FACTORIZATION OF SIMPLE MODULES FOR CERTAIN
POINTED HOPF ALGEBRAS

MARIANA PEREIRA

ABSTRACT. We study the representations of two types of pointed Hopf
algebras: restricted two-parameter quantum groups, and the Drinfel’d
doubles of rank one pointed Hopf algebras of nilpotent type. We study,
in particular, under what conditions a simple module can be factored
as the tensor product of a one dimensional module with a module that
is naturally a module for the quotient by central group-like elements.
For restricted two-parameter quantum groups, given 6 a primitive £th
root of unity, the factorization of simple ugv 9= (sl,)-modules is possible,
if and only if ged((y — z)n, £) = 1. For rank one pointed Hopf algebras,
given the data D = (G, x, a), the factorization of simple D(Hp)-modules
is possible if and only if |x(a)| is odd and |x(a)| = |a|] = |x|. Under this
condition, the tensor product of two simple D(Hp)-modules is com-
pletely reducible, if and only if the sum of their dimensions is less than
or equal to |x(a)| + 1.

INTRODUCTION

In 2003, Radford introduced a new method to construct simple left mod-
ules for the Drinfel’d double of a graded Hopf algebra with commutative
and cocomutative bottom term [11]. Until then, simple modules for such
algebras were usually constructed by taking quotients of Verma modules by
maximal submodules. This new method gives a more explicit construction,
in the sense that the simple modules are given as subspaces of the Hopf alge-
bra itself. With this construction, simple modules for the Drinfel’d double of
a Hopf algebra are parametrized by group-like elements of the Drinfel’d dou-
ble. Recently, new examples of pointed Hopf algebras have been found (e.g
[8, 1]) and we would like to understand their modules. Our approach is, if
possible, to reduce the problem to that of understanding modules for special
types of Hopf algebras, particularly when these special types are well known
(e.g traditional quantum groups, Taft algebras). The reduction is by fac-
torizing simple modules as the tensor product of a one-dimensional module
with a module that is naturally a module for the quotient of the algebra by
the central group-like elements. We study this factorization, using Radford’s
method, for two types of pointed Hopf algebras: restricted two-parameter
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quantum groups, and the Drinfel’d doubles of rank one pointed Hopf alge-
bras of nilpotent type; and we find necessary and sufficient conditions for
the factorization to be possible.

In Section 1 we give the basic definitions and present Radford’s method to
construct simple modules for D(H) when H is a finite-dimensional graded
Hopf algebra with a commutative group algebra as its bottom term. These
modules are in one to one correspondence with G(H*) x G(H ), the product
of the set of group-like elements of the dual of H with the set of group-like
elements of H. In Proposition 1.5 we show that given (3,g) and (3, ¢’)
€ G(H*) x G(H), if the tensor product of the corresponding simple D(H)-
modules is also simple, then it is isomorphic to the module corresponding
to (66',99').

In Section 2, we recall the definition of the restricted two-parameter quan-
tum groups u, 4(sl,). Under certain conditions on the parameters r and s,
U, s(sly) is a Drinfel’d double and Radford’s method can be used to con-
struct its simple modules. In Proposition 2.10 we characterize the group-
like elements of u, ¢(sl,) that give one-dimensional u, 4(sl,)-modules. In
Proposition 2.4 we describe the central group-like elements of u, 4(sl,) and
in Theorem 2.12 we give necessary and sufficient conditions on the parame-
ters r and s for any simple u, 4(sl,,)-module to factor as the tensor product
of a one-dimensional module with a u, s(sl,)-module that is also a module
for a quotient of u, 4(sly).

In Section 3, we present the rank one pointed Hopf algebras of nilpotent
type, Hp defined by Krop and Radford [8], and get analogous results for
simple modules for their Drinfel’d doubles as those for u, s(sl,) in Proposi-
tion 3.5 and Theorem 3.10. In Theorem 3.18 we use these results to study
the reducibility of the tensor product of two simple D(Hp)-modules.

1. PRELIMINARIES

In what follows K is an algebraically closed field of characteristic 0. All
vector spaces and tensor products are over K. For any vector space V, if
f € V*and v € V, the evaluation of f on v will be denoted by (f,v).
If (C,A,e) is a coalgebra, usually denoted by C, and ¢ € C we write
A(e) = - c1)®c(g) (Heyneman-Sweedler notation). The opposite coalgebra
(C, A%°P ¢), usually denoted by C°°P, has comultiplication given in terms
of the comultiplication of C: A®P(c) =} ¢y @c(yy, forall c € C. If (M, §)
is a right C-comodule and m € M, we write 6(m) = > mg@m) € M®C.
We will say comodule for right comodule and module for left module. The
coalgebra C is a C*-module with action f-c =} cq)(f,c)) for all f € C*
and c € C.

The set of group-like elements of C is G(C) = {c € C : A(c) = ¢ ®
c and €(c) = 1}, and it is a linearly independent set. If H is Hopf algebra,
then G(H) is a group and its linear span, KG(H), is a Hopf algebra. If A
is a finite-dimensional algebra, then G(A*) = Alg(A,K), the set of algebra
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maps from A to K. If C is a coalgebra, then Alg(C K) is an algebra with
the convolution product: (fg,c) = > (f,cq))(g,c(2)) for all f,g € C* and
ceC.
Let H be a finite-dimensional Hopf algebra over K with antipode S. The
Drinfel’d double of H, D(H), is
D(H) = (H)* © H
as a coalgebra. The algebra structure is given by

(gRn)(f@k)=> g(hq) — f— S (hs)) ® bk,

for all g, f € H* and h,k € H; where (a — f,b) = (f,ba) and (f < a,b) =
(f,ab), for all a,b € H and f € H*. With this structure and antipode S
given by S(f ® h) = (e ® S(h))((f o S™1) ® 1), D(H) is a Hopf algebra.

