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Abstract

The celebrated uniqueness’s theorem of the Schwarzschild solution by Israel,
Robinson and Bunting/Masood-ul-Alam, asserts that the only asymptotically flat
static solution of the vacuum Einstein equations with compact but non-necessarily
connected horizon is Schwarzschild. Here we extend this result by proving a classifi-
cation theorem for all (metrically complete) solutions of the static vacuum Einstein
equations with compact but non-necessarily connected horizon without making
any further assumption on the topology or the asymptotic. It is shown that any
such solution is either: (i) a Boost, (ii) a Schwarzschild black hole, or (iii) is of
Myers/Korotkin-Nicolai type, that is, it has the same topology and Kasner asymp-
totic as the Myers/Korotkin-Nicolai black holes. In a broad sense, the theorem
classifies all the static vacuum black holes in 3+1-dimensions.
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1 INTRODUCTION

The vacuum static solutions of the Einstein equations have played since early days a
fundamental role in the study of Einstein’s theory and the classification theorems have
been at the centre of the work. A fundamental result in this respect is the uniqueness
theorem of the Schwarzschild solution asserting that the Schwarzschild black holes are
the only asymptotically flat vacuum static solutions with compact but non-necessarily
connected horizon (Israel [11], Robinson et al [30], Bunting/Masood-ul-Alam [4]; for a
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nice review on the history of this theorem see [5]). In this article we prove a classification
theorem that extends Schwarzschild’s uniqueness theorem to static solutions with no
specified topology or asymptotic.

To state the classification theorem we need to introduce first a setup.

Formally, a (vacuum) static data set (X;g, N) consists of a three manifold ¥, a
function N positive in the interior of ¥ (called the lapse) and a Riemannian metric g
on X satisfying the vacuum static equations,

NRic=VVN, (1.0.1)
AN =0 (1.0.2)

A static data set (X;g, N) gives rise to a vacuum static spacetime,
S=RxY g=Ndt*+y, (1.0.3)

where 0 is the static Killing field. A static black hole data set is a static data (X;g, N)
such that ¥ = {IN = 0} # 0 is compact and (¥; g) is metrically complete. In this defi-
nition no special asymptotic or global topological structure is assumed. The boundary
of ¥ is non-necesarily connected and is called the horizon. The goal of this article is to
classify static black hole data sets.

The paradigmatic examples of static black holes data sets are the Schwarzschild
black holes (Xs; gs, Ng) given by,

1
s =R*\ B(0,2m), gs= Wdr2 +72d9? and Ng=+/1-2m/r (1.0.4)
- r

where m > 0 s the mass and B(0, 2m) is the open ball of radius 2m"). The Schwarzschild
black holes are of course asymptotically flat.

Horizo

Figure 1: A Schwarzschild black hole. The grey region is ¥ and
is diffeomorphic to R® minus the open (black) ball B(0,2m). The
solution is spherically symmetric and thus axisymmetric.

In this setup the uniqueness theorem of Schwarzschild can be stated as follows.

Theorem 1.0.1 (Israel-Robinson et al-Bunting/Masood-ul-Alam). The only asymptot-

(DThe spacetime (1.0.3) corresponding to (1.0.4) is just the region of exterior communication of a
Schwarzschild black hole of mass m. The horizon is the boundary 0Xs = {N = 0}. Restricted to
r > R(t) > 2m, the Schwarzschild space models the gravitational field of any isolated but spherically
symmetric physical body of radius R(t). The object itself may be transiting a dynamical process (for
instance in a star), but the spacetime outside remains spherically symmetric and thus Schwarzschild
by Birkhoff’s theorem. If the radius R(t) goes below the threshold of 2m, no equilibrium is possible,
the body undergoes a complete gravitational collapse and a Schwarzschild black hole remains.
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ically flat static black hole data sets are the Schwarzschild black holes.

The classification theorem that we prove claims that, besides Schwarzschild, there
are only two more families of black hole static data sets: the Boosts and the data sets
of Myers/Korotkin-Nicolai type, (from now on M/KN type). Both are, of course, non
asymptotically flat.

The Boosts data sets (Xp; g5, Ng) are given by,

Yp=[0,00) xT? ggp=ds*+h, Np==z (1.0.5)

where (T?;h) is any flat two-torus and z is the coordinate in the factor [0,00). The
origin of these data is simple as the spacetime (1.0.3) associated to the universal cover
of any Boost is the Rindle wedge of the Minkowski spacetime,

S ={(z,y,21):|t| <z}, g=—dt* +dz®+ dy® + dz* (1.0.6)

and the static Killing field is the boost generator z:0;, (hence the name of the family).

Figure 2: A Boost black hole. The grey region is 3 and is diffeo-
morphic to a solid torus minus an open (black) solid torus.
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Figure 3: A ’universal M/KN data’. The grey region is X and
is diffeomorphic to R® minus an infinite number of (black) open
balls. The solution is axisymmetric.
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The data sets of Myers/Korotkin-Nicolai type are defined as any static black hole
data set whose topology is that of a solid three-torus minus a finite number of balls
and whose asymptotic is Kasner. Black holes with such properties were found by Myers
in [21]. They were rediscovered and further investigated by Korotkin and Nicolai in [16],
[15]. The idea of their construction is the following: use first Weyl’s method to find
a ‘periodic’ solution by superposing along an axis an infinite number of Schwarzschild
solutions separated by a same distance L. This gives the ‘universal cover solution’.
Taking suitable covers one obtains M/KN solutions with any number of holes®). The
details of the M/KN data (Xprxn; gmi N, Nakn) won't be relevant for us but for the
sake of completeness the main features of the ‘universal data’ can be summarized as
follows (see [21], [16]). The metric and the lapse have the form,

o >~
Ve N
y _ \
/ = == N
/ // \\ h
Ly -~ (N
/ A \ \
- [
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. \ e
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\ \ \J/ / /
\ \ / y
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Figure 4: A M/KN data with one hole. The grey region is ¥ and
is diffeomorphic to a solid torus minus an open (black) ball. The
solution is axisymmetric.

JMKN = eiw(ezk(d(ﬂz + dpz) + pzdd)g), NygN = e“/z, (107)

where (z, p) are Weyl coordinates (p > 0 is the radial coordinate) and ¢ € [0, 27) is the
angular coordinate. The function w is defined through the convergent series,

W(.’L', P) = wo(x,p) + Z[WO(‘T + nL,p) + WO(*T - NL7p) + %] (108)

n=1

where wq(z, p) is,

— M)? 2 M)? 2 —2M
wo=In&,  Elz,p) = Ve - M2+ 4 @t M) +p (1.0.9)
Vie=M)?+p2+/(z+M)* +p* + 2M
and the function k(z, p) is found by quadratures through the equations,
P P
hp=7W) —wl), ke = Swaw,, (1.0.10)

The metric g, the lapse N and the function k are invariant under the translations

(2) As the Schwarzschild solutions are axisymmetric, they can be superposed along an axis by Weyl’s
method. When superpossing a finite number of holes, angle deficiencies appear on the axis between
them and the solution resulting is non-smooth. This defficiency can be understood from the fact
that a repulsive force must keep the holes in equilibrium. However when infinitely many of them are
superposed along the axis, say at a distance L from each other, no extra force is needed and the angle
defficiency is no longer present. This gives a ‘periodic’ solution that can be quotiented to obtain M/KN
solutions with any number of holes.
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x — x + L, hence periodic. The asymptotic of the solution is Kasner and has the form,
2
IMKN %Clpa /2_a(d1‘2 +dp2) +Cgp2_ad¢2, N]WKN %Cgpa/Q (1011)

where « = 4M/L and 0 < a < 2.

Other solutions also with more than one hole can be constructed by superposing
periodically Schwarzschild holes of different masses but separated at right distances to
prevent struts. In this article the Myers/Korotkin-Nicolai data sets are defined as the
axisymmetric static black hole data sets that can be obtained using the Myers/Korotkin-

Nicolai method. The characteristics of them won’t be relevant to us (for a discussion
see [15]).

The goal of this article is therefore to prove the following classification theorem.
Theorem 1.0.2 (The classification Theorem). Any static black hole data set is either,

(I) a Schwarzschild black hole, or,

(I1) a Boost, or,

(II1) is of Myers/Korotkin-Nicolai type.

It could be that the M/KN data sets are the only black hole static data sets of
Myers/Korotkin-Nicolai type. We leave this as an open problem.

Vacuum static solutions with local symmetries have been investigated since early
days by Schwarzschild [], Levi-Civita [19], [18], Kasner [14], [13], Weyl [34] and many
others, (for a review see [12] and references therein), and there is a good understanding
of them. Without symmetries the problem is vast more complex. The fundamental
uniqueness theorem of Schwarzschild mentioned earlier is perhaps the first

However in 1967 Israel proved that Schwarzschild is unique among the asymptotically
flat black hole static solutions for which the lapse N can be chosen as a global harmonic
coordinate. Although the problem has no stated symmetry it does have definite bound-
ary conditions, namely that 0¥ is a horizon and that the solution is asymptotically flat.
These conditions are enough to grant spherical symmetry and therefore uniqueness. A
relevant aspect of this work is that it makes it evident the importance of the geometry
of the level sets of the lapse in the global geometry of the solution. This will play a
role later when we discuss Kasner asymptotic in Section 7.2. The technical conditions
impossed by Israel were removed by Miiller, Robinson and Seifert in [10] ('73). Later
in 1977 Robinson found a simple proof based on a remarkable integral formula [30] (the
proof required also previous work by Kiinzle [?]). This proved that the only asymptot-
ically flat solution with a connected compact horizon is Schwarzschild. The uniqueness
of Schwarzschild with multiple horizons was settled by Bunting/Masood-ul-Alam in
1986 [4], where it was apparent the important role of the positive mass theorem. Re-
cently other proofs of the Isracl-Robinson theorem were given by the author in [24] and
by Agostiniani and Mazzieri in [1]. In [24] techniques in comparison geometry were used
and in [1] monotonic quantities along the level sets of the lapse were introduced. Some
of the arguments in this article will follow similar ideas though technically distinct.

In [3] (00) M. Anderson carried out a general investigation of static solutions from
a general modern point of view. In particular he proved a fundamental decay estimate
for the curvature and the gradient of the logarithm of the lapse, allowing him to prove
the first uniqueness theorem of the Minkowski solution (as a static solution) without
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assuming any type of assymptotic but just geodesic completeness. Anderson’s estimate
holds too in any dimension, [29]. This was proved by importing some techniques in
comparison geometry & la Backry—Emery that were introduced by J. Case in [6] in a
context somehow related to that of static solutions of the Einstein equations. It turns
out that these techniques in comparison geometry a la Bakry-Emery play a fundamental
role in the first part of the paper as we will explain below. The global study of the lapse
function that we do is based largely upon these ideas.

1.0.1 The idea of the proof and the structure of the article

We pass now to explain the structure of the proof. This should help also the reader as
a guide to understand the main arguments behind the proofs.

Let (X;9,N) be a static black hole data set. The structure of the proof is indeed
simple and consists essentially of proving the following three parts,

1. ¥ has only one end.
2. The horizons are weakly outermost (see Definition 2.1.3).
3. The end is asymptotically flat or asymptotically Kasner.

Once this is achieved the proof of the classification theorem is carried out using know
results. Assume 1-3 hold. First if the data is asymptotically flat then it is Schwarzschild
by the uniqueness theorem. If the data is asymptotically Kasner, then one deduces that
the data is either a Boost or is of M/KN type as follows. As the horizons are weakly
outermost then it follows from results of Galloway [], [], that either the data is a Boost
or every horizon is a totally geodesic sphere. On the other hand if the horizons are
spheres and the asymptotic is Kasner it follows from another result of Galloway [] that
3 is diffeomorphic to an open three torus minus a finite number of open three-balls.
Finally this topology and Kasner asymptotic imply, by definition, that the data is of
M/KN type.

From this point of view above the difficult roots in proving steps 1-3. Their proofs
are entagled through the different sections, so it seems more appropriate to discuss these
sections now, making comments when necessary. The basic argument behind the proof
will be clear afterwards.

The Section 2.1 is dedicated to give the precise definitions and statements of the
article. The classification theorem is stated as Theorem 2.1.6. The section includes a
carefull discussion of the Kasner spaces, and the proof of their uniqueness statement,
which will be used throughout Section 7 when we discuss asymptotic. At the end of this
section we give a definition of Kasner asymptotic addapted to the needs of the proofs.
We will comment on it.

In Section 7?7 we introduce background material, including the notation, terminology
and conventions. Several of these notions have to do with ’scaling’. Scaling plays
a fundamental role in the study of ends in Section ??. In turn, the use of scaling
techniques is possible due to the scale invariance of Anderson’s decay estimates for the
curvature and for the gradient of the logarithm of the lapse, Theorem ??7. We also
include some elementary material on Cheeger-Gromov-Fukaya theory of convergence
and collapse of Riemannian manifold under curvature bounds. This will be necessary
to study the asymptotic of static data sets again through scaling.

The body of the article begins in Section 4 where we discuss the geometry of static
metrics transformed by powers of the lapse, namely metrics of the form N~2¢g where
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g is the static metric of the data set and € is just a coeficient. The main reasons to
study these conformal metrics are the following. First, we will use the properties of
the family of metrics g = N~2¢g with € > 0 to prove that the manifold of a static
black hole data set has only one end, Theorem 4.4.2. This accomplishes step 1. Second,
the proof of step 2, that the horizons are weakly outermost, requires using that the
metric g = N2g is complete away from the boundary(®, Proposition 4.4.3. The proof
of that completeness is done through a careful understanding of the family of metrics
g = N~2¢g for € in a certain range, Theorem 4.3.1. Third, in Section 7 we will rely
exclusively in the conformal metric g to study the asymptotic of data sets. Again it is
necessary to grant that g is complete at infinity.
Making f = —In N the static equations can be cast in the form,

Ricy =0, Asf=0 (1.0.12)
where for any « the oz—Bakry—Emery Riccl tensor Ric§ is defined as,
Ric} == Ric+ VVf —aVfVf, (1.0.13)
whereas the f-Laplacian of a function ¢ is defined as,
A=A — (Vf, Vo) (1.0.14)
These equations are enough to deduce, via a f-Bochner formula (equation ??), that
AIVF?E > 2V (1.0.15)
Then, the short Lemma 4.2.3 shows that if Ric} >0, a >0, and for ¢ > 0 we have,
A¢ > cp? (1.0.16)

then
n

o(p) < (.05 (1.0.17)

In particular [VN/N|? < n/d?(p, %), thus proving one of Anderson’s estimates.
This is the way Anderson’s estimates

. n
[Ricl(p) < —

2 < Ui
Foosy VRN S 5

0.5 (1.0.18)

were re-proved in [| (avoiding thus using some specific issues of dimension three) and
that can be easily generalised to higher dimensions.

As we show in Proposition ?? the structure of these equations is preserved under
conformal transformations by powers of the lapse, namely if § = N~2¢g, then

Ric; =0, Apf=0 (1.0.19)

where o = (1 —2¢ —€?)/(1+¢)? and f = —(1+€)In N. When —1 —v2 < e < —14++/2
then o > 0. Elaborated on the ideas above it is proved in Theorem 4.3.1 that if (X; g) is
metrically complete (and 9% compact and N|x > 0) then for any € € (—1—+/2, —1++/2)

(3)Namely (X5;9) is metrically complete where ¥ is ¥ with a collar around the boundary removed.
Note that the metric g is singular at 9%, so to speak about completeness we need to remove a collar
around 0X.
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the space (X; N~2¢g) is complete.

Spaces with Ric} > 0 with a > 0 but f arbitrary, have been studied in recent years
under the context of comparison geometry.

Acknowledgment

2 MAIN STATEMENTS AND DEFINITIONS

2.1 Static data sets and the main Theorem

Definition 2.1.1. A static (vacuum) data set (X;g,N) consists of a smooth three-
manifold ¥, possibly with boundary, a smooth Riemannian metric g, and a smooth
function N, such that,

(i) (%;9) is metrically complete,
(il) N is strictly positive in the interior £°(= 3\ 0X) of ¥,
(iii) (g, N) satisfy the vacuum static Einstein equations,

NRic=VVN, AN =0 (2.1.1)

The definition is quite general. Observe in particular that ¥ and 0% could be
compact or non-compact. To give an example, a data set (X; g, N) can be simply the
data inherited on any region with smooth boundary of the Schwarzschild data. This
flexibility in the definition of static data set allows us to write statements with great
generality.

A horizon is defined as usual.

Definition 2.1.2. Let (X;g,N) be a static vacuum data set. A horizon is a connected
component of 0% where N is identically zero.

Note that the Definition 2.1.1 doesn’t require 0% to be a horizon, though the data
sets that we classify in this article are those with 9% consisting of a finite set of compact
horizons (¥ is a posteriori non compact). It is known that the norm |VN| is constant
on any horizon and different from zero. It is called the surface gravity.

It is convenient to give a name to those spaces that are the final object of study of
this article. Naturally we will call them static black hole data sets.

Definition 2.1.3. A static data set (3; g, N) with 0¥ = {N = 0} and 0% compact, is
called a static black hole data set.

The following definition, taken from [9], recalls the notion of weakly outermost hori-
zon.

Definition 2.1.4 (Galloway, [9]). Let (3;g,N) be a static black hole data set. Then, a
horizon H is said weakly outermost if there are no embedded surfaces S homologous to
H having negative outward mean curvature.

The next is the definition of data set of Korotkin-Nicolai type that we use.
Definition 2.1.5. A static data set (3;g, N) is of Korotkin-Nicolai type if

1. 9% consist of h > 1 weakly outermost (topologically) spherical horizons,
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2. ¥ is diffeomorphic to a solid three-torus minus h-open three-balls,
3. the asymptotic is Kasner.
We aim to prove

Theorem 2.1.6 (The classification Theorem). Let (3;g, N) be a static black hole data
set. Then, the associated space-time is either,

(I) covered by the Boost, or,
(IT) is the Schwarzschild solution, or,
(IIT) is of Korotkin-Nicolai type.

We do not know if the only solutions of type (III) are the Korotkin-Nicolai solutions.
We state this as an open problem.

Problem 2.1.7. Prove or disprove that the only static solutions of type (II1) are the
Korotkin-Nicolai solutions.

2.2 The Kasner solutions

2.2.1 FExplicit form and parameters

The Kasner data, denoted by K, are R2-symmetric solutions explicitly given by

g = dz? + 2**dy® + 2% d2?, (2.2.1)
N=2a" (2.2.2)

with (z,y, z) varying in the manifold RT x R x R, and where (a, 3,7) satisfy

a+B+~y=1 and o®+p2+~%=1 (2.2.3)
but are otherwise arbitrary. The solutions corresponding to two different triples (v, 8,7)
and (¢, 8,7') are equivalent (i.e. isometric) iff « = 5/, 8 =o' and v =+'.

The metrics (2.2.1)-(2.2.2) are flat only when (a, 5,7v) = (1,0,0),(0,1,0) or (0,0,1).
We will give to them the following names,

A: (a,B,7) =(1,0,0), (2.2.4)
C: (o, 6,7) =(0,1,0), (2.2.5)
B: (a,8,7)=(0,0,1) (2.2.6)

The solution B is the Boost.

Z-actions, Z x K — K, are given by fixing a (non-zero) vector field X, combination
of 8, and 8., and letting n x p — p + nX. The quotients are S'-symmetric static
solutions. Similarly, Z? quotients give S' x S'-symmetric static solutions. Z2-quotient
of the Kasner space will also be called Kasner spaces.

2.2.2 The harmonic presentation

The Kasner spaces in the harmonic presentation are

g = dz? + z¥dy? + x%°d2?, (2.2.7)

10
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A

Figure 5: The circle that defines the range of parameters a, 3, .

U=chz (2.2.8)
where a,b and c satisfy
2 Lo Lo 1
2c +(a—§) +(b—§) =3 and a+b=1 (2.2.9)

Thus, the circle (2.2.3), (see Figure 5), is seen now as an ellipse in the plane a + b =1,
(see Figure 6). The flat solutions A, B and C are,

A: (a,b,¢) =(1,0,0), (2.2.10)

C: (a,b,c)=(0,1,0), (2.2.11)

B: (a,be)=(1/2,1/2,1/2) (2.2.12)
C

Figure 6: The ellipse that defines the range of the parameters a, b
and c.

The Kasner solutions (2.2.7)-(2.2.8) are scale invariant. Namely, for any A > 0,
(Rt x R?; \?g) represents the same Kasner space as (RT x R?;g) does. This can be
seen by making the change

x=Xr, y=A"%, z=\"7"; (2.2.13)

11
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that transforms (2.2.7)-(2.2.8) into

g = dx? + x2%dy? + x**dz?, (2.2.14)
U=chhx—clnA (2.2.15)

Another way to say this is that (1—2¢)t0; +x0; + (1 —a)yd, + (1 —b)20, is a homothetic
Killing of the space-time. The scale invariance can of course be seen also in the original
space (R*xR?; g, N). Note that in general, the isometry that exists between (RT xR?; g)
and (R* x R?; \2g) does not pass to the quotient by a Z x Z-action.

2.2.8 Uniqueness

The Kasner data are the only data with a free R x R-symmetry other than Minkowski.
This is due to [?]. We give now a proof of this fact in a way that becomes useful when
we study the Kasner asymptotic later in Section 7.2.

