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1. Introduction and main result

Let X and Y be two real (or complex) Riemannian manifolds of real dimensions m and n (m > n)
associated respectively to some computational problem, where X is the space of inputs and Y is the
space of outputs. Let V. C X x Y be the solution variety, i.e. the subset of pairs (x, y) such that y is an
output corresponding to the input x. Let 71 : V — X and ; : V — Y be the canonical projections.
The set of critical points of the projection 7; is denoted by X, and let X := 7(X").

When dimV = dim X, for each (x,y) € V \ X, there is a differentiable function locally defined
between some neighborhoods Uy and U, of x € X and y € Y respectively, namely

— -1 .
G=mom |y :Ui— Uy,.

Letus denoteby (-, -)xand (-, -), the Riemannian (or Hermitian) inner product in the tangent spaces
T.X and T, Y at x and y respectively. The derivative DG(x) : TxX — T,Y is called the condition linear
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operator at (x, y). The condition number at (x,y) € V \ X’ is defined as
K(x,y) = max [|DGROX]ly. (1)
I4l2=1

This number is an upper-bound—to first-order approximation—of the worst-case sensitivity of the
output error with respect to small perturbations of the input. There is an extensive literature about
the role of the condition number in the accuracy of algorithms, see for example Higham [12] and
references therein.

Remark 1.1. Our general framework of maps between Riemannian manifolds was motivated by
Shub-Smale [14] and Dedieu [8]. This general framework for a computational problem differs from
the usual one, where the problem being solved can be described by a univalent function G. In the
given context, we allow multi-valued functions, that is, we allow inputs with different outputs. In
this way, one can define the condition number for the input x € X as a certain functional defined
over (k(x, y))[y emy G ) When the function G is univalent the condition number «(x) = k(x,y)

coincides with the classical condition number (see Higham [12], p. 8). In what follows, we will restrict
ourselves to study the condition number given by (1), but it is worth pointing out that all the analysis
we will pursue here can be carried out to this kind of condition numbers without modifications.

In many practical situations, however, there exists a discrepancy between worst case theoretical
analysis and observed accuracy of an algorithm. There exist several approaches that attempt to rectify
this discrepancy. Among them we find average-case analysis (see Edelman [ 10], Smale [ 15]) and smooth
analysis (see Spielman-Teng [16], Biirgisser-Cucker-Lotz [7], Wschebor [21]). For a comprehensive
review on this subject with historical notes see Biirgisser [5].

In many problems, the space of inputs has a much larger dimension than the one of the space
of outputs (m > n). Then, it is natural to assume that infinitesimal perturbations of the input will
produce drastic changes in the output only when they are performed in a few directions. Then, a
possibly different approach to analyze accuracy of algorithms is to replace “worst direction” by a
certain mean over all possible directions. This alternative was already suggested and studied in Weiss
et al. [19] in the case of the linear system solving Ax = b, and more generally, in Stewart [17] in the
case of matrix perturbation theory, where the first-order perturbation expansion is assumed to be
random.

In this paper we extend this approach to a large class of computational problems, restricting
ourselves to the case of directionally uniform perturbations.

Generalizing the concept introduced in Weiss et al. [19] and Stewart [17], we define the pth-
stochastic condition number at (x, y) as

1 1/p
[p] — opgcm—1,. _
K Xy = — DG(x)x||PdS X , =1,2,...), 2
st (X, ) [vol(S}“1) /xes;"‘ IDGx)x|l,dS,™ " ( )] @ ) (2)
where vol(S™1) = rzf;//zz) is the measure of the unit sphere S""~! in T,X and dS"~' is the induced

volume element. We will be mostly interested in the case p = 2, which we simply write k5 and call
it the stochastic condition number.
Before stating the main theorem, we define the Frobenius condition number as

ke, ) = DGy = \Jo? ++ -+ + 02,

where || - ||r is the Frobenius norm and o7y, ..., o, are the singular values of the condition operator.
Note that k¢ (x, y) is a smooth function in V \ X’, where its differentiability class depends on the
differentiability class of G.

Theorem 1.

