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December 20, 2004

Abstract

Let f : M → M be a diffeomorphism defined in a d-dimensional com-
pact boundary-less manifold M . We prove that C1-persistently expansive
homoclinic classes H(p), p an f -hyperbolic periodic point, have a dominated
splitting E⊕F , dim(E) = index(p). Moreover, we prove that if the H(p)-germ
of f is expansive (in particular if H(p) is an attractor, repeller or maximal
invariant) then it is hyperbolic.

1 Introduction

It has been a problem in differentiable dynamical systems during the last decades to
understand the influence of a robust dynamic property (i.e. a property that holds
for a system and all nearby ones) on the behavior of the tangent map of the system.
For instance, to begin with the context of this paper, Mañé ([Ma1]) proved that if
M is a compact manifold and a diffeomorphism f : M → M and all C1 nearby ones
are expansive then f is a quasi-Anosov system (any non vanishing vector growth
exponentially in norm by forward or backward iterations of the tangent map), and
in particular is a hyperbolic system (Axiom A). In this paper we are concerned
when some natural invariant subset is robustly expansive. A first generalization
would be to assume that the non-wandering set is robustly expansive. However,
this immediately yields that f is in the C1 interior of those systems having all
the periodic points hyperbolic, and it follows by ([Ao],[Ha]) that the system is
Axiom A. In this paper we study the case when a homoclinic class is robustly
or persistently expansive (see definitions below) generalizing previous results in
[PPV]. The difference of this case with that of [Ma1] is that no regards is done on
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the global aspects of the dynamics. For instance, it is not known, a priori whether
a robustly expansive homoclinic class is a (locally) maximal invariant set or not.
Let us be more precise.

Let M be a compact connected boundary-less Riemmanian d-dimensional man-
ifold and f : M → M a homeomorphism. Let K be a compact invariant subset of
M and dist : M ×M → IR a metric on M and α > 0. We say that f restricted
to K is α-expansive when dist(fn(x), fn(y)) ≤ α for all x, y ∈ K and all n ∈ ZZ
implies x = y. The number α > 0 is called a constant of expansiveness for f and
K, and sometimes we say that f is expansive in K if α is fixed. Expansiveness is a
property shared by a large class of dynamical systems exhibiting chaotic behavior.

By homoclinic class we mean the closure of the (transverse) homoclinic points
associated to a hyperbolic periodic orbit p. By persistently expansive homoclinic
class we mean that for all nearby diffeomorphism g, the homoclinic class of the
continuation of p is expansive. Before we state our results in a precise way, let us
introduce some notations and definitions.

Throughout Diffr(M), r ≥ 1, is the space of Cr diffeomorphisms on M with
the Cr topology. It is well known that when p is a hyperbolic periodic point of f
of period k (i.e. no eigenvalues of Dfk

p has modulus one) then the sets W s(p) =
{y : fkn(y) →n→∞ p} and W u(p) = {y : f−kn(y) →n→∞ p} are Cr injectively
immersed sub-manifolds. A point x ∈ W s(p) ∩W u(p) is called a homoclinic point
(and it is said to be transversal if the above intersection is transversal at x). The
closure of the homoclinic points is called the homoclinic class associated to p, i.e.:

H(p, f) = W s(p) ∩W u(p).

The closure of the transverse homoclinic points is called the transverse homoclinic
class associated to p, i.e.:

HT (p, f) = W s(p)>∩W u(p).

It turns out that both H(p, f) and HT (p, f) are compact invariant sets and clearly
H(p) ⊃ HT (p). We shall write just H(p) and HT (p) when there is no confusion
about which set we are referring to.

If x ∈ M then Of (x) denotes the orbit of x by f , W s(x, f) and W u(x, f) denote
the stable and unstable manifolds of x. When no ambiguity is possible we denote
these sets by O(x), W s(x) and W u(x) respectively. Similarly we denote by W s

ε (x)
and W u

ε (x) the ε-local stable and unstable manifolds of points x ∈ M respectively.
When ε > 0 is fixed we omit to mention it and just say local stable manifold, etc.

In the case that H(p) has topological dimension zero like occurs for instance in
Smale’s horseshoe, where H(p) = HT (p), the fact that H(p) is expansive has very
poor implications from the hyperbolic point of view. For instance, we may perturb
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Smale’s horseshoe to obtain one in which we have a saddle node fixed point p where
we still have H(p) = HT (p). It is easy to verify that this example is expansive but
expansiveness disappears (on the continuation of H(p)) under an arbitrarily small
C1-perturbation.

For a different example let us consider again Smale’s horseshoe H and Λ ⊂ H a
non-trivial minimal subset. Assume that this example is in the yOz plane included
in IR3. For any point (0, y, z) in H\Λ we add in the direction Ox a contraction
c(y, z) < 1 depending on the distance from (0, y, z) to Λ that tends to 1 when
(0, y, z) → Λ. In this example all periodic points are hyperbolic and H is expansive
but clearly it cannot be hyperbolic. On the other hand, under an arbitrarily small
C1-perturbation we can destroy expansiveness. Again in this example we have
H(p) = HT (p).

To show an example in which H(p) 6= HT (p) consider a hyperbolic fixed point
p of saddle type in IR2 such that its stable manifold W s(p) is tangent to W u(p) in
a point q, and W s(p) ∩ W u(p)\{p} only exhibits tangencies. Then HT (p) = {p}
which is hyperbolic but H(p) ⊃ O(q).

We will see that H(p, f) = HT (p, f) whenever f is C1-persistently expansive
(see definition below).

We will assume that not only H(p, f) but the continuation H(p, g) is expansive.
Recall that when p is a hyperbolic periodic point of f , there is a neighbourhood U
of p and a neighbourhood U of f such that for any g ∈ U there is a unique periodic
point of g (with the same period of f) in U . This periodic point of g, denoted by
pg is called the continuation of p = pf .

Definition 1.1. Let p be a hyperbolic periodic point of f. We say that the homo-
clinic class H(p, f) is Cr-robustly expansive (r ≥ 1) iff there exist α > 0 and a
Cr-neighborhood U(f) of f such that for all g ∈ U(f), there exists a continuation
pg of p such that g is α-expansive in H(pg).

Definition 1.2. We say that H(p, f) is Cr-persistently expansive (r ≥ 1) iff there
exist a Cr-neighbourhood U(f) of f such that for all g ∈ U(f), there exist pg the
continuation of p and α(g) > 0 such that g is expansive on H(pg, g) .

The difference between the definitions above is that in the latter we do not
require a uniform expansivity constant on H(pg, g) for g ∈ U(f). Hence, persistent
expansiveness is a weaker notion than robust expansiveness.

Remark 1.1. The same definitions can be applied to HT (p, f). For instance:
HT (p, f) is Cr-robustly expansive (r ≥ 1) when there is an α > 0 and a Cr-
neighborhood U(f) of f such that for all g ∈ U(f), there exists a continuation
pg of p such that g is α-expansive in HT (pg). Analogously with the definition of
Cr-persistently expansive.
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In [PPV] it is studied the case when H(p) is C1-robustly expansive and p has
index d − 1, where d = dim(M), proving that in this case H(p) has a dominated
splitting and for an open dense subset of U(f) in the C1-topology, f |H(p) is hyper-
bolic.