The proof is as follows. We work in the harmonic presentation (X;g,U), therefore
geometric tensors are defined with respecto g. If the data set (¥;g,U) has a free R%-
symmetry, and is not the Minkowski solution, then U can be taken as a harmonic
coordinate with range in an interval I. Then, on R? x I we can write

g=\dU?+h (2.2.16)

where A = A\(U), and where h = h(U) is a family of flat metrics on R2. Without
loss of generality assume that U = 0 at the left end of I. Let (z1,22) be a (flat)
coordinate system on R? x {0}. In the coordinate system (21, 20, U) the static equation
Ricg = 2VUVU reduces to

Ovhap = 2)\O 4B, (2.2.17)

OuOap = M—004p +20,00%), (2.2.18)
2

OApO1f — 9% = VT (2.2.19)

where © is the second fundamental form of the leaves R? x {U} and § = © { is the
mean curvature. The static equation AyU = 0 reduces to

Ay (@) =0 (2.2.20)

where |h| is the determinant of hsp. Hence
Tv|h| = A (2.2.21)

for a constant I' > 0. This can be inserted in (2.2.17)-(2.2.18) to get the autonomous
system of ODE

Oyhap = 2T/ |h|@AB, (2.2.22)
Oy©Oap =T ‘h|(—9@AB + 2@,40@03), (2.2.23)

12
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The equation (2.2.19) transforms into

2

AB _ p2
2=

(2.2.24)

and (it is direct to see) that it holds for all U provided it holds for U = 0 and (2.2.22)
and (2.2.23) hold for all U. The (2.2.24) is thus only a “constraint” equation. Therefore
the system (2.2.17)-(7.2.64) is solved by giving hap(0),045(0) and T' > 0 satisfying
(2.2.24), then running (2.2.22)-(2.2.23) and finally obtaining A from (2.2.21).

To solve (2.2.22)-(2.2.23) first change variables from U to s, where ds = I'y/[h|dU.
The system (2.2.22)-(2.2.23) now reads

Jshap =20 4g, (2.2.25)
0sOap = —00 45 +20400%, (2.2.26)

Use these equations to check that

00 = -6, (2.2.27)

0,012 = ((“)uhll + @22h22 — 2@12h12)®12 (2.2.28)
Thus, 6 has its own evolution equation which gives 6(S) = 1/(S + 1/6(0)). Moreover
if we choose (z1,22) on {U = 0} to diagonalise h(0) and ©(0) simultaneously (i.e.
hu(O) = 1,h22 = 1,h12(0) = 0 and @12(0) = 0), then (2228) shows that @12 =0
and his = 0 for all s and therefore that the evolutions for hi; and hss decouple to
independent ODEs. With this information it is straightforward to see that the solutions
to (2.2.27)-(2.2.28), which at the initial times satisfy also (2.2.24) are only the Kasner
solutions.

We will use all the previous discussion later in Section 7.2.

2.2.4 Definition of Kasner asymptotic
3 BACKGROUND MATERIAL

1 MANIFOLDS. Manifolds will always be smooth (C*°). Riemannian metrics as well as
tensors will also be smooth.

2 DISTANCE. If g is a Riemannian metric on a manifold X, then
dy(p,q) = inf {Lg (Ypq) * Ypg SMoOOth curve joining p to q}. (3.0.1)

is a metric, where L, is the notation we will use for length. When it is clear from the
context we will remove the sub-index g and write simply d and L.

- If C is a set and p a point then dy(C,p) = inf{dy(q,p) : ¢ € C}. Very often we take
C =0%.

- If C is a set and r > 0, then, define the open ball of “centre” C' and radius r as,

By(C,r) ={peX:d4(C,p) <r} (3.0.2)

- (35 g) is metrically complete if the metric space (X;d) is complete.
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3 BACKGROUND MATERIAL

3 SCALING. Very often we will work with scaled metrics. To avoid a cumbersome
notation we will use often the subindex r (the scale) on scaled metrics, tensors and
other geometric objects. Precisely, let 7 > 0, then for the scaled metric g/r? we use

the notation g,, namely,
1
gr ‘= ﬁg (303)

Similarly, d(p,q) = dg,.(p,q), (X,Y), = (X,Y),,., |X| = |X]|4,, and for curvatures
and related tensors too, for instance if R is the scalar curvature of g, then R, is the
scalar curvature of g,.

This notation will be used very often and is important to keep track of it.
4 ANNULL Let (X; g) be a metrically complete and non-compact Riemannian manifold
with non-empty boundary 0%.

- Let 0 < @ < b, then we define the open annulus Ag(a,b) as
Ag(a,b) ={peX:a<dy(p,dX) < b} (3.0.4)

We write just A(a,b) when the Riemannian metric g is clear from the context.

- When working with scaled metrics g,, we will alternate often between the following
notations

Ar(a,b), Ay (a,b), Ag(ra,rd), (3.0.5)
(to denote the same set), depending on what is more simple to write or to read. For
instance we could write Ay; (1,2) instead of Ag_; (1,2) or Ag(27,2'*7).

- If C is a connected set included in A, (a,b), then we define,
A5 (Csa,b) (3.0.6)

to denote the connected component of Ag4(a,b) containing C. The set C could be for
instance a point p in which case we write AZ(p; a,b).

5 PARTITIONS CUTS AND END CUTS. Let (3;g) be a metrically complete and non-
compact Riemannian manifold with non-empty and compact boundary 0X.

- To understand the asymptotic geometry of data sets, we will study the geometry of
scaled annuli. Sometimes however it will be more convenient and transparent to use
certain sub-manifolds instead of annuli. For this purpose we define partitions. A set
of compact manifolds with non-empty boundary

(Pl 1, j=Josjo+ 1., m=1,2,...,my}, (3.0.7)

(jo > 0), is a partition if,

(a) Py, C A(2'1%,244%) for every j and m,

(b) P, C (A(2'1%7,22F27) U A(2%127,24427)) for every j and m.

(¢) The union Uy, P}, covers X\ B(9%,2%F20),
Figure ?? shows skematically a partition. The existence of partitions is easy and

done (succinctly) as follows. Let jo > 0 and let j > jo. Let f : ¥ — [0,00) be
a (any) smooth function such that f = 1 on {p : d(p,0%) < 272} and f = 0 on

14



4 CONFORMAL TRANSFORMATIONS BY POWERS OF THE LAPSE

{p: d(p,0%) > 22727}, ). Let x be any regular value of f in (0,1). For each j
let Q; be the union of the connected components of ¥\ {f = x} containing at least
a component of 9¥. Then the manifolds P, m = 1,...,m;, are defined as the
connected components of Q;11 \ Q;.

Pt a_Pﬁle be the union of the connected components of 877}7#1 contained in
A(21+2322425) - Similarly, we let 8+ij7”j+1 be the union of the connected components
of 0P contained in A(23+27 94+27Y,

- We let {Sjr,k = 1,...,k;} be the set of connected components of the manifolds
0" Py form =1,...,m;. The set of surfaces

{Sikrd = jor - k=1,... k;} (3.0.8)

is called a partition cut.

- Suppose now that ¥ has only one end. Let {Sjr,7 > jo...,k =1,...,k;} be a
partition cut. For each j one can always remove if necessary manifolds from {S;z, k =
1,...,k;} and consider a subset {S;i,,! = 1,...,l;} such that: if we remove all the
surfaces Sj,, [ = 1,...,1;, from X, then every connected component of 0% belongs
to a bounded component of the resulting manifold, whereas if we remove all but
one of the surfaces Sji,, then at least one connected componet of 0¥ belongs to an
unbounded component of the resulting manifold. The set of surfaces

{SjkmjZjOa"'7l:1a"'alj} (309)

is called an end cut.

- If an end cut {Sjk,, 5 > jo,l =1,...,l;} has [; =1 for each j > jo then we say that
the end is a simple end cut and write simply {S;}.

- If {S;} is a simple end cut and jo < j < j’ we let U; ;s be the compact manifold
enclosed by S; and Sj.

We begin stating a simple fact (easily proved arguing by contradiction). We will
use this below. Let v be a ray and fix an integer k£ > 2. Then, given € > 0 there are
d > 0 and ro > 0 such that for any p € v with r = r(p) > 79, such that the annulus
(AS(p;1/2,2); gr) is d-close in the GH-distance to the segment [1/2,2], then there is a
neighbourhood B of A¢(p;1/2,2) and a finite cover B such that (B;§,) is e-close in C*
to a T2-symmetric flat space ([1/2,2] x T?; gr). Furthermore, there is 6y > 0 small, such
that if € is chosen small enough and (A%(p;1/2,2); g,-) is d-close in the GH-distance to
the segment [1/2,2] and the mean curvature f of the torus {1} x T2 in ([1/2, 2] xT?; gr)
is less or equal than 6, then (A% (p';1/2,2);g,) is 26/3-close in the GH-distance to the
segment [1/2,2] where p’ is the point in v such that v’ = r(p’) = 2r.

4 CONFORMAL TRANSFORMATIONS BY POWERS OF THE LAPSE

In this section we study conformal transformations of static metrics by powers of the
lapse from from a point of view & la Backry-Emery. Subsection 4.1 explains the struc-
ture of the conformal equations (Proposition ??7). Subsection 4.2 proves generalised

() Consider a partition of unity {x;} subordinate to a cover {B;} where the neighbourhoods B; are
small enough that if B; N {p : d(p, 0T) < 2'+27} % ) then B; N {p : d(p, L) > 2272/} = (). Then define
f=2ierxi, where i € Iiff B; N {p:d(p,0%;) < 21423} £ .
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4 CONFORMAL TRANSFORMATIONS BY POWERS OF THE LAPSE

Anderson’s decay estimates for the conformally related data (Lemma ?7). Section 77
shows metric completeness of the manifolds (3;5 = N~2¢g) (provided 9% is compact
and N|s > 0), Theorem ??. In Section ?? a few important remarks are pointed out on
the conformal data (3; N~2¢g) of a static data (3;g), (Proposition ?7).

In section ?? we make a few important remaks on the conformal data (X;§ = N ~2¢g)

4.1 Conformal metrics, the Bakry-Emery Ricci tensor and the static equa-
tions

Given a Riemannian metric g, function f and constant «, the a-Bakry-Emery Ricci
tensor Ric} is defined as (see [33]; note that [33] uses the notation 1/N instead of a),

Ric$ := Ric+VVf —aVfV], (4.1.1)

where the tensors Ric and V on the right hand side are with respect to g. The f-
Laplacian Ay acting on a function ¢ is defined as

Arp:=Ap— (Vf, Vo) (4.1.2)
where again A on the right hand side are with respect to g and ( , ) = g(, ). Now
observe that letting f := —In N, the static Einstein equations (2.1.1) read

Ric=-VVf+VfVf, Af—(Vf,Vfy=0 (4.1.3)

In the notation above, this is nothing else than to say that
Ric} =0, Arf=0 (4.1.4)

with @« =1 and f = —In N. It is an important fact that the structure of these equations
is preserved along a one parameter family of conformal transformations. The following
calculation explains this fact.

Proposition 4.1.1. Let (X;g9,N) be a static data set. Fized € define
g= N"%y. (4.1.5)
Then,
Ric; =0, A;f=0 (4.1.6)
where a = (1 —2e —€2)/(1+¢)? and f = —(1 +€)InN.

We used the notation Ric for Ricg and A for Ag.
Note that when € = —1, we obtain o = +00, f = 0 and m? = Ric—2VInNVInN.
In particular we recover Ric = 2VIn NVInN.

Proof. We prove first Ay f = 0. Recall from standard formulae that if g = e?¥g then
for every ¢ we have

A = Bg — (Vo, Vit (4.1.7)

Making ¢ = InN and e¥ = N~¢, the left hand side of (4.1.7) is equal to —|[VIn N2
because AInN = —|[VInN|2. Thus (4.1.7) is AlnN — (VIn N, —(1 +¢)VInN)z = 0
as wished.
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Let us prove now E}“ = 0. Recall first that if § = ¢*¥¢ then
Ric = Ric — (VV¢y — VyV) — (Ay + |VY|?)g (4.1.8)
Choosing 1) = —eIln N and replacing Ric by (4.1.3) then gives
Ric=(1+e6)VVInN 4+ (1+)VInNVInN — (e + €3)|VIn N|%g (4.1.9)
Use now the usual general formula
ViV = ViV = [V;Vih + V;V 9 — (VFV i) gi5] (4.1.10)
with V7 = V;InN and with ¢ = —eIn IV, to obtain
VVlnN:vVthfe[ZVlnNVth—|VlnN|2g} (4.1.11)
Plugging (4.1.11) in (4.1.9) gives
Ric=(14+e)VVInN + (1 — 26 — ) VInNVIn N (4.1.12)
which is m? = 0 as claimed. O

4.2 Conformal metrics and Anderson’s curvature decay

In [2] Anderson proved the following fundamental quadratic curvature decay for static
data sets.

Lemma 4.2.1 (Anderson, [2]). There is a constant n > 0 such that for any static data
set (X;9,N) we have,

_n
d?(p,0%)’

IVInNP(p) < b — (4.2.1)

) <
|Ric|(p) < 20,05’

for any p € X°.

This decay estimate is linked to a similar one for the metric g = N2g that we state
below. It was proved also by Anderson in [2]. We require N > 0 everywhere and not
only on X°, to guarantee that g is regular on 0%. Note that imposing N > 0 on X, does
not make (X; g = N2g) automatically metrically complete. Indeed if Y is non-compact
then N could tend to zero over a divergent sequence of points and this may cause the
metric incompleteness of the space (X; g).

Lemma 4.2.2 (Anderson [2]). There is a constant ) > 0 such that, for any static data
set (359, N) with N > 0 and for which (X;9 = N2g) is metrically complete, we have

n

. Ui
|RZCQ|Q(p) S ’
d2(p,0%)

[VInN[Z(p) < e
‘ d2(p, 9%)

(4.2.2)

for any p € X°.

The estimates (4.2.1) and (4.2.2) are particular intances of a whole family of es-
timates for the conformal metrics § = N~2¢g, with € ranging in the interval (—1 —
V2, -1 + /2) which is the interval where the polynomial 1 — 2¢ — €2 is positive. We
prove the estimates below using the results in Section 4.1. As a byproduct we provide
concise proofs of Lemmas 4.2.1 and 4.2.2. This will be the goal of this section.
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We start with a lemma that to our knowledge is essentially due to J. Case [6] (though
similar techniques are well known too at least in the theory of minimal surfaces). This
lemma was first presented in [23], but due to its importance we prove it again here.

Lemma 4.2.3. Let (X,g) be a metrically complete Riemannian three-manifold with
Ric§ > 0 for some function f and constant o > 0. Let ¢ be a non-negative function
such that

Apgp > co? (4.2.3)

for some constant ¢ > 0. Then, for any p € 3° we have

o(p) < m (4.2.4)
where n = (36 +4/a)/c.

Observe that the lemma applies too to manifolds with Ric > 0 as this corresponds
to the case Rict_q >0 for any a > 0.

Proof. For any function x the following general formula holds

Ap(xd) = d(Asx) +2(VX, Vo) + xAso (4.2.5)
Thus, if x > 0 and if ¢ is a local maximum of x¢ on ¥°, we have

[Vx/|?

0> [Af(xqb)] — (4.2.6)

> {fo -2 ¢+ cxﬂ
q

q

where to obtain the second inequality we used (4.2.3). Let r, = d(p, 0X). On B(p, ) let

the function x(z) be x(z) = (r2—r(x)?)?. To simplify notation make r = r(z) = d(z, p).
Let ¢ be a point in the closure of B(p,r,) where the maximum of x¢ is achieved. If
¢(q) = 0, then ¢ = 0 and (4.2.4) holds for any 1 > 0. So let us assume that ¢(q) > 0.

In particular p belongs to the interior of B(p,r,). By (4.2.6) we have
2
{2 Vx[* A x]
X

= {4(@ —r?)rApr + 47“5 + 20r2}

IN

crpd(p) < c(x¢)(q) (4.2.7)

q

(4.2.8)

q

But if Ric§ > 0 then Ayr < (3+1/a)/r, (see [33] Theorem A.1; On non-smooth points
of 7 this equations holds in the barrier sense(®)). Using this in (4.2.7) and after a simple

computation we deduce,
(43+ 1/a) + 24)

2
C’I"p

which is (4.2.4). O

o(p) < : (4.2.9)

Let us see now an application of the previous Lemma. Let (X; g, N) be a static data
with N > 0. Let € be a number in (—1 — v/2, —1 4 1/2) and assume that the space (%;
g = N~2%¢g) is metrically complete. We claim that there is 7(¢) > 0, such that for all

(5)This is an important property as it allows us to make analysis as if r were a smooth function,
see [22].
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p € X° we have

[VInN2(p) < d% (4.2.10)

Let us prove the claim. Assume first € # —1. From Lemma 4.2.3 we know that W? =0
where f = —(1+¢€)In N and where o = (1 — 2¢ — €2)/(1 + €)?. The factor (1 — 2¢ — €2)
is greater than zero by the assumption on the range of e. Now use the general formula
(see [6])

SV = (VY02 + (Vo, V(B9 + Tic; (V6,V6) + (VL V), (42.11)
with ¢ = In N, together with %? = 0, to obtain

Af|[VInN[2 > 2(1 -2 — ) |VInN|3 (4.2.12)

and thus (4.2.10) from Lemma 4.2.3. When ¢ = —1 then W?:o > 0 for any a > 0 and

Aj—o|VIDNZ > 4|VInN[: (4.2.13)

The claim again follows from Lemma 4.2.3.
Note that Lemma 4.2.3 provides the following explicit expression for 7(e),

n(e) = 1 36 + 4(1 + €)?

2(1 _26_62) (1 _26—62) (4214)

What we just showed is a part of the generalised Anderson’s quadratic curvature
decay mentioned earlier, that we now state and prove.

Lemma 4.2.4. Let € be a number in the interval (=1 — /2, —1 + +/2). Then there is
n(€) such that for any static data set (¥; g, N) with N > 0 and for which (X;§ = N~2¢g)
is metrically complete, we have,

[Ricly(p) < CHZ)(;E) IV In N2(p) < CHZ)(;E) (4.2.15)

for any p € X°.

Proof. We have already shown the second estimate of (4.2.15). If 9 = () then N is
constant and g is flat. So let us assume that 03 # (). Let p € ¥°. By scaling we can
assume without loss of generality that N(p) = 1 and d, = dg(p,0%) = 1. In this setup,
we need to prove that

Fely(p) < coe), (1.2.16)

for ¢g independent of the data.
The second estimate of (4.2.15) yields,

[VInN|z(z) < e, (4.2.17)
for all € Bg(p,1/2) and where ¢; = ¢;(€) is independent of the data. Therefore, as,

Ric=(14+¢)VVInN + (1 — 26— ) VInNVIn N, (4.2.18)
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then to prove (4.2.16) it is enough to prove
|VV In N(p) < c(e) (4.2.19)

for a c¢j(e) independent of the data.
Let v(s) be a geodesic segment joining p to 2. Then we can write,

’111

N(z)
- / < g < . .
N(p>| |/v7 In Nds| < /|v1nN\gds <ec1/2 (4.2.20)

where we used (4.2.17). Because N(p) = 1, this inequality gives,
0<ca<N(zx)<cz3<o0 (4.2.21)

for all © € Bg(p,1/2) and where ¢y = ca(€) and ¢z = c3(e).

Let g = N?t2¢G = N2g. If € > —1 let 79 = ¢3¢, whereas if € < —1 let 79 = c5**.
Then, clearly Bgy(p,70) C Bg(p,1/2). Moreover (4.2.17) and (4.2.21) show that for all
x € By(p,m0) we have,

|VInN|g(z) < eqle), (4.2.22)

As Ricg =2VIn NVIn N, we deduce that
|Ricg|g(x) < c5(€) (4.2.23)

for all # € Bg(p,7m0). In dimension three the Ricci tensor determines the Riemann
tensor, so,
[Rmglg(x) < co(e) (4.2.24)

Hence, by standard arguments, there is r1(e) < ro such that the exponential map
exp : B] (p,r1) = ¥, is a diffeomorphism into the image, (B] (p,r1) is a ball in T,X).
Let g be the lift of g to Bg_(p7 r1) by exp~!. We still have the bound (4.2.24) for g
and as the injectivity radius injy(p) is bounded from below by rq, then the harmonic
radius ip(p), which controls the geometry in C? (see [22]), is bounded from below by
ro(e) <ri. As Azln N =0, then standard elliptic estimates give

V8V In N|;(p) < cr(e), (4.2.25)

where V? is the covariant derivative of §. Finally, (4.2.21), (4.2.22), (4.2.25) and the
general formula,

VVILN =VVInN - (1+¢)2VInNVInN — |[VIn N|3g] (4.2.26)

provide the required bound (4.2.19). This completes the proof. O

It is easy to check using elliptic estimates that the proof of the Lemma (4.2.4) leads
also to the estimates

=

VS Ricl(p) < O VYV In N 2(p) < __ml9 (4.2.27)

- d§+k(p7 62)7 - d§+2k(p, az)

for every k > 1, where ARV applied k-times and where the positive constants 7(e),
m(e), n2(€), n3(€), ... are independent of the data set.
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4.3 Conformal metrics and metric completeness

In this section we aim to prove that metric completeness of data sets (with N > 0 and
0% compact) imply the metric completeness of the conformal spaces (X;g§ = N ~2¢g) for
any € in the range (—1 —v/2, —1 +v/2). Note that until now, when it was necessary we
have benn including the completeness of the metrics g as a hypothesis.

Theorem 4.3.1. Let € be a number in the interval (—1 — /2, =1+ v/2). Let (¥;g,N)
be a static data set with N > 0 and 0% compact. Then (3;G = N~2¢g) is metrically
complete.

We start proving a corollary to Lemma 4.2.4 that estimates V.

Corollary 4.3.2. (to Lemma 4.2.4) Let ¢ be a number in the interval (—1 — /2, —1 +
V2). Let (X;9,N) be a static data set with N > 0 and 0¥ compact, and for which
(3,9 = N~2%¢q) is metrically complete. Then, there is ¢ > 0 (depending on the data)

such that 1

(1 + dg(p, 0%))V7 < N(p) < c(1 + dg(p, X))V (4.3.1)

for any p € ¥°, where n = n(e) is the coefficient in the decay estimate (4.2.15) of
Lemma 4.2.4.

