (3, 7)-cage
is a graph with 24 vertices, and it is unique; details are given by Tutte
(1966). There are numerous (3, 9)-cages; they have 58 vertices and the
first one was found by Biggs and Hoare (1980). The fact that no smaller
graph has degree 3 and girth 9 is the result of a computer search by
B..McKay. There are three (3, 10)-cages; they have 70 vertices (O’Keefe
and Wong 1980). The size of the (3, 11)-cage is as yet unknown. Since
it is not a Moore graph it must have at least 96 vertices; the smallest
known graph with degree 3 and girth 11 has 112 vertices.

23d The Hoffman-Singleton graph  The unique (7,5)-cage may be con-
structed by extending the graph described in 22f as follows. Add 14 new
vertices, called L, N,a,b,c,d,e, f, 1,2,3,4,5,6; join L to a,b,c,d,e, f
and Nj join N t0 1,2,3,4,5,6 and L. Also, join the vertex denoted by
(I,n) in 22f to Il and n. The automorphism group of this graph is the
group of order 252 000 obtained from PSU(3, 5%) by adjoining the field
automorphism of GF(5%) (Hoffman and Singleton 1960).

23e Cages of girth 5 with4 < k <6 In these cases we know that a cage
is not a Moore graph. There is a unique (4, 5)-cage with 19 vertices, due
to Robertson (1964). There are several (5,5)-cages having 30 vertices;
see [BCN, p. 210]. There is a unique (6,5)-cage (O’Keefe and Wong
1979); it has 40 vertices and it is the induced subgraph obtained by
deleting the vertices of a Petersen graph from the Hoffman—Singleton
graph.

23f Cages of girth 6 Recall (4d) that the ezcess of a k-regular graph
with n vertices and girth g is e = n — ng(k,g). Biggs and Ito (1980)
showed that, for small values of e, a k-regular graph with girth 6 and
excess e = 2(n — 1) is an 5-fold covering of the incidence graph of a
symmetric (v, k, n7)-design.

When n = 1 such a design is a projective plane, and we have the
generalized polygon graph as discussed above. When 77 = 2 such a
design is called a biplane. In this case it can be shown that a necessary
condition for the existence of a graph is that either k£ or £ — 2 must be
a perfect square (see Biggs 1981b). Such graphs with k = 3 and &k = 4
do exist, but they they are not (k, 6)-cages, because for these values of k&
there is a generalized polygon graph. The first significant case is k = 11,
because here it is now known that there is no projective plane, so the
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Pappus graph 148, 154
partial geometry 162
partition function 80

path graph 11

perfect code 22, 171
permutation character 172
permutation matrix 116
Petersen graph 20, 95, 103, 133
planar 29

positive end 24

potential 36

Potts model 80

power 36

primitive 30, 173

principal minors 8
projective plane 163
proper 90

pyramid 68

quasi-separable 67
quasi-separation 67

rank 25

rank matrix 73

rank polynomial 73
Rayleigh quotient 54
Rayleigh’s monotonicity law 37
reconstructible 50, 91
reconstruction conjecture 50
recursive family 70, 103
regular graph 14

regular action 122

resonant model 80

rewriting rules 72

root systems 22

r-ply transitive 162

semi-direct product 150
separable 67

separation 67
series-parallel 109

sextet graph 145

Shannon capacity 51

sides 149

simple eigenvalues 116, 125
spanning elementary subgraph 44
spanning tree 31

spectral decomposition 13

Index

spectrum 8

sporadic groups 172

square lattice 96

stabilizer 122

stabilizer sequence 133, 137, 147

standard bases 24

star graph 49

star types 87

strict graph 4

strongly regular graph 16, 20, 159,
171

subdividing 79

subgraph 4

successor 132

support 29

suspension 66

symmetric 118, 126

symmetric cycle 137

symmetric design 163

symmetric group 118, 148

t-arc 130

tetrahedral group 127
thermodynamic limit 94
theta graph 86
Thomson’s principle 36
topological invariant 79
totally unimodular 34
tree 47, 49, 65, 119
tree-number 38

triangle graph 19, 169
tridiagonal 165
t-transitive 131

Turan’s Theorem 59
Tutte polynomial 97, 100

umbral chromatic polynomial 72
unimodal conjecture 108

vertex 3

vertex-colouring 52

vertex space 23
vertex-stabilizer 122, 127
vertex-transitive 115, 120, 125
V-function 79

voltage 34

walk 9

walk-generating function 13
walk-generating matrix 12

Index

weakly homogeneous 120
wheel 68
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