COMPLEXITY OF PATH-FOLLOWING METHODS FOR THE
EIGENVALUE PROBLEM

DIEGO ARMENTANO

ABSTRACT. A unitarily invariant projective framework is introduced to ana-
lyze the complexity of path—following methods for the eigenvalue problem. A
condition number, and its relation to the distance to ill-posedness, is given. A
Newton map appropriate for this context is defined, and a version of Smale’s
y-Theorem is proven. The main result of this paper bounds the complexity
of path—following methods in terms of the length of the path in the condition
metric.
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1. INTRODUCTION AND MAIN RESULTS

1.1. Introduction and background. In this paper we study the complexity of
path—following methods to solve the eigenvalue problem:

(M, — A =0, w0,

where A € K" v € K", and A € K. (The set K denotes R or C, and n > 2.)
Here, the complexity of an algorithm should be understood as the study of the
number of arithmetic operations required to pass from the input to the output.

Many algorithms have been used to solve the eigenvalue problem. A naive ap-
proach to solve this problem would be to compute the characteristic polynomial
xa(z) = det(zl, — A) of A and then compute (i.e., find approximations of) its
zeros. From these zeros, a correspondent eigenvector can be computed. Unfortu-
nately, in some cases, polynomials y 4(z) arising in this way may be ill-conditioned
even when the original matrix A isn’t, and therefore, the numerical stability may
be destroyed under this process. In practice, algorithms for solving the eigenvalue
problem have avoided this naive approach, and moreover, the tradition in numer-
ical analysis in the last 20 years seems to go in the opposite direction. That is,
in order to solve a polynomial in one variable the standard procedure is to search
for the eigenvalues of the associated companion matrix; see Trefethen-Bau [34] for
example.

Most of the algorithms used in practice for solving the eigenvalue problem may
be divided into two classes: QR methods (including Hessenberg reduction, single or
double shift strategy, deflation), and Krylov subspace methods; see Wilkinson [36],
Golub—Van Loan [19], Stewart [32], or Watkins [35] for details. These algorithms
are known to be stable but, surprisingly, the complexity in not well-understood;
indeed, for each of these methods one of the following fundamental questions is still
open:

(1) For which class of matrices there is guaranteed convergence?

(2) Is there a small bound on the average of number of steps, in a given prob-
abilistic model on the set of inputs, to obtain a given accuracy on the
output?

The two following examples show that such questions are particularly difficult:

e Rayleigh quotient iteration fails for a non—empty open set of matrices; see
Batterson-Smillie [3, 4].

e The unshifted QR algorithm is convergent for almost every complex matrix.
However, even for the simple choice of Gaussian Orthogonal Ensemble as a
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probabilistic model, question (2) remains unanswered; see Deift [16]. (See
also Pfrang et al. [26] for some statistics about QR and Toda algorithms.)

While in practice many numerical methods are available for computing the eigen-
values and eigenvectors, until now, a numerically stable algorithm that provides
satisfactory answers to questions (1) and (2) is not available. On the one hand we
have algorithms for which we can prove low complexity bounds but appears to be
unstable in practice; see Pan [25] or Renegar [27]. On the other hand, we have
algorithms which are stable (and even efficient) in practice but for which we cannot
prove satisfactory complexity bounds.

The main theoretical open question for the complexity of the eigenvalue problem
is to provide an algorithm to solve this problem which is numerically stable and
works in average polynomial-time. The present paper may be considered as a step
forward to achieve this goal; the underlying algorithmic approach are the so called
homotopy methods.

In the last three decades path—following methods, or homotopy methods, have
been applied to solve the eigenvalue problem. The advantage of using homotopy
methods for the eigenvalue problem lies in the following facts.

(1) Path—following methods are numerically stable almost by definition. Being
more precise, in order to follow a path of (problems,solutions) it is enough to
compute a sequence of pairs such that each pair is a mere approximation of
the path with some prescribed error; ; see, for instance, the recent analysis
in Briquel et al. [9] for the case of complex polynomial systems.

(2) The recent success of homotopy methods for attacking Smale’s 17th prob-
lem (see Beltran—Pardo [6], Biirgisser—Cucker [10], and more recently Ar-
mentano—Shub [1]) brings some hope to reach the main goal for the com-
plexity of the eigenvalue problem mentioned above.

(3) Given a matrix, the output of the homotopy method is a good approxi-
mation of some eigenvalue (and its corresponding eigenvector) of the given
matrix. In this way we are avoiding to deal with the problem of computing
an eigenvector from some approximation of the eigenvalue of the matrix
(which will carry an extra cost and accuracy issues; cf. Remark 1.6).

The homotopy method for the eigenvalue problem was first studied by Chu [12],
when A is a real symmetric matrix. In Li-Sauer—York [22] and Li-Sauer [21] homo-
topy methods were given for deficient polynomial systems, and in particular, the
general eigenvalue problem is considered; see Li [20] for a general discussion. Since
then, a substantial amount of papers dealing with homotopy methods for solving
the eigenvalue problem have been written; see Lui-Keller—-Kwok [23] and references
therein. Even though these methods can achieve spectacular results in practice
(even faster than QR in some cases) the complexity is still an open problem.

In this paper we consider the eigenvalue problem as a bilinear polynomial system
of equations and we study the complexity of homotopy methods to solve it. Briefly,
homotopy methods can be described as follows. The system (A, — A)v =0, v # 0,
is the endpoint of a path of problems

(AL, — A))v(t) = 0, v(t) #0, 0< ¢ < 1,

with (A(1),A(1),v(1)) = (A, A,v). Starting from a known triple (A(0), A(0),v(0))
we “follow” this path to reach the target system (A, — A)v = 0. The algorithmic
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way to do so is to construct a finite number of triples
(Aka)‘kavk)7 0§k§K7

with Ay = A(tg), and 0 = {9 < t; < -+ < txg = 1, and where (A, vg) are
approximations of (A(tx),v(tx)). The complexity of the algorithm just described
(defined more precisely below) is reduced to the number K of steps sufficient to
validate the approximation, since the arithmetic cost of each iteration is linear in
n.

The main result of this paper is to relate K with a geometric invariant, namely,
the condition length of the path. In the next paragraphs of this section we give
a succinct description of the main definitions in order to state the main results,
pointing on our way to the location in this paper when notions are dealt at greater
length.

1.2. Solution Variety. We begin with the geometric framework of our problem.
Since the eigenvalue problem is homogeneous in v € K™ and in (4, \) € K"*" x K|
we define the solution variety as

V= {(4,\v) €P (K" xK) x P(K") : (A, — A)v =0},

where P(E) denotes the projective space associated with the vector space E. We
speak interchangeably of a nonzero vector and its corresponding class in the pro-
jective space.

The solution variety V plays a crucial role in this paper. It is a connected
smooth manifold of the same dimension as P(K"*™). It is possible to define a
natural projection

7:V — PK""™) given by w(A,\v) = A.

This projection, for almost every (A, \,v) € V, has a branch of the inverse image
of m taking A € P(K"*") to (A, \,v) € V. This branch of 77! is usually called the
input—output map. In this fashion, we may think of P(K™*™) as the space of inputs
and V as the space of outputs. (Section 2.2 provides a detailed exposition of these
facts.)

1.3. Newton’s method. Given a nonzero matrix A € K"*"™, we define the evalu-
ation map Fju : K x K* — K", by
Fy(\ ) := (A, — A)v.
The Newton map associated to Fga, is the map N4 on K x (K™ \ {0}) given by
Na(A,v) = (A, 0) = (DFA )l )” Fa(,0),

defined for every (A, v) such that DF4(\, v)|gxer is invertible, where DF4 (A, v)
denotes the derivative of Fi4 at (A, v). Here v+ is the Hermitian complement of v
in K™.

In Section 4 we show that the map N4 is well-defined provided that IL, . (A, — A) ‘UL
is invertible (where II,. denotes the orthogonal projection of K™ onto v*). If this
is the case, then the map N4 is given by Na(\, v) = (A — A, v — ), where
M, — A)(v—10),v)

(v, 0)

(1.1) o= (I, (A, — A)|Ui)*1 M. (M, — A, A= {

(Here (-, -) denotes the canonical Hermitian product on K™.)
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Let A € K™*" be a nonzero matrix, and let (Ag,vg) € K x K" vy # 0. We
say that the triple (A, Ao, vg) is an approzimate solution of the eigenvalue problem
(A, )\, v) € V, when the sequence (A, Nk (X\o,v0)), k = 0,1,2,... converges imme-
diately quadratically to the eigentriple (A, A\,v) € V, that is, if the given sequence
satisfies

1 2k_1
des ((A. V500, 0, (A2 0) < (3) o (A da, o), (A4 A0)),

for all positive integers k. Here dpz(-,-) is the induced Riemannian distance on
P(K™*™ x K) x P(K"); see Section 2.1.1.

Remark 1.1. From the expression (1.1), it is easily seen that, if Na(A,v) = (N, v")
then Nya(aX, Bv) = (e, Bv’), for every nonzero scalars o and 3. Hence, the se-
quence defined above with starting point (4, A, v9) and that starting at (a4, aig, Bvo),
define the same sequence on P(K"*™ x K) x P(K™). Thus the property of being an
approximate solution is well-defined on P(K"*" x K) x P(K").

Remark 1.2. From the last remark we conclude that the Newton map N4 induces
a map from K x P(K™) into itself (defined almost everywhere).

1.4. The predictor—corrector algorithm. Let I'(t) = (A(t), A(t),v(¢)), 0 <t < 1,
be a path of eigentriples in (K**™\ {0,,}) x Kx P(K"), i.e., I' C V. To approximate
I" by a finite sequence we use the following predictor—corrector strategy: given a
mesh 0 =1ty <t; <--- <tg =1 and a pair (A\g,vg) € K x P(K"), we define

Akt 1,Vk41) = Nagg ) Ak vr), 0k <K -1,

(in case it is defined). We say that the sequence (A(tx), Ak, vx), 0 < k < K,
approzimates the path T'(¢), 0 < ¢t < 1, when for any k& = 0,..., K, the triple
(A(tr), Ak, vi) is an approximate solution of the eigentriple I'(¢;) € V. In that case
we define the complezity of the sequence by K.

1.5. Condition of a triple and condition length. Let W C V be the set of
well-posed problems, that is, the set of triples (A, A,v) € V such that the input—
output map mentioned in Section 1.2, taking A € P(K"*™) to (4,\,v) € V, is
locally defined. The set W is the open set of triples (A, A,v) € V such that A is a
simple eigenvalue; see Section 2 for further details. Let X/ := V\ W be the ill-posed
variety.

When (A, \,v) € W, the operator II,. (A, — A)|,+ is invertible; see Section 2.
The condition number of (A, A,v) € W is defined by

(A, 0, v) = max {1, 4]l || (01, (0 = 4)],0 7|}

where |- || and || - || are the Frobenius and operator norms in the space of matrices;
see Section 3.

Let I'(t), 0 < ¢t < 1, be an absolutely continuous path in W. We define its
condition—length as

0u(I) = / 1 [r, ) ar

where Hf(t) H © is the norm of I'(t) in the unitarily invariant Riemannian structure
(¢

on V; see Section 2.1.1 and Section 5.1.
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1.6. Main results. Recall that V C P(K"*" x K) x P(K"). Let m : V — P(K")
be the restriction to V of the canonical projection (A, A,v) — v. Let V,, C V be the
inverse image of v under 5.

Theorem 1 (Condition Number Theorem). For (A, A\,v) € W, we get

1 1

ANv) < 1

#(A A v) < max 7(1 \MQ)U2$n@mzﬂA»NU%§Y“‘%”
TAl%

This theorem is a version of the Condition Number Theorem which relates the
condition number to the distance to ill-posed problems. Its proof is given in Sec-
tion 3.6.

The main theorem concerning the convergence of Newton’s iteration is the fol-
lowing.

Theorem 2 (Approximate Solution Theorem). There is a universal constant co > 0
with the following property. Let A € K"*™ be a nonzero matriz, and let (\,v),
(Mo,v0) in K x P(K™). If (A, \,v) € W and
Co
dp2 ((A, A AN —
P2 (( ) 07”0)7( ’ 7U)) < /L(A7>\,’U)7

then, (A, Xo,vo) is an approximate solution of (A,\,v). (One may choose ¢y =
0.0739.)

Theorem 2 is a version of the so called Smale’s y-theorem (see Blum et al. [8]),
which gives the size of the basin of attraction of Newton’s method. Different versions
of Smale’s y-theorem for the symmetric eigenvalue problem and for the generalized
eigenvalue problem are given in Dedieu [13] and Dedieu—Shub [15] respectively.