1/p
1 rz
seP (x, y) = 7 [F(fniz)} “E(ll1,...0 1) P,

2
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where || - || is the Euclidean norm in R" and 1, ... 5, is a centered Gaussian vector in R" with the diagonal
covariance matrix Diag(a, ..., o2).
In particular, for p = 2
ke (X, )
Kse (X, y) = - 3)
J/m

Remark 1.2. Since x (x,y) < «r(x,y) < /1 - k(x,y), we have from (3) that

1 n
— k(X Y) <kag(X,Y) <) — kX, Y).
NG (*,¥) = ks (x,¥) ,/m *,y)
This result is most interesting when m > n, for in that case ks (x, y) < k(x,y). Thus, in these cases
one may expect much better stability properties than those predicted by classical condition numbers.

Remark 1.3. In many situations, one needs to analyze how the condition number varies in order to
study (or to improve) the accuracy of an algorithm. In this way, the replacement of the usual non-
smooth condition number « given in (1) by a smooth one has an important theoretical and practical
application.

In numerical analysis, many authors are interested in relative errors. Thus, when (X, (-, -)x) and
(Y, (-, -)y) arereal (or complex) finite dimensional vector spaces with an inner (or Hermitian) product,
instead of considering the (absolute) condition number (1), one can take the relative condition number
defined as

lIxllx
Krel(X, y) = k(X y), x#0,y#0;
lylly
and the relative Frobenius condition number as
lIxlx
Krelp (X, ) = il kr(X,y), x#0,y#0,
Y

where || - |[x and || - ||y are the respective induced norms. In the same way, we define the relative
pth-stochastic condition number as
v l1xlx

Kl (%, y) = T P y), (p=1,2,...). (4)
Y

For the case p = 2 we simply write k5, and call it the relative stochastic condition number.
In this case, we can define Riemannian structures on X \ {0} and Y \ {0} in the following way: for
eachx € X, x #0,andy € Y, y # 0, we define

2 ) C2ody
o )x = s d o ] .
b=z M b=

Notice that, in these Riemannian structures the usual condition number defined in (1) turns to be
the relative condition number defined before. Then, Theorem 1 remains true if one exchanges the
(absolute) condition number by the relative condition number. In particular,

Krelp (X, Y)

Jm

Krels (X, Y) =

2. Componentwise analysis

In the case Y = R", we define the kth-componentwise condition number at (x,y) € V \ X’ as
KX y; k) = max [(DGXel,  (k=1,....m), (5)
qu%);l

where | - | is the absolute value and wy, indicates the kth-component of the vector w € R".
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Following Weiss et al. [19] for the linear case, we define the pth-stochastic kth-componentwise
condition number as

1/p
)/Smll(DG(x))'c)kl"dS,T1(5()] ., (p=1,2,...). (6)

vol(s™~!

Then we have the following proposition.

kst PN (x, y; k) == [

Proposition 1.

1/p
1 T (%) p+1
Plx, y k) = | — - 2/ .1 Kk (x,y; k).
In particular,
K (x,y; k)

st (X, y5 k) = NG

Proof. Observe that «,P!(x, y; k) is the pth-stochastic condition number for the problem of finding
the kth-component of G = (Gq, ..., G,) : X — R". Theorem 1 applied to Gy yields

1
L) “E (|76, )P
V2 ) !
where o1 = ||DGr(x)|| = k(x, y; k). Then,

E(In6, )P = k (x, y; k) - E(m 1)),

where 7, is a standard normal in R. Finally,

2 o 2 2 p—1 p+1
E(|n1|p)=\/77/ pPe " dp = «/EZ 2 F( 5 ),
0

and the proposition follows. O

1
st P (x, ys ) = [F ED
R

3. Examples

In this section we will compute the stochastic condition number for different problems: systems
of linear equations, eigenvalue and eigenvector problems, finding kernels of linear transformations
and solving polynomial systems of equations. The first two have been computed in Stewart [17] and
are an easy consequence of Theorem 1 and the usual condition number «.

The computations of « for the case of systems of linear equations, eigenvalue and eigenvector
problems, and solving polynomial systems of equations are fairly well-known. However, as far as
we know, previous results of « for the problem of finding kernels of linear transformations only
offers bounds (see Kahan [13], Stewart-Sun [ 18], Beltran-Pardo [2]). In Section 3.3 we give an explicit
computation of « for this problem.