For any bialgebra H, a left-right Yetter-Drinfel’d moduleis a triple (M, -, )
where (M, ) is a left H-module and (M, J) is a right H-comodule, and the
following compatibility condition is satisfied:

Dy mio) @ haymay = (ke - m)o) @ (he) - m)nha).
The category of left-right Yetter-Drinfel’d modules over a bialgebra H will
be denoted by YD,

Proposition 1.1 (Majid [9]). Let H be a finite-dimensional Hopf algebra.
Then D(H)-modules are left-right Yetter-Drinfel’d modules and conversely.
Explicitly, if M is a left-right Yetter-Drinfel’d module, then it is a D(H)-
module with the same action of H and the action of H* given by

for all f in H* and m in M.

If M,N € gYDY M ® N is also Yetter-Drinfel’d module over H. The
Yetter-Drinfel’d structure is given by the action

n):Zh(l)-m®h(2) n

and the coaction
(1.2) m®n Zm ®’I’L ®’I’L() (1)-

An alternative definition of the Drinfel’d double is D'(H) = H ® (H*)°°P
as coalgebras, and multiplication given by

(ke f)(heg)=> kfa o)) (he)he © fio)9

where (ACOOP ® id )ACOOP( ) = Z f(l) (2) & f(3) . We will need both
definitions of the Drinfel’d double since two of the articles we will be using [4,
11] use these different definitions. The following lemma gives the relationship
between these two definitions of the Drinfel’d double.

Lemma 1.2. D/(H) ~ D(H*)®°? as Hopf algebras.
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Proof. As H* ~ H, we have D(H*) & H @ H*, with multiplication
ko fihog) = D k(fay—=h= (S fa) @ feg
= Y k(faylhe)ha — (fm oS ™) @ fo)g

= > kfay () (Fe) (ST Hha)he) @ f@)9,

where (AP @ id )A“P(f) = 3 f(3) ® fr2) ® f(1)- So D'(H) ~ D(H*)
as algebras. As coalgebras D(H*) ~ H®P @ H* = (H ® (H*)°P)“%® =
D/(H)Coop' D

Next we describe the results from [11]. Although Radford’s results are
more general, we will only write them for K an algebraically closed field of
characteristic 0 and only for finite-dimensional Hopf algebras.

Lemma 1.3 (Radford [11]). Let H be a finite-dimensional Hopf algebra
over K. If B € G(H*), then Hg = (H,e3,A) € aYDH | where

(1.3) }hga = Z<ﬁ, h(2)>h(3)aS_1(h(1))
for all h,a in H.

If 6: H — Kis an algebra map and N is a right coideal of H, then the H-
submodule of Hg generated by N, Heg N, is a Yetter-Drinfel’d H-submodule
of Hg. If g € G(H), then Kg is a right coideal and HegKg = Hegg is a
Yetter-Drinfel’d submodule of Hg. For M a Yetter-Drinfel’d module over
H, [M] will denote the the isomorphism class of M.

Proposition 1.4 (Radford [11]). Let H = @,., Hy be a finite-dimensional
graded Hopf algebra over K. Suppose that Hy = KG where G is a finite
abelian group. Then

(8,9) — [Heag]
describes a bijective correspondence between the Cartesian product of sets
G(H*) x G = G(H*) x G(H) and the set of isomorphism classes of simple
Yetter-Drinfel’d H-modules.

Note that in this case, if h € G, then hegg = (8, h)g.

Since H is finite dimensional, H,, = Hy,,+1 = --- = (0) for some m > 0.
Hence, if §: H — K is an algebra map and ¢ > 0, then 3, =0, and 3 is
determined by its restriction to Hy = KG. '

Let

(1.4) G = Hom (G, K*),

the set of group homomorphisms from G to K* = K — {0}. Then, to give
an algebra map 8 : H — K, is equivalent to giving a map in @; when no
confusion arises, the corresponding map in G will also be called 0.

We present a general result on the tensor product of Yetter-Drinfel’d
modules.
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Proposition 1.5. Let H = @, , H,, be a finite dimensional graded Hopf
algebra over K with Hy = KG where G is a finite abelian group. Let 3, 3 €
G(H*) and g, g € G(H). If Hegg @ Hegg' is a simple Yetter-Drinfel’d
module, then

H’ﬁg X H’ﬁ/g/ ~ H.ﬁ/@/gg/
Proof. Since Hegg ® Heg g’ is a simple Yetter-Drinfel’d module, by Proposi-
tion 1.4, there exist unique 8" € G(H*) and ¢"” € G(H) such that

H’ﬁg ® H’ﬁ’g, ~ Hogng”

as Yetter-Drinfel’d modules. Let ® : Hegg ® Hegg' — Hegrg” be such an
isomorphism. Since ® is a comodule map, we have

(P®id) <Z 90) ® 9 0) ® g'(l)g(1)> =A(@(g®yg)).
Then

(1.5) Pgg)0gg=A2G¢oJd)).

This implies that K®(g ® ¢') is a (simple) right coideal of Hegrg"”. In [11]
it was shown that if N is a simple right coideal of H, then the only coideal
contained in HegN is N.

Therefore K®(g ® ¢') = Kg” and so ¢” = A®(g ® ¢’) for some 0 # \ € K;
we may assume that A = 1. Applying e®id to both sides of Equation (1.5),
we get that (g ® ¢') = ¢(P(g ® ¢'))g’g. We then have:

9'=2(ged)=e2(g®9g))dg.
Since distinct group-like elements are linearly independent, this implies that
9" =4y
It is enough to show that 3" and 33 agree on G. Let h € G, then
B"(h)gg" = hegrgg = hegr(®(g@g')) = 2(h-(9® 7))
= O(hegg @ hegg') = 2(B(h)B'(h)g @ ¢') = (B8')(h)gg,
and so 8" (h) = (803)(h) for all h in G. O

If H is any Hopf algebra and v : H — K is an algebra map, then v has
an inverse in Hom (H,K) given by v~ (k) = v(S(h)).