Our first aim is to prove that C1-persistently expansive homoclinic classes have
a dominated splitting E ⊕ F where dim(E) = index(p). This is a two-fold gener-
alization of some results in [PPV]. First we just assume that f |H(p) is persistently
expansive which as we said above is (a priori) weaker than the assumption that
f |H(p) is robustly expansive. Second we drop the co-dimension one hypothesis
assumed in [PPV]. Let us recall the definition of Dominated Splitting.

Definition 1.3. We say that a compact f-invariant set Λ admits a dominated
splitting if the tangent bundle TΛM has a continuous Df-invariant splitting E⊕F
and there exist C > 0, 0 < λ < 1 such that

‖Dfn
|E(x)‖ · ‖Df−n

|F (fn(x))‖ ≤ Cλn ∀x ∈ Λ, n ≥ 0.

Our first theorem is:

Theorem A. Let f ∈ Diffr(M), r ≥ 1, with a hyperbolic periodic point p such that
its homoclinic class H(p) is C1-persistently expansive. Then H(p) has a dominated
splitting E ⊕ F .

We can also give some information regarding the hyperbolicity of periodic points
in a persistently expansive homoclinic class.

Definition 1.4. Let p, q be two hyperbolic periodic points of f We say that p
and q are homoclinically related, and write p ∼ q if index(p) = index(q) (i.e.:
dim(W s(p)) = dim(W s(q))) and

W s(p)>∩W u(p) 6= ∅ 6= W s(q)>∩W u(p).

Theorem B. Let f ∈ Diffr(M), r ≥ 1, with a hyperbolic periodic point p such
that its homoclinic class H(p) is C1-persistently expansive. Then there exist C >
0, 0 < λ < 1 and m > 0 such that if q is a hyperbolic periodic point of period π(q)
and q ∼ p then

k−1∏
i=0

‖Dfm
/Es(f im(q))‖ < Cλk and

k−1∏
i=0

‖Df−m
/Eu(f−im(q)

‖ < Cλk (1)

where k = [π(q)/m] ([.] represents the integer part.) Moreover, the constants C, λ
and m holds uniformly in a neighbourhood of f.
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Next, we shall prove hyperbolicity of a C1-persistently expansive homoclinic
class under supplementary assumptions on H(p, f). The key concept is germ-
expansiveness.

Definition 1.5. Given a compact f-invariant set Λ ⊂ M we say that the Λ-
germ of f is expansive if there exists δ > 0 such that if x ∈ Λ, y ∈ M and
dist(fn(x), fn(y)) ≤ δ for all n ∈ ZZ then x = y.

It is not difficult to see that if H(p, f) is both expansive and an attractor,
repeller or maximal invariant on some neighbourhood, then it is germ-expansive
(see section 6). However, germ-expansiveness does not imply any of the above
concepts. Indeed, the definition says that no orbit on a neighbourhood of H(p, f)
is shadowed by an orbit in H(p, f). Before stating our last main theorem, let us
recall the definition of hyperbolicity.

Definition 1.6. We say that a compact f-invariant set Λ is hyperbolic if the tan-
gent bundle TΛM has a continuous Df-invariant splitting E ⊕ F and there exist
C > 0, 0 < λ < 1 such that

‖Dfn
|E(x)‖ ≤ Cλn ∀x ∈ Λ, n ≥ 0,

and
‖Df−n

|F (x)‖ ≤ Cλn ∀x ∈ Λ, n ≥ 0.

Theorem C. Let f ∈ Diffr(M), r ≥ 1, with a hyperbolic periodic point p such
that its homoclinic class H(p, f) is C1-persistently expansive and H(p, f) is germ-
expansive. Then H(p, f) is hyperbolic.

Remark 1.2. We do not assume in the above theorem that H(pg, g) is germ-
expansive for g C1-close to f .

As an immediate consequence we have:

Corollary 1.1. Let f ∈ Diffr(M), r ≥ 1, with a hyperbolic periodic point p such
that its homoclinic class H(p, f) is C1-persistently expansive and H(p, f) is either
an attractor, repeller or maximal invariant. Then H(p, f) is hyperbolic.

1.1 Sketch of the proof

We now give an idea of the proof of Theorem A.
The basic idea is the standard one after the work of Mañé (see [Ma3]): to control
the angles between natural candidates to the splitting on an appropriate dense
subset. This is usually done on the periodic points. However we shall do it on the
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transversal homoclinic points and if x is an homoclinic point the candidates to the
splitting at x will be the tangent spaces TxW s(p) and TxW u(p).
We first prove that we cannot have tangencies between stable and unstable mani-
folds of homoclinic points in H(p). If not we may create a flat intersection and after
it infinitely many transversal intersections between a local stable manifold and a
local unstable manifold of a homoclinic point. This will contradict the persistence
of the expansiveness. Thus we prove that the angle between the tangent spaces
TxW s(x) and TxW u(x) is bounded away from zero for all x ∈ W s(p) ∩ W u(p).
Moreover, this property persists for any g C1-near f . After this we may repeat the
arguments given in [Ma3] and [PS1] to prove the existence of domination.

The basic idea to prove Theorem B is that it is enough to show that the modulus
of the (normalized) eigenvalues of the Df

π(q)
q for every hyperbolic periodic point q

are bounded away from one. If this is not the case we can bifurcate a periodic point
in order to obtain two periodic points in the (continuation) of the homoclinic class
whose orbit remains close in the future and in the past contradicting the expansive
properties of f/H(p). We need to make an induction argument in order to prove
that expansiveness fails with any positive constant of expansivity.

In order to prove Theorem C, we follow some ideas in [Ma3, Theorem C]. We use
Theorem B which gives a control of the norm of ‖Dfm

/Es‖ and ‖Dfm
/Eu‖, m fixed,

as we mentioned above. This, together with the germ-expansiveness will imply
that for q homoclinically related with p their center-stable and center-unstable
manifolds will be indeed stable and unstable manifolds of uniform size. This
means that any y ∈ W cs

ε (x) satisfies that for all n ≥ 0 dist(fn(x), fn(y)) < ε
and limn→+∞ dist(fn(x), fn(y)) = 0. Similarly for y ∈ W cu

ε (x) taking n ≤ 0 and
limits with n → −∞. Moreover, H(p) satisfies the shadowing lemma. Next we
show that all periodic points in H(p) have the same index and that (1) holds for all
them. This, together with the shadowing property will guarantee the hyperbolicity
of H(p).

2 Perturbation Lemmas in the C1-Topology

We assume in the sequel that p is a hyperbolic fixed point of index = k (i.e.: Dfp

has k eigenvalues µj of modulus less than 1 and (d− k) eigenvalues λj of modulus
greater than 1).

The next lemma, known as Franks’ Lemma, is a simple yet powerful result
allowing us to perturb the tangent map along a finite set with an arbitrarily small
support.