Proof. Let p € ¥ such that 81, = dg(p,0%X) > 1. Let v(5) be a g-geodesic segment joining

0 to p and realising the g-distance between them (in particular N(y(d,)) = N(p)).
Then we can write

N(v(dp))‘
N(y(1)

where to obtain the last inequality we have used (4.2.10). Therefore,

In

a, B
< / |VInN|ds < v/n(e) Ind, (4.3.2)
1

dyp
= ‘/ V’Y' lnNd§
1

N(p) < N(y(1)dy" and N(p) > N(v(1))/d)” (4.3.3)

Thus,
md)" > N(p) > m/dy" (4.3.4)

where T = max{N(q) : dg(q,0%) = 1} and m = min{N(q) : dz(q,0%)}. This clearly
implies (4.3.1). Obtaining (4.3.1) for all p € X°, namely even for those with d,, < 1, is
direct due to the compactness of 9. O

Proposition 4.3.3. Let ¢ be a number in the interval (—1—+/2, —14++/2). Let (X; g, N)
be a static data set with N > 0 and for which (3,5 = N~%¢g) is metrically complete.
Then, for any ¢ such that |C| < 1/(2y/7), the space (25 N2¢g) is metrically complete,
where n = n(e) is the coefficient in (4.2.15).

Proof. Let us assume that 3 is non-compact otherwise there is nothing to prove. Let
g = N*¢g. To prove that (¥;g) is complete, we need to show that the following holds:
for any sequence of points p; whose g-distance to 0% diverges, then the g-distance to
0% also diverges. Equivalently, we need to prove that for any sequence of curves «;
starting at 9% and ending at p; we have

/ * N (as(8))d5 —» 00 (4.3.5)
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where 5 is the g-arc length of «; counting from 93.
From (4.3.1) we get,

—l¢|
N<(p) > ¢ 4.3.6
V)= T gypom)av (439
for all p. But, dg(a;(5),0%) <5 and |¢| < 1/(2,/7), so we deduce,
C _ C_IC‘
N®(ai(3)) > T (4.3.7)
Thus,
Si o Si e l¢] B
as 5; — oo as wished. O

We prove now Theorem 4.3.1.

Proof of Theorem 4.3.1. Let € € (—1 — /2, —1 + /2). Assume ¢ # 0 otherwise there is
nothing to prove. Let n > 0 be an integer such that for any i = 0,1,...,n — 1,

€ 1

Sl - 4.3.9

5= 24/n(ie/n) (439
where 7 is the coefficient in (4.2.15). According to Proposition 4.3.3, the condition
(4.3.9) says that if §; = N~2(¢/") g is complete then so is §; , ; = N~2¢/ng, = N—2(+1)e/ng
for any ¢ = 0,1,...,n — 1. Therefore, as g is complete, then so are g;, G,, g5, until
7, = N72¢g as wished. O

4.4 Applications.
4.4.1  Conformal transformations of black hole metrics

Let (X;g,N) be a static black hole data set. We denote by X5 the manifold resulting
after removing from X the g-tubular neighbourhood of 9% and radius 6, i.e. X5 =
¥\ B(0%,0). Let 6o be small enough that 0% is always smooth and isotopic to 9% for
any § < dg.

Given € > 0 let g = N~=2¢g. Let § > 0 such that § < 6. The second fundamental
form © of 9%, (with respect to g and with respect to the inward normal to Xs), is

VN

é:NE@_GNl,Eg

(4.4.1)

where O is the second fundamental form of 0%s with respect to g and n is the inward
g-unit normal. If we let 6 — 0, the function V, N|ss, converges (on each connected
component) to a positive constant (the surface gravity) while N|gx, converges to zero.
Hence if ¢ is small enough, the second term on the right hand side of (4.4.1) dominates
over the first, and the boundary 0 is strictly convex with respect to g.

Combining this discussion with Theorem 4.3.1 we deduce the following Proposition
that was proved for the first time in [27] and that will be used fundamentally in the
next section.
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Proposition 4.4.1. Let (X;9,N) be a static black hole data set. Then, for every
0<e<—14++2thereis0 < § < §y such that (Xs5;9 = N~2¢g) is metrically complete
and 0% is strictly convex (with respect to § and with respect to the inward normal).

The Riemannian spaces (Xs;g) have a metric, as discussed earlier, that we will
denote by dg. The strict convexity of the boundaries as well as the metric completeness
of the spaces (X5;9) imply two basic, albeit important, geometric facts:

(i) The distance dg(p, q) between two points in 3y is always realised by the length of
a geodesic segment joining p to ¢, and disjoint from 935 except, possibly, at the
end-points p and gq.

(ii) Given a curve I embedded in ¥5 and with end-points p and ¢, there is always a
geodesic segment minimising length in the class of curves embedded in ¥, isotopic
to I and having the same end-points. The minimising segment is disjoint from
0% except, possibly, at the end points p and q.

These properties allow us to make analysis as if the manifold ¥s were in practice
boundaryless, and thus to import a series of results from comparison geometry, as
developed for instance in [33], without worrying about the existence of the boundary.

4.4.2  The structure of infinity

The following proposition shows that static black hole data sets have only one end and
moreover admit simple end cuts.

Proposition 4.4.2. Let (3;g,N) be a static black hole data set. Then ¥ has only one
end. Moreover (X;¢g) admits a simple end cut.

Proof. We work with the manifolds (35,9 = N~2¢g) from Proposition 4.4.1, with 0 <
€< —1++/2and 6 = d(e) < Jy. We argue first in a fixed (Xs;7) and then let € — 0.
If iy > 1, i.e. if ¥ has at least two ends, then X5 has also at least two ends. Hence
Y5, (which has convex boundary) contains a line diverging through two of them. The
presence of a line is relevant because, even having %5 # ), the geometry of (X5;g, V) is
such (recall the discussion in Section 4.4.1) that the Splitting Theorem as proved in [33]
applies (%), More precisely, repeating line by line the proof of Theorem 6.1 in [33], one
concludes that (see comments below after (a), (b) and (c)),

(a) there is a smooth Busemann function bF, (b* in the notation of [33]), with
|Vb |7 =1 and whose level sets are totally geodesic,

(b) the Ricci tensor is zero in the normal direction to the level sets, that is

Ric(Vbl,—) =0, (4.4.2)

(c) N is constant in the normal directions to the level sets, that is (Vb , VN)z = 0.

(6) Theorem 6.1 in [33] is stated for spaces with Ric(} > 0 and f bounded. The boundedness of f is
required to have a Laplacian comparison for distance functions (§ [33] Theorem 1.1). No such condition

on f (hence on N, because f = —(1 4+ €)In N) is required in our case, as we have ﬁ(} = aV fVf with
a > 0 and a Laplacian comparison holds without further assumptions (§ [33], Theorem A.1).
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The item (a) is what is proved in Theorem 6.1 of [33] and requires no comment. The
items (b) and (c) follow instead from formula (6.11) in [33] after recalling that in our
case we have m(} =aVfVf, with f=—(14+¢€)InN and a > 0.

Of course (a) implies that g locally splits. Namely, defining a coordinate x by = b™,
one can locally write § = dz? + h, where h is the metric inherited from g on the level
sets of z, that (under a natural identification) does not depend on z.

The conclusions (a), (b) and (c) imply a contradiction as follows. Fix a point p in

5, and take a sequence €; — 0. Then, in a small but fixed neighbourhood U of p, the
sequence bl sub-converges to a limit function by, with the same properties (a), (b),
(c) as each bf but now on (U;g, N), (7). Hence (U;g) also splits. We claim that the
Gaussian curvature & of the level sets of bf in U is zero. Indeed, as: (i) the level sets
of by are totally geodesic by (a), (ii) Ric(Vb{,Vb{) = 0 by (b), and (iii) the scalar
curvature R of g is zero by the static equations, then the Gauss-Codazzy equations yield
k =0. As (U;g) is flat then the static solution is flat everywhere by analyticity. The
only flat solution with compact boundary is the Boost. As Boots have only one end we
reach a contradiction. Hence i, = 1.

Let us prove now that (¥;g) admits simple cuts. Let {Sjx,j = 0,1,2,...,k =
1,...,k;} be an end cut. Suppose that k; > 1 for some j > 0. If we cut ¥ along Sj;;
we obtain a connected manifold, say ¥/, with two new boundary components, say S
and S, both of which are copies of Sj1 (if cutting ¥ along Sj; results in two connected
components then k; = 1 because of how simple cuts are constructed). Consider another
copy of ¥, denoted by ¥” and denote the corresponding new boundary components as
Sy and 8. By gluing S to S5 and S5 to S7' we obtain a static solution (a double cover of
the original) with two ends, and one can proceed as earlier to obtain a contradiction. [J

4.4.8 Horizons’s types and properties

The following Proposition, about the structure of horizons, makes use of Sections 5 and
4.4.2 and a combination of results due to Galloway [?], [?].

Proposition 4.4.3. Let (3;g,N) be a static black hole data set. Then, either

(i) (%;9,N) is a Boost and therefore 9% is a totally geodesic flat torus, or,

(ii) every component of 0% is a totally geodesic, weakly outermost, minimal sphere.

Proof. The idea is to prove that every component H of 9% is a weakly outermost. Then,
it is direct from Theorem 1.1 and 1.2 in [9] that either H is a sphere or is a torus and
if it is a torus then the whole space is a Boost. So let us prove that every component is
weakly outermost.

Let {Hi,...,Hy}, h > 1, be the set of horizons, i.e. the connected components of
0%.. Assume that there is an embedded orientable surface S, homologous to one of the
H’s, (say Hy), and with outer-mean curvature g strictly negative. For reference below
define the negative constant c as

=su bsta) ,
c= p{N(q) .qES} (4.4.3)

Let {S;,j = jo,Jj1,...} be a simple end cut of (¥;g) (Proposition 4.4.2). For each j,
let Q(0%,S;) be the closure of the connected component of 3\ S; containing 0X. Let

(M The existence of the limit is easy to see because \Vbj|§ = 1 and the level sets of bd are totally
geodesic, (for every €). At every point the level set is just defined by geodesics perpendicular to Vb
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U be the closed region enclosed by H; and S and assume that jg is large enough that
S;NU = 0 for all j > jo. For every j > jo let M; be the closed region enclosed by
S,Hy, ..., Hp, and S;, that is M; = Q(0%,S;) \ U°. Finally let

M; =M\ (HyU...UHy) (4.4.4)

and note that now 8Mj =SUS;. On Mj consider the optical metric g = N ~2g.
The Riemannian space (M 43 G) is metrically complete, (roughly speaking the horizons
H;,i > 2 have been blown to infinity).

Now, for every j > jo let v; be the g-geodesic segment inside Mj, realising the
g-distance between S and §;. The segments ; are perpendicular to S. Also, as they
are length-minimising the g-expansion @ of the congruence of g-geodesics emanating
perpendicularly from S, remains finite all along ;. Let s € [0, s;] be the g-arc-length of
v; measured from S. Note that s is not the arc-length with respect to g, that would be
natural. We are going to use this parameterisation of v; below. Observe that s; — oo
as j — oo.

Along v;(s) let

2 dN(y(s))
N2(v;(s))  ds

Then, as shown by Galloway [8] (see also [20]), the function F satisfies the following
differential inequality

F(s) = 0(v;(s)) + (4.4.5)

dF N

o< 2 4.4.6

ds — 2 ( )
Now, a simple computation shows that F(0) = 6(0)/N(0) < ¢ < 0. But from (4.4.5) it
is easily deduced that if

/0 7 Ny (s))ds > —% (4.4.7)

then there is s* € (0,s;) such that F(s*) = —oo, thus 6(s*) = —oo and the 7;
would not be g-length minimising. Thus, a contradiction is reached if we prove that
Jo? N(7;(s))ds — co. But his follows from the completness of the metric g = N2g from
Theorem 4.3.1.

O

4.4.4 The ball-covering property and a Harnak-type of estimates for the Lapse

Let (X;9,N) be a static data set. In [3], Anderson observed that as the four-metric
NZ2dt? + g is Ricci-flat, then Liu’s ball-covering property holds. Namely, for any b > a >
d > 0 there is n and rg such that for any r > rg the annulus A(ra, rb) can be covered
by at most n balls of g-radius ré centred in the same annulus (equivalently A,(a,b)
can be covered by at most n balls of g,-radius § centred in the same annulus). Hence
any two points p and ¢ in a connected component of A, (a,b) can be joined through a
chain, say a4, of at most n+2 radial geodesic segments of the balls of radius ¢ covering
A, (a,b). On the other hand Anderson’s estimate implies that the g,-gradient |V In N/,
is uniformly bounded (i.e. independent on r) on A, (a—d,a+¢) and therefore uniformly
bounded over any curve ap,. Integrating |VIn N|, along the curves a,q and using the
bound we arrive at a relevant Harnak estimate controling uniformly (i.e. independly of
r) the quotients N(p)/N(q). The estimate is due to Anderson and is summarised in the
next Proposition (for further details see, [27]).
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Proposition 4.4.4. (Anderson, [3]) Let (¥;g, N) be a static data set and let 0 < a < b.
Then,

1. There is 7o and n > 0, such that for any r > ro and for any set Z inluded in a
connected component of A.(a,b) we have,

max{N(p):p € Z} <nmin{N(p) : p € Z} (4.4.8)

2. Furthermore, if r; — 0o and if Z; is a sequence of sets such that for each i the set
Z; is included in a connected component AS (a,b) of A, (a,b) and we have,

max{|VInN|., (p) : p € Af (a/2,20)} — 0 (4.4.9)
then,
max{N(p) :p € Z;}
(N p ezt b (4.4.10)
as i — 00.

Let (¥;9,U) be a static data set in the harmonic presentation (assume N > 0). We
have shown that (¥; g) is metrically complete and that |VU |3 decays quadratically. But
as Ricg > 0 Liu’s ball covering property also holds on (¥; g). Repeating then Anderson’s
argument we arrive at the following Harnak estimate but in the harmonic presentation.

Proposition 4.4.5. Let (X;9,U) be a static data set and let 0 < a < b. Then,

1. There is 7o > 0 and n > 0, such that for any r > ro and set Z included in a
connected component of A.(a,b) we have,

max{U(q) : ¢ € Z} <n+min{U(q) : g € Z}, (4.4.11)

2. Furthermore, if r; — 0o and if Z; is a sequence of sets such that for each i the set
Z; is included in a connected compoent A5 (a,b) of Ay, (a,b) and we have,

max{|VU

ri(q) 1 q€ A7 (a/2,2b)} =0 (4.4.12)

then,
max{U(q) : ¢ € Z;} —min{U(q) : g€ Z;} = 0 (4.4.13)

as v — 00.

Both propositions will be used later.

4.4.5 The asymptotic of isolated systems.

Theorem 4.3.1 shows that if N > 0 and 9% is compact then (3; g = N2g) is metrically
complete. On the other hand it was proved in [25], [26], that if ¥ is diffeomorphic
to R3 minus a ball and g is complete then the space (¥;g, N) is asymptotically flat.
Combining these two results we obtain that: if 3 minus a compact set K is diffeomoprhic
to R? minus a closed ball then the data set (X; g, N) is asymptotically flat. Asymptotic
flatness is thus characterised only by the asymptotic topology of X.

This fact has physically interesting consequences. Following physical intuition define
a static isolated system as a static space-time (R x ¥; —N2dt? + g), (0% = () and (Z; g)
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metrically complete), for which there is a set K C ¥ such that ¥\ K is diffeomoprhic
to R? minus a closed ball and such that the region R x (X \ K) is vacuum (i.e. matter
lies only in R x K). The most obvious example of static isolated system one can think
of is that of body like a planet or a star. Then, using what we explained in the previous
paragraph, static isolated systems are always asymptotically flat. This conclusion was
reached in [27] but requiring as part of the definition of static isolated system that the
space-time is null geodesically complete at infinity. What we are showing here is that
this condition is indeed unnecessary and the completeness of the hypersurface (3; g) is
sufficient.

5 GLOBAL PROPERTIES OF THE LAPSE

We aim to prove that the lapse N of any black hole data set is bounded away from zero
at infinity, namely that there is ¢ > 0 such that for any divergent sequence p,, we have
lim N(p,) > c.

Theorem 5.0.1. Let (X; g, N) be a static black hole data set. Then, N is bounded away
from zero at infinity.

The proof of this theorem will follow after some propositions that we state and prove
below.

Proposition 5.0.2. Let (X5;g) be a space as in Proposition 4.4.1, with 0 < € < 1/4.
Let p and q be two different points in Y5 and let v : [0,L] — X5 be a g-geodesic
(parameterised with the arc-length 5) starting at p and ending at ¢ and minimising the
g-length in its own isotopy class. Then, for any 0 < s <t < L we have

(t—s) (t—s) N(y(1)) (t—s)  (t—s)
—4/50 <Iln|—+%| <4/50 5.0.1
\/ [ s +L—t = N(v(s))]| — s +L—t ( )
Note that in this statement, s, t —s and L —t are, respectively, the g-distances along
v between the pairs of points (p,y(s)), (v(s),v(¢)) and (y(¢), q).

Proof. Let f and « be as in Proposition 4.1.1. Let -, s and ¢ be as in the hypothesis.
Let 0(3) be the expansion along v of the congruence of geodesics emanating from p,
where 3 is the arc-length. From (4.1.6) we can write

m;/2:%+ﬁf—§vaf:%wvf (5.0.2)

where 0 < a because 0 < € < 1/4 < —1++/2. Let 0 = 0 — f" where f' = df (v(3))/d5.
As shown in [33], (5.0.2) implies that,

’ <—;02—g(f’)2:7a2027b2 N : (5.0.3)

F="2/a+371 2 f N o

where ' = d/ds and
1 (1+€)a
2 2
=~ and p2=1"9¢ 0.4
a ate an 5 (5.0.4)
From the differential inequality ¢ < —a?¢} we deduce,

0,(s) < — (5.0.5)

7(s) < = 0.
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and also we deduce 1

0;(t) > R (5.0.6)

because if 07 (s) < —7 then there exists r, with ¢ < 7 < L, for which §4(r) = —oo,
and therefore 6(r) = —oo, contradicting that + is length minimising within its isotopy
class.

Hence, we can use (5.0.5) and (5.0.6) and 6, < —b*(N’/N)? to deduce

‘m 1]58 g ‘/t ]]\\Clds2 <(t—s) /: (%)2@ (5.0.7)
<(t- s)b%(af(s) —0,(1)) < (’;Q_bj) (i 4 Ll_t> (5.0.8)

which gives (5.0.1) if one observes that 1/a?b? < 50, after a short computation involving
(5.0.4), the form of a from Proposition 4.1.1, and the fact that € < 1/4. O

Proposition 5.0.3. Let (3;g,N) be a static black hole data set. Let Sy and Sz be two
disjoint, connected, compact, boundaryless and orientable surfaces, embedded in X°. Let
W R — X° be a smooth embedding, intersecting S1 and Sa only once and transversely
and with W (t) diverging as t — +oo. Then, there is p1 € S1 and ps € Sy such that

N(p1) = N(p2).

Proof. We work in a manifold (X5;9) as in Proposition 4.4.1 and with 0 < € < 1/4.
Assume thus that 0 is small enough that (W US; US,) C X§. Orient W in the direction
of increasing ¢. Orient also &1 and S in such a way that the intersection number
between S and W, and between Sy and W, are both equal to one. All intersection
numbers below are defined with respect to these orientations.

Redefine the parameter ¢ if necessary to have W(—1) € S; and W (1) € S,. Then, for
every natural number m > 1 let v,,(3) be a g-geodesic minimising the g-length among
all the curves embedded in X¢, with end points W(—1 —m) and W (1 + m) and having
non-zero intersection number with S; and Sp, ®). We denoted by 3 the g-arc length
starting from W(—1 — m). The g-length of ~,, is denoted by L,,.

We want to prove that there are points pl, := v (55,) € S1 and p2, == v, (32,) € Sa,
(for some 5}, and 52,), with |52, — 5}, | uniformly bounded above. Once this is done the
proof is finished as follows. As the initial and final points W(—1 —m) and W (1 + m)
get further and further away from S; and S, then we have 3. — oo, 32, — oo,
Ly, — 382 — 0o, and L,, — 3. — oo. Therefore we can rely in Proposition 5.0.2 used
with v = v, 7(s) = pL,, and y(t) = p?,, to conclude that

lim [N (ph,) — N(p2)| =0 (5.0.9)

m— 00

Hence, if p; is an accumulation point of {p},} and p, an accumulation point of {p?,}
we will have N(p1) = N(p2) as desired.

(8)The existence of such geodesic is as follows. Let C be the family of all curves joining W(—1—m)
and W (1+m) and having non-zero intersection number with §; and Sz. As the intersection number is
an isotopy-invariant, the family C is a union of isotopy classes. In each class consider a representative
minimising length inside the class (recall the discussion in Section 4.4.1). Let C; be a sequence of such
representatives and (asymptotically) minimising length in the family C. Such sequence has a convergent
subsequence, to, say, Coo. As for ¢ > ip with ip big enough, C; is isotopic to Cs we conclude that
Cx € C as wished.
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Consider now the set of embedded curves X : [—1,1] — 3°, starting at S; and
transversely to it, ending at Sy and transversely to it, and not intersecting S; and S
except of course at the initial and final points. There are at most four classes of curves
X, distinguished according to the direction to which the vectors X’(—1) and X'(1)
point. For each non-empty class fix a representative, so there are at most four of them,
and let B be a common upper bound of their lengths.

Without loss of generality assume that each ~,,, as defined earlier, intersects S; and
S, transversely®. Let also {ym(S1m)s-- - ¥m(Sm)} and {vm(53,), - -, Y (55,,)} be
the points of intersection of v, with &1 and Ss respectively. For each m choose any two
51 and Efzm consecutive, namely that the open interval

im
P | —2 —1 =2

(min{5; .., 55, ), max{3; ,,,,5;,m}) (5.0.10)

does not contain any of the elements {3},,,... ,Elllm;gfm, .. ,§l22m}. Without loss of

generality we assume that Elllm < §f2m for all m.