Let N = Kn be a one-dimensional H-module. Then there is an algebra
homomorphism v : H — K such that h-n = ~v(h)n for all h € H. Let K, be
K as a vector space with the action given by h-1 = v(h), and so N ~ K,
as H-modules.

If M is any H-module and v : H — K is an algebra morphism, then
the natural vector space isomorphism M ® K., ~ M endows M with a new
module structure, -/, given by h-"m = >~ y(h(2))h(1)-m. We will denote this
module by M,.

Note that for any H-module M,

(M), = M = M.



6 MARIANA PEREIRA

Let v : H — K be an algebra map. If M is an H-module and N is a
submodule of M, then IV, is a submodule of M, . In particular, M is simple
if and only if M, is simple. Let Soc(M) denote the socle of M, that is,
Soc(M) = @N, the sum over all simple submodules of M. We have that
Soc(My) = (Soc(M)),, .
We give a construction that will be used to get a factorization of simple
D(H)-modules. Given any Hopf algebra H with counit € and L a subset of
H, let
Lt =LNKere.

Note that if L is a subcoalgebra of H, then L™ is a coideal and hence
H/L™ is a coalgebra. In this case, let (LT) = HL"H be the two-sided ideal
generated by LT, then H/(L*") is a bialgebra. We will use this construction
in the particular case when L C Z(H), the center of H, in which case
(L*) = HL' and so H/HL™ is a bialgebra. If in addition S(LT) C LT,
then H/HL™ is a Hopf algebra. A simple calculation shows that if L = KJ
with J a subgroup of G(H), the group of group-like elements of H, then

LT=K{g—1:g€J}.

Remark 1.6. In [12] H.-J. Schneider strengthened the Nichols-Zoeller the-
orem and showed that if H is a finite-dimensional Hopf algebra and L is a
Hopf subalgebra of H, then H ~ H/HL' ® L as right L-modules [12] . In
particular

dim(H/HL*) = (21111::1((11{)) .

Definition 1.7. For H a finite-dimensional Hopf algebra, let
Ge(H)=G(H)NZ(H)
denote the group of central group-like elements of H and let
H=H/HKGc(H))™".
Then H is a Hopf algebra, and by Remark 1.6
—  dim(H)

dim(H) = GoU]

2. TWO-PARAMETER QUANTUM GROUPS

Let aj = €j—€j41 (j =1,...,n—1). Let r,s € K* be roots of unity with
r # s and £ be the least common multiple of the orders of r and s. Let 8 be
a primitive £th root of unity and y and z be nonnegative integers such that
r = 6Y and s = 6*. Takeuchi defined the following Hopf algebra [13].

Definition 2.1. The algebra U = U, 4(sl,) is the unital associative K-
algebra generated by {ej, fj, w;-d, (w;-)il, 1 < j < n}, subject to the
following relations.
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(R1) The wi!, (w})il all commute with one another and

-1 _ 7 N=1 _
wiw; = wi(w;) T =1,
e] =7r El,aj>3<5i+17aj>ejwi and wifj = T_<€ivaj>3_<5i+lvaj>fjwi7

2
3) wiej =7 (€100 >s<€i’°‘j>e]w§ and wlf; = 7‘_<€i+1’°‘i>s_<€i’°‘j>fng,

(R2) w
(R3)
(R4) [euf]]
(R5)
(R6)

(Wz w;)-
J=0 if [i—j|>1,
6 €z+1 (r+s)eieiyie; + 7‘sei+1€,2 =0,
eie?  — (r+ 8)ei+1eiei+1 + rsefﬂei =0,
(R7) f fH—l ( - ts )fzfz+1fz+'r'_ _1fz+1f =0
fz i+1 —(r st )fz+1fzfz+1+7‘ lg—t Z2+1fi:0,
foralll <i,j <n.

) [ez,e]] [fz;f]
6

The following coproduct, counit, and antipode give U the structure of a

Hopf algebra:
Ale;) = e; ® 1 +w; ® e, A(f)) =1® fi+ fi®uw,
E(ei) =0, E(fz) =0,
S(e;) = —wj e, S(fi) = —filwi) ™,
and w;,w, are group-like, for all 1 <i < n.

Let U be the group algebra generated by all w;ﬂ, (wg)jEl and let U
(respectively, U™) be the subalgebra of U generated by all e; (respectively,
fz) Let

ng = ej and gi,j = 62'52'_1,]' — T‘_lgi_l,jei (Z > ]),

Fij=1Ff; and Fij= fiFi1j—sFi—1jfi (i>])
The algebra U has a triangular decomposition U =2 U~ @U@ U™ (as vector

spaces), and the subalgebras U+, U~ respectively have monomial Poincaré-
Birkhoff-Witt (PBW) bases [7, 3]

E = 1{&1,j1Cjo " Eipjy | (i1, 71) < (i2,52) < -+ < (dp, jp) lexicographically},

F =AFi jFirgo Fipgp | (i1,51) < (ig,jg) -+ < (ip, jp) lexicographically}.
It is shown in [4] that all 55], .7-"5], —Land (W)f—1(1<j<i<n)

are central in U, s(sl,). The ideal I,, generated by these elements is a Hopf
ideal [4, Thm. 2.17], and so the quotient

(2.1) u=u,4(sl,) = U, s(sly) /I

is a Hopf algebra, called the restricted two-parameter quantum group. Ex-
amination of the PBW-bases £ and F shows that u is finite-dimensional and
Benkart and Witherspoon showed that u is pointed [4, Prop. 3.2].