In what follows, we will drop the output in the notation of condition number when the
input-output map is univalued.

3.1. Systems of linear equations

We consider the problem of solving for y € R" the system of linear equations Ay = b, y # 0,
where A € .#,(R) (the space of n x n real matrices), and b € R". If we assume that b is fixed, then we
can consider the input space X = .#,(R) equipped with the Frobenius inner product

(A, B)p = trace(AB"), (7)
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where B! is the transpose of B, and the output space Y = R" equipped with the Euclidean inner
product. It is easy to see that X' equals the subset of non-invertible matrices. Then, the map G :
My(R) \ X — R"is globally defined and differentiable, namely

G(A) =A""b(=y).
By implicit differentiation,

DG(A)A = —A™'Ay. (8)
It is easy to see from (8) that

k(@A) = A7 - llyll.

Let H be the orthogonal complement of ker DG(A), i.e. H is the set of rank one matrices of the form
uy',u € R", where y* denotes the transpose of y € R". Then, the map u — uy'/||y|| is a linear isometry
between R" and H. Under this identification, it is easy to see from (8) that DG(A)|y coincides with the
map —||y|| - A~!, from where we conclude

Ke(A) = A7 e - llyll.
Then, from Theorem 1 we get

ko (A) = A~ | - ||y||7
n
and therefore
K (A)
kst (A) < Nk 9)

A similar result was proved in Stewart [17].

For the general case, we consider X = .#,(R) x R" equipped with the product metric structure of
the Frobenius inner product in .#, (R) and the Euclidean inner product in R". Then, G : .#,(R) \ X X
R" — R" satisfies G(A, b) = A~ 'b.

Similar to the preceding case, we have k (A, b) = ||[A7"|| - /14 ||y||? and kr(A, b) = ||A7"||f -

1+ |lylI2. Again from Theorem 1 we get

1A~ e - 1+ Tyl
k(A b) = = :
n‘+n

and therefore

(A by < K40

~Jn+1
For the kth-componentwise condition number, we have that
1/p

kP (A, b); k) = i F("Zzﬂ') -F(p+1) -k ((A, b); k)
St B BV F(n2+2n+p) 2 U

and
k((A, b); k)
Jitn
A similar result was proved in Weiss et al. [ 19], where the average in (6) is performed over the unit
ball instead of the unit sphere.

In Edelman [10], it is proved that the expected value of the relative condition number «¢(A) =
IlA]l - |JA~"| of a random matrix A, whose elements are i.i.d standard normal, satisfies

E(log krei(A)) = logn + ¢ + o(1),

kst (A, b); k) =
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asn — oo, where ¢ &~ 1.537. If we consider the relative stochastic condition number defined in (4),
we get from (9)

1
E(log krelsc (A)) < 5 logn+ c + o(1),

asn — oQ.
3.2, Eigenvalue and eigenvector problem

We focus on the complex case. The real case is analogue. We consider the problem of solving for
(A, v) € C x C" the system of equations (A, —A)v = 0, v # 0, where A € .#,(C) (the space of n x n
complex matrices). Since this system of equations is homogenous in v, we define the solution variety
associated with this problem as

V ={(A, v, ) € #(C) x P(C") x C : (A, — A)v = 0},

where P(C") denotes the projective space associated with C".

Following Shub-Smale [14], let X = .#,(C) be equipped with the Frobenius Hermitian inner
product, i.e. the complex analogue of (7),and Y = P(C") x C be equipped with the canonical product
metric structure.

Then, for (A, v, 1) € V \ X’,i.e. when A is a simple eigenvalue (cf. Wilkinson [20]), the condition
linear operators DG, and DG, associated with the eigenvector and eigenvalue problem are

(Av, u)

(v, u)’

DGy(A)A = (7,0 (Mg — A)|,2) ™" (m,0Av)  and DG, (A)A =

where 7,1 denotes the orthogonal projection onto v and u is some left eigenvector associated with
A, thatis, u*A = Au*.
The associated condition numbers are

@) = | (= A1) 7| and e =105 (10)
v
From our Theorem 1, we get the respective stochastic condition numbers:

K1 (A, v) = % H (7, (A —A)|Ul)’1”F < %Kl(A, V),

1
Kzsf(A, )\.) = EKZ(A, )\.)

A similar result for x5 (A, 1) was proved in Stewart [17].