To simplify notation let 3}, := 3}, and 52, := 57

fm 5om- The curves X,,(3) := 1 (5),
5 € [5},,5%], can be thought (after reparameterisation) as belonging to one of the four
classes of curves X described above. For every m let then X,, be the representative,
chosen earlier, of the class to which X, belongs.

We compare now the length of ~,, with the length of a competitor curve, that we
denote by 9,,, and that is constructed out of X, and Ym itself. The construction of
Am is better described in words. Starting from +,,(0) we move forward through ~,,,
reach Sy at 7, (3%,), and cross it slightly. From there we move through a curve very
close to S and of length less than 2diam(S;) until reaching a point in X,,. Then we
move through X,, until a point right before Sy. Finally we move through a curve very
close to Sy and of length less than 2diam(Ss) until reaching a point in +,, right before
Ym (32,), from which we move through «,, until reaching v,,(L,,). Clearly 7, has the
same intersections numbers with S&; and S as 7, has, hence non-zero. Thus, by the
definition of ~,, we have,

L(ym) < L(Ym) (5.0.11)

But we have
L(m) = 3y, + (57 = 53) + (L — 57, (5.0.12)

and (if the construction of 4,, is fine enough)
L(Am) <55 + 2diam(Sy) + L(X,,) + 2diam(Sy) + (Ly, — 52,) (5.0.13)
Hence, as L(X,,) < B we conclude that

52 — 3. < B+ 2diam(S;) + 2diam(Sy) (5.0.14)

m
That is, |52, — 51| is uniformly bounded as wished. O

Let us introduce the setup required for the next Proposition 5.0.4 and for the proof of
Theorem 5.0.1. Choose ¥;,i =1,...,ix > 1 a set of non-compact and connected regions
of 3°, with compact (and smooth) boundaries, each containing only one end, and the
union covering ¥ except for a connected set of compact closure, (i.e. X\ (UX?) is compact
and connected). For each end X; we consider an end cut {S;jx,j > 0,k =1,...,k;;}.

(9)Otherwise use suitable small deformations
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The surfaces S;;i, are considered only to serve as a ‘reference’. Their geometry plays
no role. The condition that the union of the ends ¥; covers ¥ except for a connected
set of compact closure will be technically relevant in the proof below. It ensures that
given any two S;;i and Sy with either: ¢ #£ 4 (4,k,7', k" any), ori =4, j =3 (k, K
any), one can always find an inmersed curve W : R — ¥ intersecting S;j and S/
only once and such that W (t) diverges as t — £oo. This fact follows directly from the
definition of end cut.

Proposition 5.0.4. (setup above) Let (X; g, N) be a static black hole data set. Then,

1. Ifix, > 1, then for any S;ji and Siijryr, with i # ', there are points p € S;j, and
p' € Sy such that N(p) = N(p').

2. If i, = 1, then for every j with ki; > 1 and 1 < k # k' < kij, there are points
p € S1jk and p’ € Sy such that N(p) = N(p').

Proof. If is; > 1 then we can easily construct an embedding W : R — 3° intersecting
the manifolds S, and Sy j/xy only once and with W (t) — oo as t — fo00. The existence
of p € S;ji and p’ € Syjv for which N(p) = N(p’) then follows from Proposition 5.0.3.
The case ix; = 1 is treated in exactly the same way. O

We are ready to prove Theorem 5.0.1.

Proof of Theorem 5.0.1. We use the same stup as in Proposition 5.0.4. Also we let
Sij = U],:zlfj ik and given j' > j, U;.;;» denotes the closed region enclosed by S;; and
S,jr. Also, given a closed set C, we let min{N;C} := min{N(z) : x € C} and similarly
for max{N;C}.

We want to show that N is bounded from below away from zero at every one of the
ends ;. We distinguish two cases: iy, > 1 and iy, = 1.

Case iy, > 1. Without loss of generality we prove this only for »;. Let us fix a
surface Sajyk, in 2. By Proposition 5.0.4 we know that at every Si;;, we have

0 < min{N; Sajor, } < max{N;S1;i} (5.0.15)
On the other hand the Harnak estimate (4.4.8) in Proposition 4.4.4 gives us
max{N;S1,x} < n' min{N; S} (5.0.16)
where 7 is independent of j and k. Combined with (5.0.15) this gives us the bound
0 <7n” <min{N;S1,,} (5.0.17)

where " is independent of j and k. Now, recall that the manifolds 1.5 41,7 =0,1,...
cover X up to a set of compact closure and that for each j, 0Ui.; ;41 is the union of
the surfaces Sijp;k = 1,..., k1 and Sy j41,6:k = 1,..., k1 j4+1. Therefore by (5.0.17)
and the maximum principle we deduce,

0< T]” < min{N; 81/{1;]-,%1} < min{N;Ul;j7j+1} (5018)

from which the lower bound for N away from zero over 3 follows.
Case iy, = 1. We observe first that, as in this case ¥ is the only end and as N =0
on 0%, then N cannot go uniformly to zero at infinity (this would violate the maximum
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principle). We prove now that, if there is a diverging sequence p; such that N(p;) — 0,
then N must go to zero uniformly at infinity. The proof will then be finished.

As iy, = 1 we will remove the index ¢ = 1 everywhere from now on. For every [
let j; be such that p; € Uj, j,+1 and let U5, ; 1 be the connected component of Uj, j, +1
containing p;. By the maximum principle we have

min{N; U, ; 1} < min{N;U;, ; 1} < N(p) (5.0.19)

Therefore we can extract a sequence of connected components of 82/{]?[ ji+1» denoted by
Siik, (4! is either j; or j; + 1), such that

min{N; S, } =0 (5.0.20)
From this and (5.0.16) we obtain
max{N;S;i;, } =0 (5.0.21)
Then, by Proposition 5.0.4 we have
min{N;S;1;} < max{N;S;, } (5.0.22)

(note the difference in the subindexes k and k) for all k = 1,...,k; (it could be of
course kji = 1). Using (5.0.16) in the left hand side of (5.0.22) and using (5.0.21) we
get

max{N;S;i } — 0 (5.0.23)

By the maximum principle again we deduce for any I’ > [ the inequality
maX{N;szjl/} < max{max{N;S;: }; max{N; Sjy}} (5.0.24)

Taking the limit I’ — oo we deduce that the supremum of N over the unbounded
connected component of ¥\ S;: is less or equal than the maximum of NV over S;:. Hence
N must tend uniformly to zero at infinity because of (5.0.23). O

6 FREE S'- SYMMETRIC SOLUTIONS

6.1 The reduced data and the reduced equations

Let (X;9,N) be a static data set invariant under a free S'-action. The action induces
a foliation of ¥ by Sl-invariant circles. Let (3;g,U) be the harmonic presentation. We
will quotient the data (3;g,U) by the Killing field and study the reduced system.

The complete list of reduced variables and other necessary notation, is the following.

- As usual let g = N?g,

let ¢ be the Killing field generating the S'-action.

- let A = [¢]4 be the g-norm of &,

- let Q = egbcgavbgc be the g-twist of £ (9 is the g-volume form and V any cov.
der.),

let U =InN,
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let V =1InA,

let S be the quotient manifold of ¥ by the S!-action,

- let ¢ be the quotient two-metric of g,
- let k be the Gaussian curvature of q.
With all this at hand the following is the definition of a reduced static data set.

Definition 6.1.1. A data set (S;q,U,V) arising from reducing a S'-invariant static
data set is a reduced static data set.

The next proposition presents the reduced equations of a reduced data set!?). The
equations involve only ¢, U and V, therefore the tensor Ric and the operators, A, V
and (, ) are with respect to g.

Proposition 6.1.2. The reduced static equations of a reduced data set (S;q,U, V) are,

1
Ric=VVV +VVVV + 5926—‘% +2VUVU, (6.1.1)
1
AV +(VV,VV) = 5926—”, (6.1.2)
AU + (VU,VV) = 0. (6.1.3)

where Q (introduced earlier) is constant. Moreover ) is zero iff € is hypersurface or-
thogonal inside 3.

Before passing to the proof let us make some comments on the reduced equations.

- When Q = 0 the system (6.1.1)-(6.1.2) is locally equivalent to the Weyl equations
around any point where VA # 0. We won’t use this information however in the rest of
the article.

- The solutions to (6.1.1)-(6.1.3) are invariant under the simultaneous transforma-
tions

1
¢=XNg, VoViashr, UsUtp Q—>§Q (6.1.4)

for any A > 0,v > 0 and p. Namely, if we replace (¢, V,U) and Q in (6.1.1)-(6.1.3) for
(\2q,V + % Inv,U + p) and v/ respectively, then the equations are still verified. We
will call them simply “scalings” and denote them by (A, v, u).

- Given a solution to (6.1.1)-(6.1.2), the metric g can be recovered using the expres-
sion
g = hapdr®da® + A*(dp + 0;dz")? (6.1.5)

where (2!, 22) are coordinates on S and where the one form 6 is found by solving
iy _ 82 1 2
d(0;dx*) = F\/ lg|dz™ A dx (6.1.6)

where |g| is the determinant of ¢;; and where d, = £ is the original Killing field. As
¢ is the generator of a S'-action, the range of ¢ is [0,27). Without this information
the range of ¢ is undetermined. This is related to the fact that, locally, the reduction
procedure requires only that £ is a non-zero Killing field. If the orbits of £ do not close

(19 We haven’t found a reference for these equations though most likely they are given somewhere
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up in parametric time 27, still the reduced equations (6.1.1)-(6.1.3) hold, and to recover
g using (6.1.5) and (6.1.6) the right range of ¢ needs to be provided.

This indeterminacy gives rise to two globally inequivalent ways to scale data (X; g, U; €)
giving rise to the same reduced variables and equations. We assume that £ # 0 and has
closed orbits. The first is the scaling,

g—Ng, - %é (6.1.7)

the second is (recall g = g;;dz’dx? + A*(dp + 6;dz%)?),

o A ,
g — Mg da'de? + vA* (dp + 1—/29idx1)2, E—¢ (6.1.8)
v
In either case, the reduced variables (g, U, V) scale in the same way (6.1.4). The two
new three-metrics are locally isometric but the new length of the orbits of the killing
field ¢ do not necessarily coincide. The length of the orbits is scaled by A in the first
case, and by /v in the second case.

- As in dimension two we have Ric = kg, then (6.1.1)-(6.1.2) imply that the Gaussian
curvatures acquires the expression

K= %Q%*‘W + VU2 (6.1.9)

In particular x is non-negative. This will be an important property when analysing the
geometry of the reduced data.

The proof of of Proposition 6.1.2 is just computational and relies on formulae in [7].
We include it for the sake of completeness, but it can be skipped otherwise.

Proof of Proposition 6.1.2. We use calculations from [7], but the notation is different.
Precisely we use the following notation: A is the quotient of the spacetime manifold
M by the S'-action, w, is the twist one form of the Killing field ¢ in the spacetime and
A its norm. Naturally, we have the commutative diagram

i
S N
s }W
i5
= M

where the 7’s are the projections into the quotient spaces and the inclusions iy, and ig

are totally geodesic, namely the second fundamental form K of ¥ in M and the second

fundamental form x of S in A, are both zero. Let n be the normal to S in N.
Equation (45) from [7] implies n(\) = 0 and 5w, = 0. Using this information inside

(18) of [7] we obtain,

w(n)?

VVIA= 5

(6.1.10)

where V,, is the covariant derivative of the quotient metric on N. We compute

V.VA= —n*n’V, Vo) + A\ = <%, V) + A\ (6.1.11)

33



6 FREES'- SYMMETRIC SOLUTIONS

where now A and (, ) are defined with respect to the quotient two-metric over S that
we denote by h. Thus

VN ~ w(n)?
A+ (57 VA = 55 (6.1.12)
On the other hand as N is harmonic in (X, g) we have
A
AN + (VN, %) =0 (6.1.13)

where the operators are again with respect to h. Finally, the equations (26) and (30)
in [7] give
AN 1w(n)?

— +- 6.1.14

A T (6.1.14)
where r, is the gaussian curvature of h. Now, ¢ = N2h, hence
AN |VNJ?

NQK:K,L—AIHN:/%—T+ | N2‘ (6.1.15)

where again A and | | are with respect to h. Combining (6.3.14), (6.1.13) and (6.1.15)

we obtain
_ 3w(n)®>  |VNP?

K= NI i (6.1.16)
Now, the spacetime expression
O €apeal® V€L = Nuw(n) (6.1.17)

is well known to be constant where V is the spacetime covariant derivative and € the
spacetime volume form (see [32] Theorem 7.1.1). On the other hand

Q = Neapel®VPEC = 0 €apeat®VEED (6.1.18)

where €/, is the g-volume form. Expressing (6.1.12), (6.1.13), (6.1.16) and (6.1.18)
in terms of U,V, and expressing the Laplacians and norms in terms of ¢ we obtain
(6.1.2)-(6.1.3). To obtain (6.1.1) use

VoVA  w(n)? V.V, N
d.1
h + o\ hap + N (6 9)

Kphap =

taken from egs. (20) and (25) in [7], and re-express it in terms of ¢, and its covariant
derivative. O
6.2 Example: the reduced Kasner

The most simple examples of reduced static data sets come from reducing the Kasner
solutions through suitable Killing fields. Below we describe the reduced Kasner in detail.
Recall that the Kasner data sets (in the harmonic representation) are

g = do? + 22*dy* + x?°dz?, U=U+chx (6.2.1)

where ¢,a and b satisfy ¢* + (a — 3)> = 1 and a + b = 1. If we reduce these metrics
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through the Killing field £ = AJ, we obtain the reduced data (¢, U, V),

q = da? + £%%d?, (6.2.2)
U=U;+clnz, (6.2.3)
V=Vi+bhz (6.2.4)
where of course 1 1
2 )2z =1. 2.
c+(a 2) 7 a+b (6.2.5)
and also
Q=0 (6.2.6)

Above we made V4 = In A, (note that V3 = V(1) and that Uy = U(1)). If we make this
solution periodic along ¢ and vary a, (hence b and ¢) and A we obtain all the possible
reduced solutions with 2 = 0 and with a S'-symmetry (in ¢).

More general than this we can quotient the Kasner solutions by the Killing field

€ = Mcosw 0y +sinw 0,) (6.2.7)

for any A > 0 and w € [0, 27), (fixed). A direct calculation shows that the reduced data
set (q,U, V) is

2
€ 2

=da® + dyo?, 6.2.8
1 229 cos? w + x2° sin’ w 4 ( )
U=U +clnz, (6.2.9)
1

V=WVi+ 3 In(22* cos? w + 22 sin’ w), (6.2.10)

where of course 1 L
At+(a—2)? ==, a+b=1. (6.2.11)

2 4

and furthermore

02 = 4e™1 (a — b)? cos® wsin® w (6.2.12)

Above we made e"* = )\, (note that V; = V(1) and that U; = U(1)). If we make this
solution periodic along ¢ and vary a, (hence b and ¢) and A and w, we obtain all the
possible reduced solutions with a € # 0 and with a S'-symmetry (in ).
A simple computation shows that as long as Q2 # 0 the norm A of the Killing field
& grows at least as fast as the square root of the distance to the boundary of the data
set. More precisely we have
A? > |Qlz (6.2.13)

where 1 does not depend on the data set. As we will see later this is indeed a general
property for the asymptotic of any reduced data set.
6.3 A subclass of the reduced Kasner: the cigars

When either (a,b) = (1,0) or (a,b) = (0,1) and w ¢ {0,7/2,7,37/2} we obtain an
important class of solutions that we will call the cigars (motivated by their shape, see
Figure 7). Their metrics are complete in R2. After a convenient change of variables,
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the cigars are given by

7“2

1+1r2

1
U=Up V=Vot 5+ r?) and ¢ =4Q 2?0 (dr® + de®)  (6.3.1)

where Uy and Vj are arbitrary constants and where 7 is the radial coordinate from the
origin and ¢ is the polar angle ranging in [0,27), (note that Vo = V(r = 0)). The
asymptotic metric is ¢ = 4Q72e*V0(dr? + dp?), hence cylindrical of section equal to
47~ 1e?Vo,

C )

Figure 7: Representation of the cigar.

As U is constant, then the lapse N is also constant and the original static solution,
(from where the data (6.3.1) is coming from), is flat. Let us explain now which quotient
of R? gives rise to the cigars. For any positive § we let T be the translation in R? of
magnitude § along the z-axis and for any ¢ we let R, be the rotation in R? of angle ¢
around the z-axis. Consider the isometric R-action I on R3 given by

I: (t) X (x,y,z) — TteVO (RtQ(e_VO)/Q(mvyaz)) (632)

Now, we quotient R?® as follows: two points (z,y,2) and (2’,y’,2’) are identified iff
(2',y',2") = I(2mn, (x,y, 2)) for some n € Z. The quotient is free S'-symmetric where
the action is by restricting I to [0,27). A straight forward calculation shows that the
quotient data (g, U, V) is the cigar solution.

6.3.1 The cigars’s uniqueness

The cigars (6.3.1) are the only complete non-compact boundaryless solutions to (6.1.1)-
(6.1.3) with ©Q # 0. To see this observe that any complete non-compact solution must
have U constant because U satisfies

Ui

[VU|(p) < 17.09) (6.3.3)
and if S is complete and non-compact then d(p,dS) = oo and U is constant (this decay
is direct from Anderson’s estimate; We will make another proof of it in Proposition
6.4.1). Thus, as before, the original static (¥;g, V) solution is flat (and a S!-bundle).
It is not difficult to see that the only possibility must be a quotient of R? as described
above. However in Proposition 6.3.2 we give an alternative proof whose technique will
be useful later when we present the cigar as the singularity model. Before and for the
sake of completeness we prove that the only complete (reduced) data set with Q =0 is
M or a quotient thereof.

Proposition 6.3.1. The only complete boundaryless (reduced) static data with Q =0
is M or a quotient thereof.

Proof. AsU = Uy and 2 = 0 then VVA =0 (eq. (6.1.1)). This implies that A is linear
along geodesics. Thus, as the space is complete and A > 0 then A must be constant
and ¢ flat. The result follows. O
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Proposition 6.3.2. The only complete boundaryless (reduced) static data with Q # 0
are the cigars.

Proof. The estimate (6.3.3) shows that U must be constant, i.e. U = Up. Hence, making

A =/2/Q A we have

— 1 3
VVA = —q, K=— (6.3.4)

A A
The first is an equation of Killing type and can be integrated easily along geodesics. If
v(s) is a geodesic parametrised by arc-length then we have X =1" (make A(y(s)) =

A(s)) which has the solutions

. 1 — — _
K (s) = ————(1+ (RoKg + (g +1/K0)5)?) (6.3.5)
(NG +1/A)

where Ag = A(0) and Kg = X/(O). We have thus the bound

—2 1
AN(s)> ——5 6.3.6
W2 (VR 1K) o

where |[VAg| = |[VA|(0). This lower bound is achieved only at s = K0|VK0\/(|VK3 +
1/K§) on the geodesic that points in the direction of least Ay, i.e. when it is equal to

—|VAg|. Therefore at the point p where the minimum is achieved we have VA(p) = 0.
Hence, along any geodesic (s) emanating from p, (i.e. v(0) = p), we have

2
A=A (1 + 54) (6.3.7)
Ay
Thus, near p we can write
q = ds® + (2dp? (6.3.8)
with ¢ = £(s) satisfying
U = —kl = 773( (6.3.9)
1

and with £(0) = 0 and ¢'(0) = 1. The solution is

82

P (6.3.10)
(1+52/R,)

recovering (6.3.1) at least near p. It is simple to see that this ¢ indeed represents the
metric all over S which in turn must be diffeomorphic to R2. O

6.3.2 The cigars as models near high-curvature points

Lemma 6.3.3. Let (S;;pi;4i, Vi, U;) be a pointed sequence of (reduced) static data sets
all having the same Q £ 0. Suppose that

dg, (pi, 05;) = do >0 (6.3.11)

and that either
Kg;(pi) = 00, or |VVig(pi) = o0 (6.3.12)
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Then, there are scalings (5\2,191,,&1) such that the scaled sequence (Si;pi;(ji,ffi, UA}) con-
verges in C*° and in the pointed sense to either a flat cylinder or a cigar with the same
Q.

To simplify notation inside the proof, we will use the notation k; for kg, and |VV;]
for [NVilq:, (the index “i” is from the sequence and of course does not represent a
scaling).

Proof. The proof is divided in various cases.
Case I. Suppose that |VV;|(p;) diverges but that x;(p;) remains uniformly bounded.
To start on we make scalings (A, 7;, i;) where

N =|VVil(pi), 7i=e 200 = —Ui(p,). (6.3.13)

Let (g;, Vi, U;) be the scaled variables. Observe that €2 scales to Q; = 7;Q /Xi. We have

where, recall, A; = eVi. Consider now the three-dimensional static pointed data
(2i;04;9;, U;) whose reductions are the (S;;p;;G;, Vi, U;). The o; are points in %; pro-
jecting into the p;’s. Let &, be the scaling of ¢;. In this context the relations (6.3.14)
are

Eil(0i) =1, |VIE]l(0) =1, (6.3.15)

where the norms are with respect to g;. Moreover, Q, =7, /Xi — 0 because the 7; are
bounded and the \; tend to infinity. Let us study now the convergence of the derivatives
(VE,)(0;) of the Killings £; at the points o;. For notational simplicity we will remove
for a moment the subindexes “i” (but we keep them in mind). For the calculation we
consider g-orthonormal basis {e;, s, e3} around the points o, with e3(0) = £(0)/[€|(0)
and (Ve,e;)(0) = 0. Then, using the relation Q = Eabcgaﬁbg(z and the Killing condition
V&, + Vi€, = 0, the components of V £ are computed as,

(Ve,€,¢5) =0, (6.3.16)
(Vei&e2) = ~(Vey&oen) = f; (6.3.17)
(VG:E, 6j> = *<ve,~gv €3> = 7ve]~|g|~ (6.3.18)

If furthermore e;(0) and e3(0) are chosen such that V. »)|¢{] = 0 and V,(,)[¢] = 1
then, (restoring now the indexing “i”), the components (V. &;, ex)(0;) are either zero
or tend to zero as ¢ goes to infinity except for (V¢ &, e3)(0;) and (V¢,&;, e1)(0;) that
are constant and equal to one and minus one respectively.