6



Lemma 2.1. Let M be a closed n-manifold and f : M → M be a C1 diffeomor-
phism, and let a neighbourhood of f , U(f) be given. Then, there exist U0(f) ⊂ U(f)
and δ > 0 such that if g ∈ U0(f), S ⊂ M is a finite set, S = {p1, p2, . . . pm} and
Li, i = 1, . . . ,m are linear maps Li : TMpi → TMf(pi) satisfying ‖Li − Dpig‖ ≤
δ, i = 1, . . . ,m then there exists g̃ ∈ U(f) satisfying g̃(pi) = g(pi) and Dpi g̃ = Li.
Moreover, if U is any neighborhood of S then we may chose g̃ so that g̃(x) = g(x)
for all x ∈ {p1, p2 . . . pm} ∪ (M\U).

Proof. See [Fr, Lemma 1.1]. The statement given there is slightly different from
that above, but the proof of our statement is contained in [Fr].

The following lemma says that with an arbitrarily small perturbation of the
identity we can linearize a manifold W around a point x ∈ M . Although the
content is somehow folkloric, we include the proof for the sake of completeness.

Lemma 2.2. Let W ⊂ IRd be a sub-manifold, 0 ∈ W. Then, given ε > 0 there
exists a diffeomorphism h = hW : IRd → IRd and ε′ arbitrarily small such that
h is ε-C1 close to the identity, h = id outside the ball B(0, ε′) and such that
h(W ∩ B(0, δ)) ⊂ T0W for some δ > 0. (TpW stands for the tangent space of W
at the point p ∈ W .)

Proof. Let E = T0W and denote a ball of radius r in the subspace E centered at
the origin by BE(r). Let η > 0 and Γ : BE(η) → E⊥ be such that graph(Γ) is a
neighbourhood of O in W (in other words, W is locally the graph of the map Γ).
Notice that DΓ(0) = 0.

Let ε′ < η be small enough so that for y ∈ E, ‖y‖ < ε′ we have ‖Γ(y)‖ ≤ ε
4‖y‖

and ‖DΓ(y)‖ < ε
2 .

Let B be a C∞-bump function , 0 ≤ B ≤ 1, that vanishes outside of B(0, ε′),
is equal to 1 in B(0, ε′/4), and such that the norm of its gradient ∇B is less than
2
ε′ . Let hW : IRd = E⊕E⊥ → IRd defined by h(y1, y2) = (y1, y2−B(y1, y2)Γ(y1)) if
‖y1‖ < η and h(y1, y2) = (y1, y2) otherwise. Thus, if (y1, y2) /∈ B(0, ε′) then h = id.
On the other hand, if ‖y1‖ < ε′ then ‖h(y1, y2)− (y1, y2)‖ ≤ ‖Γ(y1)‖ ≤ ε

2 . Moreover

Dh =


Id

... 0

. . .
... . . .

−BDΓ(y1)− Γt ∂B
∂y1

... Id− Γt ∂B
∂y2


and notice that ‖Γt ∂B

∂y1
‖ ≤ ε

4
2
ε′ ε

′ = ε
2 and ‖BDΓ‖ < ε

2 . Hence ‖Dh − Id‖ < ε.

Therefore h is ε-C1-close to the identity (and so, if ε is small), h is a diffeomor-
phism).
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Finally, if ‖y1‖ < ε′

4 then h(y1,Γ(y1)) = (y1, 0). Taking δ < ε′

4 the lemma is
proved.

Lemma 2.3. Let p be a hyperbolic fixed point for f of index k and HT (p), its
transverse homoclinic class, persistently expansive. If x ∈ W s(p) ∩ W u(p) then
W s(p) intersects transversely W u(p) at x.

Proof. By our assumptions W s(p) is an Euclidean k dimensional hyperplane and
W u(p) an Euclidean (d − k)-dimensional hyperplane both immersed in M . If the
intersection at x of W s(p) and W u(p) is not transversal we should have a vector
u 6= 0 in TxW u(p)∩TxW s(p). Using Lemma 2.1 we may assume that the subspace
generated by u is the unique in common between TxW u(p) and TxW s(p), that is
TxW u(p) + TxW s(p) has dimension d − 1. Moreover, we also may assume that
k ≥ d− k.

Let ε be small enough such that B(x, ε) is contained in a local chart and W s
ε (x)

is contained in a fundamental domain of W s(p). Moreover, we may assume that
fn(W s

ε (x))∩B(x, ε) = ∅, n ≥ 1. We require a similar statement for W u
ε (x). Through

the local chart we identify B(x, ε) with an open set in IRd and x with 0 ∈ IRd.
We apply Lemma 2.2 for W = W s

ε (x) obtaining hs and for W = W u
ε (x) ob-

taining hu. Thus, we have that hs(W s
ε (x)) contains a neighbourhood Bs of 0 in

TxW s
ε (x) and hu(W u

ε (x)) contains a neighbourhood Bu of 0 in TxW u
ε (x).

Let us define g : M → M by g(y) = hu ◦ f ◦ h−1
s (y) if y ∈ B(x, ε) and g = f

otherwise. Then g is C1-close to f and Bs ⊂ W s(p, g) and Bu ⊂ W u(p, g). Indeed,
if y ∈ Bs then, for n ≥ 1, gn(y) = fn(h−1

s (y)) → p as n →∞. A similar argument
works for Bu.

Summarizing, the intersection between W u(p, g) and W s(p, g), in the local
chart, contains a segment {su : −δ ≤ s ≤ δ} where TxW s

ε (x) ∩ TxW u
ε (x) =< u > .

Let w be a unit vector in TxM not contained in TxW s(x, g) + TxW u(x, g). Let
b(s) ∈ [0, ε′] be a C∞-bump function such that b(0) = ε′ and such that all its
derivatives, of any order, vanish at 0. We also require that supp(b) ⊂ [−ε′, ε′]. In
the plane given by the point 0 and the vectors u and w we consider the graph of
the function l : γ → IR given by l(s) = b(s)s3 sin 1

s if s 6= 0, l(0) = 0.
We put coordinates in the local chart Y = (S, U, s, t) where we identify(S, 0, s, 0)

with Bs and (0, U, s, 0) with Bu Let h : M → M be given by

(S, U, s, t) 7→ (S, U, s, (t + l(s))B(Y ))

and h = id outside B(x, ε), where B is the bump function defined on the proof of
Lemma 2.2. Define ĝ : M → M by ĝ = h◦g. As before, it is not difficult to see that
Bs ⊂ W s(p, ĝ) and (0, U, s, l(s)) ⊂ W u(p, ĝ). Furthermore, it is straightforward
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to show that W s(p, ĝ) and W u(p, ĝ) intersects transversely at the points xn =
(0, 0, 1

nπ , l( 1
nπ )) for n large enough. Thus x ∈ H(p, ĝ) although the intersection at

x is not transverse.
Observe that in the construction above we may assume that f and ĝ are as close
as we wish.

Let us prove that ĝ|H(p,ĝ) is not α- expansive for any α > 0.
For all α > 0 there exists N = N(α) > 0 such that fN (W s

ε (x)) ⊂ W s
α/4(p)

and f−N (W u
ε (x)) ⊂ W u

α/4(p). As ĝ is near f and coincides with f outside a
small neighborhood of x we may assume that the same holds for ĝ. But xn → x
and therefore we may find xn near x such that dist(ĝj(x), ĝj(xn)) < α for all
j ∈ [−N,N ]. For j ≥ N or j ≤ −N we also have

dist(ĝj(x), ĝj(xn)) ≤ dist(ĝj(x), p) + dist(ĝ(xn), p) < α .