Let & and F; denote the sets of monomials in £ and F respectively, in
which each &; ; or F; ; appears as a factor at most £ — 1 times. Identifying
cosets in u with their representatives, we may assume & and F; are basis
for the subalgebras of u generated by the elements e; and f; respectively.
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Let b be the Hopf subalgebra of u, s(sl,,) generated by {w;,e; : 1 <1i < n},
and b’ the subalgebra generated by {w], fi: 1 <i <n}.

Benkart and Witherspoon showed that, under some conditions on the pa-
rameters 7 and s, b* ~ (b)°°°P as Hopf algebras ([4, Lemma 4.1]). This
implies that b ~ ((b")°°°P)*; we present their lemma using the dual isomor-
phism of the original one.

Lemma 2.2. [4, Lemma 4.1] If ged(y™ ' —y" 224+ (=1)" 1271 0) =

1 and rs~! is a primitive (th root of unity, then b ~ ((b')°°°P)* as Hopf
algebras. Such an isomorphism is given by

(2.2) (wi,wj) = i) gletni)  gnd  (wy, f;) =0,
and
(23) <€Z’, f]ag> = (52'7]'(51,@ Vge G(b/)

Proposition 2.3. [4, Thm. 4.8] Assume r = 6Y and s = 6%, where 0 is a
primitive £th root of unity, and

ged(y™ ™t =y 2 4 (D) ) = 1.
Then there is an isomorphism of Hopf algebras u, s(sl,,) = D'(b).

Under the assumption that ged(y™ ' —y" 22 +---+ (=1)" 12771 0) = 1,
combining lemmas 1.2 and 2.2, and Proposition 2.3, we get that u, s(sl,,) ~
(D((b")cooP))°°P  Hence, u, (s, )-modules are Yetter-Drinfel’d modules for
(b")°°°P (only the algebra structure of u, s(sl,) plays a role when study-
ing u, 5(sl,,)-modules, hence u, s(sl,,)-modules are D((b")°°°P)-modules). For
simplicity we will denote H = (b')*°°P. Then G = G(H) = (v} : 1 <i<n)
and H is a graded Hopf algebra with w} € Hy, and f; € Hy for all 1 <i < n.
Therefore Proposition 1.4 applies to H and isomorphism classes of u;. ¢(sl,,)-
modules (or simple Yetter-Drinfel’d H-modules) are in one to one corre-
spondence with G(H*) x G(H).

2.1. Factorization of simple u, 4(sl,)-modules. We study under what
conditions a simple u, 4(sl,)-module can be factored as the tensor product
of a one-dimensional module and a simple module which is also a module
for u, s(sl,) = wy 5(s0,) /1y 5 (50,) (KGe (4 5(s1,))) T Let £, n, y and 2z be fixed
and 6 be a primitive ¢th root of unity. Let A be the (n—1) x (n — 1) matrix

Yy—z z 0 0 0
-y y—z =z 0 0
A= : :
0 0 -y y—=z z
0 .. .. 0 _y y_z

The determinant of A is y"~! — 3"~ 2z + ... + (—=1)""12"~!. Throughout
this section, assume that ged(y” ' —y" 224+ (=1)""12"1 ¢) = 1, and
so det(A) is invertible in Z/¢Z. We start by describing the set of central
group-like elements in u, 4(sl,). Clearly G(u, 5(sl,)) = (wi,w} : 1 < i < n).
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an—1 /blu'w,bnfl 'ZIS

Proposition 2.4. A group-like element g = wi* -+ w," 7 W] 1
central in u, 4(sly,) if and only if
bl aj
— A—lAt
bn—l ap—1
in (Z/02)" .

Proof. The element g is central in u, 4(sl,) if and only if ge;, = erg and
9fk = frg for all k = 1,--- ;n — 1. By the relations (R2) and (R3) of the
definition of U, 4(sly), for all k =1,--- ,n — 1 we have that

— n—

i b
ger — H < el,ak el+1,ak>)a H ( <Ej+17ak> <Ej7ak>> / eryg and
=1
n—

9fk = H< {ei.o) Ez+17ak) H( (€j+1,0%) ¢ <ej,ak>>bjfkg_

Then g is central if and only if

.
Il
,_.»—l

3
—

I:I ( €i,0k) 51+170¢k>>ai H <T<€j+l’ak>3<5j,ak>>bﬂ'

J=1
= s“’“lr“’“s_“kr_“k“Tb’cflr_b’“sbks_bk“, Vk=1,---,n—1,

where ag = a,, = 0 = by = b,,. Since r = Y and s = 6%, the last equation
holds if and only if

(24)  zag-1+ (y — 2)ag — yags1 = (=ybr—1 + (y — )by + 2bg41) mode,
for all k=1,---,n — 1; that is, if and only if

ay bl
AP Al
ap—1 bn—l
in (Z/07)"". 0
Example 2.5. For ugy-1(sl,) (y = 1 and z = £ — 1), the matrix A is
symmetric. Therefore, a group-like element g = w{* - - - wi™ 11w/1b1 e w;fﬁf

is central if and only if b; = a; foralli=1,--- ,;n — 1.

Recall that u, s(s0,) (KGo(uy s (s0,))) T = up5(s0,){g—1: g € Go(ur5(sl,))}
In particular, by the last example, we have that ug g-1(KGc(ug g-1(sl, )T
is generated by {wi_l —wj:i=1,...,n—1}. This gives Ugg-1 = up(sly),
the one parameter quantum group.

Henceforth r and s are such that 7s~! is also a primitive £th root of unity,
that is, ged(y — 2,£) =1
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Remark 2.6. If § € G(H*) and g = &/ ---w "' € G(H), by propositions
1.1 and 2.3, the Yetter-Drinfel’d module Hoﬁg is also a u, 4(sl,)-module
where the action of b is given by combining equations (1.1) and (2.2).In
particular,

n—1

_ c;
wza H wz’ ] H <T<€i7aj>8<ei+1’aj>> ’ g.