3.3. Finding kernels of linear transformations

For the sake of completeness of the exposition, we focus on the complex case. All ideas carry over
naturally on the real case. Let .# ,(C) be the linear space of k x p complex matrices with the Frobenius
Hermitian inner product, and R, C .# ,(C) be the subset of matrices of rank r. Given A € R, we
consider the problem of finding the subspace F of CP such that Ax = 0 for all x € F, i.e. finding
the kernel subspace ker(A) of A. For this purpose, we introduce the Grassmannian manifold G, , of
complex subspaces of dimension £ in C?, where £ = p — r is the dimension of ker(A).

The input space X = R, is a smooth submanifold of .# ,(C) of complex dimension (k 4 p)r — r?
(see Dedieu [9]). Thus, it has a natural Hermitian structure induced by the Frobenius Hermitian inner
product on . ,(C).

In what follows, we identify G, , with the quotient S, ¢ /U, of the Stiefel manifold

Spyg = {M S (%pyg((C) M*M = I}

Please cite this article in press as: D. Armentano, Stochastic perturbations and smooth condition numbers, Journal of
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by the unitary group U, C .#,(C), which acts on the right of S, ; in the natural way (see Dedieu [9]).
Then, the complex dimension of the output space Y = G, ¢ is (p — r)r. (We will use the same letter
to represent an element of S, ; and its class in G ¢ ).

The manifold S, ; has a canonical Riemannian structure induced by the real part of the Frobenius
Hermitian structure in .#, ((C). On the other hand, U, is a Lie group of isometries acting on Sp ;.
Therefore, G,  is ahomogeneous space (see Gallot-Hulin-Lafontaine [ 11]), with a natural Riemannian
structure that makes the quotient projection w : S,y — G, a Riemannian submersion. More
precisely, the orbit of M € S, ; under the action of the unitary group U,, namely, 7 (M) = {MU :
U € U}, defines a smooth submanifold of S, . In this way, the tangent space TyS,,, splits into two
orthogonally complementary subspaces, namely,

TuSp.e = Ty ' (M) @ (Tym (M),

where Ty, ~!(M) is the tangent space of 7 ~'(M) at M. Then, we can naturally identify the tangent

space Ty G, ¢ with (TMn‘l M ))L with the inherited Riemannian structure induced by S, ,. Moreover,
in this fashion, we can carry out all computations over the quotient manifold G, ; onto S, ;.

To compute the derivative of the input-output map G : R, — Gp, which maps A onto
ker(A), notice that if M € S, is any representative in 7~ !(ker(A)), then AM = 0. Then, implicit
differentiation in the lift S, , yields

AM + A(DG(A)A) = 0,
where A € TAR;, and DG(A)A € TuGp,¢. Then,

DG(A)A = —AtAM, (11)

where AT is the Moore—Penrose inverse of A.
We have concluded that the condition operator DG(A) is a linear map from T4R, (with the

Hermitian structure induced by .#,(C)) onto (Tym~'(M ))l (with the inherited Riemannian
structure of S, ¢), and given by Eq. (11).

One way to compute the singular values of the condition operator described in (11) is to take an
orthonormal basis in .# ,(C) which diagonalizes A. From the singular value decomposition, there

exists positive numbers o7 > - - - > ¢, > 0and orthonormal basis {us, . .., u;} of Ckand {v, .. ., Up}
of CP, such that A = Y"|_, ou;v and AT = Y"I_, o 'viu?. Here w* denotes the conjugate transpose
of the vector w. Thus, {uiv]-" ci=1,...,k j=1,...,p}is an orthonormal basis of .# ,(C) which

diagonalizes A. On this basis the tangent space T4R; is the orthogonal complement of the subspace
generatedby{uiv]?" ci=r+1,...kj=r+1,...,p}.