Therefore ĝ is not α-expansive for any positive α, contradicting the persistence of
expansiveness.

A hyperbolic periodic point p is C1-far from homoclinic tangency if every dif-
feomorphism g C1-close to f does not have homoclinic tangency associated to pg,
the continuation of p.

Corollary 2.4. Under the hypothesis of Lemma 2.3 we have that p is C1-far from
homoclinic tangency.

Corollary 2.5. Let H(p, f) be persistently expansive and let U(f) be such that for
g ∈ U there is a continuation of p such that H(pg, g) is expansive. Then, every
homoclinic point in H(pg, g) is transversal.

Corollary 2.6. Under the hypothesis of Lemma 2.3 we have that HT (p) = H(p),
i.e., H(p) is the closure of the transversal homoclinic points.

Let us define Es(x) and Eu(x) as the subspaces of TxM tangent respectively
to W s

ε (x) and W u
ε (x) at the point x, where x is a (transversal) homoclinic point

associated to p.
Let E and F be two subspaces of IRd such that E ⊕F = IRd. Hence dim(F ) =

dim(E⊥) and F is the graph of the linear map L : E⊥ → E defined as follows: given
v ∈ E⊥ there exist a unique pair of vectors u ∈ E, w ∈ F , such that v + u = w.
Define L(v) = u obtaining that L is linear and graph(L) = F . We may define,as
it is done in [Ma3], the angle ∠(E,F ) between E and F as ‖L‖−1 In particular
∠(E,E⊥) = +∞.
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Proposition 2.7. Assume that H(p, f) is persistently expansive on U(f). Then,
there exist γ > 0 and U1(f) ⊂ U(f) such that for any g ∈ U1(f) and any homo-
clinic point x ∈ H(pg, g) we have that the angle between Es(x, g) and Eu(x, g),
∠(Es(x, g), Eu(x, g)), is greater than γ.

Proof. Let U1(f) = U0(f) and δ be as in Lemma 2.1 corresponding to U(f). We may
assume without loss of generality that there is some C > 0 such that sup{‖Dxg‖ :
g ∈ U1(f)} ≤ C.

Arguing by contradiction, assume that no γ satisfies the conclusion of the propo-
sition. Then there exist gn ∈ U1(f) and xn ∈ H(pgn) such that

∠(Es(xn, gn), Eu(xn, gn)) < 1/n.

Take n such that 1/n < δ/C. For the sake of simplicity, set g = gn, x = xn. Since
∠(Es(x, g), Eu(x, g)) < 1/n then there exist v ∈ Es⊥ and w ∈ Es such that v+w ∈
Eu, ‖w‖ = 1, ‖v‖ < 1/n. Let T : TxM → TxM be such that T/Es⊥ = 0, T (w) = −v
and ‖T‖ < δ/C. Let L : Tg−1(x)M → TxM be defined by L = (I + T ) ◦Dg−1(x)g. It
is not difficult to see that ‖L−Dg−1(x)g‖ < δ and that w ∈ L(Eu(g−1(x)). Take a
neighborhood U of g−1(x) such that Og(x)∩U = g−1(x). Using lemma 2.1 we find
g̃ ∈ U(f) such that gj(x) = g̃j(x) ∀j, g̃ = g outside U and Dg−1(x)g̃ = L. Hence
x ∈ H(pg̃, g̃) and w ∈ Es(x, g̃) ∩ Eu(x, g̃) and so the intersection of W s(pg̃) and
W u(pg̃) is not transverse at x. This contradicts corollary 2.5.

3 Proof of Theorem A

In this section we will see that C1-persistently expansive homoclinic classes H(p)
have a dominated splitting E ⊕ F , dim(E) = index(p).

Recall that we have defined E(x) as the tangent subspace to W s
ε (x) at x and

F (x) as the tangent subspace to W u
ε (x) at x where x is a (transversal) homoclinic

point associated to p. Denote by hom(p) the set of transversal homoclinic points
associated to p.

Proposition 3.1. There exists m > 0 such that for every x ∈ hom(p) there exists
m1, 0 < m1 ≤ m, such that

‖Dfm1 |E(x)‖ · ‖Df−m1 |F (fm1(x))‖ ≤ 1/2 .

Proof. Arguing by contradiction we suppose that for all m ∈ ZZ+ there exists xm

such that
‖Dfn|E(xm)‖ · ‖Df−n|F (fn(xm))‖ > 1/2 ,
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for all 0 ≤ n ≤ m. Hence there exists vectors vm ∈ F (xm) and wm ∈ E(xm) with
‖vm‖ = ‖wm‖ = 1 and such that for them

‖Dfm(wm)‖
‖Dfm(vm)‖

>
1
2

.

Let δ be as in lemma 2.1 corresponding to U(f) = U1(f) where U is as in
proposition 2.7.

Let us define Tj : Tfj(xm)M → Tfj(xm) a linear map such that Tj |E(fj(xm)) =
(1 + δ)id and Tj |F (fj(xm)) = id, j = 0, . . . ,m. Notice that Tj stretches E =
TxmW s

ε (xm, f) and left unchanged F = TxmW u
ε (xm, f). Let P : TxmM → TxmM

be a linear map satisfying, P = id in E(xm) and P = id + L in F (xm) where
L : F (xm) → E(xm) is a linear map such that L(vm) = δwm and ‖L‖ = δ.
Finally define G0 = T1 · Dfxm · P , Gj = Tj+1 · Dffj(xm) for j = 1, . . . ,m − 1.
By lemma 2.1 there exists a diffeomorphism g : M → M such that dist(g, f) < ε
and keeps the orbit of xm unchanged for j = 0, 1, . . . ,m. We may assume (and
do) that the support of the perturbation does not cut a small neighborhood of p.
It follows that xm continues to be a homoclinic point of g. Moreover, we do not
change E(f j(xm)), j ∈ ZZ and F (f j)(xm) is changed only for j ≥ 0. Thus they
are the stable and unstable directions of a homoclinic point of a diffeomorphism
g ∈ U1. We obtain that vm 7→ vm + δwm = u and after m iterates we have
um = Dgm(u) = Dgm(vm + δwm) = Dfm(vm) + (1 + δ)mDfm(δwm).
Given δ > 0 we may find m > 0 so big that δ(1+ δ)m ≥ 4+2/γ where γ > 0, given
by proposition 2.7, is such that ∠(E(x), F (x)) > γ for all x ∈ hom(pg), g ∈ U0. By
[Ma3, Lemma II.10] we have that if v ∈ E(x), u ∈ F (x) then

‖v − u‖ ≥ ∠(E(x), F (x))
1 + ∠(E(x), F (x))

‖v‖ .

Therefore, with this choice of m,

‖Dfm(vm)‖ = ‖um − (1 + δ)mDfm(δwm)‖ ≥
γ

1 + γ
‖um‖ ≥

γ

1 + γ
|‖δ(1 + δ)mDfm(wm)‖ − ‖Dfm(vm)‖|

Dividing both terms of the inequality by γ
1+γ ‖Dfm(vm)‖ and taking into account

that by hypothesis of absurd

‖Dfm(wm)‖
‖Dfm(vm)‖

>
1
2

we find that

1 + γ

γ
>

δ(1 + δ)m

2
− 1 =

δ(1 + δ)m − 2
2

≥ 2γ + 2
2γ

11



which is a contradiction.