Theorem 2 is the main ingredient to prove complexity results for path—following
methods. The proof of this theorem is included in Section 4.

Following these lines our main result is the following.

Theorem 3 (Main Theorem). There is a universal constant C > 0 such that for
any absolutely continuous path T'(t) = (A(t), A(t),v(t)) in W, 0 < t < 1, (with
£,(T) < o), there exists a sequence (A(to), Ao, o), - -, (A(tk), Ak, vK) such that,
to =0, tx =1, the triple (A(tg), A, vg) is an approzimation of T'(t;), 0 < k < K,
and

K <Ct,I)+1.
(One may choose C = 100.)

The proof of Theorem 3 is given in Section 5.

Remark 1.3. The selection of a good starting triple (A(0), \p, vg) is an important

issue that is beyond the scope of this paper. Nevertheless, we would like to conclude
this section suggesting some simple candidates.

(i) Rank one matrices: If we are thinking in a fixed family of starting points,

a natural requirement would be that the condition number on this set is

small. The family of triples (vv*, ||v]|?,v) € V, for v € K™\ {0}, satisfy this

requirement. More precisely, it is easily check that this family is a subset

of the set of triples where the condition number reaches its minimum value.

Note that 0 is a multiple eigenvalue of vv*. (This example is a version of
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an example conjectured by Shub—Smale [31] to be a good starting point for
linear homotopy in the polynomial system case.)

(ii) Roots of unity: Another example is to consider D = Diag(1,(,...,¢(" 1),
where ( is the nth primitive root of the unity. Then all the associated eigen-
triples (D, 1,e1), (D, ez2),...(D,(" ! e,) are well-posed, where e1, . .., e,
denotes the canonical basis of K". Their condition numbers are constant
equal to v/n/(2sin(7/n)). (This candidate is a version of the system of
polynomials considered in Biirgisser—Cucker [10] as starting point.)

(iii) Projection on a subspace: A different approach is to consider the starting
point as a function of the input. There are many different strategies to
pursue. For instance, for a given matrix A = (a;); j=1,...n € K"*" let

ai;r a2 ... Qin
0 ax -+ a2

A0) =
0 an2 T Ann

Then one can consider (A(0),a11,e1) € V as starting point. Note that
A(0) is the orthogonal projection of the matrix A into the subspace of
matrices such that e; is an eigenvector. This kind of procedures have many
advantages compared with the preceding examples. However, the main
drawback is that in some cases we cannot assure that (A(0), a11,€1) is well-
posed. (This particular selection of starting point is a version of a starting
point considered in Armentano—Shub [1] for the polynomial system case.)

1.7. Comments. In their seminal paper [29], Shub and Smale relate, in the context
of polynomial system solving, the complexity K to three ingredients: the degree of
the considered system, the length of the path I'(t), 0 < ¢ < 1, and the condition
number of the path. Precisely, they obtain the complexity

(1.2) K < CD*2T)uI)?,

where C' is a universal constant, D is the maximum of the degrees of the under-
lying system of polynomials, ¢(I") is the length of I" in the associated Riemannian
structure, and u(T") = sup,«;<p, p (T'(2)).

In Shub [28] the complexity K of path-following methods for the polynomial
system solving problem is analyzed in terms of the condition length of the path.

In the context of polynomial system solving, the eigenvalue problem Av = Av
for a n x n matrix A, with unknowns A and v, may be considered as a quadratic
system of equations. When K = C, by Bézout’s theorem, after homogenization,
one expects 2" roots. However, this system has at most n isolated roots. Therefore
the eigenvalue problem as a quadratic system belongs to the subset of ill-posed
problems, and hence [29] and [28] do not apply. For this reason, in order to analyze
the complexity of the eigenvalue problem, a different framework is required.

In Shub—Smale [30] a unitarily invariant geometric framework is introduced to
study the eigenvalue problem, where the input space is the space of matrices C™**",
and the space of outputs is C x P(C™). In Dedieu-Shub [15] a complexity bound
of type (1.2) is obtained for general multi-homogeneous analytic functions, which
applies in particular for the generalized eigenvalue problem.
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In this paper we pursue a different approach, considering the eigenvalue problem
as a bilinear problem; see Section 2.5. The main difference of this projective frame-
work compared to the frameworks mentioned above is that the complexity of the
eigenvalue problem is not only unitarily invariant but invariant under the scaling
of the matrix as well, and hence the natural space for the input is the projective
space P(K™*™). This approach was greatly inspired by Michael Shub.

Remark 1.4. As it was mentioned before, there is a natural connection between the
eigenvalue problem and the problem of finding a root of a polynomial in one vari-
able. Given a n x n matrix A, the roots of the characteristic polynomial y 4(z) are
exactly the eigenvalues of A. Therefore in the case K = C, one may consider this
approach to analyze the complexity of the eigenvalue problem, where proven av-
erage polynomial-time complexity —for homotopy methods— are given with respect
to some natural Gaussian measure on the space of polynomials; see Armentano—
Shub [1]. However, the push—forward measure (induced by the map A — x4) of the
natural Gaussian measure on C"*" is different from the restriction of the Gaussian
measure, mentioned above, to the space of monic polynomials. Hence, it is not
clear how the complexity of the eigenvalue problem is related to the complexity of
solving polynomials in one variable. In addition, this approach has some important
drawbacks:

e The complexity analysis of solving the characteristic polynomial x 4(z) is
not invariant under scaling of A. More precisely, the complexity theory for
polynomial systems mentioned above, applied to non—homogeneous poly-
nomials in one variable, is not invariant under scaling of the roots. This is
in contrast to the natural scaling of the eigenvalue and the matrix.

e The complexity of finding eigenvectors is not considered under this ap-
proach.

e The map A — x4 magnifies the condition number in some cases and hence
the complexity may growth.

On the other hand, the magnifying effect of the condition number mentioned above
is not true in general; see example (e) in Section 3.4. In particular, if one is
interested only in the complexity of finding eigenvalues (and not eigenvectors), there
exist a possibility that this approach may improve the complexity in some cases (in
contrast to the belief prevailing among numerical analysts; cf. Trefethen-Bau [34]).
It is hoped that the present paper may help to analyze this issue rigorously and may
provide the elements to give theoretical proofs of the experimental tendencies of
numerical analysts, in particular, the connection of polynomials in one variable and
the companion matrices mentioned at the beginning of this paper. (See Beltrédn—
Shub [7] for a similar discussion and some interesting questions.)

Remark 1.5. A drawback of homotopy methods is that it is not always possible to
lift a path of matrices A(t), 0 < ¢ < 1, to the solution variety V. However, this is the
only requirement to analyze the complexity. One is able to lift this path when the
“continued” eigenvalue of the homotopy A(t) remains a simple eigenvalue of A(¢) for
all ¢ € [0,1]. (A completely different situation can occur when we restrict ourselves
to the case K = R, since the projection 7 : ¥V — P(R™*") is not even surjective; see
Section 2.4 for discussion on the connectivity of W for this case.) The discriminant
variety ¥ := w(¥’) is an algebraic variety of P(K"*") (see Remark 2.6), hence when
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K = C it has complex codimension one, and thus almost all straight line paths (at
least) can be lifted.

Remark 1.6. Another possible strength of this paper is that one allows A to be non—
normal. Moreover, one of the important arguments for pseudo—spectral techniques
in numerical linear algebra has been that when applying the QR algorithm one will
only get an approximation to the Schur form of the matrix, and hence one is solving
a perturbed problem. This in turn suggests that the best error bound one can get
is from bounding the perturbation and then one has to resort to pseudo—spectral
theory in order to get a precise and reliable bound. As the pseudo—spectrum can
be rather wild one may end up with very crude and rather poor error bounds. This
is not the case in our Theorem 2. Thus, if £,(I") can be estimated (and it must not
be too large) one may have a good alternative to the QR method for non-normal
problems, and the method would come with nice error bounds.

Remark 1.7. Armentano [2] addressed, for the case K = C, the problem of find-
ing short paths for the condition length. It is proved that for every problem
(A, A\, v) € W there exist a path I in W joining (A4, A, v) with (e1e}, 1,e1) (where
ey is the first element of the canonical basis of C™) such that
£u(T) < OV (C” + log(u(A, A, )

for some universal constants C and C’. This type of results shed some light on the
contribution of our paper. More precisely, this result combined with Theorem 3
means that it may be possible to solve the eigenvalue problem with a small com-
plexity, precisely, logarithmic in the condition number of the ending triple. This

motivates the study of short paths or geodesics in the condition metric. Any result
on this matter is encouraging and a real challenge.

Remark 1.8. Theorem 3 states the existence of a sequence which approximates
I' € W with the given complexity. The sequence is described in the proof of
this theorem but is not constructive. Our next objective is to transfer these the-
oretical considerations into a practical algorithm. This issue will be considered
in another paper, and the construction of the path—following algorithm should
be analogous to the constructions given by Beltrén [5], Biirgisser—Cucker [10], or
Dedieu—Malajovich—Shub [14], for the polynomial system case.

Remark 1.9. For the purpose of this paper, we only require that the derivative of
the path I' is almost everywhere defined, and also that the length and the condition
length of I' are defined. For this reason we ask I' to be an absolutely continuous
path. This is in contrast to Shub [28] where the requirement for the path T is to
be a C! path. The C'! hypothesis seems to be more natural for the implementation
of the algorithm.

Note: Throughout this paper we work with K = C. However most definitions and
results can be extended immediately to the case K = R. Whenever it is necessary
we shall state the difference.
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2. SOLUTION VARIETY

2.1. Introduction. We start this section defining the canonical metric structures.
Following this we define the solution variety V and the varieties ¥’ and 3, and we
study some basic geometrical, topological and algebraic properties of these varieties.

2.1.1. Canonical metric structures. The space K" is equipped with the canonical
Hermitian inner product (-,-). The space K"*" is equipped with the Frobenius
Hermitian inner product

(A, B)p := trace (B*A),

where B* denotes the adjoint of B.

In general, if E is a finite dimensional vector space over K with the Hermitian
inner product (-,-), we can define an Hermitian structure on P(E) in the following
way: for x € E,

(w, w')

N
AR FE

for all w, w’ in the Hermitian complement z* of x in E, which is a natural represen-
tation of the tangent space T,P(E). Let dp(x,y) be the angle between the vectors
x and y.

In this way, the space P(K"X” X K) x P(K™) inherits the Hermitian product
structure

(21) <(A7 )"a i})7 (B7 773 w»(A,)\,v) = <(Aa )‘)7 (Ba 77)>(A,A) + <7')7 w>va

for all (4, A,0), (B,n,w) € (A,\)* x vt
We denote by dpz (-, -) the induced Riemannian distance on P(K™*™ x K) x P(K").
Throughout this paper we denote by the same symbol dp distances on P(K"),
P(K™*™) and P(K™*" x K).
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2.2. The Varieties V, ¥’ and X.

Definition 2.1. We define the solution variety as
Vi={(A,\v) e P(KY" xK) x P(K") : (Al, — A)v=0}.

The solution variety V is the set of equivalence classes of the set of solutions of
F =0, where F' is the bilinear system given by

(22)  F:(K™"\{0,}) x K x (K"\ {0}) > K", F(A,\v) = (A, — A)v.

Note that F(aA, a), fv) = afF (A, A, v), for all nonzero scalars o and 5. Therefore
V is an algebraic subvariety of the product P(K"*™ x K) x P(K"). Moreover, since
0 is a regular value of F' we conclude that V is also a smooth submanifold of
P(K™*™ x K) x P(K™). Its dimension over K is given by

dimV = dim(K™*" x K x K") —n — 2 =n? — 1.
Thus we have concluded the following result.

Proposition 2.2. The solution variety V is a smooth submanifold of]P’(K”X" X K) X
P(K™) with the same dimension as P(K"*™). The tangent space T(a )V toV at

(A, A\, v) is the set of triples (A, )\,v) e K" x K x K", satisfying
(2.3) (A, — A4+ N, —A)o=0; (A Ar+=0; (0,0)=0. O

Remark 2.3. The solution variety V inherits the Hermitian structure from IP’(K"X" X K) X
P(K™) defined in (2.1).
We denote by 7 and 7wy the restriction to V of the canonical projections onto
P(K"*" x K) and P(K") respectively.
Note that 71 (V) C P(K™*" x K) does not include the pair (0,, 1). Therefore we
can define the map
7: V= P(K"™), w:=pom,

where p is the canonical projection

(2.4) pi (PK™™ x K)\ {(0n,1)}) = P(K™™),  p(A,\) = 4;
see the following diagram.
v
(A\)
/ \
P(K™*" x K) \ {(0,,1)} - P(K™)
(A,0) v
K
]P)(K’nxn)
A
The derivative
(2.5) D?T(A, )\, U) : T(A)\’U)V — TA]P)(Knxn),

is a linear operator between spaces of equal dimension.
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Definition 2.4. We say that the triple (A4, A\,v) € V is well-posed when Dm(A, A, v)
is an isomorphism. Let W be the set of well-posed triples, and ¥’ := V\ W be the
ill-posed variety. Let ¥ = 7(¥’) C P(K"*"™) be the discriminant variety, i.e., the
subset of ill-posed inputs.