7j=1

Proposition 2.7. Let 3 € G(H*) be defined by B(w)) = 6% and g =
/cy ICn—1

wit w7t The simple w, 4(sly,)-module Hegg is naturally a u, s(sly,)-

module if and only if

I c1
(2.5) : = Al
ﬁn—l Cn—1

in (Z/0Z)"1

Proof. Hegg is a u, s(sl,)-module if and only if (h —1)-m = 0 for all A in
Go(urs(sly)) and m in Hegg. If h € Go(u, 4(sl,,)), then h-m = m for all m
in Hegg if and only if h- g = g.

Let h = w - Wit -"wfﬁl € Ge(urs(sly)); then by Proposition
2.4
b a1
— A—lAt
bn_1 an—1
We have

b1 tbp—1 _ 1b1 1bp—1
Wit wy ey = Blwrt w1 )Y

(2.6) _ 9b151+"~+bn71ﬁn719
and
witsw g = (Wt W g)g
n—1
= <wi7g>aig
=1
n—1n— a;c;
. 8§ (e

.
I

3
,L iR

(r—ci71 (Ts—l)ci Sci+1)ai g

.
g8 |l

I
Q +



FACTORIZATION OF SIMPLE MODULES 11
where cg = ¢, = 0 and = = Z?:_ll (—yci—1 + (y — 2)¢; + z¢i41) a;. From
equations (2.6) and (2.7) we get that

h.g=@o+rici bibig

a by a
for all : , where : = AlAl : . Now
an—1 bn—1 an—1
n—1 n—1
Z (—yci—1 + (y — 2)¢; + z¢i41) a; + Z b;8; = 0 mod/
i=1 i=1

if and only if

t t
aq C1 bl ﬁl

an—1 Cn—1 bp—1 ﬁn—l

We then have that Hegg is a u, 4(sl,)-module, if and only if

t t
al C1 al ¢ 51
Al = | ¢ A
Gp—1 Cn—1 an—1 Bn-1
for all (ay,--- ,an—1) in (Z/0Z)""*. This occurs if and only if

a1 . b
: = — (4™ : in (2/¢2)"".

Cn—1 Brn-1

(]
Given g = (W) -+ (w),_1)* ' € G(H), let B1,..., 0, be defined as in

n
Equation (2.5). We will denote by 3, the algebra map given by 3,(w}) = 6.
For any Hopf algebra H, let Sy denote the denote the set of isomorphism
classes of simple H-modules. Then Sy can be identified as the subset of Sy
consisting of the H-modules that are naturally H-modules. Combining the

last proposition with Proposition 1.4, we get

Corollary 2.8. The correspondence G(H) — Sm given by

g [Heg,g]
s a bijection.
Example 2.9. In the uyy-1(sl2) case, the matrix A is A = (2). Then,

the simple 1y g-1(sl2)-modules that are naturally uy(slz)-modules, are of the
form Heg(w')® with B(w') = 672¢.
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Next we describe the 1-dimensional u, 4(sl,,)-modules in terms of Rad-
ford’s construction. For an algebra map x : u,s(sl,) — K, let K, be the
1-dimensional 1, 4(sl,)-module given by k-1 = x(h)1. Since ef =0 = f{ we
have that x(e;) = x(fi) = 0, and this together with (R4) of the Definition
2.1 of U, 4(sly,), gives that x(w;) = x(w}). For each i = 1,...,n — 1, since
wf =1, x(w;) = 0% for some 0 < y; < £.

Proposition 2.10. If x : u,4(sl,) — K is an algebra map, then K, ~
H’X\ng’ where

Oy = w'ldl e w;df{l, with
dy X1
: = At : in (Z/02)" .
dn—l Xn—1

Proof. Since K, is a simple u, 4(sl,)-module, we have that K, ~ Hegg for

some unique § € G(H*) and g € G(H). Let ¢ : K, — Hegg be an isomor-

phism of Yetter-Drinfel’d modules. We may assume that g = ¢(1); then
Blwi)g = wispg = wiss(6(1)) = ¢ (wi - 1) = d(x(W))1) = x(w))g-

Therefore f(w]) = x(w}) and since 3(f;) = 0= x(f;) foralli=1,--- ,n—1,
we have 3 = x|,
We have that

wi g = (wi,g)g
n—1
= H(wi,w§>dj g
7=1

(2.8) n

:JH(

-1 "
<Ei7c“j>s<5i+170‘j>) 7

i1

di—1

r
= pdimt(pg)digditrg
= Hy(di_di71)+z(di+l_di)g'

On the other hand

(2.9) wi-g=wi- (1) = dpwi- 1) = p(OX'1) = 6X'g.
By equations (2.8) and (2.9) we have that

—ydi—1 + (y — 2)d; + 2dix1 = x; modl, Vi=1,--- ,n—1; and so
dy X1
A : = : in (Z/¢2)" 1.
dn—l Xn—1



FACTORIZATION OF SIMPLE MODULES 13

For any Hopf algebra H, let S}; = {[N] € Sy : dim(N) = 1}. Combining
the last proposition and Proposition 1.4 we get

Corollary 2.11. The correspondence G(uy s(sl,)*) — Slllm(s[n) given by

X [H°X\H9X]
s a bijection.
Theorem 2.12. The map P : Sm X S;S(%) — Sy,.u(sl,) given by

®([M],[N]) = [M @ N]

is a bijection if and only if ged((y — z)n, ) = 1.