End of proof of Theorem A: By proposition 3.1 we have that there exists m > 0
such that for all homoclinic point x ∈ W s(p)>∩W u(p) it holds that

‖Dfm1 |E(x)‖ · ‖Df−m1 |F (fm1(x))‖ ≤ 1/2 for some 0 < m1 = m1(x) ≤ m .

This property clearly implies the existence of a dominated splitting for points in
hom(p) (see [Ma3]. Set m2(x) = m1(fm1(x)(x)),mk(x) = m1(fm1(x)+···+mk−1(x)(x)).
Let n ≥ m and find 0 < r < m and l > 0 such that

n = m1(x) + · · ·+ ml(x) + r.

Since m1(y) < m for all homoclinic points y, we have that l ≥
[

n
m

Let C1 > 0 be a bound in H(p) for

‖Df‖, ‖Df2‖, . . . , ‖Dfm−1‖

then

‖Dfn‖ ≤ C1

(
1
2

)[ n
m

]

≤ C

(
1
2

) n
m

.

Choosing λ =
(

1
2

) 1
m we prove domination for homoclinic points.

Since homoclinic points are dense in H(p) and the dominated splitting can be
extended by continuity to the closure of hom(p) we have finished the proof.

4 Proof of Theorem B

For a periodic point q of period π(q) the normalized eigenvalues of Df
π(q)
q are

{λ1/π(q) : λ eigenvalue of Df
π(q)
q }. Let q be a hyperbolic periodic point and let

0 < |λ1| ≤ ... ≤ |λk| < 1 be the modula of the normalized eigenvalues of Df
π(q)
/Es(q).

Assume that λk is real and has multiplicity one and let η > 0 be such that for
j = 1, ..., k − 1 we have |λj | < |λk| − η. It is well known (see [HPS]) that there is a
(local) strong stable manifold W ss of codimension one in W s(q) and for some ε > 0
we have that W s

ε (q)\W ss
ε (q) has two components. We shall call such a periodic

point a η-simple periodic point, or just simple periodic point if it is η-simple for
some η > 0. Moreover, we shall call 1− |λk| the stable gap of the periodic point.

Definition 4.1. Let q be a hyperbolic periodic point, q ∼ p. We say that q is a
non-ss boundary point provided

1. q is a η-simple periodic point for some η > 0.

12



2. W u(p) intersects both components of W s
ε (q)\W ss

ε (q).

Proposition 4.2. Let U(f) be a neighborhood of f and let ρ > 0 be given. Then
there is δ = δ(ρ) such that if g ∈ U(f) and qg ∼ pg is a non-ss boundary point
whose stable gap is less than δ then the following holds:

1. There is g̃ ρ-C1 close to g and q1, q2 two periodic point of g̃ such that qi ∼
pg̃, i = 1, 2, π(q1) = π(q2) and dist(g̃j(q1), g̃j(q2)) ≤ δ for 0 ≤ j ≤ π(q1).
Moreover, g̃ = g outside an arbitrarily small neighborhood of qg.

2. There exists a periodic point q̃ of g̃ such that q̃ ∼ pg̃ and it is a non-ss
boundary point of H(pg̃, g̃). whose stable gap is less than δ/2.

Proof. The idea is to “bifurcate” q such that splits into two hyperbolic periodic
points. These perturbation is done along a small neighborhood of the orbit of q.
And moreover, the size of the perturbation is of order the perturbation of the linear
part along q. Let us be more precise. Fix small neighborhoods Ui = U(gi(q)), i =
0, 1, ..., π(q) − 1, with one disjoint of each other. We shall use local charts so we
identify each Ui with a ball around 0 in Rd and gi(q) with 0. Also, we shall identify
W s

ε (gi(q)) with a ball (say of radius ε) in Rk ⊂ Rd = Rk×Rd−k and the eigenvector
associated to λk with e1. Let z1, z2 be two points of W u(p) in different components
of W s

ε (q)\W ss
ε (q) and let γ > 0 be an arbitrarily small number (satisfying some

condition to be explained later on).
Now, let σ : Rd → R+ be a C∞ bump function, 0 ≤ σ(x) ≤ 1, σ(x) = 1 if

‖x‖ ≤ γ/4;σ(x) = 0 if ‖x‖ ≥ γ and ‖∇σ‖ < 2/γ.
Let A be the matrix in Rd such that A/Rk×{0} = λ−1

k Id and A/{0}×Rd−k = id.
Now, we are ready to perform our first perturbation. Let g1 be defined as follows:
if x ∈ Ui then g1(x) = σ(x)A ◦ Dggi(q)x + (1 − σ(x))g(x). Let C be such that
‖Dg(x)‖ ≤ C for any x and any g ∈ U(f) and let δ be such that Cδ < ρ/4. Then,
it is not difficult to see that for γ arbitrarily small g1 is ρ/2 close to g. Moreover,
if we set I = {te1 : −γ/4 ≤ t ≤ γ/4} then we have that g

π(q)
1 is ±Id on I and

any point in W s
ε (q) converge, under forward iterations of g

π(q)
1 to a point in I.

Furthermore, if γ is small enough, then the points z1, z2 still belong to W u(p).
Next, we perform the second perturbation. Let q1, q2 be the endpoint in I. We

perturb g1 to obtain g̃ arbitrarily close to g1 such that q1, q2 and 0 = q are the only
periodic points (and hyperbolic) in I and the index of qi, i = 1, 2 is k. The periods
of q1 and q2 are either π(q) or 2π(q) (the latter corresponds to g

π(q)
1 = −Id on I, in

this case gπ(q)(q1) = q2 and vice-versa). It follows that dist(g̃j(q1), g̃j(q2)) ≤ δ for
0 ≤ j ≤ π(q1). Moreover, zi ∈ W s(qi). On the other hand, W u(qi) ∩W s

loc(p) 6= ∅
by continuation of W u(q, g) on compact subsets, hence qi ∼ pg̃. Notice also that
the points qi are simple whose stable gap is arbitrarily small. This proves item 1.
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To prove item 2 of the proposition, observe that q1 and pg̃ belong to a hyperbolic
set (since they are homoclinically related) having the shadowing property. As in
[PPV, Propositions 4.3 and 4.4] it follows that we may take a periodic point in
this set that spends most of the time near (the orbit of) q1 and which is a non-ss
boundary point of H(pg̃, g̃). This point will be simple and the stable gap arbitrarily
small.

In order to prove Theorem B, following [Ma3, Proposition II.3], it is enough to
show that the family of periodic sequences of linear isomorphisms of Rd generated
by Df along the hyperbolic periodic points q ∈ H(p, f), q ∼ p, index(q) = index(p)
is uniformly hyperbolic.