Lemma 2.5. The ill-posed variety X' is the set of triples (A, \,v) € V such that
A is an eigenvalue of A of algebraic multiplicity > 2.

Proof. The linear operator (2.5) is given by
- . AN -
(2.6) Dr(A, N\ v) (A, N\ 0)=A+ WA, (AN 0) € TaamV-
F
According to (2.3), a non—trivial triple in the kernel of Dm(A, A,v) has the form

(7 A\, ), where (9,0) = 0, 0 # 0, and

. NE

)\<1+||2)v+(/\ln—A)iJ:0.
1Al

Then, rank[(A],, — A)?] < n — 1, namely, ) is not a simple eigenvalue of A.

Reciprocally, if the algebraic multiplicity of A is > 2, then there exists 0 # w € v+

such that (A, — A)w = aw, for some a € K. Then, (A, A, 0) given by A=A A,

1A%
A= —aand v = (1+ %)w7 is a non-trivial triple belonging to ker Dm(A, \,v),
F
and therefore (A4, \,v) € ¥'. O

Remark 2.6. From Lemma 2.5 we conclude that ¥ is an algebraic subvariety of V.
Since ¥ is the set of matrices A such that the resultant of x 4(z) and x ()’ is zero,
thus it is an algebraic variety of P(K"*™); see for example Blum et al. [8].

Lemma 2.7. One has,
W={(A,\v) eV: I (A, — A)|,v is invertible}.

Proof. Let (A, A\,v) € W. Then, from Lemma 2.5, (A, — A)v = 0 and the rank of
(ML, — A)? is n — 1. That is, (Al,, — A)v = 0 and the range of the linear operator
(M,, — A)|,+, which is a (n — 1)-dimensional subspace of K", does not contain
the vector v. Thus II,. (A, — A)|,. is an invertible operator from v into itself.
Reciprocally, by contradiction, if we assume that (A, A,v) € V and A is not a simple
eigenvalue, then there exists w € v1, w # 0, such that (A, — A)w = av (for some
a € K). Then, the linear operator IL,. (A, — A)|,+ has non—trivial kernel. O

2.3. Unitarily invariance. Let U, (K) stands for the unitary group when K = C
or the orthogonal group when K = R. The group U,(K) acts on P(K") in the
natural way. In addition, U, (K) acts on P(K"*") by conjugation (i.e., U - A =
UAU™!), and acts on P(K™*" x K) by U - (4,A) = (UAU', ). These actions
define an action on the product space IP’(K”X” X K) x P(K™), namely,
(2.7) U-(A,\0) = (UAU™Y A\, Uv), U € U, (K).

If (A,\,v) € V, then (UAU* X\,Uv) € V. Thus V is invariant under the
product action (2.7). Furthermore, if (A, A\,v) € W, the condition of A being a
simple eigenvalue of A is invariant under the action of the group U, (K) on (A4, \),

hence the variety W is invariant under the action of U, (K) as well. We have thus
proved the following result.
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Lemma 2.8. The solution variety V C P(K™*" x K) x P(K"), and the subvariety
W CV, are invariant under the action of U, (K). O

Remark 2.9. The action of the group U, (K) preserves the canonical structures
defined on P(K"), P(K"*"), and P(K"*" x K). Thus U,(K) acts by isometries
on these spaces. In particular, U, (K) acts by isometries on V. In addition, the
projections 7y, ma, and 7 are U, (K)—equivariant, i.e., they commute with the action
of U, (K).

2.4. Connectivity. In this section we study the connectivity of the varieties V
and W.

Proposition 2.10. The solution variety V is connected.

Proof. Let V C (K™ \ {0,}) x K x (K™ \ {0}) be the inverse image of V under he
canonical quotient projection (K™*"\{0,,})xKx (K"\{0}) — P(K™*" x K) x P(K"),
that is,

(28)  V:={(4,\0) € K"\ {0,}) x K x (K" \ {0}) : (AM,, — A)v = 0}.

It suffices to prove that V is connected.

The proof consists in the construction of a path connecting (A, A\,v) € V with
the triple (eye} — I,,0,e1) € V. (Here ey is the first element of the canonical basis
of K™, and e} denotes the transpose of the column vector e;.)

Let (A, \,v) € V. With out loss of generality we can assume |[v]| = 1. Also note
that we can connect v with e; by a rotation path { R;};c(0,1) C Uy (K). Since U, (K)
acts also on V, from Lemma 2.8, we can assume v = e;.

a
Let A = (O /1) be the matrix expression of A in the canonical basis e, ..., e, of

K", where a € K*(n=1) andAA e K=Dx(=1) First assume that A # AI,. Then
we can connect (A, A\, e1) € V with the triple (A — A\,,,0,e1) € V by the straight
line path {(A —tAL,, (1 —t)A, e1)}o<i<1 C V. (Note that the condition A # A, is

required.) In addition, (A—AL,)[.. = < ) is a nonzero n X (n—1) matrix

a

A=,

over K. Since n > 2, the set K»*(»=1 \ {0} is connected. Then we can join the

matrix (A=Al )|+ with the matrix ( IO > by a path included in K™*(=1D\ {0},
—in—-1

and thus, A — AT, and eje} — I, are connected by a path in K®*™\ {0,,} such that
the first column remains invariant. Hence, we can join the triple (A — AI,,,0,¢e1)
with the end point (eyef — I,,,0,e1) by a path in V.

If A=)\, = (8 )\IO ), then A # 0, and therefore (A, \,e1) € V is connected
n—1

by a straight line path in V to the triple (M(I, — e1e}),0,e1) € V. Now we are in

the condition of the preceding argument. ([l

Proposition 2.11. (i) When K=C, W is connected.
(ii) When K =R and n odd, W has two connected components.
(i) When K =R and n even, W is connected.

Since V is connected and ¥’ is an algebraic subvariety of V (see Remark 2.6), the
assertion (i) of this proposition follows from fact that a complex algebraic subvariety
of V can not disconnect it; see for example Blum et al. [8, pp. 196].
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For the proof of assertions (ii) and (iii) we need some definitions and a lemma.

Let e1,...,e, be the canonical basis of R™, and let det(:) be the determinant
function. Let v € R, v # 0. If L : v+ — v' is a linear operator, then we define its
determinant det, . (L) by

det, . (L) = det(v, Lvg, ..., Lv,),

where v, vs, ..., v, is a positive orthonormal basis of R™, i.e., det(v,va,...,v,) = 1.
Let V be the set defined in (2.8) and let
(2.9) W= {(4,\v) € VI, (M, — A)|,1 invertible}.

Let D : W — R be the function given by
D(A, )\ v) = detyo (TL,o (AT, — A)|yr).

This function i 15 the restriction, to 17\/\ of a continuous function and thus continuous.
Let W+ and W~ be the inverse image, under D, of the rays (0, +00) and (— o0, 0)
respectively. (It is easily seen that W+ and W~ are non-— empty) Then W is
decomposed in the disjoint union of the open sets W+ and W—

Lemma 2.12. The sets V\/+ and Wﬁ are connected.

Proof. Let SO(n) be the special orthogonal group, that is, the subgroup of U, (R)
of matrices with determinant equal to one. The proof of this lemma is divided in
several claims. . .

Claim I: The map D : W — R is invariant under the action of SO(n) on W;
hence the action of the special orthogonal group on W leave W+ and W™ invariant:
Let (A, \,v) € WandU € SO(n). Let v,va,...,v, be a positive orthonormal basis
of R™. Since U is orthogonal and has determinant one, Uv,Uwvs,...,Uv, is a
positive orthonormal basis as well. Note that Uv; € (Uv)* and

(o) (AL, — UAU Y Uv; = UM, — A)v; — o;Uv,
where a; = (U(M,, — A)v;, Uv). Then,
DUAUY, X\, Uv) = detgrp)r gy (M — UAU )| (1742
= det(Uv, UM, — A)va, ..., UL, — A)vy)
= dety,1 (IT,1 (AL, — A)|,2).

That is, D(UAU L\, Uv) = D(A, \,v), for every U € SO(n), proving the claim.
Let 7o : V — R"™ be the canonical projection (A Av) € V v € R". Note that
5 Her) N W is the subset of triples (A, M\ v) € W such that v = e;.
Clalm II: Each triple in W is connected, by path in W+, to a triple in 7r2 (el) NW+.
Slmﬂarly, each triple in W-is connected, by path in W_ to a triple in 7y (el)ﬂW

Let (A, \v) € W+. With out loss of generality we may assume [lv] = 1. Let
U € SO(n), 0 <t <1, be a path in the special orthogonal group of R™ such
that Uy = I, and U; satlsfymg Ui (v ) = e;. Then by Lemma 2.8, the action
Ui - (A A\ ), 0 <t <1, isa path in W connecting the triple (4, \,v) € W to
the triple (UlAUl_l,)\,el) € 75 er) N W. In addition, from Claim I the path is
included in a level set of D, therefore, if the path started in a triple belonging to
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W+ (respectively W™), then the path will remains on W+ (respectively on W™).
This finishes the proof of the Claim II.
a

If (A, N eq) € ﬁgl(el)ﬂl//\}, then we may write A = (E)\ A)’ where a =TI, Al .1

belongs to R1*("=1) and A € R(=D*(=1) jpyertible.
Let Wy be the subset of triples (B,0,e;) € W such that e; is also a left
eigenvector of B with eigenvalue 0, that is,

Wo = {(B.0,e1) € W: L, B| .. =0},

and let 17\/\8' = Wo N W+ and 17\/\0_ =WonW-.

Claim IIT: V/\70+ (respectively 17\/\6 ) is a deformation retract of 75 *(ey) N W+
(respectively 75 '(e1) N W‘L and therefore the number of connected components
is the same: e .

Let us prove that Wy is a deformation retract of 5 '(e;) N W™T. (The proof for

the set WO_ is analogue.) Let (4, )\, e1) € 75 '(e1) N W+, and write A = (3 Z)

Let (A¢, Ay e1) € 17, 0 <t <1, be the path of triples given by

1-tX (1—t)a

Since Aie; = (1 — t)Aer and I L (Ar — Aeln)le
(Ag, My er) € 75 H(er) N W for every t € [0,1]. Then, the continuous map

L= A— A, _1, we conclude that

F:[0,1] x (7Y (e1) NWT) = 75 (e)) N W, F(t, (A, \0)) = (A, A e1),

is a deformation retract of the space 75 *(e1) N W+ onto the subspace 17\/\3“ .
Claim IV: WS‘ and W, are connected:

- 0 0 .
If (B,0,e1) € Wi then we may write B = <O E)’ where B = II.. B[ belongs
to the space of (n — 1) x (n — 1) invertible matrices with positive determinant,
namely Gl,,_1(R)", which is a connected component of the linear group of R"~1.

Then, under the identification
(B,0,e1) € W = 1,1 B|.1 € Gl (R)Y,

we have that )//\70+ is homeomorphic to Gl,—1(R)" and therefore connected. (The
proof is analogue for the set W\a .) This proves the claim.

Let us finish the proof of the lemma showing that W+ is connected. (The proof
of the connectivity of W is analogue.) From Claim II each triple in W+ can be
connected to a triple in 7%51(61) nW+ by a path in W+. From Claim IIT the set

7y Her) N W has the same number of connected components as ng . Then Claim
IV finishes the proof. O

We have concluded from this lemma that ¥ has two connected components,
namely W+t and W~.