Proof. By the last corollary we have that 1-dimensional simple u, ((sl,)-
modules are of the form He,, g, with x € G(up,s(sln)"). Also by Corollary
2.8, simple u,. 4(sl,)-modules are of the form Heg g for g € G(H). Further-
more by Proposition 1.5, we have that Hoggg®HoX‘HgX o~ H’ﬁgX\HggX' Then
® is a bijection if and only if

U {(9.84) 1 9 € GH)} x {(gx: x) = x € Glurs(sln))} — G(H) x G(H")

given by W ((g, 8g), (9x> X)) = (99x, ByX|y) is a bijection. The latter holds if

and only if for all h = w'lbl e wﬁ’f{l and v given by y(w}) = 07, there exist
unique g = | -+ w "7t and x with x(w;) = x(w]) = 6%, so that h = gg,

n—1 >

and v = fByx,- If Bg(wh) = 6P and Oy = w&dl o T then

/ Ien—1 1d Iy — IR
99x = chl : ”anllwl L "")nfl1 and (BQX\H)((“)?/:) = gfitxs,

Then W is bijective if and only if the system of equations

c1+d;p b1
Cp—1+ dn—l bn—l
B+ x1 "
ﬁn—l + Xn-1 Yn—1
subject to
dy X1
— A—l .
dn—l Xn—1
&) c1
: _gt .

5n—1 Cn—1
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has a unique solution for all (by.--- ,by—1), (71, -¥n-1). The last four
vector equations are equivalent to

c X1 by
: 1A . _ .
Cn—1 Xn—1 br—1
C1 X1 71
Y R I _ :
Cn—1 Xn—1 Yn—1

which can be written as

C1 b1
1d A1 Cn—1 . bn—1
At 1d X1 |l 0m

Xn—1 Yn—1

This last system has a unique solution if and only if the matrix

Id Al
M= < ~AY1d >
is invertible in My(,—1)x2(n—1) (Z/¢Z), or equivalently, if ged(det(M), £) = 1.
By row-reducing M we have that

d A » A 1
det(_At Id) = det(4 )det(_At Id>

A+ At 0
At Id

= det(A"")det(A + AY).

= det(A1)det (

Since det(A™!) is a unit in Z /¢, we have that ged(det(M),£) = 1 if and only
if ged(det(A + A?),¢) = 1. Now

2—2) z-—y 0 0 0

z—y 2y—z2) z-—y 0 0

Asab - 0 z—y 2y—2) z—y 0
0 0 z—y 2(y—2z) z—y

0 .. .. O Z_y 2(y_2)
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2 -1 0 0 0

1 2 —1 0 0

0 -1 2 -1 0
= (y—2)

0 0 -1 2 -1

0 0 -1 2

Therefore det(A + AY) = (y — 2)"'n. We then have that ® is a bijection if
and only if ged ((y — 2)n, ¢) = 1. O

This factorization was used in [10] to construct the simple u,. 5(sl3)-modules
for different values of the parameters, and to conjecture a general formula
for their dimensions.

3. POINTED HOPF ALGEBRAS OF RANK ONE

Recently Andruskiewitsch and Schneider classified the finite-dimensional
pointed Hopf algebras with abelian groups of group-like elements, over an
algebraically closed field of characteristic 0 [1]. Earlier, in 2005, Krop and
Radford classified the pointed Hopf algebras of rank one, where rank(H )+ 1
is the rank of H(y) as an H)-module and H is generated by H () as an
algebra, where H (1) is the first term of the coradical filtration of H [8]. They
also studied the simple D(H )-modules when H ) is commutative. Under
additional hipothesis and using Radford’s construction of simple modules,
in Theorem 3.18 we give necessary and sufficient conditions for the tensor
product of two simple D(H )-modules to be completely reducible.

3.1. Pointed Hopf algebras of rank one of nilpotent type. For an
element ¢ in a group, we will denote by |g| the order of g. Let G be a
finite abelian group, x : G — K a character and a € G; we call the triple
D = (G, x,a) data. Let ¢ := |x(a)|, N := |a|] and M = |x|; note that ¢
divides both N and M. In [8] Krop and Radford defined the following Hopf
algebra.

Definition 3.1. Let D = (G, x,a) be data. The Hopf algebra Hp is gener-
ated by G and x as a K-algebra, with relations:

(1) z* = 0.

(2) xg = x(g9)gz, for all g € G.
The coalgebra structure is given by A(z) =xR@a+ 1@z and A(g) =g®g
forall g € G.

The Hopf algebra Hp is pointed of rank one. Let I' = Hom (G, K*), the
set of group homomorphisms from G to K* also written G.

Proposition 3.2 (Krop and Radford [8]). As a K-algebra, H}, is generated
by ' and & subject to relations:

(1) ¢ =o0.
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(2) &y =(a)¥§, for ally €T.
The coalgebra structure of Hy, is determined by A)=€E@x+1®€ and
A(y)=v®~ forallyeT.

Proposition 3.3 (Krop and Radford [8]). The double D(Hp) is generated
by G, x, I,  subject to the relations defining Hp and HY, and the following
relations:

(1) gy =~g forallge G and v €T.
(2) €9 =x"(g)g€ for all g € G.

(3) [z, =a—x.

(4) v(a)xy = vz for all v €T.

Recall that the coalgebra structure of H} in D(Hp) is the co-opposite to
the one in H*. Then in D(Hp), A(§) = x®&+£®1. Note that Hp satisfies
the hypothesis of Proposition 1.4, where elements in G have degree 0 and z
has degree 1. Therefore, simple D(Hp)-modules are of the form Hegg, for
g€ Gand fe GH*)=T.

3.2. Factorization of simple D(Hp)-modules. We study under what
conditions a simple D(Hp)-module can be factored as the tensor product of
a one-dimensional module with a simple module which is also a module for
D(Hp) = D(Hp)/D(Hp)(KGc(D(Hp)))T. We also study, under certain
conditions on the parameters, the reducibility of the tensor product of two
simple D(Hp)-modules.