Arguing by contradiction, assume that this does not hold. This means that
for any ε > 0 we may find q ∈ H(p), q ∼ p, index(q) = index(p) and linear
maps Li : Tf i(q)M → Tf i+1(q)M, i = 0, 1, ..., π(q) − 1, ‖Li − Dff i(q)‖ < ε and

such that Ππ(q)−1
i=0 Li has an eigenvalue of modulus 1. Let Li(t), 0 ≤ t ≤ 1 be an

isotopy between Dff i(p) and Li such that ‖Li(t) −Dff i(p)‖ < ε, 0 ≤ t ≤ 1. Since

Ππ(q)−1
i=0 Li(0) = Df

π(q)
q is hyperbolic there is some t0 such that Ππ(q)−1

i=0 Li(t0) has
an eigenvalue of modulus one and Ππ(q)−1

i=0 Li(t) is hyperbolic for t < t0. Thus, for
t < t0 but arbitrarily close to it we have that the index of Ππ(q)−1

i=0 Li(t) is the same
as q and have an eigenvalue, say λk with modulus close to one. We may assume
without loss of generality that |λk| < 1.

From lemma 2.1 we find g ∈ U(f) such that q is a periodic point of g and
Dggi(q) = Li(t). Hence, q is a hyperbolic periodic point of g with index(q) =

index(pg), and Dg
π(q)
q has an eigenvalue λk with modulus close to one. Moreover,

as in Proposition 4.2, the perturbation can be made so that q ∼ pg. Notice also
that we may take g as close as we wish to f by taking ε arbitrarily small.

We have two possibilities: either λk is complex or real. We shall get to a
contradiction in either case. Let us assume first that λk is complex. Making
another arbitrarily small perturbation if necessary we may assume that λk and its
conjugate are the eigenvalues whose modulus are closest to one. Let gs,−1 ≤ s ≤ 1
be a generic one parameter family in U(f), g−1 = g that goes under a Hopf
Bifurcation at s = 0 (see [HK, Chapter 11])). It follows, that for some s > 0
(and close to s = 0) we have an invariant (periodic) circle C, normally hyperbolic,
and such that g

π(q)
s /C is conjugated to an irrational rotation. We have also that

W u(C) ∩ W s(pgs) 6= ∅ and W s(C) ∩ W u(pgs) 6= ∅. It follows that C ⊂ H(pgs , gs)
which is imposible since H(pgs) is expansive.

It remains to arrive to a contradiction in case λk is real. For this, we shall use
Proposition 4.2. Fix β such that any g which is β close to f is in U(f). Consider
ρ0 = β/2 and δ0 = δ(ρ0) from proposition 4.2. We may take the above g having the
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hyperbolic periodic point q such that its stable gap is less than δ0. Morevoer, we
may assume (making a small perturbation if necessary) that q is simple. If q is not
a non-ss boundary point, using the fact that q ∼ pg we may find another hyperbolic
periodic point, that for the sake of simplicity we still denote it by q, such that it is
a non-ss boundary point whose stable gap is less than δ0 (see [PPV, Section 4.1].
Now consider ρi = β/2i+1, i = 1, 2, ... and δi = δ(ρi) from the above proposition.
Set g0 = g. Therefore, we can construct a sequence gn of diffeomorphisms such
that:

1. gn is β/2n close to gn−1.

2. gn has a finite sequence q1,i, q2,i, i = 1, 2, .., n of periodic points in H(pgn , gn)
such that dist(gk

n(q1,i), gk
n(q2,i)) ≤ δi, ∀k ∈ Z, i = 1, 2, ..., n.

Therefore, gn is a Cauchy sequence in Diff1(M) and hence converge to some
diffeomorphism, say g̃. It follows that g̃ is β close to f and so g̃ ∈ U(f). Moreover,
there are sequences of periodic points q1,i, q2,i, i = 1, 2, ... in H(pg̃, g̃) such that

dist(g̃k(q1,i), g̃k(q2,i)) ≤ δi, ∀k ∈ Z, i = 1, 2, ...

This contradicts the expansivity of H(pg̃, g̃) and we have finished the proof of
Theorem B.

5 Shadowing properties

In this section we derive from persistence of expansiveness and germ expansiveness
that center-stable and center-unstable manifolds of f/H(p) are true stable and
unstable manifolds. Moreover, f/H(p) has a local product structure (see definition
5.1 below) and every f -pseudo-orbit in H(p) is shadowed by a true f -orbit also in
H(p). This will be used in the next section to prove hyperbolicity of H(p).

We begin observing that it is easy to see that if f/H(p) is C1-persistently
expansive and, moreover, the H(p)-germ of f is expansive then the same holds for
fm, m ∈ IN+. Moreover, if the f -periodic point q is homoclinically related to p,
p ∼ q, the same holds with respect to fm. Thus we may assume for the sake of
simplicity that m = 1 in Theorem B. Therefore, with this observation in mind, we
can restate Theorem B as follows: there exist C > 0 and 0 < λ < 1 such that for
q a periodic point of f homoclinically related to p of period k it holds

k−1∏
i=0

‖Df/Es(f i(q))‖ < Cλk and
k−1∏
i=0

‖Df−1
/Eu(f−i(q)

‖ < Cλk .
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In a set having dominated splitting there are always locally invariant manifolds
tangent to the invariant subspaces of the splitting. To be more precise, denote by
s = dimE and by u = dimF , and let Dj

r = {z ∈ R : ‖x‖ ≤ r}, j = s, u. Denote
by EmbΛ(Dj

1,M) the space of C1 embeddings β : Dj
1 → M such that β(0) ∈ Λ

endowed with the C1 topology. The following proposition can be found in [HPS]
(see also [Ma2, Proposition 2.3]).

Proposition 5.1. Let Λ = H(p, f) having dominated splitting E ⊕ F. Then there
exist φs : Λ → EmbΛ(Ds

1,M) and φu : Λ → EmbΛ(Du
1 ,M) such that defining

W cs
ε (x) = φs(x)Ds

ε and W cu
ε (x) = φu(x)Du

ε the following hold:

1. TxW cs(x) = E(x) and TxW cu(x) = F (x).

2. For every 0 < ε1 < 1 there exists 0 < ε2 < 1 such that f(W cs
ε2 (x)) ⊂

W cs
ε1 (f(x)) and f−1(W cu

ε2 (x)) ⊂ W cu
ε1 (f−1(x)).

We shall call W cs
ε and W cu

ε the local center-stable and center-unstable manifolds
respectively. Observe that for any ε > 0 there exists ρ(ε) > 0 such that for all
x ∈ H(p), W cs

ε contains a ball of radius ρ(ε) inside the local center stable manifold
(with respect to the Riemannian metric inherited from M), the same for W cu

ε (x).
For the sake of simplicity we shall assume ρ(ε) = ε. Also, for y ∈ W cs

ε (x) we shall
denote E(y) = TyW

cs
ε (x), and for y ∈ W cu

ε (x) we shall denote F (y) = TyW
cu
ε (x),

Lemma 5.2. Let C, λ be as in Theorem B and let δ > 0 be such that λ′ = λ(1+δ) <
1 and let q ∼ p. Then, there exists 0 < ε1 < ε such that if for all 0 ≤ n ≤ π(q) it
holds that for some ε2 > 0, fn(W cs

ε2 (q)) ⊂ W cs
ε1 (fn(q)) then

fπ(q)(W cs
ε2 (q)) ⊂ W cs

Cλ′π(q)ε2
(q) .

Similarly, if f−n(W cu
ε2 (q)) ⊂ W cu

ε1 (f−n(q)) then

f−π(q)(W cu
ε2 (q)) ⊂ W cu

Cλ′π(q)ε2
(q) .