Proof of Proposition 2.11. The variety W is the quotient space of W under the
equivalence relation of multiplying by nonzero real numbers the coordinates (A, \)
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and v respectively. Let ¢ : (K**™\ {0,}) x Kx (K"\ {0}) —

—

P(K™™ x K) x P(K™)

be the canonical quotient projection. In particular ¢g(W) =W
Let (A, \,v) e W.
(ii) Let us assume that n is odd. Since
(210) D(OéA, Oé)\7 Bv) = det(ﬁv)L (H(,Bv)i (OZ/\In — OéA)|(,3U)L)

= ()" ety (M, (A, — A)],1),

for all o, 5 € R\ {0}, and n — 1 even, we conclude that the set of equivalence
classes, of the quotient projection g, are include in one and only one of the connected
components of W. Hence q(17\/\+) N q(W\_) = (). Furthermore, since the quotient
projection ¢ is open and continuous we conclude, from Lemma 2.12, that q(W*‘)
and q(w\_) are (non—empty) open and connected sets. Thus W has two connected
components, namely, q(V/\}*‘) and q(W‘).

(iil) When n is even, then n—1 is odd and therefore, from (2.10), the triples (A, A, v)
and (—A, —)\, v) are in different components of W, though they are equivalent triples
in W. Therefore every triple (A, \,v) € W has a representative in W, Hence,
from Lemma 2.12, we obtain that WV is connected. ([l

2.5. Multidegree of V. The eigenvalue problem as a quadratic system belongs
to the subset of ill-posed problems; see Section 1.7. The aim of this section is to
prove that the bilinear approach considered in this paper gives the correct number
of roots.

There are many different strategies to prove this with origins in algebraic ge-
ometry or algebraic topology. Yet we have not found a convenient proof in the
literature to cite. One referee suggested that a possible scheme is to fix the matrix
A and homogenize the eigenvalue A in order to obtain a bi-homogeneous system in
the variables (A, v), and then apply some basic toric variety theory to obtain the
result. Here we pursue a different strategy which make use in a more natural way
our bilinear approach in (A, A) and v.

For the sake of simplicity in the exposition we restrict ourself to the case K = C.
This section follows closely D’Andrea—Krick-Sombra [11].

Since V is an algebraic subvariety of the product space IP’((C”X” X (C) x P(C™),
there is a natural algebraic invariant associated to V, namely, the multidegree of
V. This invariant is given by the numbers deg(,,2_1_; ;(V), i =0,...,n — 1, where
deg(,2_1_;,4(V) is the number of points of intersection of V with the product A x
A’ C P(C"" x C) x P(C™), where A C P(C™*" x C) and A’ C P(C") are generic
(n? —1—1i)-codimension plane and i-codimension plane respectively; see Fulton [18].

Lemma 2.13. One has,

degp2_1_;)(V) = <2 _T: 1>, for i=0,...,n—1.
In order to give a proof of this lemma we recall some definitions from intersection
theory; see Fulton [18]. (See also D’Andrea—Krick—-Sombra [11].)
The Chow ring of ]P’(C”X” X (C) x P(C™) is the graded ring

A* (B(C™" x C) x P(C")) = Zwr, wa] /(W] !, w}),
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where w; and wy denotes the rational equivalence classes of the inverse images of
hyperplanes of P(C"*™ x C) and P(C™), under the projections P(C"*" x C) x
P(C") — P(C™*" x C) and P(C™*" x C) x P(C™) — P(C™) respectively.

Given a codimension n algebraic subvariety X C IP’((C"X” X (C) x P(C™), the class
of X in the Chow ring is

n—1
[X] = Zdeg(nz_l_i,i)(z‘()wi“wg_l_i € A* (P(C™™ x C) x P(C™)) .
=0

Proof of Lemma 2.15. Let F;, (i = 1,...,n), be the coordinate functions of F
defined in (2.2). Since F; is bilinear for each ¢, the class of {F; = 0}, as a subset of
P(C™ " x C) x P(C"), is given by

{F =0} =w; +wy € A" (P(C™" x C) x P(C")), (i=1,...,n).
Then, the class of V in the Chow ring is

M =[{F =0yn---n{F, =0} = [[{F =03},
i=1
where the last equality follows from Bézout identity. Therefore one gets

V] = (w1 +w2)" = zn: (Z)w{w;zz7

=1
that is, deg(,2_1_; (V) = (111) -

From Lemma 2.13 we obtain that the number of points of intersection of V with
the product A x P(C") (for A C P(C"*™ x C) a generic hyperplane of codimension
n?—1) is n. In particular the inverse image of A € P(C"*")\ ¥, under the projection
7V — P(C"*™), is the intersection of V with A 4 x P(C™), where A 4 is a particular
hyperplane of codimension n? — 1 in IP’((C”X" X (C)7 namely, A4 is the projective
line containing the pair of points {(4,0),(4,1)} € P(C"*™ x C). However, the
family of all projective lines A 4, varying A on P(C™*™), is not a generic family on
IP’((C"X” X (C). In the next proposition we prove that, actually, the family A4 for
A € P(C™*"™) \ ¥ is included in the generic family of hyperplanes of codimension
n? —1 of ]P’((C"X" X (C) satisfying Lemma 2.13 for i = 0. 1

Let A be a finite set. We denote by #A the cardinal number of A.

Proposition 2.14. For all A € P(C"*")\ ¥ we have #r~'(A) = deg(,2_; (V).

Proof. Recall that if A € P(C™*™)\X then the projection 7 is a local diffeomorphism
between a neighbourhood of each inverse image of A in V and a neighbourhood of A
in P(C™*™)\X. Then the number of inverse image is locally constant on P(C™*™)\X.
Furthermore, since ¥ is an algebraic subvariety of P(C™"*™) (see Remark 2.6), then
P(C™*™) \ ¥ is connected; cf. proof (i) of Proposition 2.11. Thus the number of
inverse images under 7 is constant on P(C**")\ X. If (A, A\, v) € V \ ¥’ then, from
Lemma 2.5, the number of inverse image of (A, A), under 71 : V — IP’((C"X" X (C),
is one. Hence the restriction m|nnsy @ (V\Y) = P(C™" x C) is a bijec-
tive map onto its image m (V \ ¥'). Therefore given A € P(C"*") \ X, we have

f A € P(C"*™) \ = then A has n distinct eigenvalues, thus the cardinal number of 7 1(A)
coincides with deg,,2_ ) (V). In Proposition 2.14 we give an independent proof of this fact which

we consider interesting per se.
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#m 1 A) = #(plr,v)) "' (A), where p is the projection map given in (2.4). In addi-
tion, from [24, Corollary 5.6], we get that #(p|., 1)) ' (A) = deg 71 (V), where deg
is the degree of the projective algebraic subvariety m (V) C IP’((C"X" X (C). Since
dim (V) = dim(V) and the fact that m1|\s) : (V\E) = 71 (V \ ¥') is bijective,
we get that #(A x P(C")) NV = #A N m(V), for a generic (n? — 1)-codimension
plane A C P(C™ " x C). Then we conclude that degm (V) = deg(,2_10)(V). O

Remark 2.15. From Proposition 2.14 and Lemma 2.13 we get that the restriction
of the projection 7|\ z-1(s)) : (W \ 77 1(E)) = P(C* ")\ ¥ is an n-fold covering
map.

3. CONDITION NUMBER

3.1. Introduction. In this section we introduce the eigenvalue and eigenvector
condition numbers. We study some basic properties of these condition numbers
and we show some examples. We define the condition number of the eigenvalue
problem. We discuss the condition number theorem for this framework, which
relates the condition number with the distance to ill-posed problems. In the last
part of this section we study the rate of change of condition numbers.

3.2. Eigenvalue and eigenvector condition numbers. When (4, A, v) belongs
to W, according to the implicit function theorem, 7 has an inverse defined in
some neighbourhood Uy C P(K"*") of A such that 7=1(A4) = (A4,\,v). This
map & = 77_1|UA : Uy — V is called the solution map. It associates to any matrix
B € U, the eigentriple (B, Ap,vp) close to (A, A\,v). Its derivative

DS (A, N v) : TAP(K™™™) = T(ax0)V,

is called the condition operator at (A, \,v).
If (A, A\, v) € W, the derivative D.7(A, A\, v) associates to each B € TyP(K"*™)

a triple (A, A, 0) € T( g2,V This association defines two linear maps,
DA VB = (A,\) and D.%,(A,\v)B =1,

namely, the condition operators of the eigenvalue and eigenvector respectively.
Recall that P(K™*") is equipped with the canonical Hermitian structure induced
by the Frobenius Hermitian product on K™*™,

Definition 3.1. The condition numbers of the eigenvalue and eigenvector, at
(A, \,v) € W, are defined by

ux(A, A\ v) = sup HDY,\(A,)\,U)BH(A’)\),
_BeA*
[1Bllr=|lAllF

po(A, N 0) == sup | DI (AN 0) Bl
_BeAt
IBllr=IlAll7
Proposition 3.2. Let (A, \,v) € W. Then,
(i)

2 271/2
(A — [ L),

v, u)|?
TATE o, wl

where u € K" is any left eigenvector of A with eigenvalue \: a nonzero
vector satisfying (A, — A)*u = 0.

14 BP
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(i)
po(A, A 0) = Al p [(ILye (A, — A)f0) ],
where || - || is the operator norm.

Remark 3.3. 1,1 (AI, — A)|,+ is a linear map from the Hermitian complement of
v in K™ into itself. Hence the operator norm of its inverse is independent of the
representative of v in P(K").

For the proof of Proposition 3.2 we need two lemmas.
Lemma 3.4. Let (A, \,v) € W. Then for B € TAP(K"™ ™), one gets:
(i)

DA(ANV)B = (B -\ A

A, ), where X\ = (B, u) ,
1Al A2

F 1+ 25 ) (v, u)
1Al

where u € K™ is any left eigenvector of A with eigenvalue \;
(i)
D.%y (A, \,0)B = (I, (AL, — A)|,1) " TI,. (Bv).

Proof. (i): Let B € AL, and let (4, \) € (A, \)* such that D.%\ (A, \,v)B = (4, \).
Then, by the definition of D.% (A, A\,v) and (2.6) we get
AX

(3.1) B=A+_—
1A%

A.

Let w € K™ be any left eigenvector of A with eigenvalue A. Since w is in the
Hermitian complement of the range of (Al, — A)|,r, then, from (2.3) we get
(Av,u) = Awv,u). Furthermore, since (4, \,v) € W, then v ¢ Im(A — A\I,), and
(v,u) # 0. Thus

(3.2) A= %}i’ﬁ
From (3.1) and (3.2) follows
[ (Bv, u)
L+ 2 0w

(ii): From (2.3) again one gets II,. (A, — A)o = II,. Av. Furthermore, since
(A, A\, v) € W, then

b = (IL,x (AL, — A)|,) L1 (Av).
Since, from (3.1), one has 11,1 (Bv) = I, (Av), the result follows. O

Lemma 3.5. Let (A, \,v) € W and let u € K" be any left eigenvector of A with
etgenvalue X\. Then

: A2
sup  [(Bu,w)| = Al o) ul]? = 75 (vl
_BeaAt | All%
IBlr=llAllr
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Proof. Note that (Mwv,u) = (M, uv*)p for every matrix M € K"*™. Write
. A A
" T Tl
where C € A+ and ||C||r = 1. Then

uv™ = +aC,

sw  |(Bow| = s [(B,aC)r| =l Al
_BeA*t _BeA*
1Bl =] Allr 1B =] Allr
Furthermore,
A
2 * (|2 * 2
al® = [luv — (uv", ——)F

. A

where uv*[|r = [[u] [v]. Since Av = v, then |{uv*, =) r| = izl v)]. O

Proof of Proposition 3.2. (i): From Lemma 3.4, for any B such that (B, A)p = 0,
and |B|la =1,

. 2
A1+ AP (1 + g )

(3.3) IDAA(AN ) B Ea 5 =
(4.3) 1A% + (AP
. 2 2 -1
2 (Bv,u) ME
_ HA||F+‘ o) (H HAWF)
[All% + A2

Then, the proof of (i) can be deduced from Lemma 3.5.
~ (ii): Since Av = Av, we have I, (Bv) = II,. ((B + aA)v), for any o € K and
B € At. Then, from Lemma 3.4 we get:
Mv(Aa )\,U) = sup H(Hvi- ()‘In - A)|v¢)_1HvL (BU)
_BeAt
I Bllr=IlAllr
= swp [Allp |[(s (Mo = A)] )~ T (Bu)
BeKan
Bl =1
Since {II,.(Bv) : B € K™*" ||B|r = 1} fills the ball of radius [v|| in v, the
result follows. O

v

v

3.3. Some basic properties. In the next paragraphs we show some basic prop-
erties concerning the condition numbers py and g, .

Proposition 3.6. The condition numbers py and ., are invariant under the action
of the group U, (K), that is,

px(UAU Y X\ Uv) = px(A, \,v),

o (UAU Y, X, Uv) = o (A, A, 0),
for every U € U, (K).