We start by describing the central group-like elements of D(Hp). It is
clear that G(D(Hp)) = G x I". An element (g,7) € G x I' will be denoted
by ¢g7y. An element gy is central in D(Hp) if and only if (¢)z = z(g7y) and
(97)€ = &(g7y). Using the relations of D(Hp), we have that

gz = y(a)gzy = x ' (g9)v(a)zgy,
and

97€ = 79¢ = x(9)7€9 = x(9)7(a) " €.
Hence, gv is central if only if x~(g)y(a) = 1. Let evy-14 1 G xI' — KX
be the character given by ev,-1,(97) = x *(9)7(a); we just showed the
following lemma;:

Lemma 3.4. G¢(D(Hp)) = Ker (ev,-1,).

Let o : D(Hp) — K be an algebra map; then o(z) = a(n) = 0 (because
0 = z' = ¢%) and a(a) = a(x) (by the third relation in Proposition 3.3).
Since a(z) = a(n) = 0, we can think of o as a group homomorphism « :
GXFHKX,thatis,aEG/EZFXG. Let B, € T" and g, € G be
such that o = [,9q; that is a(gy) = Ba(9)V(ga) for all gy in G x I". If we
extend (3, to Hp by setting [G,(x) = 0 and also call this extension [, (as
no confusion will arise), we have 3, = Q- Let K, be the one-dimensional

module defined by h -k = a(h)k for all h € D(Hp) and k € K.
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Proposition 3.5. K, ~ Hpeg, g, as Yetter-Drinfel’d Hp-modules.

Proof. Since K, is a simple Yetter-Drinfel’d module, there exists an isomor-
phism of Yetter-Drinfel’d modules ® : K, — Hpegg for some algebra map
B : Hp — K and some g € G. We may assume that ®(1) = g. Let h € G,
we have

hesg = B(h)g.
Since ® is a module map,
hosg = heg®(1) = &(h- 1) = b(a(h))
= a(h)®(1) = Ba(h)g.
We then have G(h) = B,(h) for all h in G, and since B(x) = fu(x) = 0,

B = Ba-
If vy €T, then

Y89 =(9)9-
On the other hand,
Yopg = pP(1) = (7 1) = B(a(y)1) = a(y)®(1) = 7(ga)g-
Then v(g) = 7(ga) for all v € T', hence g = g,. O

For simplicity let K = Ker (ev,—1,). If @ = 8490 € I' X G, the condition
a(a) = a(x) is Bala) = x(ga) or X_l(ga)ﬂa(a) = 1. Hence, a in I' x G
defines a one-dimensional module if and only if g,3, € Ker (ev,-1,) = K.
This, together with the previous proposition, shows

X

Corollary 3.6. The set Sb(HD) of isomorphism classes of one dimensional
D(Hp)-modules is in one to one correspondence with K.

Recall that D(Hp) = D(Hp)/D(Hp)(KGeo(D(Hp)))*t. Since Go(D(Hp)) =
K,
D(Hp)(KGc(D(Hp)))" = D(H){gy—1: gy € K}.
For a group A and a subgroup B C A, let
Bt ={fcA: f(b)=1for all be B}.
Note that K+ c Gx I ~T x G.

Proposition 3.7. For § € G(Hp*) =T and g € G, the simple D(Hp)-
module Hpegg is also a D(Hp)-module via the quotient map, if and only if
Bg e K+

Proof. Hpegg is a D(Hp)-module, if and only if fv - (hegg) = hegg, for all
fy € K and h € Hp. Since K C Z(D(Hp)), if fy € K then fv - (hegg) =
(fyh)-g = (hfv)-g=heg((fv)-g). Thus, Hpegg is a D(Hp)-module, if and
only if fy-g =g, for all fy € K. Now fy-g= fesy(9)g =v(9)B(f)g. And
so, Hpegg is a D(Hp)-module, if and only if v(g)B(f) = 1 for all fy € K;
that is, if and only if, g € K. O

Lemma 3.8. K+ = (ev,-1,).
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Proof. Since K+ ~ (G;ép), we have |[K+| = ]%\ = [Im evy—1,] = |ev,-1,4];
the last equality holding as Im ev, -1, is cyclic (since it is a finite subgroup
of KX). By the definitions of K and K%, evy-1, € K+, hence K+ =
<evX71a>. O

It will be convenient to think of Kt as a subgroup of G x I' via the
identification G x I' ¥ G X ' ¥ I' x G ~ G x I'. Under this identification,
K+ = (ax™1).

Remark 3.9. We can restate Proposition 3.7 as follows: the simple D(Hp)-
modules that are also D(Hp)-modules are of the form Hpe(,-cya®, for ¢ =
L...,Jax7 1|

Recall that Spfr,,) denotes the set of isomorphism classes of simple D(Hp)-
modules. Combining Proposition 1.5, Corollary 3.6 and Proposition 3.7, we
get that the map

. 1
®: SD(HD) X Spap) — Sp(Hp)
given by ®([U], [V]) = [U ® V], is equivalent to the multiplication map
p:Ktx K —GxT,
under the identification of simple D(Hp)-modules with elements of G x I'.

Theorem 3.10. The map ® as above is a bijection if and only if £ is odd
and £ =M = N.

Proof. By the last remark, ® is an bijection, if an only if G xI' = K+ x K;
that is, if and only if G xT' = K+ K and KNK = {1}. Now |[K*| = | <L | =

L

if Kt N K = {1}.

If ¢ = M = N, then |a| = |x| = £ and so |ax~!| = £. Since K* N K C
K+ = {ax™!), we have that K+ N K = ((ax™')") for some r € {1,---,¢}.
Since (ax™1)" € K = Ker (ev,-1,), 1 = ev -1, ((ax™1)") = (X_l(a))% and
so ¢ 2r. If £ is odd, then £|r and so (ax™!)" = 1, giving K- N K = {1}.