Acting by an element U € Uy, if necessary, one can assume M = Zf;:1 vptrey, Where {eq, ..., ey}
is the canonical basis of C*. Observe that [|[ATAM||r < ||AT|| - |[AM||¢. Then,
K(A) = [|AT]],

where the maximum is attained, for example, at A = urvy, € TaR,.
Observe that xr(A)? = Zi,j ||DG(A)u,~vj?‘ ||,2:, where the sum runs over all elements uivjf‘ € TaR;. As
uivj* € kerDG(A),fori=r+1,...,pandj=1,...,k then,

r p r p r
ke’ =YY A MIE =Y " o el IE = —1) - Y o7
i=1 j=1 i=1 j=r+1 i=1
That is,

ke () = D=7 - |AT]|r.

From our Theorem 1,

_ P e o [ PR
Kst(A)—m A < k+p—rr K (A).
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In Beltfan [1], it is proved that
k+p—r
k+p—2r+1

where the expected value is computed with respect to the normalized naturally induced measure in
R;.0ur Theorem 1 immediately yields a bound for the stochastic relative condition number, namely,

(k+p—n1)r
(k+p—2r+12p(p—r)

E(logkre1(A) : A€ R;) < log[ ] + 2.6,

1
E(log kreisc (A) : A € Ry) < 3 log[ :| + 2.6.

3.4. Finding roots problem I: Univariate polynomials

We start with the case of one polynomial in one complex variable. Let X = #; = {f : f(z) =
Z?:o fiz', fi € C}. Identifying £ with C%*!, we can define two standard Hermitian inner products in
the space #y:

- Weyl inner product:

d d -1
(. 8w = Zf@(l.) ; (12)
i=0

- Canonical Hermitian inner product:

d
,8)cin =) _f&. (13)

i=0
The solution variety is givenby V = {(f,z) € #4 x C: f(z) =0}and ¥’ = {(f,z) € V : f'(z) = 0}.
Thus, by implicit differentiation,
. _‘l .
DG(H(f) = —(f' @) f(©).
We denote by kw and kga+1 the condition numbers with respect to the Weyl and Hermitian inner
product. The reader may check that

d

2i
ooy D ¢.0) 5
kw(f,0) = —————— keav1(f, §) = ———,
W @)l e )]

(for a proof see Blum et al. [4], p. 228). From Theorem 1, we get

1
KWS[(f? é‘) = KW(f5 g)s K(CdJﬂst(fa ;) = ———=Kd+1 (fv ;)

1
2@+ 2d + 1)

3.5. Finding roots problem II: systems of polynomial equations

We now study the case of complex homogeneous polynomial systems. Let #,; be the space of
homogeneous polynomials in n+ 1 complex variables of degree d € N\ {0}. We consider #; with the
Hermitian inner product (-, -)4, namely, the homogeneous analogous of the Weyl structure defined
above (see Chapter 12 of Blum et al. [4] for details).

Fixds, ..., d, € N\ {0} and let #q) = Hy4, X - - - X Hg, be the vector space of polynomial systems
f:Cc™* > " f = (fi,...,f,), where f; € Ha;. The space H g is naturally endowed with the
Hermitian inner product {f, g)w = Z?Zl(fi, 8i)d;-

Let X = P(Hg) and Y = P(C™*), then the solution variety is given by V. = {(f,¢) €

P(H @) x P(CYY: f(¢) =0}and X' = {(f,¢) e V : Df (§) is singular}.
We denote by N = ZL (d"+") — 1 the complex dimension of X. We may think of 2N as the size

n

of the input.

Please cite this article in press as: D. Armentano, Stochastic perturbations and smooth condition numbers, Journal of
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Then, for (f, ¢) € V' \ X', we have

DG(Hf = — (DF(O)I,2) " F(©),

and the condition number is
-1
aw(f. o) = |(OF©)l)

where some norm 1 affine representatives of f and ¢ have been chosen (cf. Blum et al. [4]).
For the complexity analysis of path-following methods, it is convenient to consider the normalized
condition number defined by
1/2

—1 .
o (F. ) = | (DF(©)]¢r) " - Diag(a}”, ...}
. 1/2 1/2 . i . 1/2 .
where Diag(d,’", ..., d;'”) denotes the diagonal matrix with entriesd,"", ..., d,’". (Notice that «knorm
is the usual condition number for the slightly modified Hermitian inner product in #4, given by
<fa g)norm = Z?:] d%(fh gi)d,--)

Associated with kporm, We consider

’

1
Knorm(f)2 = E Knorm (f {)2’ (14)
D, .
{£:f (£)=0}

where D = d; - - - d,, is the number of projective solutions of a generic system.