Remark 3.7. The proof of Proposition 3.6 can be deduced from the expressions of 1)
and p, given in Proposition 3.2. However, we prefer to give a different proof which
emphasize the fact that the property of the condition numbers of being unitarily
invariant resides on the natural election of our Hermitian structures given in our
geometric framework.
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Proof of Proposition 3.6. The condition operators of the eigenvalue and eigenvec-
tor are given by the derivative of the (locally defined) maps .\ = m 0. and
Sy = e 0. respectively. From Remark 2.9 the projections mw, m; and 7o are
U, (K)-equivariants, hence the action of U, (K) commutes with .7, % and .%,. In
addition, since U, (K) acts by isometries on all the intervening spaces, the result
follows. O

Lemma 3.8. The condition numbers py and j, are bounded below by 1/+/2.

Proof. Let (A, X\,v) € W. Since |A| < ||A|F, the proof for uy follows immediately
by Proposition 3.2.

For the proof for p,, first fix a representative of (A, A, v) € W such that || A||r =1
and ||v]| = 1. In addition, since the action of U, (K) on P(K") is transitive, by
Proposition 3.6 we may assume that v is the first element of the canonical basis.

Then A has the form (3 Z), where a € KIX("=1) and A € K(n=Dx(n=1)  Under

these assumptions I, (Al,, — A)|,. = AL,,_; — A, hence
ITys (A = Al | < A+ 1A < JAlle + A < V2] A,
where last inequality follows from the inequality = + y < v/2(z? + 3?)Y/2, for x, v,

in R. Since we assume ||A||p = 1, we obtain, ||II,+ (A, — A)|,+| < /2. Therefore
from Proposition 3.2 we get

1= ” (Hvi- ()‘ITL - A)lvi-)il HUJ- ()‘ITL - A)|7JJ- || < \/iu’v(Aw A U)'
O

Remark 3.9. Examples (a) and (b) of Section 3.4 show that the lower bound in
Lemma 3.8 is sharp.

Remark 3.10. Let (A, \,v) € W. Then (A+ al,, A+ «a,v) € W, for all a € K, and
ux(A+ al,, A+ «,v) is constant independent of «. On the other hand, this is not
the case for the eigenvector condition number. More precisely,

ty(A+ adp, A+ a,v) = Mﬂv(z‘l, A 0).
Al
In particular, it is an easy exercise to check that u,(A + al,, A\ + «,v) is mini-
mized, as a function of o, when the matrix A+ al, has trace equal to zero, namely,
a = —tr(A)/n. As we see in the next section, this procedure may improve drasti-
cally pu, in some cases, and thus, it could be used as a natural pre—conditioning.

Remark 3.11. Let (A, A\, v) € W. If (A, — A)*v = 0, that is, if v is also a left
eigenvector of A with eigenvalue A, then, from Proposition 3.2, one has

V2

A2

/L)\(A,)\,’U) = |
T+ 13

I
Thus (A, \,v) < V2.

From the previous remark we conclude that when A is normal, i.e., A*A = AA*,
the eigenvalue condition number ) is not related to the distance to the discriminant
variety 3. On the other hand, p, happens to be more interesting since, roughly
speaking, p, (A, \,v) measures how close to A others eigenvalues of A are. More
precisely, we have the following result.
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Lemma 3.12. Let A be a normal matriz. If (A, \,v) € W then
1Al
<72 =
/J'A(A7)‘7U) _\/§a M'U(A7)‘7’U) mlnz\)\*)\ﬂ’

where the minimum is taken for \; eigenvalue of A different from A.

Proof. The inequality for u) follows from Remark 3.11.
Since A is normal, by Proposition 3.6, we may assume that A is the diagonal

matrix Diag(A, A2, ..., An), where A\, \; are the eigenvalues of A. Furthermore,
since (A, \,v) € W, then A # \; for ¢ = 2,...n. Thus the result follows from
Proposition 3.2. ]

3.4. Some examples. In this paragraph we compute the eigenvalue and eigenvec-
tor condition numbers for some simple matrices. We denote by e; the first element

of the canonical basis of the underlying K.

(a) Let Ay = <(1) 01>. Then (Aj,1,e1) € W. Since A; is symmetric and has
eigenvalues —1 and 1, we have j, (A1, 1,e1) = 1/v/2.

(b) Let Ay = ejef € K™*™. Then (Az,1,e1) € W, where py(Aa,1,e1) = 1/3/2
and i, (Az2,1,e1) = 1. (Note that, when n = 2, Ay and A; + 5 are in the same
equivalent class of P(K?*?2).)

(¢) Let B, = (é 126>, where € > 0. Then (B, 1,e;) € W. One has

px(Be,1,e1) < V2, and iy (Be,1,e1) = \/1+ |1 —¢€]?/e. In particular, as ¢ — 0
we have i, (B, 1,e1) = +00. Surprisingly, the behaviour of p, can be drastically
changed by the pre—conditioning procedure described in Remark 3.10. More pre-
cisely, the matrix B — (tr(B.)/2)I2 = (¢/2)A; (where A; is given in the example
(a) above), and hence p, attains its minimum value on the associated eigentriple.

1 €

(d) Let B, = 11
in [37] as an example of ill-conditioned matrix. One has (B, Ac,v.) € W, where
ve = (e, )T and Ac = 1 + /e. Then, we have p,(Be, Ae,ve) = V3 + €2/(2\/€)
and px(Be, A, V) = V1 + 6e + €2 /(4+/€). So, as € decrease to zero, both condition
numbers growth to +o0o0. We return to this example in Section 3.6.

(e) Let B, = <(1) lée), where € > 0. Then (B, 1,e1) € V. It is easily to check
that py and p,, at (Be,1,e1), are larger that 1/(2¢). Therefore both condition
numbers growth to infinity as € decrease to zero, even though xp_(z) = (z—1)(2—2)
is a well-posed polynomial; cf. Remark 1.4.

, where ¢ > 0. This matrix was studied by Wilkinson

3.5. Condition number of the eigenvalue problem. The condition number of
a computational problem is usually defined as the operator norm of the map giving
the first order variation of the output in terms of the first order variation of the
input; c.f. Definition 3.1. In our case the condition number should be the operator
norm of the condition operator D.(A, A, v) given in Section 3.2, i.e.,
|DZ (A, \v)] == sup  [|DF(A, N v)Bl (a0
_BeAt
IBllr=lAllr

However, instead of this definition, we define the condition number of the eigenvalue
problem in the following way.
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Definition 3.13 (Condition Number of the Eigenvalue Problem). The condition
number of the eigenvalue problem is defined by
(A, A v) = max{1, u, (4, \,v)}, (A, N\, v) € W.

In item (ii) of the next proposition we show that this definition and the usual
one are essentially equivalent.

Proposition 3.14. Let (A, \,v) € W. Then,
() 1a (4,2, 0) < (L4 )7 (24 (4, 2, 0)2)13;
(i) 1A\, 0) < DS (A% )| < 2(A, A\ v).

Proof. Fix a representative of (A, A\, v) € W such that ||A|lr = 1 and ||v| = 1.
Furthermore, by Proposition 3.6, without loss of generality we may assume that v

A
is the first element of the canonical basis, and thus we may write A = ( 0 jl)’

where a € K1*(=1) and A ¢ K(n—Dx(n=1),

- 0 a
(i) Since A — A, = <O A, )

uw = (1,—[(A = M,,_1)*]"'a*)T is a solution of (A — A[,,)*u = 0, i.e., u is a left
eigenvector associated to A. Here -7 and -* denote the transpose and conjugate
transpose respectively. Then,

[(v, )| 1 1

a straightforward computation shows that

— >
Feltlell ™ /4 4 1A = Aram) a2 1+ 1A = Aam) 112 a2
Since for every invertible matrix B, ||(B*)~!|| = [[(B~1)*|| = || B}, then
o u)] 1

][ flull \/1 + /(A = Mpo1) 712 ||al2

Furthermore, since (A4, \,v) € W, then || and ||A|z cannot be zero at the same

time (if this is the case then A = 0 is a multiple eigenvalue). Then we have
1=||Allr = (N?+ |la]|® + |A]|%)*/? > |la||, and therefore from Proposition 3.2
[{v, u)| 1

> .
[l fJull 1+ 1y (A, A, 0)?

(ii): From the definition of the condition operator D.7 (A, A, v) and equation (3.3),
we obtain, for every B € TyP(K"*"), with ||B||r = 1, that
1D (A, X 0)(B)[fanw) = ——pp + IDS(4, X, 0)(B)|[3-

2P
1+ 14

Then, maximizing over B € T4P(K™*") such that ||B|l4 = 1, we get the lower
bound

1D (AN )] > + o (4,2, 0)%

A2
A%
Now, the lower bound in (ii) follows from the following claim.
Claim: Let (A4, \,v) € W, then u(A,\,v)? < ﬁ + o (A, A, )2
1+l

2
1A%
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If g, (A, X\, v) > 1 then (A, \,v)? = py(A4,\,v)% < ﬁ + p1o (A, X, v)2. There-
lAlZ

fore from Lemma 3.8, it suffices to prove the claim for the range % < (A, N v) <

1
In this range (A, A, v) = 1. Furthermore, since ﬁ > Land p,(A, N\ v)? > %

1413
we reduce our problem to prove that the last two inequaFlities cannot be equalities at
the same time. This assertion follows from the fact that the condition ||A||Fp = ||
implies p, (A4, A\,v) = 1 whenever (A, \,v) € W.
Let us prove the second inequality in (ii). By the definition of the condition
operator we get

D7 (A, X, 0)||2 < o (A, N, 0)2 + px (A, N\ )2
Then, from assertion (i) of this proposition we obtain that
po (A, 0, 0)% 4 pa (A, N, 0)2 < (AN 0)2 + (24 (A, N, 0)?) < 4u(A, N\ )2,
proving the upper bound. O

Remark 3.15. Example (c¢) in Section 3.4 shows that the inequality (i) in Proposi-
tion 3.14 is far from be sharp.

The next result follows immediately from Proposition 3.6.
Proposition 3.16. The condition number p is invariant under the action of U, (K),
i.e., for every U € U, (K), one has p(UAU Y, \,Uv) = u(A, \,v). O
The next section is included for the sake of completeness but is not needed for

the proof of our main results.

3.6. Condition Number Theorem. In this section we study the relation of
(A, A, v) with the distance of (A4, A\, v) to ¥’. The main objective of this section is
to prove the following theorem.

Theorem 4. For every (A, \,v) € W,

1 1
A <
pel AN S T S (A% ), 55))
( + ||A||2F>

where X, is the intersection of the fiber V, = my '(v) C V with the ill-posed variety
3.

The proof of Theorem 1 follows immediately from Definition 3.13 and Theorem 4.
In general, if (E, (-,)) is a finite dimensional Hermitian vector space over K, and
q : E\{0} — P(E) is the canonical quotient projection defining the projective space
P(E), then, given A C P(E), we define
(3.4) Ri=q'(8) < B\ {0}).

Recall from the introduction that we write interchangeably a nonzero vector and
its corresponding class in the projective space.
With this notation the following result is elementary.

Lemma 3.17. Giwenz € E, x # 0, and A C P(E) we have

sin(dp(z, A)) = ———
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where d]E(:E,/AX) =inf{|lx —y|: y € ZAX} and dp(x, A) = inf{dp(z,2) : z € A}. O
The next proposition is a version, adapted to this context, of a known result
given by Shub—Smale [30].
Recall that ¥ = 7(X') C P(K™*™).
Lemma 3.18. Let (A, \,v) € W. Then
Al
dp(A =M, So.,)
where $o, = {B € P(K"™") : Bv =0, rank(B?) <n—1} C X.

Ho (A, A, ’U) =

Proof. In Shub—Smale [30] it is proved that, for a fixed triple (A, A\, v) € 17\/\,

— 1
dr(M, — A, ) = —.
H(l_[vi (AIH _A)|vl) IH
Then, the result follows from Proposition 3.2. O

From Lemma 3.17 and 3.18 we conclude the following result.

Proposition 3.19. Let (A, \,v) € W. Then

IAllF 1
HA — >\In||F Sin(d]p(A — )\In, Eo’y)) ’
where $g, = {B € P(K"™") : Bv =0, rank(B?) <n—1} C X. O
Remark 3.20. From Proposition 3.19 and the fact that sin(-) < 1, we conclude that,
if (A,\,v) €W, then (A — M,,0,v) = sin(dp(A — M., %0.)) "

Proof of Theorem 4. Since (A4, \,v) and X are included in the fiber V,, the distance
dp2((A, \,v),X) coincides with the projective distance of w1 (A4, \,v) and (X)),
where 7y is the canonical projection 71 : V — P(K"*" x K), that is,

(3.5) dp2((A, M\, 0), 20) = dp((A, \), m1(Z)).
Note that
(X)) = {(B,n) € P(K"*" x K) : (B —nl,)v =0, rank((B — nl,)?) <n —1}.