Proof. Let ε1 > 0 be such that if dist(x, y) < ε1 then

(1− δ)‖Dfx|Es‖ ≤ ‖Dfy|Es‖ ≤ (1 + δ)‖Dfx|Es‖,

and
(1− δ)‖Df−1

x |Eu‖ ≤ ‖Df−1
y |Eu‖ ≤ (1 + δ)‖Df−1

x |Eu‖.

Thus for all x ∈ W cs
ε2 (q), 0 ≤ n ≤ π(q) it holds that

n∏
j=1

‖Dffj(x)|Es‖ ≤
n∏

j=1

(1 + δ)‖Dffj(q)|Es‖ ≤ C(λ(1 + δ))n = Cλ′
n
.
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In particular

π(q)∏
j=1

‖Dffj(x)|Es‖ ≤
π(q)∏
j=1

(1 + δ)‖Dffj(q)|Es‖ ≤ C(λ(1 + δ))π(q) = Cλ′
π(q)

.

Hence for all arc γ joining q with a point y ∈ W cs
ε2 (q) we have, applying the mean

value theorem, that the length of fn ◦ γ verifies `(fn · γ) ≤ Cλ′n`(γ) from which
the result follows.
Analogously with the center-unstable manifolds.

Lemma 5.3. The following statements hold:
(a) For all q ∼ p, ε1 > 0 there exists ε2 > 0 such that for all n ≥ 0: fn(W cs

ε2 (q)) ⊂
W cs

ε1 (fn(q)). Similarly for the center-unstable manifolds.
(b) If ε1 < α where α is an expansivity constant for the f-germ of H(p), then for
all y ∈ W cs

ε2 (q), limn→+∞ dist(fn(q), fn(y)) = 0.

Proof. To prove (a) let us begin defining

ε(q) = sup{ε > 0 / fn(W cs
ε (q)) ⊂ W cs

ε1 (fn(q)), ∀n ≥ 0}.

On account of the periodicity of q ∼ p and by Proposition 5.1 and Lemma 5.2
ε(q) > 0. If we prove that the infimum ε2 in q ∈ S of ε(q) is positive then we
are done. Suppose on the contrary that for some sequence {qn} ⊂ S we have
that ε(qn) → 0 when n → +∞. Let mn > 0 and yn ∈ W cs

ε(qn)(qn) be such that
dist(fmn(qn), fmn(yn)) = ε1. By Lemma 5.2

fπ(qn)W cs
ε(qn)(qn) ⊂ W cs

C′λπ(qn)ε(qn)
(qn).

Therefore, without loss of generality, we may assume that 0 < mn < π(qn). It
follows that mn → +∞ and π(qn) − mn → +∞ when n → +∞. Taking limit
points x and y from fmn(qn) and fmn(yn) respectively, we have that x ∈ H(p) and
on account of the expansivity of the f -germ of H(p) we obtain, for ε1 > 0 small,
a contradiction because for all k ∈ ZZ we have dist(fk(x), fk(y)) ≤ ε1 which would
imply that x = y contradicting that dist(x, y) = ε1.

The proof of (b) is again a consequence of the expansive properties of the f -germ
of H(p) and it is left to the reader.

As we have said above, similar results hold for the center-unstable manifolds.

Taking into account Lemma 5.3 we see that for x ∼ p we have that the local
center stable and unstable manifolds are true stable and unstable ones. This allows
us to write W s

ε (x) and W u
ε (x) instead of W cs

ε (x) and W cu
ε (x).
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Definition 5.1. We say that a compact f-invariant set Λ has a local product
structure if given ε > 0 there exists δ > 0 such that if dist(x, y) < δ and x, y ∈ Λ
then

∅ 6= W s
ε (x) ∩W u

ε (y) ⊂ Λ.

Assuming domination, the manifolds W cs
ε (x) and W cu

ε (x) have not, in general,
any dynamic meaning. But in our case where H(p) is persistently expansive and
germ-expansive we have that center-stable manifolds and center-unstable manifolds
are indeed stable and unstable ones.

Lemma 5.4. For all x ∈ H(p) it holds that W cs
ε (x) = W s

ε (x) and W cu
ε (x) =

W u
ε (x). More precisely: for all x ∈ H(p), ε1 > 0 there exists ε > 0 such that

for all n ≥ 0: fn(W cs
ε (x)) ⊂ W cs

ε1 (fn(x)). Moreover if ε1 < α where α > 0
is an expansivity constant for the f-germ of H(p), then for all y ∈ W cs

ε2 (x),
limn→+∞ dist(fn(x), fn(y)) = 0. Similarly for the center-unstable manifolds.
Moreover, there exists a local product structure for H(p).

Proof. First of all if x ∼ p, y ∼ p, then choosing ε = ε2 as in Lemma 5.3 and using
the fact that W s

ε (x) is tangent to E and W u
ε (x) is tangent to F and ∠(E,F ) ≥ γ0 >

0 and Ex⊕Fx = TxM we can see that there exists δ > 0 such that W s
ε (x)∩W u

ε (y) 6=
∅ whenever dist(x, y) < δ. As x, y are homoclinically related with p we also have
that W s

ε (x) is accumulated by W s(p) and W u
ε (x) is accumulated by W u(p) by the

λ-lemma. Thus if z ∈ W s
ε (x) ∩W u

ε (y) then z ∈ H(p). Therefore if ε < α/2 with
α > 0 an expansivity constant then z is unique.

In the general case let x, y ∈ H(p) and take ε and δ′ = δ/2 where ε > 0 and
δ > 0 are the same as above. Take sequences {xn} and {yn} of periodic points
homoclinically related to p converging to x and y respectively. As periodic points
homoclinically related to p are dense in H(p) (see [Sm1]) such sequences exist. Then
W s

ε (xn) converges to D(x) ⊂ W cs
ε (x) and W u

ε (yn) converges to C(x) ⊂ W cu
ε (x)

in the Hausdorff sense and are tangent respectively to E and F . As W s
ε (xn) ∩

W u
ε (yn) = {zn} we have that zn → z ∈ D(x) ∩ C(y). As zn ∈ H(p) and H(p)

is closed we conclude that z ∈ H(p). We remark that in fact D(x) ⊂ W s
ε (x) and

C(y) ⊂ W u
ε (y).

Recall that a sequence {xn : n ∈ Z} is called an ε-pseudo orbit provided
dist(f(xn), xn+1) < ε ∀n ∈ Z. It is said periodic if there exists m such that
xm+n = xn ∀n ∈ Z. And it is said to be δ shadowed if there exits x such that
dist(fn(x), xn) < δ ∀n ∈ Z.

Lemma 5.5. Let H(p) be C1-persistently expansive and germ-expansive. Given
δ > 0 there exists ε > 0 such that any ε-pseudo-orbit {xn} ⊂ H(p) is δ-shadowed
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by an orbit in H(p). Moreover, if ε, δ are less than half the expansivity constant
then the orbit is unique (and periodic if the pseudo orbit is periodic).