The expected value of Kﬁorm(f ) is an essential ingredient in the complexity analysis of path-

following methods (cf. Shub-Smale [14], Beltran-Pardo [3], and recently Biirgisser—Cucker [6]). In
Beltran-Pardo [3], the authors proved that

Ef [knorm(f)*] < 80N, (15)

where f is chosen at random with the Weyl distribution.
The relation between complexity theory and the stochastic condition number is not clear yet.
However, it is interesting to study the expected value of the «s-analogue of Eq. (14), namely

l Z Knormst (f 5 4‘)2

Knorms[(f)z = D
{¢:f(£)=0}

Here «uorms: (f, ¢) is the stochastic condition number for the modified condition operator, given by

: -1 . 1/2 p
f e (DF@);2) " - Diag(dy?, ..., d}*) - f(0).
(Notice that, knorms (f, ¢) is the stochastic condition number for the modified Hermitian inner product
in t%(d) given by ('7 ')norm)-
From our Theorem 1 we get,
Knorm (f s é‘)
N/n
Note that the last bound depends on the number of unknowns n, and not on the size of the input
N>n.

Knormst(fa é‘) =< ) IEf [Knormst(f)z] =< 8112.

4. Proof of the main theorem

In the case of complex manifolds, the condition matrix turns to be an n x n complex matrix. In
what follows, we identify it with the associated 2n x 2n real matrix. We focus on the real case.
The main theorem follows immediately from Lemma 1 and Proposition 2 below.

Please cite this article in press as: D. Armentano, Stochastic perturbations and smooth condition numbers, Journal of
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Lemma 1. Let n be a Gaussian standard random vector in R™. Then

[p] _ 1 r (%) v p\]1/P
kst (X, Y) = ﬁ |:l_,(m;,p)i| : [E(”DG(X)??” )] )
where E is the expectation operator and || - || is the Euclidean norm in R".
Proof. Let f : R™ — R be the continuous function given by
f) = IDGX)v.
Then,

1/p
0600 = | i [ sr -]
R’Tl

Integrating in polar coordinates, we get

Ierpf] -1
E(||DG Py = . Pgsm 16
(IGeoni”) = G555 - | S : (16)
where
oo
[ = ple??dp, jeN.
0

Making the change of variable u = p?/2, we obtain

i > ‘l
I = o5 (i) :
2

therefore
m+p— m
Inp-1= 2" T (%) : (17)
Then, joining together (16) and (17), we obtain the result. O

Proposition 2. If 1 is a Gaussian standard random vector in R™, then
E(IDG)NIP) = E(l16;....0, 1),
2

where 1, ... o, is a centered Gaussian vector in R" with the diagonal covariance matrix Diag(of, co, 00,
and oy, . .., o, are the singular values of DG(x).

Proof. Let DG(x) = UDV be a singular value decomposition of DG(x), where V and U are orthogonal
transformations of R™ and R" respectively, and D := Diag(oy, ..., 0,). By the invariance of the
Gaussian distribution under the action of the orthogonal group in R™, V5 is again a Gaussian standard
random vector in R™. Then,

E(IDG)n|I”) = E(|UD|"),
and by the invariance under the action of the orthogonal group of the Euclidean norm, we get
E(IDG)nl”) = E(IDnll").

Finally Dn is a centered Gaussian vector in R" with the covariance matrix Diag(o?, ..., 02), and the
proposition follows. For the case p = 2,

ke (,y) = [E (022 + -+ +02m2)]"*,
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where 14, ..., n, are i.i.d. standard normal in R. Then,
1/2

n
ko) =Y 0| =kerxy). O
i=1
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