Mo (A, A U) =

Fix a representative of (A4, \,v) € W, i.e., we assume (A4, \,v) € W. Let dignxn g
be the canonical distance on K"**™ x K.
Claim:

dignn i (A, X), m1(2])) < dp(A = A, 5o0),
where ¥y ,, is defined in Lemma 3.18:
Since U, (K) acts by isometries on V (see Remark 2.9) we may assume that v = e;.

. A a
Write A = <0 fl) Then we have

(3.6) dicnxnxic((A,A), m1(2)) = inf{(|A = B[ F + [A—n)/* : (B,n) € m(Z))}.
If we consider the subset of pairs (B,7n) € ﬂl/(E\;) such that n = A, we get

1A = BlF + X =0 = [I(A = Ay) = (B = My)|[,
where (B — AI,)v = 0 and rank((B — AI,,)?) < n — 1. Then,

dignn e (A N), 71 () < dp(A — Mo, 2o,
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and the claim follows.
Now, from this claim and Lemma 3.18, we get

J— IA|
dgnxn AN YW < ——.
K XK(( ) )7771( 'u)) = /Lv( 1,A,’U)
Then, from (3.5) and Lemma 3.17, we conclude

| All7 1

in(dpz ((A, \,v), X)) <
sin{dpa((4,4,0): 20)) < AR T B2 (A Aw)

(]

Remark 3.21. When we fix a representative of (A, \,v) € W, we obtain from
Proposition 3.19 that the condition number p,, (A4, A, v) is comparable to the inverse
of the sine of the projective distance of A to the set of ill-posed matrices such that
A is not a simple eigenvalue with eigenvector v. However, if we remove the last
condition, the distance of A to the discriminant variety ¥ could be much smaller.
This is the case of the example (d) in Section 3.4. In that case, when € is small
enough, sty (Be, A, v¢) has order e~'/2 and hence dp(B. — A1, Y0,») has order €l/2,
however, the order of dp(B.,Y) is, at least, smaller than ¢; cf. Wilkinson [36].

3.7. Semnsitivity. For the proof of Theorem 3 we have to study the rate of change
of the condition number p defined in Definition 3.13.
The main result of this section is the following proposition.

Proposition 3.22. Givene > 0, there exist C. > 0 such that, if (A, A\, v), (A", N, v")
belong to W and

C
2 ((A AN )< ——=
d]P’ (( 7>\7U)7( 7>\’U))_M(A7>\,U)7
then
A
ML) < X 0f) < (1 (A )
(One may choose Ce = W, where o := (1 +/5)2v/2.)

Before proving Proposition 3.22 we need some additional notation.
Given w € K", w # 0, we define the linear operator

(3.7) I, : K™*" — K" given by Il,.B:=7,0ll,.B,
for every B € K"*", where 7, : w < K" is the inclusion map. That is,
. w o, w
HwLBZ = Bz — <BZ, m>m

When E is a finite dimensional vector space over K equipped with the Hermitian
inner product (-, -), we define

(3.8) dr(w,w") := tan(dp(w,w")),
for all w, w' € P(E). In particular, dr(w,w’) = ||w — w'||,, whenever w and w’
satisfy (w —w',w) = 0.

Note that dp(-,-) < dp(-,-). Moreover, from elementary facts we have the fol-
lowing result.
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Lemma 3.23. Let w, w' € P(E) such that dp(w,w’) < 0 < /2. Then

tan(6
dp(w,w") < dr(w,w’) < %() dp(w,w’), for allw, w" € P(E). O

With the notation given above we have the following result.

Lemma 3.24. Let v, w € P(K") and B € K**". Then

1,.B — ﬂwLBH < 2||B| dr (v, w).

Proof. Take representatives of v and w such that ||v|| =1 and (v — w,v) = 0. Let
u € K™, then

H (ﬂULB - ﬂwLB) uH Bu — (Bu, v)v — <Bu — (Bu, HZH>HZH) H

L>w

]

— ||(Bu,

—— — (Bu,v)v
[[w]|

o for =T 0 (7 )|

w
< 2||Bul| H”w” —v|| < 2||Bu|| dr(v,w).

:<B

Notation 3.25. Given (A, ) € IP’(K"X" X K), we denote Ay := (A, — A).

Remark 3.26. Since (ﬂULA)\) v =0 for all (4,\,v) € W, then H(ﬂULA)\)TH and

H(HUJ_ A)\|,UJ_)_1H are equal, where | denotes taking the Moore-Penrose inverse.
Then Proposition 3.2 yields

(3.9) o (A0, 0) = Al || (0 401
Let dp= be the product function defined over P(K™*" x K) x P(K™) by

dr=((A, N v), (A, X 0)) == (dr((A,N), (A, )2 + dr(v,0)2)

)

where dr is given in (3.8).

Proposition 3.27. Let o := (1+/5)2v/2. Let (A, \,v), (A, X, v") € W such that

1

AR, Y
dra ((A4,0,0), (4, X)) < s,

Then, the following inequality holds:

S (AT N ) < (1 + v 2dp2 (A, M\, v), (A’,X,v’))) o (A, A v)
1- O‘,uv(Av >‘7 U) dT2 ((Aa )‘7 U)v (A/a A/7 U/))

Proof. Consider representatives of (A, A,v) and (A, \,v") such that: ||Al|r = 1,
lv] = 1, (A, A) — (A’,N) perpendicular to (A4, \) in K*"*" x K, and v — v’ per-
pendicular to v in K™. From Notation 3.25 and (3.9), by Wedin’s Theorem (see
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Stewart—Sun [33, Theorem 3.9]) we have

(fea) = ()| <

1 - T N T N .
+2ﬁ H(HULAA) H H(HU,LA’,) H HHULAA—HU,LA;,
. . T . AT . T . AT
Since (HULAA) — (H,U/LAA/) < (HULAA) — (H,UILA ,) , then,
N T
oy )]
()| < : |
1 — % (f[,UJ_A)\) H HﬁvJ_A/\ - ﬁv/J‘Al)\’
Note that
ﬁvJ_A,\ — f[vu_A/X < HﬁvJ_A)\ - ﬂUu_A)\H + Hﬁvu_A,\ — ﬁvu_A/X
(3.10) <2 [ Al dr(v,v") + [|Ax = Al I,

where the second inequality follows from Lemma 3.24 and the fact that the operator
norm of f[UL s KX — K™% given in (3.7), is less or equal than one. In addition,
taking into account that (A, A, v) € W and the choice of elected representatives, we
get |42 + AP < 2, and

AN = AN < A= A'J + A= N < V2(JA = AP+ A = NP2

< V2dr((A ), (AL N) VI ANE + A2
< 2dT((A7>\)a (A/7>\/))a

and hence from (3.10), and the fact ||Ax|| < ||4| + |Al, we get

< 4dT(Ua U/) +2 dT((A7 >‘)7 (Alv )\/))

< 4(dr(v,0') +dr((4, A), (A", X))

< 4V2(dr (v,0)? + dr((A,0), (4, )))%)H?

= 4V 2d 2 ((A, N 0), (A", N, 0)).

HﬂvLA)\ - ﬂ,U/L Al)\/

Then we conclude
(3.11)

e

0]

1= vvE (i) (a0, (v

In addition, by the triangle inequality we have ||A'||r <14 ||A — A’||r. Then
V2
(IANIF + A1)/

and hence ||A’[|r < 1+ v2dr((A,)), (A, ))). Then, the proof follows by multi-
plying both sides of equation (3.11) by || A’||F. O

A= A'|F < 1A = A'l|p < V2dr((4, ), (A, X)),
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Proposition 3.28. Givene > 0, there exist c. > 0 such that, if (A, \,v), (A", N, v)
lie in W and

I ce
2 < (AN, v)
drs (A A 0), (A N, 0) < —s,

then
(AN 0" < (1 +e)u(A, ).

€
One may choose c. = ———  , where o = (1 + V5)2v/2.
(One may choose c. = " (1+V5)2v3)
Proof. The condition
dp (AN, 0), (A, N, 0)) < — S
Tz(( ; 7”)7( ; 51}))_’”(147)\71])7
implies
da (A, M), (A N o)) < ——5 .
v (420, (A 0) < s
From Proposition 3.27 and the fact that 4 > 1, if ¢ < 1/a and
1
+2¢ <1+
1—ac
we get
uv(A/? )\/7 vl) é (1 + E)Mv(Aa /\7 ’U).
Then

(A, N v") = max{1, u, (A", N, v')}

max{1l, (14 &)u, (A, A\, v)}

(1+ &) ma{L, oo (A, A, 0)} = (1 + £)pa(4, A, v).
€

V2+a(l+e)

IA A

One may choose ¢, =
O

Corollary 3.29. Given € > 0, there exist c. > 0 such that, if (A, \,v), (A", N, v")
lie in W and

> / / / < £
d]P’ ((A,)\,’U),(A,)\,’U)) = M(A7>\,U)7

then
p(A N 0") < (1+e)u(A, A v).

(One may choose c. = arctan (m) where o := (14 v/5)2v/2.)

Proof. By Lemma 3.23, if

/

I ¢
2 < (AN v)
de= (A, A\, v), (A", N,0)) < AN 0)
then
/
drp> ((A7 A ), (A )\’,v’)) < tanEC ) dpz ((A7 A, v), (A X’UI))
C
_tan(d)
p(A, A )

so we just need to choose ¢’ such that tan(c’) < ¢, from Proposition 3.28. O
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Proof of Proposition 3.22. From Corollary 3.29, there exist ¢/ > 0 such that, if
(A, \v), (A", N v") € W are such that
dp2 ((A, X, v), (A", XN, 0)) (A, N v) < ¢,
then
(AN 0" < (1 +e)u(A, N\ v).

It is enough to take ¢’ such that ¢’ < arctan ( . In this case we have

\/§+a(1+e)>
dp2 ((A, X, 0), (A, X, 0)) p(A', N 0') < (1 +e).

Then, by the same argument, if ¢/(1 + ¢) < arctan ( we have the other

13
V2+a(l+e) )
inequality.

4. NEWTON’S METHOD

4.1. Introduction. In this section we start describing the Newton method defined
in Section 1.3. The main goal of this section is to prove Theorem 2.

Let us recall some definitions from the introduction.

Given a nonzero matrix A € K"*", let Iy : K x K® — K" be the evaluation
map

Fa(\v) = (A, — A)v.

This map is homogeneous of degree 1 in v. Its derivative DF4(\,v) : K x K* — K"

satisfies

(4.1) DFA(\, aw) (A, i) = aDF (X, v)(A, 0),
for all (A, %) € K x K™, and nonzero scalar a.

Definition 4.1. Given a nonzero matrix A € K"*", we define the Newton map
associated to A to be the map N : K x (K*\ {0}) - K x (K" \ {0}) given by

Na(Av) = (A w) = (DEa(A)lixos) Fa(hv),
defined for all (A, v) such that DF4 (A, v)|gxet is invertible.

Note that, from (4.1), the map N4 induces a map from K x P(K") into itself
(defined almost everywhere); cf. Remark 1.2.

Lemma 4.2. Let A € K"*" be a nonzero matriz and (\,v) € Kx K", v # 0. The
map Ny is well-defined at (A, v) if and only if I,. (AL, — A)|,x is invertible.

Proof. The map N 4 is well-defined provided that the linear operator DF4(\, v)|k oL,
from K x v+ into K", is invertible. Differentiating F4 with respect to A and v yields

DFA(M\v) (A, 0) = M+ (M, — Ao,  (\,9) € K x K™

Fix a basis of K" and let w € K”. Solving the linear equation DF4(\, v)(\, 0) = w,
for (\,v) € K x vt is equivalent to solve the system of equations:

(4.2) (8 ’\I”v: A) (2) = (@ . for (A\9) e Kx K"

Hence N4 (A, v) is well defined if and only if the matrix given in (4.2) is invertible.
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Let U € U,,(K) such that Uv = ||v||e;. Then,

U O\ (v Ma—A\ (1 0\ _[llvler UNL, — AU
0 1)\0 v* 0o U*) 0 lvllex ’

lvlles UL, — A)U*

Now, expanding the determinant of ( N
0 [vllel

) by the first column,

v A, —A i
0 v*
invertible if and only if the operator II,. (A, — A)|,+ is invertible. |

and thereafter by the last row, we conclude that the matrix <

Remark 4.3. From the proof of Lemma 4.2 we obtain that N4 has the simple matrix

expression
-1
A (A v A, —A (M, — A
w(0)=0)-6 ) (M)

Furthermore, solving the system (4.2) for w = (A, — A)v, we conclude that if
IL,+ (A, — A)|,1 is invertible then the map N4 is given by N4 (A, v) = (A=A, v—1),
where

(Al = A)(v = 0),v)
(v, 0) '
Definition 4.4. Let A € K™*™ be a nonzero matrix, and let (Ao, vg) in K x P(K™).