Now we observe that

dﬁq‘, (Oi7 822) = de& (Oi, 621) = Xz’dqi (pi, 85,) > deo — OQ. (6319)

Therefore by Anderson’s estimates, the curvature of the g, over balls of centres o; and
any fixed radius tend to zero. Hence, there are neighbourhoods B; of o; and covers B;
such that the pointed sequence (B;;0;;8;) converges in C™ and in the pointed sense
to the Euclidean three-space (for the cover metric we use also g;). We claim that the
lift of the Killing fields &; to the Bi, (that we will denote too by &;) converge in C>°
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to the generator of a (non-trivial) rotation of R3. To see this recall first that for any
Killing field y it holds V,Vyx. = —Rm,, 2 xq4. Thus, at any point  we can find &;(z)
by integrating a second order linear ODE along a geodesic that extends from (0) = ¢;
to x, given the initial data &;(v(0)) and V,/(0)§;. As it was shown earlier that the data
&,(0;) and (V&;)(0;) converges, hence so does §; and the perpendicular distribution of
the limit Killing field £__ is integrable because lim ©; = 0. Thus, £__ generates a rotation
in R3. As |€..](600) = 1 and |V|€||(6a0) = 1 it must be that 6., is at a distance one
from the rotational axis. In coordinates (z,y, ) of R3 the limit vector field would, (for
instance), 0, — y0, and the limit point would be, (for instance), (1,0,0).

This convergence of £, to the generator of a rotation will be used in the following to
extract a pair of relevant informations.

First we show that inside the surfaces S; there are geodesic loops /;, based at the
points p;, whose g, length tends to zero. Let us see this. For ¢ large enough, the orbit
of the Killing ¢, inside B;, that starts at the point &;, twists around an “axis” and come
very close to close up into a circle when it approaches again the point 6; (see Figure
?7?). Hence, a small two-dimensional disc formed by short geodesic segments emanating
perpendicularly to &,(6;) at 6; must intersect the orbit at a nearby point 0}. Moreover
the geodesic segment joining 6; and &}, projects into a geodesic loop ¢; on S; based at
pi- The length of the loops ¢; clearly tend to zero as i goes to infinity.

Second, for i > i( large enough, the norm of the Killings &, over the balls By, (0:,1/2)
C B; is bounded below by 1/4. Hence, A; is bounded below by 1/4 over the balls
Bg, (pi,1/2) in S;. More importantly the Gaussian curvature #; is bounded above by
100@? also on Bg, (pi, 1/2).

From these two facts we conclude that the geometry near the points o; is collapsing
with bounded curvature. This implies that if we scale up g; to have the injectivity
radius at o; equal to one, then the new scaled spaces converge in the pointed sense to a
flat cylinder. The composition of this last scaling and the one we performed first is the
scaling (5\1, U;, fi;) we were looking for.

Case II. Suppose now that both |[VV;|(p;) and &,(p;) are diverging. If the quotient
ki (pi)/|VVi|?(p;) tends to zero, then we can perform a scaling (A, 7;, 7i;) that leaves
invariant and that makes %;(p;) bounded and |VV;|(p;) diverging. We can then repeat
the step in Case I with (g;,V;,U;) instead of (¢;, V;,U;) to prove the Lemma in this
case too.

Assume therefore that the quotient x;(p;)/|VVi|?(p;) remains bounded. Perform
again a scaling (\;,7;,7i;) that leaves ) invariant and makes %;(p;) = 1 and there-
fore makes |VV;|(p;) bounded because x;(p;)/|VV;|?(p;) is invariant. Note that as
dg. (pi, 0S;) — oo, the estimate (2.2.16) impose that [VU;| must tend uniformly to zero
over balls of centres p; and fixed but arbitrary radius. We claim that the curvature &;
remains uniformly bounded on balls of centres p; and fixed radius. Let L > 0, let = be
a point in By, (p;, L) and let y(s) be a length-minimising geodesic joining p; to z. Let
Ai(s) = A;(7(s)). Then, the value of A; at z is found by solving the second order ODE

_ 02 _
A = = 4 (VU] — 20")A (6.3.20)
Y

subject to the initial data A;(0) = A;(7(0)) and K;(O) = V.0, and evaluating at
s = dg. (,p;). If VU; were identically zero then the solutions would be exactly (6.3.5)
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and we would have the bound

2 1
(A73(0))% +1/(A(0))?

(6.3.21)

for all s > 0. In particular, if A;(0) is bounded below by A and |K;(O)| is bounded above
by B then A;(s) is bounded below by +/1/(B2 +1/A2). But as |VU,| tends to zero
uniformly over balls or radius L, then the solutions to the ODE tend to (6.3.5) with
initial data A;(0) and K;(O). Now, as %;(p;) = 1 and |VV;|(p;) is bounded, there are
constants A and B such that

Ai(0) <A, and [A(0)|<B (6.3.22)

no matter which the geodesic « is. Therefore if i > io(L) is big enough then A;(z) <
24/1/(B? + 1/A?). Hence, F; > 3Q;(B? + 1/A?)?/32 everywhere on By, (p;, L).

The bound we proved for the curvature implies that if for a certain subsequence
the injectivity radius at the points p; tends to zero then there are finite covers that
converge to a cigar. But this is impossible because the cigars do not admit any non-
trivial quotient. Hence the injectivity radius remains bounded away from zero and the
pointed sequence (S;; pi; q;, Vi, U;) must sub-converge in the pointed sense to a solution
with U constant. By uniqueness it is always a cigar and we are done. O

Let us make an extra observation about a construction made inside the proof. Recall
that the spaces (l’;’i,ﬁi) converge to R? and the Killings &, converge to the generator of
a rotation. Let z; be points where (V|€;])(2;) = 0. These points one can think that lie
in the “axis” of rotation. Naturally if we quotient the balls of centres z; and radius two
we obtain a two disc. This disc projects into a “cup” on S; containing p; (see Figure
??). In the metric ¢;, the “radius” of this cup (i.e. the maximum distance from a point
to the boundary) goes to zero.

The Lemma 6.3.3 provides models for the scaled geometry near points of high curva-
ture or high V-gradient, but it does not say how such points affect the unscaled geometry
nearby. This is an important information that we will need later. In rough terms, what
occurs is that at any finite distance from such a point the (unscaled) geometry becomes
one dimensional, pretty much like a cigar highly scaled down. The next Lemma 6.3.4
explains the phenomenon. In few words it explains how the geometry looks like near
geodesics that join points of high curvature or high V-gradient and the boundary of the
surfaces S;. This basic information will be sufficient to extract conclusions later.

The scaled geometry around points in such geodesics will be model essentially as
regions of the cigar whose curvature at the origin is conventionally ko = 3(27)? and
therefore whose metric is

2
1472

© =7 (dr* + de?) (6.3.23)

2mr)2
where r > 0. Let us describe the models more explicitly. A pointed space ({0 < r <
40}; ;5 qo), where x be a point in this cigar with r(z) < 25, is a model of type Ci (from
“cigar”). A pointed space ({r(z) — 10 < r < r(z) 4+ 10}; x; qo), where x be a point with
r(z) > 25, is a model of type Cy (from “cylinder”). The Figure ?? sketches these two
types of models.
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Lemma 6.3.4. Let (S;;pi;4:, Vi, U;) be a pointed sequence of (reduced) static data sets
all having the same Q # 0 and suppose that

in (pZ,BSZ) >dg >0 (6324)

and that either
Kq,(pi) = 00, or |VVi|,, (pi) = oo. (6.3.25)

For every i let v; be a geodesic segment joining p; to 05; and minimising the distance
between them (if 9S; = 0 let v; be an infinite ray). Fiz a positive dy less than dy.

Then, for every k > 1, € > 0 there exists ig such that for any i > ig and for any
x; € v with dg, (xi,p;) < di there exist a neighbourhood B; of x; and a scaled metric
q; = qui such that (By;x4;;) is e-close in C* to either a model space Ci or a model
space Cy.

Again to simplify notation inside the proof, we will use the notation x; for x4, and
Vi for [VVil.

Proof. Half of the work has been done essentially already in Lemma 6.3.3 because the
geometry near points of high curvature or high V-gradient are model locally (at a right
scale) by a space Ci or a space Cy. We say this formally as follows: given ¢ > 0 and
k > 1 there are Ky > 0 and 4; > 0 such that for any ¢ > 47 and z; € ~; such that
d;(x;,p;) < dy and either k;(z;) > Ko or |[VV|(z;) > Ko, then the conclusions of the
Lemma hold. Thus, it is left to show that the conclusions hold too for points on ~;
that do not have “high” curvature or high gradient, that is for which x;(z;) < Ky and
|VVi|(z;) < Ko. We prove that in what follows.

We will show that there is i > i1 such that for any ¢ > iy and for any x; € ~y; such
that d;(z;,p;) < di, ki(x;) < Ko and |VV;|(z;) < Ky, the conclusion of the Lemma also
holds and the local model is of type Cy.

Given 14, let ; be a point such that x; € ~; such that d;(z;,p;) < d1, ki(z;) < Ky
and |VV;|(z;) < Ko. We begin claiming that there are ro < (do — d1)/2 and K7 > 0
independent of ¢ such that x;(z) < K; for all x € By, (x;,70). Let ro be any number
less than (dy — dy)/2 and let x be a point such that d(x, z;) < ro. Let o;(s) be a length
minimising geodesic joining x; to = (a;(0) = x;). Denote Vi(s) := V;(a;(s)). Let,

Vi(s) = Vi(s) = Vi(0) (6.3.26)

Then we have,
Vi(0) =0, and |V/(0)| <K, (6.3.27)

where the first equation is by the definition of VZ(O) and the second follows by assump-
tion. On the other hand V;(s) satisfies the differential equation (6.1.1), namely,

V4 % = (GO g (VO - 207) (6.3.28)

where the last expression in parenthesis is evaluated of course on «;(s).

Let us make two comments on this equation. First, the coefficient Q2e=4Vi(9) /2 is
less or equal than x;(z;) and thus less or equal than Ky by assumption. Second, the
sumand (|VU|?* — 2U"?)(s) is uniformly bounded, say by K2 > 0, independently of s, z,
x; and ¢. This follows from the estimate (6.3.3) and dg, (a;(s), 9S;) > (d1 — dp)/2; This
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last inequality is due to,
dqi (ai(s), 851) Z dqi (Z‘i, 8SZ) — dlh (Oéi(S), l‘l) (6329)

and the inequalities dg, (x;,0S5;) > (di —do) and dg, (i (s), z;) < dg, (x,2;) < (di —dp)/2.

Until now we have shown control on the ODE (6.3.28) and the initial data (6.3.27).
Therefore by standard ODE analysis, it follows that one can chose 79 small enough such
that |1A/1(s)| < K3, (i.e. preventing blow up), for a K; independent on s, z, x; and i.
This bound on V;(x) (we removed the hat now) and the bound on |VU|?(z) gives the
desired bound on «;(z).

We have proved a curvature bound k;(z) < Kj for all z € B, (z;,79). Using this
bound we are going to show that the injectivity radius at z;, namely inj,, (z;), tends
to zero as i tends to infinity. Indeed, if on the contrary inj,, (z;) > r1 > 0 for some
r1 > 0, then because the curvature is bounded on By, (z;,70), there is v > 0 and
ro < min{rg,r1}/2 such that the area of the ball By, (z;,r2) is greater or equal than v.
As By, (zi,72) C By, (pi,do)) then we have

Ai(Bq,(pirdo)) _ v

Y (6.3.30)
On the other hand observe that by Lemma 6.3.3 the geometry near the points p; is
locally collapsing (at a right scale) to a line or to half a line. Thus, there is i3 such that
for ¢ > i3 there is ; — 0, such that the quotient

A;i(Bg, (pi, 6;))
52

7

(6.3.31)

is less or equal than v/(2d2) (in fact the quotient tends to zero). But by Bishop-Gromov

the function A
s AiBulpins) "igpi’s)) (6.3.32)
S

is monotonically decreasing and therefore we should have

v Ai(Bg(piydo)) _ v
> s 6.3.33
R Y (6.3.53)
which is impossible. Thus the injectivity radius at x; tends to zero. Therefore the balls
By, (x;, o) collapse with bounded curvature and the existence of a scaling whose limit
is a cylinder (Cy) is now direct. O

The Lemma 6.3.4 gives a local model for the collapsed geometry around points on
the geodesics ;. The concatenation of the local models provide a global picture that is
sumarized in the next corollary (whose proof is now direct), see Figure ?7?.

Corollary 6.3.5. Let (S;;pi; qi, Vi, U;) be a pointed sequence of (reduced) static data
sets all having the same Q # 0 and suppose that

and that either
kg (pi) — 00, or |VV;

g (pi) — oo (6.3.35)
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For every i let ; be a geodesic segment joining p; to 0S; and minimising the distance
between them (if 0S; = 0 let ; be an infinite ray). Fiz a positive d; less than dy.

Then there is ig such that for any i > iy there is a neighbourhood B; of the ball
By, (pi,di1), diffeomorphic to a disc and metrically collapsing to a segment of length di
as i goes to infinity.

6.4 Decay of the fields at infinity and asymptotic topology

We know already that the gradient of U decays quadratically at infinity. In this section
we show that also de gradient of V' and the Gassian curvature x decay quadratically.
The proof depends on whether €2 is zero or not. The case {2 = 0 is simple and relies
only on the techniques a la Bakry—Emery used earlier. As a by product we re-prove the
quadratic decay of the gradient of U, valid when © = 0 or not. When 2 # 0, the proof
requires the use of Corollary 6.3.5.

6.4.1 Case2=0
Proposition 6.4.1. There is a constant n > 0 such that for every (reduced) static data

set we have
n

UP(p) < —1—. 6.4.1
VUR®) < Frtas (64.1)
Moreover when 2 = 0 we have
VI2(p) < =1 6.4.2
VVEG) < mrlasy (642
hence also .
6.4.3
K0) < s (643)
Proof. Write (6.1.1) as
1
Rwﬁziﬂ%‘wq+2VUVU20 (6.4.4)

with f = =V, @ =1, and recall from (6.1.3) that A;U = 0. Then, using (4.2.11) with
1) = U we obtain
A¢|VU|? > 4 VU|* (6.4.5)

and hence (6.4.1) by Lemma 4.2.3.
Similarly, if 2 = 0 we have AyV = 0 and using (4.2.11) again but with ¢y =V we
obtain
A VY2 > 2V A (6.4.6)

and hence (6.4.2) by Lemma 4.2.3. O

The next proposition describes in simple form the asymptotic topology of data sets
(S;q,U, V) when Q = 0.

Proposition 6.4.2. Let (S;q,U, V) be a (reduced) static data set with Q =0, S non-
compact and 0S compact. Then there is a set K with compact closure, such that

S=KU(UZ} E) (6.4.7)
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where every E; is diffeomorphic to [0,00) x St.

Proof. Firs we observe that as k > 0, the ball covering property holds (indeed regardless
of whether € = 0 or not). Hence, S has a finite number of ends. In particular we can
write S as the union of a set with compact closure and a finite number of surfaces F;,
i=1,...,1g, each with compact boundary and containing only one end.

It is sufficient to work with the surfaces F;, that we denote generically as E. By
Bishop-Gromov we have %QE’T)) ¢ . The analysis depends on whether ;1 = 0 or

s

w>0.
Case p = 0. Let v be a ray from OF and let p; € v with r(p;) = r;, = 2¢, for
i =0,1,2,.... If g = 0, then the sequence of annuli (A, (p;,1/4,4);q,,) collapses

in volume (in area) with bounded curvature. As we have explained earlier, this type
of collapse is only through thin (finite) cylinders. Thus, (outside a compact set) F
is formed by an infinite concatenation of finite cylinders, (i.e. each diffeomorphic to
[0,1] x S1).

Case p > 0. As k > 0 and k has quadratic decay, if p > 0 then (F;q) is asymptotic
to a flat cone (C; g, ) where

C :=TR?\ {(0,0)}, qu = dr® + 4pPridp? (6.4.8)

(r is the radius and ¢ is the polar angle in R?). It then follows that, outside a compact
set of compact closure, E is diffeomorphic to [0,00) x S as wished. O
6.4.2 Case Q#0

Lemma 6.4.3. Let (S;q,U,V) be a (reduced) static data set with Q # 0, S non-compact
and 0S compact. Then,

VUPD < o g IVVED S 50 g (6.4.9)
and,
K(p) < m (6.4.10)
where n > 0 is independent on the data. In particular
A%(p) > n'Qd(p,09) (6.4.11)

where ' > 0 is also independent on the data.

Proof. The proof requires using Corollary 6.3.5. Without loss of generality assume that
S is an end. Let v be a ray from 9S. For every j > 0 let r; = 2%/ and let p; € v be
such that d(p;, 0S) =r;.

The first goal will be to prove that x and |[VV|? decay quadratically along the union
of annuli UjZOAﬁj (p;;1/8,8). This union covers y except for a finite segment of it but a
priori may not cover the whole end. This follows after proving the quadratic curvature
decay.

Let z;, be any sequence of points such that x;, € Aih (pj;;1/8,8) for every i > 0.
Each z;, can be joined to p;, through a continuous curve «; entirely inside the annulus
Aﬁji (pj;;1/8,8). Concatenating «; with the part of v extending from p;, to infinity,
we obtain a curve, say &;, extending from xz;, to infinity, and never entering the ball
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B(0S,1/8), namely, keeping at a ¢, -distance of 1/8 from 95. We will use the existence
of this curve below to reach a contradiction.
Suppose now that either,

/i(:rji)dz(xji,aS) — 00, Or |VV|2(xji)d2(xji,8S) — 00 (6.4.12)

We perform a sequence of scalings (A, v, it;) = (r4,,75,,0) leading to the new fields,

1 1
1= 6= 50 V%Vi:VJrilnrji, U—=U;=U (6.4.13)
Ji
With this scaling we obtain then a sequence of reduced data (S; ¢;, Vi, U;) all having the
same  (recall @ — Q; = (1;/\;)Q = Q). At the same time we have 1/8 < d;(x;,,0S5) <
8. Because of this, we can rewrite (6.4.12) as,

Kki(w;,) = 00, or |VVi|3(xj,) — oo, (6.4.14)

(where k; = kq, and |VV;| = [VV|4,). Taking a subsequence if necessary we can assume
that d;(z;,,05) — d. (where d; = dy,).

We are clearly in the hypothesis of Corollary 6.3.5. Choosing d; (see the hypothesis
of Corollary 6.3.5) as d; = di + (d. — 1/8)/2, we conclude that there is a sequence
of neighbourhoods B; containing B;(9S,d;) such that (B;;¢;) metrically collapses to
a segment of length dq (where B; = B,,). The neighbourhood B; essentially wraps
around a geodesic 3; joining z;, and 0S and minimising the distance between them,
and “covering” the part of it at a distance less or equal than d; from x;,. Hence, for
i large enough, the boundary of the B; is inside the ball B;(9S,1/8). Therefore for i
large enough, the curve &; must enter B;(0S5,1/8) before going to infinity. We reach
thus a contradiction.

We have then that for each j, the scaled curvature x,, is bounded on each of the
annuli A7 (p;;1/8,8). Consider the areas A, of the annuli A7 (p;;1/8,8) with respect
to gr,. If A, tend to zero then the annuli (Af:j (pj;1/8,8),4,,) collapse with bounded
curvature and thus become thiner and thiner finite cylinders. The end S is then (except
for a set of compact closure) a concatenation of the annuli A7 (p;;1/8,8) and the
quadratic curvature decay in the whole end follows as well as the quadratic decay of
|VV|? follows. If instead a sequence Ay, of the areas is bounded below away from zero
then, due to the Bishop-Gromov monotonicity A(B(9S,r))/r? \, and the curvature
bound, the geometry of the annuli (A7 (p;;1/8,8);¢r,) becomes more and more that of
a flat annulus. Once a piece sufficiently close to a flat annulus forms then the whole end
must be asymptotic to a flat annulus (for a detailed proof in dimension three see [26]).
Again, the quadratic decay of x and |[VV|? on the whole end follows. O

The following version of Proposition 6.4.2 but when Q # 0 is now straight forward
after Proposition 6.4.3 and the proof of Proposition 6.4.2 itself.

Proposition 6.4.4. Let (S;q,U, V) be a (reduced) static data set with Q # 0, S non-
compact and 0S compact. Then there is a set K with compact closure, such that

S=KU(UZ} E) (6.4.15)

where every E; is diffeomorphic to [0,00) x St.
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Taking into account the description of the asymptotic geometry of (reduced) static
ends (E;q,U,V), (E ~ [0,00)xS'), we can easily find a simple end cut {¢;;j = 1,2,...}.
Each ¢; is of course isotopic to OF and embedded in A(2'727,22727). Let us be a bit
more precise. Let r; = 2'7%/ and as usual let ¢,, = ¢/r5. If u = 0 then the annuli
(Ar;(1,2); gr;) metrically collapse to the segment [1,2] and therefore the loops £; can
be chosen to have ¢, -length tending to zero. If instead p > 0 then the loops can be
chosen to converge to the radial circle { = 3/2} as the annuli (A,,(1,2);¢,,) converge
to the annulus ([1,2] x St;dx? + 4p22dp?) as explained earlier.