Proof. Fathi has proved in [Ft] that if a compact f -invariant set Λ is expansive
for f there exists a distance D, defining the topology of Λ, such that with respect
to that distance f behaves hyperbolically. More exactly, there exist r > 0 and
0 < λ < 1 such that if x, y ∈ Λ are at D-distance less than r then if y ∈ W s

ε (x) then
D(f(x), f(y)) ≤ λD(x, y) and if y ∈ W u

ε (x) then D(f−1(x), f−1(y)) ≤ λD(x, y).
By Lemma 5.4 there exists a local product structure in H(p) and H(p) is expansive
for f . Thus the proof is similar to that given in [Bo, Proposition 3.6].

Proposition 5.6. Let H(p) be persistently expansive and germ-expansive and let
q ∈ H(p) be a periodic point. Then we have that

1. W s(q) ∩W u(p) 6= ∅, W s(p) ∩W u(q) 6= ∅,

2. q is hyperbolic and index(p) = index(q),

Proof. By Lemma 5.4 we have that if x is sufficiently close to y then W s
ε (x) cuts

W u
ε (y) and W u

ε (x) cuts W s
ε (y). Since homoclinically related periodic points are

dense in H(p) we have a hyperbolic periodic point q1, homoclinically related to p
as close as we wish to q. Therefore W s

ε (q1) cuts W u
ε (q) and W u

ε (q1) cuts W s
ε (q)

(we are not assuming that q is hyperbolic but merely using Lemma 5.4). It follows
that dim(W s(q)) = dim(W s(q1)) = dim(W s(p)). By the C0 adaptation of the
λ-lemma, W u(p) accumulates in W u

ε (q1) and W s(p) accumulates in W s
ε (q1). Thus,

by domination, W u(p) cuts W s
ε (q) and W s(p) cuts W u

ε (q).
If we show that q is hyperbolic then index(p) = index(q). Otherwise we can

slightly perturb f to obtain g such that q is hyperbolic and q ∼ pg and having a
eigenvalue arbitrarily close to one: this contradicts Theorem B.

As a consequence of the previous lemma and Theorem B we have:

Corollary 5.7. If H(p) is persistently expansive and germ expansive then there
exist C > 0 and 0 < λ < 1 such that if q is a periodic point in H(p) of period π(q)
then

π(q)−1∏
i=0

‖Df/Es(f i(q))‖ < Cλπ(q) and
π(q)−1∏

i=0

‖Df−1
/Eu(f−i(q))

‖ < Cλπ(q) .
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6 Proof of Theorem C

In this section we prove that if H(p) is persistently expansive and has the shadowing
property then it is hyperbolic. As we have mentioned in the introduction we first
show that if H(p) is an attractor (repeller) or maximal invariant for U open, then
it is germ-expansive.

Definition 6.1. Let f : M → M be a C1-diffeomorphism. We say that a compact
invariant set Λ ⊂ M is an attractor (resp.: repeller) if there exists a neighbourhood
U ⊃ Λ such that Λ = ∩+∞

n=0f
n(U) (resp.: Λ = ∩−∞n=0f

n(U)). We say that Λ is the
maximal invariant set of the open subset U ⊃ Λ if Λ = ∩n∈ZZfn(U).

It is proven in [Sm2, Lemma 4.2] that if Λ is an attractor (repeller) we may
assume that for U it holds that f(U) ⊂ U (resp.: f−1(U) ⊂ U).

Lemma 6.1. If H(p) is an attractor (repeller or maximal invariant for U open)
and f/H(p) is expansive then the H(p)-germ of f is expansive.

Proof. We give the proof for the case when Λ is an attractor. Let U be a neigh-
borhood of H(p) as in definition 6.1. As f/H(p) is expansive with a constant of
expansiveness α > 0 if x, y ∈ H(p) and dist(fn(x), fn(y)) ≤ α for all n ∈ ZZ then
x = y. Let δ > 0 be such that the δ-neighborhood of H(p) is contained in U .
Assume without loss of generality that δ < α. If now x ∈ H(p) and y ∈ M are
such that dist(fn(x), fn(y)) ≤ δ for all n ∈ ZZ then, in particular, f−j(y) ∈ U for
all j ≥ 0 and hence y ∈ ∩j≥0f

j(U) = H(p). Therefore x = y.

Let us restate corollary 5.7 without the assumption m = 1. The proof is
immediate from the results of section 5.

Corollary 6.2. If H(p) is persistently expansive and germ expansive then there
exist C > 0, 0 < λ < 1 and m > 0 such that if q is a periodic point in H(p) of
period π(q) then

k−1∏
i=0

‖Dfm
/Es(f im(q))‖ < Cλk and

k−1∏
i=0

‖Df−m
/Eu(f−im(q)

‖ < Cλk

where k = [π(q)/m]

Now, we shall conclude the proof of Theorem C. Let λ and m as above, and
take γ > 0 such that λ(1 + γ) < 1. It is not difficult to prove that there exists δ
such that if dist(x, y) ≤ δ, x, y ∈ H(p) then

1− γ ≤
‖Dfm

/E(x)‖
‖Dfm

/E(y)‖
≤ 1 + γ.
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Let K = inf{‖Dfm
/E(x)‖ : x ∈ H(p)} and let ε = ε(δ) from lemma 5.5.

We have to prove that if H(p) is persistently expansive and germ expansive
then it is hyperbolic. In other words we need to prove that ‖Dfn

/E(x)‖ → 0 as
n → ∞ and ‖Df−n

/F (x)‖ → 0 as n → ∞ for any x ∈ H(p). Let us show only that
‖Dfn

/E(x)‖ → 0 as n → ∞, the other one being similar. For this, it is enough to
show that for any x ∈ H(p) there exists k = k(x) such that

k∏
i=0

‖Dfm
/E(f im(x))‖ <

1
2
.

Arguing by contradiction, assume this does not hold. Then, there exist sequences
xn ∈ H(p) and kn →∞ such that

k∏
i=0

‖Dfm
/E(f im(xn))‖ ≥

1
2
, 0 ≤ k ≤ kn.

Let z be an accumulation point of xn. It follows that
k∏

i=0

‖Dfm
/E(f im(z))‖ ≥

1
2
∀k ≥ 0.

Let w be an accumulation point of the sequence f im(z), i. e., there exits ik → ∞
such that f ikm(z) → w. Since f/H(p) is topologically mixing, there exist z1 ∈ H(p)
and n0 such that dist(z1, w) < ε/2 and dist(fn0m(z1), z) < ε.

Take j0 such that

C((1 + γ)λ)j+n0 <
1
2
Kn0 ∀j ≥ j0.

Finally, choose ik > j0 such that dist(f ikm(z), w) < ε/2. Consider now the ε
periodic pseudo orbit defined by {z, ..., f ikm(z), z1, ....., f

n0m(z1), z}. By lemma 5.5
there exists a periodic point q that δ-shadows the pseudo orbit and (ik + n0)m is
(a multiple of) π(q). Therefore

1
2
Kn0 ≤

ik−1∏
i=0

‖Dfm
/E(f im(z))‖

n0−1∏
i=0

‖Dfm
/E(f im(z1))‖

≤
ik+n0−1∏

i=0

(1 + γ)‖Dfm
/Es(f im(q))‖

≤ C((1 + γ)λ)ik+n0 <
1
2
Kn0 ,

a contradiction. This completes the proof of Theorem C.
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