We say that the triple (A, Ao, vo) is an approxzimate solution of the eigenvalue prob-
lem (A, \,v) € V, if the sequence (A, N5 (Ao, v0)), k = 0,1,...is defined and satisfies

0= (e (ML, — A)| ) e (A, — Aoy A=

2k 1
1
dp2 ((A, N5 (X, v0)), (4, ),0)) < (2> dp> ((A, Xo,v0), (A, \,0)),
for all positive integers k.

Recall from Remark 1.1 that the notion of approximate solution, and the se-
quence (A, N%(Xo,v0)), k =0,1,..., are well-defined on P(K™*" x K) x P(K™).
4.2. Approximate Solution Theorem. The main tool to prove Theorem 2 is
the following result.

Proposition 4.5. Let 0 < ¢ < 1/(2v/2). Let A € K™ such that ||A||r = 1, and
let (A\,v), (Ao, v0) € Kx P(K™). If (A, \,v) € W and

y 2 2\1/2 ¢
(1Mo = AI* + dp(vg,v)7)7* < A 0)

then, the sequence (Mg, v) := N%(Xo,vo) satisfies

2tan(c 1\
(1A = AP + dp(or, 0)*)1/? < (1_\%)0> <2> (Ao = A* + de(vo, v)*) /2,

for all positive integers k.

(Since we do not find an appropriate version in the literature to cite, we include
a proof of this proposition in the appendix of this paper.)

Remark 4.6. Some expressions given in Proposition 4.5 are not scale invariant in
(A, ) (and (A4, Ag)), and thus a restriction on || A|| is required.
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Picking ¢ in Proposition 4.5 such that 0 < ¢ < 1/(2v/2) and 2tan(c)/(1 — v/2¢) < 1
we have the following result, which is interesting per se.

Theorem 5. There is a universal constant co > 0 with the following property. Let
A € K"*™ such that ||A||r = 1, and let (A, v), (Ao, v0) € KxP(K™). If (A, \,v) € W
and .
Ao — A 2 d 2\1/2 0
(130 = A+ dep,0)2) 2 < s,
then the sequence (Ag,vi) := N%(Xo,v0) satisfies
2 2\1/2 1\ 2 2\1/2
(e = AI" +dp(vg, v)7) 7 < { 5 (IAo = Al + dp(vo,v)") /7,
for all positive integers k. (One may choose ¢y = 0.288.) O

This theorem is a version, for the map N4 : K x P(K") — K x P(K"), of a well-
known theorem in the literature, namely, the Smale v-Theorem (or Approximate
Solution Theorem), which gives the size of the basin of attraction of Newton’s
method; see Blum et al. [8, Theorem 1, pp. 263].

4.3. Proof of Theorem 2. For the proof of Theorem 2 we need a technical lemma.
Its proof is included in the appendix.

Lemma 4.7. Let A € K™"*" such that ||Allr = 1, and let (A\,v), (N,v') € K x
P(K™).
(1) If N = N| < ¢ < V2, then,
dpz (AN, 0), (AN, 0) < Be (1A= NP2+ de(v,0')%) /2,

where B, = (1 — c2/2)~1/2,
(2) If dp2 ((A, N\, 0), (A, N, 0")) < 0 < /4, then,

(A= N2 + dp(o, o))V < Ry dsa (4, M), (A, X, 0'),
where Ry = [v/2/ cos(0 + 7 /4)%]'/2.
Let g such that Ry, 6y = 1/(2v/2), where Ry is given in Lemma 4.7 (6 ~ 0.1389).

Proposition 4.8. Let 0 < ¢ < 6y. Let A € K™ ™ be a nonzero matriz, and let
(A v), (Ao,v0) € KxP(K™). If (A, \,v) € W and

&
de2 (4 2o, v0), (4,2 0) < —o,

then the sequence (A, N%(Xo,v0)), k =0,1,... satisfies
d]P’2 ((A7 N}X()‘m UO))? (A7 Ay U)) <

R, 2k-1
< Aopon (22D (D) (A0, o), (A A0),

for all positive integers k, where §(c) :=c/(1 — c).

Proof. From Remark 1.2, we may assume ||A||r = 1.
Since dp(-) < dr(-), by Lemma 4.7—(2), one has

R
Oy 2 2\1/2 . _ Clte
(4.3) (|>\0 )\| +dP(U0,D) ) < ,LL(A,)\,U).
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Since ¢ < 6y, we have cR, < 1/(2v/2), and then Proposition 4.5 yields

(4.4)  (|A — AP + dp(vg, v)?)V2 <

2k 1
(121&11\/(;:;)) (;) (Ao — /\‘2 + dp(vo, U)Z)l/Q’

for all k > 0, where (\g, vx) := N%(Xo,v0). Since (|Ag — A2 + dp(vo,v)?)Y/? < cR.,
we deduce from Lemma 4.7 and (4.4) that

dp2 ((A, Y Uk), (A7 A, ’U)) <

.
Ztan(cRc)> <1)2 -t 2 241/2
< Be _— = Ao — Al“ + dp(vo,
_B R <1—\/§CRC 2 (| 0 ‘ IP’(UO ’U) )

2k -1
< Rofon (TR (3) 0 delld o). (4.00))

(Note that ¢ < 6y < 7.) O
4.3.1. Proof of Theorem 2.

Proof of Theorem 2. From Proposition 4.8, proof of Theorem 2 follows picking

co > 0 such that ¢ < 6y and R, Bc, Re, <%§(f{;)) < 1. (One may choose
&)

co = 0.0739.) O

5. COMPLEXITY BOUND

5.1. Condition length. Let us start recalling some basic definition.

Let E be a finite dimensional Hilbert space. A function « : [0,1] — E is an
absolutely continuous path if it is almost everywhere differentiable, its derivative
G(t) is an integrable function, and

a(t) = a(0) —|—/O a(s)ds.

We say that the (projective) path « : [0,1] — P(E) is an absolutely continuous
path if it is the projection, under the quotient canonical map E\ {0} — P(E), of
an absolutely continuous path in E \ {0}.

Let us recall some definition from the introduction.

Definition 5.1. The condition length of an absolutely continuous path I": [0,1] — W
is defined by

b
60) = [ 100 e ur(0) dt.
The next proposition is useful for the proof of our main theorem.

Proposition 5.2. Given e > 0, C. > 0 as in Proposition 3.22, and T : [0,1] = W
an absolutely continuous path (with £,(I') < oo), define the sequence tg, t1,... in
[0,1] such that:
L] to = 0,’

: )
o ty, such that p(T(te-1)) [, IT(s)llr(syds = C-,

whenever u(T(ty_1)) ftlk—l [T(8)||r(syds > Ce;
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o else define t, =t = 1.
Then,
1+4+¢

€

Proof. Whenever k < K (where K € NU {o0}), given t € [tr—1, 1],

dea 011, T0) < [

tr—

K <

0,(1) + 1.

) C.
1 ||F(3)||F(s)d$ = m

By the first inequality in Proposition 3.22, we get

th "
i p(L(tk=1)) / : C.
: P(s))ds = == r dt = —=.
[ ey as = HEE T g =
Since £,(I") < oo, then K < oo, and adding, yields
Ce
> - .
(D) 2 (K = 1)

5.2. Proof of Theorem 3.

Proof of Theorem 3: Since I'(t) = (A(t), A(¢),v()), 0 < t < 1, is an absolutely
continuous path in W, we may assume that the path A(¢), in K**™\ {0,}, is
absolutely continuous. In addition, without loss of generality we may assume that
|A@)||F =1, for every ¢ € [0,1].

The idea of the proof is to show that the mesh 0 =ty < t; <--- <tx =1 given
in Proposition 5.2, for some € > 0 to be defined afterwards, guarantees that the
predictor—corrector sequence f(tk) = (A(tg), Ak, v ), where

(M1, Vk41) = Nage ) Ak, v), 0<k <K -1,
approximates the path T" provided that (A(0), \g, vo) is an approximate solution of
r(0).
The proof is by induction.

Let € > 0, and let C. as in Proposition 3.22. Assume that I'(t), f(tk), T(tr41)
are such that,

dp2(F(tk),F(tk+1))§i and  dp2 (D(tg), T(t)) <

w(T(tr))’ (T (tr))

Then,
dp2 (T(tr1), (Alter1)s Ay vr)) <

< dp2 (D(trs1), T(tr) + dp2 (D(tr), D(tr)) + dpa (D(t), (A(trr1)s As k)
20. X
< m + dIP2 (F(tk), (A(tk+1)7 >\k7 Uk)).

Note that
dp2 (T (tr), (A(trr1), ks vk)) = do((A(tr), Ak), (A(ter1), Ak))-
Claim: One has
dp((A(tr), Ak), (Altrt1), Aw)) < dp(Alty), Altrt1)) :

For the ease of notation let us denote a := A(ty), a’ := A(tx+1), A := Ag, 0o := dp(a,a’),
and 6y := dp((a, A), (a’, A)). Since ||A(t)||Fr =1, 0 < ¢ <1, wehave |la||p = ||d'||r = 1.
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In addition, by the law of cosines we have that cosfy = 1 — |la — a’||%/2, and
cosfy =1—|la—a|%/(2(1+|A?)). Then cosfy < cosfy. Since 6,05 € [0, 7], we
conclude 0, < 6.

Furthermore,

thy1 |
do(A(ty), Altes)) < / JA(3) | A ds
tr
tht1 .
<V2 ) DL (L) A(S) |l (A(s),a(s)) 5
k
tht1

<V2 IT(s) [r(s) ds.
ti

where the second inequality follows from the trivial lower bound which one may

obtain from (3.3) and the assumption ||A(s)||r = 1 (and hence (A(s), A(s))r = 0).
Since, by construction, ftt:“ I0(s)[Ir(s) ds < C=/p(T(tx)) we conclude

(2+v?2)C.
sz(F(tk+1)7 (A(thrl)v)‘kvvk)) < M(F(tk)) :
Furthermore, since dp2 (D(t1,), T (trs1)) < Cepn(D(t)) ", Proposition 3.22 yields
(1+¢)(2+V2)C-

dp2 (U (tx11), (Altrr1), Ak, v)) < (L (tet1))

From Proposition 4.8, if ¢ := (14 ¢)C-(2 + v/2) < 6y, then

(
dp2 (D' (tr41), T(te41)) <

2tan(c R,) ) 1
<R Bop. 2228 N L (Altrr), A, on), Tt
< Rcfer. (1 ~J3cR.) 2 p2 ((A(tke+1)s Ak vk), T'(tt1))
2tan(cRc) \ 1
< RcﬁcRc (1—\/§CRC) §C
N (L (trr1))
Then, if ¢ is small enough such that ¢ < 6y and R. 3. r, (%) 3¢ <Ce, we
get )
dsa(D(tpn), Dltn)) <~
p2 (D (tk+1), D(te+1)) < )

Moreover, if the e picked above also satisfies C. < ¢g (where ¢ is given in Theo-
rem 2), then we have concluded that I'(£441) is an approximate solution of I'(£541)
provided that I'(f;) is an approximate solution of I'(t;). This just finishes the
induction step. (One can choose ¢ = 0.1640, C. ~ 0.01167, and C' = 100.) g

6. APPENDIX

This section is divided in two parts. In the first part we include a proof of
Proposition 4.5. In the second, we prove Lemma 4.7.

6.1. Proof of Proposition 4.5. Given a nonzero matrix A € K"*" recall that
evaluation map Fy : K x K" — K" is given by Fa(\,v) := (A, — A)v.
Throughout this section, we consider the canonical Hermitian structure on K x K.
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6.1.1. Preliminaries and technical lemmas. The next result follows by elementary
computations.
Lemma 6.1. Let v, v' € P(K") such that dp(v,v") < 7/2. Let I+ |1 : o't = ot

be the restriction of the orthogonal projection 11,1 of K™ onto o't Then,

1
I, .| 0 = — - U
(L) |l cos(dp(v,v"))

(In the preceding lemma, we consider the spaces v and v'* as subspaces of K"
with the canonical Hermitian structure.)