Let ¥ be the three-manifold whose quotient by the S'-Killing field is E. Let 7 : ¥ —
E be the projection. The tori S; := 7w~ !(¢;) form obviously a simple cut of (;g). Let
us state this in a proposition that will be recalled later.

Proposition 6.4.5. Let (X;9,U) be a free St-symmetric data set such that the reduced
state (E;q,U, V) is a reduced end. Then, E and S admit simple cuts.

The next proposition shows that U tends uniformly to a constant Uy, on any (re-
duced) static end (F;q,U, V). The constant U, satisfies —oco < U, < oo. The propo-
sition will be used in Section 7.2.2.

Proposition 6.4.6. Let (E;q,U,V) be a reduced end. Then, U — Uy, where the arrow
signifies uniform convergence and the constant Uy, satisfies —o0o < Uy < 00.

Proof. Note that the maximum principle is also applicable to U because (6.1.3) can be
written as div(eV VU) = 0. We will use this several times below.
Let {¢;,7 =0,1,2,...} be a simple cut of E as described above. Let r; = 21127,
Assume that p = 0. Then, as said, the g,,-length of the loops /; tends to zero. At
the same time the norm |VU],, restricted to the loops £; remains uniformly bounded.
Therefore, by a simple integration along the ¢; it is deduced that,

(max{U(q) : ¢ € ¢;} —min{U(q) : ¢ € ¢;}) = 0 (6.4.16)

If instead g > O then the g, -length of the loops £; remains uniformly bounded while
the norm [VU|,,, over the loops £;, tends to zero. So by a simple integration along the
loops ¢; we deduce again (6.4.16).

Now suppose that for a certain sequence p; € ¢;,, U(p;) tends to a constant —oo <
Uso < 00. Then by (6.4.16), the maximum and the minimum of U over ¢}, also tend to
Uso. We use now the maximum principle to write for any ¢ < 4’

max{U(q) : g € £;, Ul;,} >max{U(q) : q € Ly, j., } > (6.4.17)
>min{U(q) : q € Lj, j, } > min{U(q) : g € £;, UL, }
(6.4.18)

where L, ;. is the compact region enclosed by ¢;, and ¢;,. Letting 7/ tend to infinity
we deduce,

max{max{U(q) : ¢ €{},},Usc} > max{U(q) : ¢ € Lj, sc } > (6.4.19)
>min{U(q) : ¢ € L}, 00} > min{min{U(q) : ¢ € £;,}, U} (6.4.20)

where £, « is the region enclosed by ¢;, and infinity. As the left hand side of (6.4.19)
and the right hand side of (6.4.20) tend to Us then U must tend also uniformly to
Uso. O

46



7 VOLUME GROWTH AND THE ASYMPTOTIC OF ENDS

6.5 Reduced data sets arising as collapsed limits

In this last subsection about S'-symmetric states, it is worth to discuss the geometry
of reduced data arising from scaled limit of data sets. This discussion will be recalled
later in Section 7.2.3 where we prove that the asymptotic of static black hole data sets
with subcubic volume growth is Kasner.

Let (3;g,U) be a data set, and let v be a ray from 9%. Let p, € v be a diver-
gent sequence of points. Suppose there are neighbourhoods B, of A{ (pn,1/2,2) such
that (By;gr,) collapses to a two-dimensional orbifold. Having this, by a diagonal argu-
ment, one can find a subsequence of it (also indexed by n) and neighbourhoods B,, of
AS (pp;1/2,2%), with k,, — oo, and collapsing to a two-dimensional orbifold (Sso; goo)-
As the collapse is along S!-fibers (hence defining asymptotically a symmetry), we ob-
tain, in the limit, a well defined reduced data (S;q,U, V) where U is obtained as the
limit of U,, :== U — U(p,). On smooth points the scalar curvature x is non-negative.
Orbifold points are connical with total angles an integer fraction of 2w (27/2, 27/3,
27 /4, etc) hence can be thought as having also non-negative curvature (they can be
rounded off to have a smooth metric with k > 0). Therefore (S;¢) has only a finite
number of ends. Note that it has at least one end containing a limit, say 7, of the ray
. Let us denote that end by S5.

We claim that every end has only a finite number of orbifold points. This is the result
of a simple application of Gauss-Bonett. Indeed, let S be an end. Let ¢;, j =1,2,3,...,
be one-manfiolds embedded for each j in A(2%,2%%3) such that ¢; and ¢; enclose a
connected manifold ©;;. Let O be the set of orbifold points in S. By Gauss-Bonnet we

e _/el kdz—/& kdl:/ﬂlj\ofidA—&- 3 2#(%) (6.5.1)

pGQl_,» no

where k is the mean-curvature (or first variation of logarithm of length) on the one-
manifolds ¢; and the angle at each orbifold point p € O is 27 /i(p). As the right hand side
is greater or equal than the number of orbifold points in £y, that is {Q:;O}. Thus, if
the left hand side remains bounded as j — oo then the number of orbifold points must be
finite. To see the existence of such one-manifolds ¢; for which the left hand side remains
bounded just argue as follows. First note that the left hand side is scale invariant.
Second observe that as for each j the scaled annuli (A(2%,2%73); gy2,) in S are scaled
limits of annuli in (3;g), (which has quadratic curvature decay), then one can always
chose a suitable subsequence j; such that as i — oo the annuli (A(2%7,227+3): gy2,) either
converge of collapse to a segment. The selection of the ¢; is then evident.

7 VOLUME GROWTH AND THE ASYMPTOTIC OF ENDS

The asymptotic of ends is markedly divided by the volume growth. We discuss first cubic
volume growth, which is the simplest and that implies AF. Then we discuss sub-cubic
volume growth which implies (under certain hypothesis) AK. This last case requires an
elaborated and long analysis.

7.1 Cubic volume growth and asymptotic flatness

Suppose (2;g,U) is a static end with cubic volume growth. Cubic volume growth,
non-negative Ricci curvature and quadratic curvature decay, implies that the end is
asymptotically conical, (i.e. the metric is asymptotic to a metric of the form dr? +
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a’r?2dQ? in R3). Hence, outside an open set of compact closure, ¥ is diffeomorphic to
R? minus a ball. It was proved in [], [| (see also []) that the data is then asymptotically
flat (indeed asymptotically Schwarzschild).

7.2 Sub-cubic volume growth and Kasner asymptotic

The goal of this section will be to prove that the asymptotic of any static black hole

data set with sub-cubic volume growth is Kasner. Observe that we are dealing with

black hole data sets, and not just any end with sub-cubic volume growth. We do not

know if just sub-cubic volume growth is enough to classify the asymptotic in general.
We aim to prove the following theorem.

Theorem 7.2.1. Let (X;9,U) be a static black hole data set with sub-cubic volume
growth. Then the data is asymptotically Kasner.

To achieve this we provide first a necessary and sufficient condition for Kasner asymp-
totic. This is the content of Proposition 7.2.6 for which we dedicate the whole Section
7.2.1. In seccond place, we analize the asymptotic of free S'-symmetric static ends
(X;g,U) under the natural condition that U(p) < U, (recall that Us,, the limit of U
at oo, exists by Proposition 6.4.6). We dedicate Section 7.2.2 to show Theorem 7.2.7
claiming that, for such a data, either the asymptotic is Kasner or the whole data is flat.
The proof requires the results we have obtained for reduced states in section 6, as well
as the development of an interesting monotonic quantity along the leaves of the level
sets of U, that in turn will be used again in the proof of Theorem 7.2.1. Finally, Section
7.2.3 uses the results of the previous two sections to prove the desired Theorem 7.2.1.

7.2.1 Necessary and sufficient condition for KA.

We begin recalling the definition of the C*-norms of a tensor with respect to a back-
ground metric. Let (M;g) be a smooth Riemannian manifold. Let W be a smooth
tensor of any valence. We denote by |W|4(x) the g-norm of W at x € M. Given k > 0,
the C*-norm of W with respect to g is defined as

i=k
2 . O 2 O =
||WHC§ = ;él]\%{ g 0 \% W|g(:17)} where VWW =V...VW (7.2.1)
1= i-times

Proposition 7.2.2. Let (T; hr) be a flat two-torus. Let W be a smooth tensor field (of
any valence), equal to zero at some point. Then for any 0 < j < k we have

[Wles < e(k) diam) 7(T) |W||cn (7.2.2)
hp hp

Proof. We will prove the inequality for functions. To prove it for tensors use the expan-
sion W = ) frwr, where wy is an orthonormal and parallel basis (i.e. 07 =< wr,wp >4
and Vw; = 0), and then use the result obtained for functions.

We will work in (R?; gre) thought as the universal cover of (T;hr). In particular
m™*hp = ggz. On a Cartesian coordinate system (z1,z2) we have

gr> = da? + da’ (7.2.3)
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and
[1|=j
2 _ 2 — 2
1912, =151, , = s { 3 o 0} (2.0

where for any multi-index I = (i1,...,i7), i € {1,2}, we denote Oy = 0, ...0

Oy -
We will need to rely on the existence of a coordinate system (Z1,T2) on which the
metric gre is written as

gr> = dTs + a(dTdTy + dTodT) + dT3, (7.2.5)

where « is a constant such that |« < 1/2, and where the directions 9z, and 9z, are
periodic of period less than 6diamy,,, (T'), that is, any line in the direction of either 9,, or
Oy, projects into a circle in T of length less that 6diamy, . (7). For the calculations that
follow we assume that the coordinates (T1,Z2) are given. We will prove their existence
at the end.

Observe that the norm (7.2.4), which is defined with respect to the metric (7.2.3)
and the norm

[1]=j

112, =sw{ S @sP)  B=om,..0n,, (726)

[1]=0
which is defined with respect to the metric
Gpe = dT2 + d73, (7.2.7)

are equivalent, namely cl(j)Hch;- S ||f||c% < C2(j)||f“cg L This is proved by
R R2 R

noting that the family of metrics (7.2.5) with || < 1/2 is compact. Thus, to prove
(7.2.2) it is enough to prove

. k—j
Wlies < e(k) diamy, 7 (T) [Wl|cx (7.2.8)
T2 R2

We do that in what follows.
For any function v which is zero at some point, say (Z%,73), we have

sup { ||} < 12diamy, (T) sup {10z, ¥, 10, } (7.2.9)

This is seen by just writing

ds (7.2.10)

(@175 +s)

W(Z1,T2) =/ S
0

To—Ty
ds + / O0z,¢
(T9+s5,79) 0

and using that |Z; — 79| and |Zo — 79| are less or equal than 6diamy,, (7). If ¢ = f the
1 has a zero by hypothesis. Moreover, for any multi-index I, (|[I| > 1), the function
Y = O f has also a zero. To see this just fix Z;, for all 7 # i, (at any values), and observe
that the function ¢ as a function of Z;, is the T;,-derivative of a periodic function. Now,
starting with ¢ = f, use (7.2.9) repeatedly to obtain (7.2.8).

It remains to show the existence of the coordinates (Z1,Z2). In the cartesian system
(z1,2), the balls B((4diamg:,0), diamg2(T")) and B((0,4diamge), diamg2(T')), possess
points ¢; and g projecting (in T') to the same point as the point go = (0,0) does. Define
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the directions Jz, and Oz, as, respectively, those defined by ¢o, ¢1 and qo, ¢2, and finally
define the origin of the coordinates (Z1,T2) to be (x1,z2) = (0,0). It is direct to check
that the coordinates (Z1,Z2) thus constructed enjoy the required properties. O

Proposition 7.2.3. Let (T;h) be a Riemannian two-torus and let p € T. Then there
is a unique flat metric hg, conformally related to x and equal to x at p. Moreover, for
any integer k > 1, and reals K1 > 0 and Kj > 0 there is D(K1) > 0 (small enough)
and C(k, Ky) > 0 such that if

I6lloy < K1, |sllor < Kk, and - diamy(T) < D (7.2.11)
then,
e “hp <h<ehp (7.2.12)
and
hllcr < C. (7.2.13)
hp

Proof. We will use that there is D(K7), (small enough), such that if diamy, (1) < D(K1)
then there is a finite cover 7 : (T;h) — (T;h), (ie. 7:T — T and h = 7"h), such
that, (i) diam;l(f) < 1, and (ii) inj;(p) > io(K) for all p € T. Because (T;h) is a
cover of (T'; h) we also have (iii) ||F$HC;; < K. The claims, (i) and (ii), are well known
from the standard theory of diameter-collapse with bounded curvature. In simple terms
they follow easily from the fact that the exponential map exp : 7,1° — T restricted to a
small ball in 7,7 is an immersion and then finding an appropriate fundamental domain
on 7,71 around p that will define T. We will not discuss this further, rather we will use
it from now on.

The properties (i) and (i) imply that the geometry of (T’ ) is controlled™) in C?
by K. Moreover if the geometry of (T; k) is controlled in C2 by K7, then the geometry
of (T; }Nl) is controlled in C**! by K. This allows us to make standard elliptic analysis
in (T;h) as if working in a fixed manifold.

Let é be the solution to

Ajd =R, with / $dA; =0 (7.2.14)
T

With such &, the conformal metric hp = 2%, is flat. Multiply (7.2.14) by q~5, integrate
and use Cauchy-Schwarz to obtain

/~|Vgi~)|}ngA;L§ (/H dA;)? ( /¢2dA )? (7.2.15)
T
Now, we can use the Poincaré inequality
/~¢3sz}~1 glr(m)/~ IVé|? dA; (7.2.16)
T T

in the right hand side of (7.2.15) to obtain an upper bound on HV({SHL%, (that I = I(Ky)

is justified because the geometry of T is controlled in C?). Such bound can be used in

(IDTo be precise: A geometry is controlled in C* by K if there is a cover of 1" by n(K)-harmonic charts,
with Lebesgue number §(K'), such that, on each chart (z1,z2), we have (i) eK/(K>(5ij < ﬁij < eK'(K>(5ij
and (ii) Hhij”cj; < K'(K). See [?].

©j
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turn again in (7.2.16) to obtain ||@| ;2 < Bi(K;). Using this L2-bound together with
h

standard elliptic estimates on (7.2.14) we obtain
||€5Hc§ < Bs(k, Ky). (7.2.17)

As k > 1, we deduce .
6| < Ba(k, Ky), (7.2.18)

This implies that for a Cy(k, Kj) > 0 we have
e"C1h < hp <e“h (7.2.19)

Moreover the covariant derivative & of h r 1s related to the covariant derivative V of h
by
91 =Va+ (Vad)hg + (Veo)hi — (VE)har (7.2.20)

Now (7.2.17), (7.2.19) and (7.2.20) (to compute 8\)) imply the bound

|éllcx < Ba(k, Ky). (7.2.21)
'F

By the uniqueness of solutions to (7.2.14), ¢ has to coincide with its average by the
Deck-transformations. Hence, ¢ and hy descend respectively to a function ¢ and a flat
metric hp. As the bound (7.2.21) is local we also have

H@HCQF < Bs(k, Ky). (7.2.22)

Finally define ¢ = ¢ — ¢(p). With this definition we have h(p) = hp(p). From the
bound |¢| < Bs(k, K}) we obtain the bound |¢| < 2By (k, K},) hence (7.2.12). Also from
|¢| < 2B(k, Ki) and (7.2.22) we deduce,

H¢||C,’fF < By(k, Kp). (7.2.23)
hence (7.2.13). O

Before passing to the next crucial propositions we make a pair of geometric obser-
vations about the Kasner solutions and introduce some terminology.
On Rt x R? consider a Kasner solution

g = do? + 22 dy® + 2?0 dz?, (7.2.24)
U=chz (7.2.25)

and assume that ¢ € (0,1/2). Quotient the space by a Z x Z action to obtain a Kasner
solution on Rt x T2. For every x let T, be the two-torus {x} x T2. Fixed ¢, there are
two possibilities for (a,b), (a—,b_) and (a+,b4) = (b—,a_). In either case, and because
c€(0,1/2), we have 0 < a < 1,0 < b < 1. Let

@y = max {62/(170’), 62/(14’)} >4 (7.2.26)

If @ > a, then
1
diamg_ (T7) < —diamy(T7) (7.2.27)
e
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where, recall former notation, gz = g/@>. To see this simply note that

1
—(d2® + dy?) (7.2.28)

1
TQ(EQady2 +62bd2’2) — (62a72dy2 +62b72d22) S
a (&

so (7.2.27) holds no matter how we quotient R?. Thus, the diameter of Ty with respect
to ga, is at least 1/e? of the diameter of T} with respect to g.

In the following propositions we will use the notation p = |VU]|, p, = |VU]|, and
A=1/p, A\r = 1/p,. Also, given 0 < p* < 1/2 we let

a* = max{a.(c):c€ [p*/4,p"/4+3/8]}. (7.2.29)

The reader must keep this notation in mind.

We will also use the following definition. Let W be a tensor of any valence defined
at just one point x of a flat torus (T; hr). Then the hp-extension of W is the tensor
field defined by translating W to all T by its isometry group.

Proposition 7.2.4. Let (X;9,U) be a static end, and let v be a ray emanating from
0%. Let 0 < p* < 1/2 and let integers j* > 0 and m* > 1. Then, there exist positive
constants €*, p* < min{p*/2,(1/2 — p*)/2},7*,C*, such that if at a point p € v with
r=r(p) > r* we have,

(a) dem ((AS(p;1/2,2);d,), ([1/2,2];]...])) < €, and,
(®) lpr(p) — p*[ < p”,
then,

(I) there is a neighbourhood U, of AS(p;1/(2a*),2a*) foliated by level sets of U each

of which is a two-torus, and,

(I1) there is a Kasner space K and a smooth diffeomorphism (into the image) ¢ :
U — K, preserving the toric-foliations, such that

6407 = gl g < C*diamg, (6(T;,)) (7.2.30)

where T}, is the level set of U containing p.

Proof.

(I) Proceeding by contradiction, assume that for any €¢f = 1/i, 67 = 1/i and r* =
i there is p; € v with r; = r(p;) > r} for which (a) and (b) hold but for which
the neighbourhood U, with the desired properties does not exist. But if (a) holds
and p; belongs to a ray then the space (Ay, (pi; 1/(2a*),2a*); d,,) necesarily metrically
collapses to a segment of length 2a* — 1/(2a*). Thus there are neighbourhoods B;
of A%(pi;1/(2a*),2a*) and covers m; : B; — By such that (By;§y,,U;) converges to a
St x Sl-symmetric state. The limit state has non-constant p because by (b) it must be
pr;(pi) = p* and 0 < p* < 1/2. Hence the limit space is a Kasner space. Therefore for
i large enough the level sets of U foliate 53; and hence B;. Thus the neighbourhoods Up,
with the desired properties exist for ¢ large enough, which is a contradiction.

It is direct to see from the argumentation above that, after choosing €* smaller if
necessary and r* bigger if necessary, p, is uniformly bounded above and below away
from zero; that is, for some 0 < p < p < 1/2, the bound 0 < p < p, < p holds on Uy,
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for any p € v with r(p) > r* for which (a) and (b) hold. In the proof of part (II) we
will assume that €* and r* were chosen accordingly. As the proof progresses the values
of €* and r* will be adjusted a few times.

Note that the estimates (4.2.27) and the uniform bound for p, show that for any
i >0, |[V®p,|, is uniformly bounded (without the need to adjust ¢* or r* for each i).
Similarly for any i > 0, [V(®)\,.|, is uniformly bounded.

It is natural then to introduce the following terminology that will be used through-
out the proof of (II) below. Let G be a geometric quantity defined on each of the
neighbourhoods U, (for instance G = ;). Then G is uniformly bounded if one can find
a constant C' > 0 such that G < C holds on U, for any p with r(p) > r* for which (a)
and (b) hold.

(IT) Thoughout this part (II) we will be working on the neighbourhoods U, and at the
scaled geometry, namely dealing with g, rather than g. However to prevent a cumber-
some notation we will omit the subindex r everywhere. The reader should be aware of
that.

(IT)-A. THE TRIVIALISATION ¢ AND THE FLAT METRIC gp. Given ¢ € U, let (,(U)
be the integral curve of the vector field V*U, extending throughout ¢4, and parametrised
by U. Then define ¢ : U, — T}, x I by ¢(q) = (T, N ¢y, U(q)). We will be identifying U,
with T, x I via the diffeomorphism ¢.

On T, x I the metric g is written as

g=M\dU? +h (7.2.31)

where A = 1/p and * is the induced metric on the tori Ty := T, x U. Denote by D the
intrinsic covariant derivative on the Ty’s. As Ty (,) will appear often we will use the
simpler notation 7,.

Let hr be the metric on T}, that is conformally related to h|r, and that is equal to
* at p (§ Proposition 7.2.3). On T}, x I define

gr = dU? + hp. (7.2.32)

Around any point g € T}, we can consider coordinates (21, 22) such that hp = d2? +dz3.
On every patch (z1,22,U) we have gr = dU? + dz? + dz3. For this reason the hp-
covariant derivative on the tori Ty will be denoted by 94 or simply 0.

We claim that,

(i) e “hp <h<e“hp, where Cy > 0 is uniform,
(ii) for any i >0 and [ > 0, |95,0D ]y, and [0},0D\|p,,. are uniformly bounded.

Of course these uniform bounds should be understood to hold at every point of every
TU in Z/{p.

We prove first (i). We start showing that for every i > 0, |D‘\|,, |D® O], and
| D0}, are uniformly bounded. Let v and w be two unit vectors tangent to a Ty at one
point. A normal unit vector to Ty is n* = AV?U. Then we compute,

O(v,w) = (V,(AVU),w) = (AV, VU + (Vo A) VU ) v w® (7.2.33)

By the estimates (4.2.27), |V, U|, and |V,V,U|4 are uniformly bounded. Similarly, as
mentioned in (I), A and |V |4 are uniformly bounded. Hence O]}, is uniformly bounded.
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For the same reason V-derivatives of © are uniformly bounded, and therefore are the
D-derivatives because V and D differ from each other in ©. These bounds imply the
uniform bounds also for [D‘A];, and |D0)|y,.