Lemma 6.2. Let (A, \,v) € W and v € P(K™) such that dp(v,v") < 7/2.
(i) For every (A, 0) € K x v we have
—1 P : 1.
(DFA()‘ﬂ ,U)|K><’U/J‘) DFA(/\7 v)|K><vJ- ()‘7 U) = ()‘7 (HUL |U’J-) 1(1}))'
(i)
1

-1
DF , DF = Y
| (DA Vlixars) ™ DEAO )l | = o

(iii)

1y (DFA 0)lgn) |
DFa(A / < .
|| ( A( av)|K><vL) || = COS(d]p(U,U/))
Proof. (i): Given (A, 9) € K x v, let (1,1) € K x v/ such that

. -1 L.
(naw) = (DFA()‘av)thv’L) DFA(AarU)hKX'Ui(/\arU)'
Then, )
7w+ (A, — A)w = lv + (A, — A)o.
Since (A, A\,v) € W, we deduce that 1 = A and II,.w = 0. Then,
-1 Lo : 1.
(DFA(Av /U)|]K><’U,J‘) DFA(/\’ U)|K><vi (Aa U) = ()‘7 (HUL |u’l) 1(1]))'

(ii): Taking the canonical norm of K x K™ in (i), and maximizing on the unit sphere
in K x v+ C K x K", the assertion (ii) follows from Lemma 6.1.
(iii): Note that

I (PFAG0)lxors) I <
| (DEA()lr) " DEaO 0l || (DFAO 0) i)™ |l
then the result follows from (ii). O
Lemma 6.3. Let A € K"*", and (\,v) € K x K". Then ||[D?*Fa()\,v)| < 1.

Proof. Differentiating F4 twice, we get
D2Fa(\v)(A,0)(0,4) = Mi+no, for all (A, 0), (17,4) € K x K™

Then,
ID2Ea(\v) (A, 0) (i, )| < A [l + (18] )
< AP+ [ol)2 (il + llal )2,
where the second inequality follows from Cauchy-Schwarz inequality. (|

Recall Neumann’s series result (see for example Stewart—Sun [33]):
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Lemma 6.4. Let E be a Hermitian space, and A, Iz : E — E be linear operators
where Iy is the identity. If |A — Ig|| < 1, then A is invertible and

1

A< ———
M= Tz

O

Proposition 6.5. Let 0 < c < 1/(2v/2).
Let A € K™ and (\,v) € K x K", such that ||v|]| = 1 and (A, \,v) € W. Let
()\0,’1)0) e K x ]P)(Kn) If

c
(DFs (A 0) rxor) M

then the sequence (Ag,vi) := N%(Xo,v0) satisfies

(1Mo = AI? + dr(vo, v)?) /2 <

2k_1
(IAe — A2 + dp (v, v)*)Y2 <V26(v/2¢) (;) (Ao — A|? + dp(vo, v)?)Y/2,

for all positive integers k, where §(c) :=c/(1 — c).

Proof. Take a representative of vy such that (v — vg,v9) = 0. Thus we have
[voll dr(v,v0) = |lv — vol| and [lvol| < 1.
In particular, the hypothesis implies that

[(DFAC, 0)lios) M1 = Ao — 0)]] < e
Taylor’s expansion of F4 and DF4 in a neighbourhood of (A, v) are given by
/! / / 1 2 / / 2
(6.1)  Fa(MN,0")=DFa(\v)(N =X\ —v)+ §D Fa(A0)(X =X\ 0" —0)?,

and
DEs(N,v') = DFA(\v) + D*Fa(\,0)(N — X\ 0" — ).
One has
(P8 ) DO
= (PP grs) (PPAG0: )y = DPAGD )
(DFA )| )_1 D?Fa(7,0)) (Ao — Ao = 0)|ye 0

Then, taking norms, we get

-1
H DFA A ‘Kx ) DFA()\Oy,UO)hKXUOL — Igxppt || <

< (DFA(AN, 0)lgxwor) M| [[D*Fa(A,v)) (Ao — A, v — )|

———— |[(DFa(\ Ao = Ay vo —

< ooy IPFAG s 1000 = Ao = )
where the last inequality follows from Lemma 6.2 and Lemma 6.3.

In the range of angles under consideration we have ||vg|| = cos(dp(v,v)) > 1/v/2.
Then, by the condition 0 < ¢ < 1/(2v/2), we can deduce from Lemma 6.4 that
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DF4(Xo,vo is invertible and

)|KX’UOJ‘

—1
(6.2) H(DFA()\O’/UO)“(X’UOL) DFA(}"U”KXUOL
_ 1
- 1- m ||(DFA(A7U)|K><UJ‘)_1H ||(/\0 — A v — U)H

Furthermore,

NA(/\Q,’U()) - (/\,U) =
—1
= (Ao —Avo —v) - (DFA(A()’UONKXUOL) F4(Xos vo)

= (DFA()‘O’UOHKXUOL)_I
(DFA(AO7UO)’KXUOL(AO — A v0 —v) — FA(/\07UO)> :
Then, from (6.1) we get
Na(Xo;v0) — (A v) =

1 —1
=5 (DFA()\O,UO ) D2F4(\ ) (Mo — A\ vo — v)2.

)}vaoi
Taking the canonical norm in K x K", we get
[Na(Xosv0) = (A, 0)]| <
1 _
< 5 [I(PFPA0, v0) ey ) | ID2Fa(X, 0) (Ao = A, vo = 0)?].

Then, from (6.2) and Lemma 6.2,
(6.3) [Na(ro,vo) = (A, 0)] <

_ V2 [[(DFA v)lxor) M| 3 ID2Fa(X, 0) (Ao = A, vo — )|

B 1 = V2 [(DFa(X 0)lgxor) 7HI (Ao = A vo = 0)|
Therefore Lemma 6.3 yields

[Na(Xosv0) — (A, v)]| <
\/§ H(DFA()‘7U)|K><UJ-)_1H ||<)‘0_)"UO_'U>H 1
T 1= V2 [(DFA )0 ) H (Ao = Ay w0 = v)| 2

(Ao — A, vo —v)].

Then,

INa(Xo,v0) = (A 0)|| <

V2 [|(DFA 0)lcwt) | (Ao = AP + d(wo, v)%) /2
T 1= V2 [(DEAN ) lgsxcos)7HI (Ao = Al + dr(vo, v)2)1/2

1
5 (|/\0 — )\|2 + dT(Uo, 11)2)1/2.

Let ()\1,1}1) = NA()\Q,Uo).
From the proof of Lemma 6.3 we have D?F4(X\,v)(Ao — A\, vg — v)2 = 2(X\g —
M) (vg — v), then, from (6.3) one can deduce that |v; — v|| < 6(v/2¢)|lvo — v,
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where §(c) = ¢/(1 — ¢). Since ¢ < 1/(2v/2), we have §(v/2¢) < 1, then from Lemma
2-(4) of Blum et al. [8, pp. 264] we get

dr(vr,0) < 1=l el Ul < /5oy — o).

Hence
(6.4)  (|A1 — A2 +dp(v,0)H)2 <
2 [(DFa(X0)[kxot) 7| (Ao = AP + d(vg, )%)!/2
T 1= V2 [(DFA0) gt ) 72 (Ao = AR+ do(vo, v)2)1/2
5 (%0 = AP+ dr(vo,v)) %

Therefore
1
(65) (|)\1 - >\|2 + dT(Ul,’U)Z)l/2 S \[26(\/56) 5 (|)\0 - /\‘2 + dT(Uo,U)2)1/2.

From (6.5), (6.4), and the fact that §(v/2¢) < 1, working by induction we get

(1A = A2 + dr(vg, 0)) Y2 < V26(V2¢) @ (o= AR+ (v, 02,

for all k > 0, where (A, vx) := N%(Xo,vo) - O
Proposition 6.6. Let (A, \,v) € W, such that ||Al|r =1 and |jv|]| = 1. Then,
(A, )‘7U) < H(DFA ()‘71)) ‘vai-)_ln <2pu(4, )\,U).

Proof. Since the action of U, (K) on P(K") is transitive, by Remark 2.9, we may
assume that v = ey, where eq,...,e, is the canonical basis of K”. Then in this

basis we have.
A a
1= (o 3);

where a € K1*("=1) and A = I, LAl L € K(n—1)x(n=1),
Recall that DFs(\ e1)(A\,v) = Xer + (M, — A)d. Then in the basis (1,0),
(0,e3),...,(0,e,) of K x e;* we have

1 —a
DFaA(\ e1)|gxe,+ = <0 Ao, —/1) '
1 a(M,_q —A)?
0 (M,_—A)!
[(DFa (A e1) liexe,+) ™| = max{1, [(Mn—1 — A) 7|} = u(A, A ).
On the other hand,
[(DFA (A, €1 |]K><el )|

16 Sy Y16 )

Smax{l,lla(ﬂnfl— AT+ I = A7
S ZM(A,)\,el),

Note that (DFa(X, e1)|gxe,+) ! = ( > . Hence

where the last inequality follows from ||a|| < ||Al|lF = 1. |
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Remark 6.7. In the last proposition the result may be not longer true when ||Al|r = 1
or ||v|| = 1 are not satisfied.

6.1.2. Proof of Proposition 4.5.

Proof of Proposition 4.5. Pick a representative of v and vy such that ||v| = 1 and
(v — vg,v9) = 0. Then the proof follows directly from Proposition 6.5, Proposi-
tion 6.6 and Lemma 3.23. (]

6.2. Proof of Lemma 4.7.
Lemma 6.8. Let A € K™*™ such that ||Al|r = 1. Let A\, N € K such that |\ < 1.
(1) If [N — M| < ¢ for some 0 < ¢ < \/2, then there exists . > 1 such that
dp((4,2), (A4, )) < B[N = Al

One may choose B. = (1 — c%/2)~1/2,
(2) If dp((A, N), (A, N) < 8 for some 0 < 6 < m/4, then there exist R; > 1
such that
|/\/ - )‘| < Ré dIP((Av /\)7 (Aa )‘/))
One may choose Ry = [V/2/ cos(f + 7/4)3]1/2.

Proof. Let 0 := dp((A, ), (A, X)). (Thus 0 < @ < 0.) By the law of cosines we
know that

A= NP =1+ A2+ 14+ N2 =21+ A2 /14 [N cosé.

Then,
2
(6.6) A=N2 = (VIFPP - VI+IVP) +
+2/1+ A2 /14 |A2(1 = cosh).

From (6.6) we get that
A= N2 >2/1T4 A2V/1+ N2 (1 = cos),

i.e.,

(6.7) 1 —cosf < A — N < X = A
T2VIHDRVIHNE T 2

Therefore 1—cos 6 < %, and hence the angle 6 is bounded above by arccos (1 — ¢?/2).
By the Taylor expansion of cosine near 0 we get the bound

2
< —=
—1-—¢%/2

Then, from (6.7) we can deduce the upper bound in (1).
For the lower bound in (2), we rewrite the cosine law and get:

(1 —cos#).

)\2_ )\/2
VIHAR+ /14N

+2¢/T+ A2 /14 V]2 (1 - cos ).
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Since |[A| — |N|| < |A = X]| and 1 — cosf < 02 /2, then,
A+ [V]
VIHDR+ T+ VP
VI A2+ [V]26?
Since 0 < |A| < 1, it is easily seen that
A+ [V] o L+
VIHDE+VIHIVE T V24 T+ VP

Furthermore, by elementary arguments one can see that [X| < tan(f + 7 /4), and
therefore

2
(6.8) A= N2 < A= N2+

A+ V] _ 1+ tan(0 + 7/4)
VIFRP+VIFIVE = 54\ /14 tan(@ + n/4)?
< tan( +A7T/4) = sin(f + 7/4),
\/1 + tan(0 + 7/4)?

where the second inequality holds since tan(f + 7/4) > 1. Then, from (6.8),

VIHDPPVIHIVE
cos(f + w/4)?

A= XN <

9

and hence
DoNPe V2 g
cos(6 +7/4)3
O

Remark 6.9. Note that if (4, ) € m1 (V) C P(K™*™ x K) then |A| < ||A]|r is always
satisfied.

6.2.1. Proof of Lemma 4.7.

Proof of Lemma 4.7. The proof of (1) and (2) follows directly from the definition
of dp2 and Lemma 6.8. O
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