Recall that the Gaussian curvature x of the metric * on a slice Ty is given by

2

2k = —|0* — 02 — v

(7.2.34)
The previous estimates then show that for every i > 0, |[D®g|;, is also uniformly
bounded.

So far these uniform bounds hold without the need to adjust €* or r*, because they
are due essentially to the bounds (4.2.27) and the uniform bounds for p. In the sequel
we may need however further adjustment. Chose then €* sufficiently small such that
diamy,(T},) is small enough that we can use Proposition 7.2.3 on 7}, to conclude first
that

e Fopp < h\TP < efonp (7.2.35)

where Ko > 0 is uniform and second that for any i > 1, |0®h|r, |5, is uniformly
bounded.
Now we explain how (i) is a simple consequence of the boundedness of the second
fundamental forms. Recall that
Ouh =2)0 (7.2.36)

As X is uniformly bounded and as e K1p < O < K1 at every Ty and for some
uniform K; > 0, we deduce that e %24 < 9yh < e2h for some uniform Ks > 0. After
integration in U we obtain e’Ki"h\TP <h< €K3h|Tp for some uniform K3 > 0, which is
equivalent to e"“0hp < h < e“hp for a uniform Cy > 0 because of (7.2.35).

We turn to prove (ii). We have mentioned already that [V |4 is uniformly bounded.
Thus, [Ou|(= |p?(VU,VA)|) is uniformly bounded and so is |OA|,, by (7.2.35). We
prove then that |0yh|n, and |Oh|p, are uniformly bounded. The uniform bound for
|Ouh|p, follows directly from the formula (7.2.36), the uniform bound of A and of |©|,
and (i). Let us turn now to prove the uniform bound for |0h|, .. We work in coordinates.
We compute

OuOchap = 2(80)\)@,43 +2X0cO aB (7.2.37)

where we can write

0cOap = DcOap + T, Onp +TH0.40 (7.2.38)
with the Levi-Civita connection I'G 5 being

ISp = %{aAhMB + 0phay — Onhap}h™© (7.2.39)
Hence, relying on the estimates previously obtained we can write

O (Ochan) = Xoa% 2 P (0crharp) + Yoan (7.2.40)

where | X, %4 B'| and |Yeap| are uniformly bounded. Using this system of first order
ODEs and the uniform bound for [0h|7,|n, at the initial slice T}, we get directly the
desired uniform boundedness of |Ochap].

Proving that for every i > 0 and [ > 0, [0%0W\|;,,, and |0%,0Wh|,, are uniformly
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bounded, is done by the iteration of the same arguments.

(I1)-B. A ‘Goop’ S! x S1-SYMMETRIC APPROXIMATION g OF g. We explain first
how to define g and then we explain how well it does approximate g. Let pg be a point
in T}, where the Gaussian curvature is zero. The choice of py will play some role that
we will explain later. Then define

§=AdU? +h (7.2.41)

where A and h are, at every leaf Ty, simply the hp-extensions of A(Cp, (U)) and hle,, @)
respectively. Note, in particular, that h — h and A — X are zero all over Cpo (U).
We prove now that for every ¢ > 0 and [ > 0 there is a uniform C' > 0 such that

1050 (h — h)|np < Cdiamy (T5), (7.2.42)
050D (N — V)[4, < Cdiamy (T},) (7.2.43)

Fix ¢ and [. In a coordinate patch (21, 22, U) around (,, = po x I, (po = (0,0)), we have

v v

hAB(Zl,ZQ,U):hAB(0,0,U), )\(Zl,ZQ,U):/\(0,0,U) (7244)

for all (z1, 29, U). Taking dy-derivatives we deduce that for every I’ > 0, also (agﬁ)m
and (94 A) |1, are the hp-extensions of (8511)\(?0([]) and (85)\)|CPO(U) respectively. There-
fore 9}, (h — h) and 8% (A — X) are zero at every point on (,,(U). If we prove that in
addition for every i’ > 0 and I' > 0, |89} (h — R)|n, is uniformly bounded then the
C’f;m*—norm of 8% (h— h) on every Ty would be uniformly bounded. We could then use
Proposition 7.2.2 at every tori Ty, (in Proposition 7.2.2 use W = 9}, (h — h), k =i+m*
and j = ), to conclude (7.2.42) and (7.2.46). Let us prove then these bounds.

First, as (8571)|TU is the hp extension of (agh)kpo(m, then at every point ¢ in a
torus Ty we have [9fh]n,. (@) = [0Fhln. (Goo (U)) = |08 hlne (Gpo (U)). But by (ii), for
every I' > 0, |9}h|n,. is uniformly bounded, hence |8%}(h— )| (< 0 Ay + |8§}7L|hF),
is uniformly bounded.

In second place, as (9}yh)|r, and (85X)|7, are the hp-extensions of (agh)\cpo((]) and
(05 N)¢,, () respectively then for any i’ > 1 we have )9k = 0 and LN = 0.
Therefore,

L") (h—h) =00 h and 9L (A —X) = 81,00\ (7.2.45)

By the estimates (i) and (ii) in (I), the hp-norm of the right hand side of each of these
expressions is uniformly bounded. This concludes the proof of the bounds that we
claimed above.

These estimates imply now, for any ¢ > 0 and [ > 0, we have

105,09 DDA~ Ny, < Crpdiam}, (T;,), (7.2.46)

where the Cy; are uniform (use that D = @ 4+ T'). This is the estimate that will be used
in (IT)-C.

(I)-C. THE KASNER APPROXIMATION g OF g. In coordinates (21, z2, U) the static
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equations are

Ouhap = 2)\O 4, (7.2.47)
OuO©ap = —DaDp\+ A2khap — 0045 +20400%), (7.2.48)
h
o (UT) —o (7240
2
OApO1f — 9% = —5z 2 (7.2.50)
D205 = Dpgb, (7.2.51)

where, as earlier, # = © {!. The equation (7.2.49) is the same as AU = 0 and is
equivalent to
Ay = A0 (7.2.52)

We will use this equation instead of (7.2.49).
Evaluating (7.2.47), (7.2.48), (7.2.49), (7.2.52) and (7.2.51) at (p,(U) and (7.2.50)
at pg we get,

Ouhag = 2\O 45, (7.2.53)
0UOap = M2Ehap — 00 a5 + 20400%) + OFp(diam}” (T,)), (7.2.54)
duh = A0, (7.2.55)
U . 2
(045048 — 0| = 5| (7.2.56)
po Po
éAéAB = 835, (7.2.57)
where K is defined as
F=| - o - L4504 ) (7.2.58)
5‘2 2 po -
(and is not the Gaussian curvature of i which is zero) and where 0%y is
O%p = —DaDpA. (7.2.59)

This notation is to stress that, as was shown in (7.2.46), for any [ > 0 we have
105,055 he < Cidiamy™ (T},) (7.2.60)

where C is uniform.
Consider now the metric
g© = (\6)2dU? + KX, (7.2.61)

where \& = X&(U) and b = h¥(U) solve

duhs g =226k 4, (7.2.62)
0% s = NE(—0%0% 5 +20%,0%F), (7.2.63)
AN = (N)20 (7.2.64)
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subject to the initial data
BX5(0) = hap(0), ©X5(0)=04p(0) and A¥(0) = A(0). (7.2.65)

Following the discussion in Section 6.2, we see that (AX(U), h%(U)) satisfy (2.2.17),
(2.2.18) and (7.2.64) for all U, and (2.2.19) at the initial time, hence is a Kasner solution.

Hence 1 1
K KAB Ky2

on each Ty. Thus, (7.2.63) is equivalent to
o0k 5 = (25K — p%ek 5 + 205, 0K9), (7.2.67)

where &* is the right hand side of (7.2.66) and is zero. Therefore, thought as ODE’s,
the system (7.2.53), (7.2.54), (7.2.55) is a perturbation of the system (7.2.62), (7.2.63),
(7.2.64) where the 'perturbation’ is O% and should be thought as depending only on
U. Both sistems have also the same initial data. Therefore, using (7.2.59) and standard
ODE analysis we obtain

A (h — K|, < Crdiam™ (T,), 7.2.68
U F l hg p
0L (A — 5| < Cfdiam]? (T;) (7.2.69)

for any [ > 0, where the C; are uniform. Now note that because 0V hx = ODh =0
then for every 7 > 1 we have

L0 (h — by = 94,0 (h — h), (7.2.70)
LD (N = XE) = LD (A = N) (7.2.71)

Thus, from (7.2.42) and (7.2.43) we obtain

050D (h — )|, < Cpidiamy’. (1), (7.2.72)
100D (N — XY, < Cridiamy (T5) (7.2.73)

where the C}; are uniform.
The estimates (7.2.30) claimed in (II) are equivalent to (7.2.68),(7.2.69), (7.2.72)
and (7.2.73). This finishes the proof of the Proposition. O

Proposition 7.2.5. Let (X;g,U) be a static end, and let v be a ray emanating from 9%.
Let 0 < p* < 1/2 and let m* be an integer greater or equal than one. Let €*, u*, r* C*
be as in Proposition 7.2.4. Then, there exist positive 0*, {* and B* such that for any
point p € v with r = r(p) > r* satisfying,

a) don ((AS(pi1/2,2);dy), ([1/2,2);]...1)) <€,
b) |pr(p) — p*| < 17,

c) |0(p) — 1] <07,

d) diamp, (¢(7})) < €7,

and for any point p' € v with v’ := r(p') = a*r, then each of the following holds,
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D) dou((A5,(0'31/2,2);dawr), ([1/2,2];]...])) < €/2,
I) diamg, (7}) < diamg, (7;)/2,

1) [0, (p') — 1| < B*diamj, (T,) + 0-(p) — 1]/2,

IV) |y (p}) — pr,(pi)| < B*diamj, (Tp,) + |0y, (pi) — 1]/2

Proof. Proceeding by contradiction we assume that for each ¢ = 1/, £ = 1/i and
B} = i, there is p; € v with r(p;) > r* satisfying (a)-(d), and there is p; € v with
ri =r(p,) = a*r(p;) such that either (I), (IT), (III) or (IV) does not hold.

We prove now that for ¢ > ig with ig large enough, indeed all (I), (II), (IIT) and (IV)
must hold.

(I) As i — oo, the metric distance between (Uy,;g,,) and (T}, x Ii; gi*) tends to
zero and at the same time the spaces (T}, X I;; gE@) collapse metrically to a segment of
length (2a* — 1/(2a*)). Hence so does (Uy,;gr,). As Uy, contains AS (ps;1/(2a*),2a*)
and therefore AS, (p};1/2,2), this set metrically collapses to a segment of length 2—1/2.
Hence (I) must hold for i sufficiently large.

(IT) Let ¢; be the Kasner coefficient of the Kasner space K;. Then by (b), for
sufficiently large i we have ¢; € [p* /4, p*/4+3/8| hence (II) must hold by the definition
(7.2.26) of a*.

(III) We write

(
(
(
(

10, (}) — 1] < [0, (p]) — O (0] + 052 (9)) — 1] (7.2.74)

where 9115*"’ (T};) is the mean curvature of the slice T}, with respect to the Kasner metric
(1/a*)2g"% | namely 0% (Ty) = a* g% (Ty;). Similarly, as r; = a*r; we have 0,/(p;) =
a*0,,(p;). Therefore for the first term in the right hand side of (7.2.74) we can write

10, (p7) — O (97)] = @*[6r, (pf) — 6%(p)| < Cdiamj, (T;,) (7.2.75)

where the last inequality is from (II) in Proposition 7.2.5 with m* = 2.
Write the Kasner metric g& as

g% = da® + 2*"dp} + 2*idps = (A)?dU? 4 B (7.2.76)
and let z(p;) = z; and z(p}) = =}. Then,

| 1 1
0% i) = —, and 0%(p)) = — (7.2.77)

and,
P — / Meiqu (7.2.78)

where the integral is along any integral line of VeU.

On the other hand the g,,-length of the segment of v between p; and p}, is equal to
a* — 1. This length is equal, up to an O(diamiKi (Tp,)) to the g, -length of any integral
line of V*U between T}, and T} . So,

o —1= / A, dU + O(diam3 s, (Tp,)) (7.2.79)
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But by Proposition 7.2.4 we have |\, — A%
(7.2.79) to get

< O(diam%w (Tp,)). Substract (7.2.78) and

o) =i + (¢ — 1) + O(diam}, (T;,)) (7.2.80)
Thus

*

a
x;+a*—1+ O(diamik‘ (Ty,))

O (p}) = (7.2.81)

Then we calculate

z; — 1+ O(diam}_ (T},))
65 () — 1] = - (7.2:82)
T, +a*—1+ O(dlamhKA (Tp,))
11 e 2
S 5 ; — 1 + 03 dla,mh]K‘ (sz) (7283)

where to obtain the bound we used that z; — 1 and that a* > 4 (see definition of a*).

But 1
— = 0% (p:) = 0% (po:) = 0y, (poi) (7.2.84)

i
where pg; is the point over T}, that is used in the construction of g& in (II)-C in
Proposition 7.2.4. But again by Proposition 7.2.4 we have,
107, (p) = 0, (poi)| < Cidiamy, (T;,) (7.2.85)

and thus

1 .
P 1’ = 0., (pos) — 1| < |0, (ps) — 1] + C’Zdlamiki (Tp,) (7.2.86)

Combining now (7.2.74), (7.2.75), (7.2.82)-(7.2.83) and (7.2.86) we deduce that (III)
also holds for ¢ suficiently large.

(IV) This follows the same arguments as in (III). Write,

[ors (9}) = e (0)] < o0 (P) = P ()] + 105 (22) = pr, (2)] (7.2.87)
+1pat (0}) = P (pi)] (7.2.88)

The two terms on the right hand side of (7.2.87) are bounded by O(diamiK (Tp,)) by
Proposition 7.2.4 with m* = 2. On the other hand following notation as in (III), write
UXi = ¢;Inz with ¢; — p*. Then the term in (7.2.88) is equal to

& (&
- -
x; x;

*

(7.2.89)

and using (7.2.80) we can easily manipulate this expression to obtain the bound
|z; — 1|/2 + O(diam;, (T},)) (7.2.90)

because a* > 4 and p* < 1/2. Finally use (7.2.86) to bound this expression once more
and obtain (IV). O

Theorem 7.2.6. (A characterisation of KA) Let (3;g,U) be a static end. Lety be a ray
and suppose that there is a sequence p; € v such that p,,(p;) — p*, with 0 < p* < 1/2
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and that (A5, (ps; 1/2,2); 8,,) metrically collapses to a segment ([1/2,2];]...|). Then the
end is asymptotically Kasner.

Proof. For the p* given in the hypothesis and for any integer m* > 1 let €*, u*, r* and
C* be as in Proposition 7.2.4, and let 0*, £* and B* be as in Proposition 7.2.5. We
claim that there are p™* < p*, 6** < 6* and £** < ¢* such that if for ¢ big enough the
point p° := p; is such that,

(a") dem((Af(p°51/2,2);d,), ([1/2,2];]..1)) < €,
() [pro (p°) = p*| < p*
(©) 10,0 (p°) — 1] < &%,
(d") diamy, o (¢(Tpo)) < £+,
then for any p™ € ~ such that r(p™) = (a*)™r(po) we have
(a) dan (A5 (P"51/2,2)1dpn), ([1/2,2];]... 1)) < €,
(b) lppn (p"™) — p"| < 7,
(¢) 6 (p™) — 1] < 07,
(d) diamp,, (¢(Tpn)) < €727,

As by (d) diamy,, (¢(Tp»)) — 0 and (a) and (b) hold for all p™, then the end is asymp-
totically Kasner by Proposition 7.2.4.

To choose €**, §** and p** we make the following observation. If (a),(b),(c) and (d)
hold for p", n =0,1,2,3,...,m > 1 then, after using the conclusions (I),(II) and (III)
in Proposition 7.2.5 m-times (each time use Prop 7.2.5 with p = p",p’ = p"*!) one
obtains without difficulty the bounds,

A E**
diamp,,, (¢(Tpm)) < ST (7.2.91)
m mB*** 6
|67‘"” (p ) — ]_| S 72”1_1 %, (7292)
. < [ B*(0**)?  nB* 0**
o (0™) = pro () < Y ( ) T g T 2n+1) (7.2.93)
n=1

With them at hand choose p** = p*/4, and §** and £** such that the right hand side
of (7.2.92) is less or equal than 6*/2 for all m > 1 and, when in (7.2.93) we consider
m = oo (i.e. the infinite sum), this sum is less or equal than p*/4. Chosed that way
it is then trivial that (a),(b),(c) and (d) in Proposition 7.2.5 indeed hold for all p™,
n=20,1,2,3,...,00. 0

7.2.2  The asymptotic of free S*-symmetric states

Free S'-symmetric ends have a well defined limit of U at infinity that we denoted by U,
(Proposition 6.4.6). In this section we study free S'-symmetric ends with the property
that

Up) < Usx (7.2.94)

for all p. We aim to prove the following theorem.
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Theorem 7.2.7. Let (3;9,U) be a static free St-symmetric end such that U(p) < Use
for allp € . Then, either the data set is locally M (flat) or is asymptotic is a Kasner
different from A and C.

Suppose (X;g,U) is a data set as in the last proposition. If U(p) = Uy at some
p € X° then U is constant by the maximum principle and the data set is flat. Due to
this, from now on we are concerned with the case when U < Uy.

A large part of the proof of Theorem 7.2.7 is indeed quite general and is valid too
for a class of data sets that will show up again crucially in the next section. They are

the x-static ends that we define below (the prefix “«<” is just a notation).
The level sets of U will be denoted as follows,

Ul={pex:U@p) =U} (7.2.95)

For instance U; ' = {p € ¥ : U(p) = U1} and so forth.

As for the critical and regular values of U, it follows from Theorem 1 in [31] that
the set of critical values of U is discrete. We will use this information below. Besides
of this, the critical set {|VU| = 0} is well understood but this won’t be necessary here,

(see [1]).

Definition 7.2.8. Let (3;9,U) be a (non-necessarily free S'-symmetric) static end.
Then, we say that (3;9,U) is a x-static end iff

1. the limit of U at infinity exists (denote it by Uy, < 00),
2. U < Uy everywhere,

3. there is a regular value Uy of U, with Uy > sup{U(p) : p € S}, such that for any
regular value Uy > U, Ul_1 is a connected and compact surface of genus greater
than zero.

Note that x-ends are non-flat. It is also easy to see that any two regular values Uy >
U, greater or equal than Uy, enclose a compact region 212, that is 015 = U1_1 U U2_1.
The proof of Theorem 7.2.7 follows by from the next three propositions.

Proposition 7.2.9. Let (X;9,U) be a static free St-symmetric end such that U(p) <
Uso for all p. Then (3;9,U) is a x-static end and has a simple cut {S;}.

Proposition 7.2.10. Let (3;g,U) be a static free S'-symmetric end such that U(p) <
Uy for all p. Then the end is asymptotic to a Kasner different from A and C, or has
sub-quadratic curvature decay.

Proposition 7.2.11. Let (X;g,U) be a x-static end and let v be a ray. Suppose that
the data set has a simple cut {S;}. Then the curvature does not decay sub-quadratically
along v U (U;S;).

Proof of Theorem 7.2.7. Direct from Propositions 7.2.9, 7.2.10 and 7.2.11. O

Propositions 7.2.9 and 7.2.10 concern only free S!-symmetric ends and are simple to
prove.

Proof of Proposition 7.2.9. To prove that the data is a %-static data, we need to show
only 2 of Definition 7.2.8, items 1 and 2 are verified by hypothesis. Without loss of
generality we can assume that the quotient manifold S is diffeomorphic to S x [0, 00)
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(Propositions 6.4.2, 6.4.4). We work on (S;¢,U,V) in particular we think U as a
function from S into R. Clearly there is a regular value Uy such that for any regular
value U; > Uy, U] 1 is compact, that is, a collection of circles. None of such circles
can be contractible otherwise we would violate the maximum principle. But if there
are two such circles, then they enclose a compact manifold (finite cylinder) hence the
maximum principle would be also violated. Therefore U; !'is just diffeomoprhic to S*.
Now thinking U as a function from ¥ to R, we have that U] 1 is diffeomorphic to a
torus. The existence of a simple cut {S;} was shown in Proposition 6.4.5. O

Proof of Proposition 7.2.10. We work on (S;q,U, V). Let u := lim A(B(dS,r))/r?. If
@ > 0 then (S;q) is asymptotic to a cone. Hence k decays sub-quadratically and
therefore so does |VU|? by (6.1.9). Suppose now that p = 0. Let 7 be a ray from 95. If
i = 0 then any sequence of annuli (A, (p:;1/2,2); qr,), with p; € ~, metrically collapses
to the segment [1/2,2]. For this reason, if |VU|? decays sub-quadratically along any
sequence p; € ~y then indeed |VU|? decays sub-quadratically along the end. On the
other hand if for a certain sequence p;, |[VU|Z (pi) > p« > 0 (p. a given constant),
then the end (¥;g,U) is indeed asymptotic to a Kasner different from A and C by
Proposition 7.2.6. (There is a caveat here. Proposition 7.2.6 requires that for i large
enough, the annulus (A, (pi;1/2,2);9,,) (annulus in ) to be metrically close to the
segment [1/2,2]. For ¢ large enough the annulus (A, (p;;1/2,2);¢,,) (annulus in S) is
close to the segment [1/2,2], then, if necessary, just make a scaling as in (6.1.8), with
Ai = 1,p; = 0 and with v; small enough that also the annulus (A, (p;;1/2,2);g.,) is
close to [1/2,2]. Note that such scaling only changes the g-length of the S'-fibers in ¥
and so doesn’t affect the norm |[VU|?). O

The proof of Proposition 7.2.11 will be carried out through several steps (Proposition
7.2.12, 7.2.13, 7.2.14, Corollary 7.2.15, and Proposition 7.2.16).

Proposition 7.2.12. Let (3;9,U) be a x-static end. Let Uy be a regular value as in
Definition 7.2.8 and consider another reqular value Uy > Uy. Then, the set of points
mn UO_1 reaching U1_1 in time Uy — Uy under the flow of Oy is a set of total measure in
Uy ' and its image is a set of total measure in U; ",

Proof. Denote by Qg the manifold enclosed by Uy ' and Uy '. Let C = {p: VU(p) =
0} N Q2 be the set of critical points in 25,. The closed set of points C' in U; ! that do
not reach U, ' in time Uy — U; under the flow of y = VU/|VU|?, end in a smaller
time at a point in C. Let ¢(x,t) : C x [0,00) — Qg2 be the map generated by the flow of
the vector field VU, (not the collinear field dy7), that is, that takes a point z in C' and
moves it a time ¢ by the flow of ViU (note that indeed if € C, then the orbit under
the flow of VU is defined for all time). Suppose that the area of C' is positive. Then
the set

Cy={¢(x,t):x€C,0<t <1} (7.2.96)

has positive volume V(C7). But as U is harmonic the flow of ViU preserves volume
and so we have V(¢(C1,t)) = V(¢(Cq,0)) for all ¢ > 0. Let € > 0 be small enough that

V(B(C,e)\C) < V(C1)/2 (7.2.97)

where B(C,¢) is the ball of points at a distance less than epsilon from C. Then a
contradiction is reached by choosing ¢ large enough that ¢(Cq,t) C B(C,¢€) \ C because
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then it would be
V(Cy) =V (¢(Ch,t)) <V(B(C,e) \C) < V(C1)/2 (7.2.98)

To show that the image of U; '\ C under the flow of Jy is a set of total measure in
Uy " just reverse the argument using the flow of —dy from Uy ! to Uyt O

The following function of the level sets of U, (U > Up), will be central in the analysis
later,

GU) = /Uil IVU|*dA (7.2.99)

The function G(U) is well defined at least for regular values of U. It is also well defined
at the critical values but this won’t be needed. As mentioned before Definition 7.2.8,
critical values of U are discrete and, as we will show next, the lateral limits of G(U) at
any critical value U, coincide (and are finite). Let us see this property. Let Uy > Uy
be any two regular values with Uy > U, > U; > Uy and let 215 be the region enclosed
them. As in Proposition 7.2.12 let C' be the closed set of points in U1_1 that do not
reach U{l in time Uy — Uy under the flow of 9. For any € > 0 small enough let R(e)
be an open region in U ! with smooth boundary, containing C, and inside the ball
B(C,¢). Let C1(e) = Uy \ R(e). Let Qi2(€) be the union of the set of integral curves
(inside Q12) of Oy starting from points in C; (¢) and ending in U, *, and let Cy(e€) be the
union of the end-points in Uy 1 of these integral curves. Then the divergence theorem
gives

/ |VU|2dA—/ \VUPdA:/ <VVU,EVU>dV (7.2.100)
C1(e) Ca(e) Qua(e) VU]

Take the limit € — 0 and use Proposition 7.2.12 to deduce,

G(Us) - G(UY) = / wvu, Y vuyav (7.2.101)
Q, VU

where ], the union of the set of integral curves of 9y starting from points in U; '\ C
and ending in U, ! and is equal to ), minus a set of measure zero. Observe that the
integrand is bounded. Take finally the limit U; 1 U, and U | U, and note that the
volume of 5 tends to zero to get

Ulll']I‘I(}C GWU) = Ulzlirllfc G(U) (7.2.102)

as claimed.

The function G(U) will be thought as defined for all U > Uy, continuous everywhere
and diferentiable except on a discrete set (the critical values of U). The continuity will
be used implicitly several times in what follows.

Proposition 7.2.13. Let (X;9,U) be a x-static end. Let Uy be a regular value as in
Definition 7.2.8. Then for any two regular values Us > Uy > Uy we have,

G'(Us) > G'(Uy) (7.2.103)
where G' = dG/dU.

Proof. Let U, be aregular value. Identify nearby level sets U ! to U_! through the flow
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of 9y := ViU/|VU|? = n/|VU| where n is the unit normal to U~1. As U is harmonic,
the form |VU|dA is preserved. With an abuse of notation we write |[VU|dA = |VU,|dA..
Thus

G(U) = / IVU||VU,|dA, (7.2.104)
U-1
Therefore
' VU, |
G'(U) = (Va|VU]) dA, = V.|VU|dA (7.2.105)
U-1 |VU| U-1

Let ;5 be the region enclosed by Uy * and U;l. Now let € > 0 be a regular value of |[VU]|
smaller than the minimum of |[VU| over Uy * and Uy *. Let E = {p € Q15 : |[VU|(p) < €}.
The divergence theorem gives us

/ Vn|VU|dA:/ vn\VU\dAJr/ A\VU\dV+/ Vo [VU|dA (7.2.106)
Uyt Ut Q12\E° OE

The last term on the right hand side is positive, and the second from last is non-
negative because A|VU| > 0 (use Bochner or just see [3] Lemma 3.5). The proposition
follows. 0

Proposition 7.2.14. Let (X;9,U) be a x-static end. Let Uy be a regular value as in
Definition 7.2.8. Then, for any two regular values Uy > Uy > Uy, we have

(g) (Uy) > (g) (U) (7.2.107)

where G' = dG/dU.

Proof. First, recall that the set of critical values of U is discrete. We start proving that
for any two regular values Us > U; with no critical value in between, the inequality
(7.2.107) holds.

We write 1

"= UP

dU? + h (7.2.108)

where  is a two-metric over the leaves U~! between U; ' and Uy '. Denote with
a prime (') the derivative with respect to 9y = V'U/|VU|?. We will use again the
notation A := 1/|VU|. Let © and 0 be the second fundamental form and mean curvature
respectively of the leaves U .

Fix a leaf U_!. Identify the leaves U~! to U_ ! through the flow of dy. As U is
harmonic we have |VU|dA = |VU.|dA.. Hence

1
G = |VU|?dA = —|VU,|dA.,. (7.2.109)
U—l U—l A

As dA = M\VU,|dA, and 6 = (0, dA)/dA we deduce § = —(1/A)". Thus,

G = —/ 0|VU,|dA. (7.2.110)
U—l

!
G = _/ 0|V, |dA, = _/ %dA (7.2.111)
U-1 U-1
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We use now that in dimension three ' has the standard expression,

0 = —AN — (=2k + trp Ric + 6*)\ (7.2.112)
to deduce,
G" = —4Axn |V)‘|2 . 2
= —dnx + | (=5 +traRic)dA + 0%dA (7.2.113)
Ul )\ Ufl

where y is the Euler characteristic of the leaves U~!. On the right hand side of this
expression the first two terms are non-negative. For the last term we have

2
(fw HVU*|dA*) o

92dA:/ 2\|VU,|dA, > = 7.2.114

/U,l -1 | | Jo-1 3IVU.|dA, G ( )
Therefore,

"> i 7.2.115

G"> = (7.2.115)

which is equivalent to (G'/G)" > 0 from which (7.2.107) follows.

We prove now that (7.2.107) also holds when Uy > U; are two regular values, and
between them there is only one critical value U.. This would complete the proof of the
proposition. To see this we just compute,

> <thgg;]§/(U)> = Jim_ (g)(U) (7.2.117)
> <g>(U1) (7.2.118)

where to pass from (7.2.116) to (7.2.117) we use Proposition 7.2.13 (note G(U) > 0 for
all U). O

Corollary 7.2.15. Let (X;9,U) be a x-static end. Then, there is a divergent sequence
of points p;, and constants C > 0 and D > 0 such that

(VeCY|(p;) > D (7.2.119)
Proof. From Proposition 7.2.14 we get
G(U) > G(Uy)e=CW—Uo) (7.2.120)

where C' = —G'(Uy)/G(Uy). If C < 0 then G(U) > G(Uy). But
GU) = / VUV U |dAq (7.2.121)
U*l

which has a fixed integration measure |VUp|dAp. It follows that there must be a diver-
gent sequence of points p; for which |VU|(p;) is bounded away from zero (which is not
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the case). Thus C > 0. In this case we have
G(U)eCY > G(Up)eCP > 0 (7.2.122)

But as
G(U)eCY = / VeS|V |d Ay (7.2.123)
U-1

again we conclude that there must be a divergent sequence of points p; and a constant
D > 0 for which (7.2.119) holds. O

Proposition 7.2.16. Let (X;g,U) be a x-static end and let v be a ray. Suppose that
the data set has a simple cut {S;} and that the curvature decays sub-quadratically along
YU (U;8S;). Then, for any constant C > 0, |VeCY| tends to zero at infinity.

Proof. Let v(s) be a ray from 0% and parametrized by arc-length s, (i.e. d(y(s),0%) =
s). As we have done before, we will use the notation r(p) = d(p,9%), for p € X. Thus

r(v(s)) = s.
As |VU|? decays faster than quadratically along v we have,
r|VU|(r) =0 as r — oo, (7.2.124)

where we have denoted |VU|(y(r)) by |VU|(r). Let 7o be such that for all r > ro we
have |VU|(r) < 1/(2Cr). Integrating we obtain

U(r) =U(ro)l < 55 In— (7.2.125)
where to simplify notation we made U(r) := U(y(r)). Thus,
U < eyl /? (7.2.126)

We will use this inequality below.

The ray v intersects S; and ;1. So let «; ;41 be the segment of v intersecting S;
and S;j41 only at its end points. Let r; be the number such that v(r;) is the end point
of @ j+1 in §;. The connected set

Zj = Sj U Qj 541 U Sj+1 (72127)
is included inside A(2'27,24%27). So by Proposition 4.4.5 (with Z = Z;) we deduce,
Ulg) <n+U((ry)) (7.2.128)

for any ¢ in S; U S;41, and where 77 does not depend on j.
Let U; ;11 be the compact manifold enclosed by S; and S;41. By the maxumum
principle, the maximum of U on U; ;11 takes place at a point, say x;, in S; US;11. So,

Ulz) < Ulx;) (7.2.129)
for any « € U; j41. Combining this with (7.2.128) with ¢ = x; we obtain,
eCUE) < peCUO ) (7.2.130)

for any x € U; j+1 and where the constant co does not depend on j.
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Now, S; is included in A(2'727,22727) and so we have,
T < 2212 (7.2.131)
which plugged in (7.2.126) gives
CUO)) < 219 (7.2.132)
Combining this bound and (7.2.130) we deduce
eCU@) < 0,2 (7.2.133)

for any x € U; j+1 and where c4 does not depend on j.

On the other hand we also have A|VU|? > 0 and thus the maximum of |[VU|? over
U; i1 is reached again at S; U Sj41. From this fact we conclude that for every point
x € Uj j41 it must be,

IVU|(z) < max{|VU|(q) : ¢ € S; US;41} < 2% (7.2.134)
where the constant c; does not depend on j and where to obtain the last inequality it
was used that |[VU|(q) < K/r(q) (Anderson’s estimate) and the bound r(g) > 21+27 for
any g € S; US;41 because S; U 841 is included in A(21+2724727),

Let p; be any divergent sequence such that p; € U; 41 for each j. Then, using
(7.2.133) and (7.2.134) we reach,

) C
Vel (py) = CeCVPINU| (1)) < 55 (7.2.135)

where cg does not depend on j. Thus [Ve®U|(p;) tends to zero as j goes to infinity. As
the sequence p; is arbitrary we have proved the proposition. O

7.2.3 Proof of the KA of static black hole ends

In this section we aim to prove finally Theorem 7.2.1 stating that a static black hole
data set with sub-cubic volume growth is indeed AK.

Let X be the manifold of a static black hole data. An embedded connected surface
S is disconnecting if ¥\ S has two connected components one of which contains 9% and
the other infinity. The closure of the component of 3\ § containing 9% is denoted by
Q(0%,S). For instance, the surfaces S; of a simple cut are disconnecting.

For any disconnecting surface S we have,

max{U(p) : p € QI%,S5)} = max{U(p) : p € S} (7.2.136)

by the maximum principle. We will use this simple fact in the proof of the next propo-
sition.

Proposition 7.2.17. Let (3;9,U) be a static black hole end with sub-cubic volume
growth. Let~y be a ray and let {S;} be a simple cut. Then the end is either asymptotically
Kasner or the curvature decays sub-quadratically along the set v U (U;S;).

Proof. Suppose that for every n there is a point p,, € vU (U;S;) such that

VU, (pn) = ps (7.2.137)
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for some p, > 0. If a subsequence of the annuli (Af (pn,1/2,2);g,,) collapses to a
segment then vy must pass through the annuli Af (pn,1/2,2) and the end must be
asymptotically Kasner by Theorem 7.2.6. If no subsequence of these annuli metri-
cally collapses to a segment then one can find a subsequence (also indexed by n) and
neighbourhoods B,, of A5, (pn,1/2,2) such that (B,; g, ) collapses to a two-dimensional
orbifold. Having this, by a diagonal argument, one can find a subsequence of it (also
indexed by n) and neighbourhoods By, of A¢ (pn;1/2,2%), with k, — oo, and collaps-
ing to a two-dimensional orbifold (Ss;¢so). As the collapse is along S'-fibers (hence
defining asymptotically a symmetry), we obtain, in the limit, a well defined reduced
data (S;q,U,V) where U is obtained as the limit of U,, := U — U(p,,). This data has
|VU|, # 0 by (7.2.137) and therefore is non flat. Moreover it has at least one end
containing a limit, say 7, of the ray . Let us denote that end by Sx.

As observed in Section ?7? the limit orbifold has only a finite number of conic points,
therefore the basic structure of the asymptotic of the reduced data on the end S5 is
described by Propositions ?? and ??. Furthermore U has a limit value U,, < 0o at
infinity by Proposition ?7.

We claim that we must have U < Us. Let us see this. Let j, be an integer such
that j, <7, =7r(pn) < jn + 1. As 7 intersect all the surfaces S;, then fixed an integer
k > 1, the surfaces S;, 41 “collapse into sets” in Sy as n — oco. The bigger k is, the
farther away the sets “collapse”. As U — Uy, over the end S5 then one can find a
sequence k, — oo such that U,, converges to U (as n — oo) when restricted to the
surfaces Sj, +,. Then, by (7.2.136), we have

max{U(p) : p € QIL, S}, +1,)} = max{U(p) : p € Sj, 1.} = Ueo (7.2.138)

and the claim follows because if U(q) > U + € for some € > 0 and for some g € S= then
there is a sequence of points g, € (0%, S, 1k, ) with Up,(qs) > Use + €/2 if n > ny,
that would eventually violate (7.2.138).

As (S5;4,U,V) is non-flat then it has to be AK different from the Kasner A and C
by Proposition 7.2.7. Therefore one can find a sequence k,, such that the annuli

(A(y(rn2Fn);rp 25t 250 ) g, o), (7.2.139)
neighbouring the points 7(7,2%»), collapse to a segment [1/2,2] while having

IVUlg i, (1(10257)) > p** (7.2.140)

rp2kn

for some p** > 0. Then the end must be asymptotically Kasner by Theorem 7.2.6. We
reach thus a contradiction. Hence, the curvature decays sub-quadratically along the set
Y U (Uij). O

Corollary 7.2.18. Let (X;g,U) be a static black hole data set with sub-cubic volume
growth that is not AK. Then

(max{U(p) :pe S;US;41} —min{U(p) : pe S; US;41}) = 0 (7.2.141)

where {S;} is a simple cut.

Proof. If the data is not AK, then we deduce by Proposition 7.2.17 that for any sequence
of points p; € §; we have
VU, (pj) = 0, (7.2.142)
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where 7; = r(p;) as usual. Now, if p; € S; then 2127 < p; < 24%27 thus (7.2.142)
implies right away that,

max{|VU|,aj (q) qc Sj_l U Sj+2} — 0, (72143)

as j — oo, where we made 7; = 2%. Now, as the maximum of VU s, on Uj_1 42 is
reached at S;_1 U S;12 we conclude that,

max{|VU|;,j (q) 1q € uj*l,j#»?} =0 (72144)

as j — oo. Observe that because S; and S;1;1 are intersected by any ray v ({S;}
is a simple cut), they belong to the same connected component of A(2!17%/,24+2)) =
Ay, (2,4). Denote that component by Af (2,4). We have,

SjUSj1 CAS (2,4) CAZ (1/2,2°) U1 jyo (7.2.145)

and remember that the by (7.2.144) the maximum of [VU|;; over AZ (1/2, 26) tends
to zero. So (7.2.141) is exactly item 2 in Proposition 4.4.5 with a = 2, b = 4 and
Zj = Sj U Sj+1. O

Proposition 7.2.19. Let (3;g,U) be a static black hole data set with sub-cubic volume
growth. Then U tends uniformly to a constant Uy, < oo at infinity.

Proof. The claim is obviously true if the end is AK. Let us assume then that the end is
not AK. Let {S;} be a simple cut and v a ray. By Corollary 7.2.18 we have,

(max{U(p) : p € S; US11} —min{U(p) : p € S; USj41}) = 0 (7.2.146)
And by the maximum principle,

max{U(p) : p € S; USj11} > max{U(p) :p € U; j41} > (7.2.147)
>min{U(p) : p € Ujj+1} > min{U(p) : p € S; USj41} (7.2.148)

Therefore the function U is becoming more and more constant over the manifolds ¢4; ;41
enclosed by S; and S;41. A simple application of this fact is that if there is a sequence
of manifolds U}, j,+1 over which U tends to infinity then U must tend to infinity over
any other sequence Uj; ;1 1, as if not then for some i; < iz the minimum of U over the
manifold Uj, j,. enclosed by §j;, and S, would not be reached at a point on either
§j;, or §j,,, but rather at a point on a manifold U j+1 with j;, < j and j+1 < js,.
This would violate the maximum principle. For the same reason if U tends to a finite
constant over a sequence of manifolds I/ j+1 then it must tend also to the same constant
over any other sequence. O

Proposition 7.2.20. Let (3;g,U) be a static black hole data set with sub-cubic volume
growth. Then, there is a divergent sequence of disconnecting tori embedded in ¥ and
enclosing solid tori in XU B.

Proof. By the result of Galloway [?], it is enough to find a divergent sequence of dis-
connecting tori T; having outwards mean curvature positive. Let us prove this.

Let {S;} be a simple cut and let p; be for each j a point in yNS;. If for a
subsequence pj;, the annuli (Aﬁji (Pji31/2,2);9r;,) collapse to a segment [1/2,2] then
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there are neighbourhoods B; of Aj. (p;;;1/2,2) and finite coverings B; such that the
sequence (Bi;grji) converges to a S! x Sl-symmetric space ([1/2,2] x T;gr). As by
Proposition 77?7

Let T} be a sequence of embedded tori in B; such that the coverings T} converge (in
C?) to the torus {1} x T"on [1/2,2] x T. Observe that as the disconnecting surfaces S,
are embedded in B; the tori T; are also disconnecting. If the outwards mean curvature
of the torus {1} x T is negative, then so is the mean curvature of the torus T; for i
suficiently large. But this is not possible because as Ric > 0 any ray from 7T; would
develop a focal point at a finite distance from 7;. On the other hand if the outwards
mean curvature is positive, then for ¢ > ig with iy large enough the tori T; conform the
tori we are looking for. So let us suppose that the mean curvature of the torus {1} x T'

is zero. Then....
O

Proposition 7.2.21. Let (2;g,U) be a static black hole data set with sub-cubic volume
growth. Then, there is a reqular value Uy < U, such for any regular value Uy of U
with Use > Uy > Uy, Ul_1 is a compact connected surface of genus greater than zero.

Proof. Suppose on the contrary that there is a sequence of regular values U; tending to
Uy such that each U{l is a sphere. Clearly such sequence of spheres is divergent (i.e.
scapes any compact set). Also, by Proposition 7.2.20, every sphere is embedded inside a
solid torus in X UB. Hence, every UZ-_1 bounds a ball. Thus X UB must be diffeomorphic
to R3. Hence, the complement of an open set of ¥ is diffeomorphic to S? x Rf and the
end must have cubic-volume growth by [28] which is against the hypothesis. O

The next Corollary is direct from Propositions 7.2.19, 7.2.21.

Corollary 7.2.22. Let (X;g,U) be a static black hole data set with sub-cubic volume
growth. Then (3;9,U) is a x-static end.

We are now ready to prove the Theorem 7.2.1.

Proof of Theorem 7.2.1. Suppose that the data is not AK. Let {S;} be a simple cut
and let v be a ray. Then, by Proposition 7.2.17, the curvature decays sub-quadratically
along v U (US;). By Corollary 7.2.22 the data is x-static and by Proposition 7.2.11 the
curvature cannot decay sub-quadratically along v U (US;). We obtain a contradiction.
Therefore the data is AK. O

& THE CLASSIFICATION THEOREM

Proof of the classification theorem 2.1.6. Let (X; g, N) be a static black hole data set.
By Proposition 4.4.3 we know that one of the following holds,

1. 0¥ = H, where H is a two-torus, or,

2. 0¥ = HyU...UHy, h > 1, where each H; is a two-sphere, and (X; g) has cubic
volume growth, or,

3. 0¥ = HiU...UHp, h > 1, where each H; is a two-sphere, and (X; g) has less
than cubic volume growth.

Then depending on whether 1,2 or 3 holds, we can conclude the following,

70



REFERENCES

1. If 9% = H, then the solution is a Boost as explained in Proposition 4.4.3.

2. In this case the state is asymptotically flat (with Schwarzschildian fall off), as

[1]

discussed in Section 7.1. By Galloway’s theorem ??, ¥ is diffeomorphic to R3
minus *-balls and the uniqueness theorem of Israel-Robinson-Bunting-Masood-
um-Alam, shows that the solution is Schwarzschild.
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