Conversely, if KN K = {1}, let n = |ax™'|. Then for all » € {1,--- ,n—
1}, (ax™ )" € K. If either M # £ or N # ¢, then n > £ and so (ax ")’ ¢ K,

which is a contradiction since ev,-1,((ax™')*) = x7*(a)* = 1. Hence,
¢ =M = N. If { is even, then (ax‘l)g ¢ K, which is again a contradiction
since evxfla((ax_l)é) = x"Y(a)’ = 1. Hence ¢ is odd. O

Next we describe the structure of D(Hp) under the hypothesis of the last
theorem.

Proposition 3.11. If ¢ is odd and { = N = M, then D(Hp) ~ ugy(sls) as
Hopf algebras, where 6 = X(a)_%.
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Proof. Recall that ug(sl) = ugg-1(sly)/((w])™" — wi). Since there is only
one generator of each kind, we will omit the subindex 1. We have that
ug(sly) is generated by e, f and w, with relations:

1
6—6-1
In the proof of the previous proposition, we showed that if £ is odd and
¢ =N =M, then G xT' = {(ax " ')K, and so (ax~!) is a complete set of
representatives of the classes in “XL. Let ¢ : D(Hp) — ug(sly) be the
algebra map such that

f=0=f" W' =1, we=0%w, wf=0"2fwand e, f] = (w—w™).

o Y(gy) =w > if gy € (ax )°K, Vgy € G x T,

e (&) =eand

o U(z)=(0-071)f.
For v to be defined, it must commute with the defining relations of D(Hp)
(from Definition 3.1 and Propositions 3.2 and 3.3). This is the case by the
following calculations:

(1) ¥(z)¥(9) = x(9)v(9)¥(x), for all g € G:
Let g € G;ifg € (a _1)CK, then ga~“x¢ € K and so x "' (g)x(a)?* =
1. Hence, X( ) = x(a)* = 67 and
P(@)(g) = (0 — 07" fw™ = (0 — 071w
= X(9w ™20 - 071 f = x(9)¥(9)v ().

(2) ¥(&)v(v) = v(a)Pp(7)¥(§), for all y €T

Let v € T', in a similar way as in the previous relation, it can be
shown that if v € (ax 1)K, then v(a) = x(a)~2¢ = §%. We then
have

D(EP(Y) = ew™ = W e = y(a)p(NP(E).
(3) [(),¥(§)] = ¥(a) — v(x):
To prove this, we first need to know the images of a and y under

1. Since £ is odd, let ¢ € Z be such that 2¢ = 1 mod¢. Then,
a = (ax H¢(ax)¢, and since ay € K, we have that

Y(a) =w X =wh
Similarly, x = (ax™1)~¢(ax)¢ and so ¥(x) = w. Now

[W(@),9(€)] = (@ —07")[f,e] = =0 —071)[e, f]
-1

Clearly ¥(x)" = 0 = ¥(€) and ¥(g9)¥(y) = ¥(7)¥(g) for all g € G and

~v € I'. The other relations follow in a similar way as 1 and 2 above.
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Next we need to show that ¢ is a map of coalgebras. Group-like elements
in D(Hp) are mapped to group-like elements in uy(sly). Moreover,

YR YP(A(r)) = T,Z)®¢(x®a+1®m):(9—9_1)(f®w_1+1®f)
= (0—0"HA(f) = A(¥(2))

and

Y PAE) =P ed(x@i+Eol) =(woetel)=Ale) = Ap(E)).
Therefore ¢ is a map of Hopf algebras.

Recall that D(Hp)(KK)" = D(Hp){k — 1 : k € K}. Note that ¥(K) =
{1} and so ¢y ({k —1 : k € K}) = {0}. Therefore D(Hp)(KK)* C Ker (¢)
and the map v induces a Hopf algebra map 1 : D(Hp) — ug(slz). Since ¢
is odd, (w) = (w™2), and so 7 is surjective.

By Remark 1.6,

: 2
dim(D(p)) =SB R i — e =
= dim(ug(slg)).

Hence, 1 is an isomorphism.

O

Remark 3.12. Let b’ be (as in Chapter II) the subalgebra of g g-1(sl2)
generated by f and w’ and H = (b')°°°P. Via the isomorphism 1 de-
fined in the proof of Proposition 3.11, a simple D(Hp)-module of the form
Hpe(y—c)(a®) is also a ug(sly)-module. Explicitly, for h € ug(sl2) = ug g-1(sl2)
and m € Hpe(,—)(a®), h-m = E_l(h) -m. Therefore, by Example 2.9, as
up(slz)-modules Hpe(,—e)(a®) ~ Heg(w'?) with B(w') = 6=2? for some d € Z.
By analyzing the action of w’ on both of these modules, it follows that
d = —c. Conversely, a simple up(sly)-module Heg(w')? becomes a simple
D(Hp)-module via 1, and is isomorphic to H’DO(Xd)(CL_d) as D(Hp)-modules.

Next we study the reducibility of tensor products of simple D(Hp)-
modules when ¢ = M = N is odd.

In [11] Radford used his construction to describe simple modules for the
Drinfel’d Double of the Taft algebra, which is isomorphic to 1y g-1(sl2) when
¢ is odd (¢ is the order of 6).

Translating his result to our notation (H = (b’)°°P), generated by v’ and
f and the corresponding relations) we have

Proposition 3.13 (Radford [11]). For g = (w')¢ and B : H — K an algebra
morphism, let r > 0 be minimal such that (w') = 0%¢~"). Then the simple
ug g-1(sl2)-module Hegg is (r+1)—dimensional with basis {g, fegg, ..., f 39}
and frlegg = 0.

In [5], H-X. Chen studied the reducibility of tensor products of these
simple modules; we translated Chen’s result into Radford’s notation:
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Proposition 3.14 (Chen [5]). Given g = ()¢, ¢’ = (W) in G(H) and
6,8 € G(H*), let r,r' € {0,...,0—1} be such that 3(w') = 6%~") and
B (w') = 62 =") . Then the U g—1(slz2)-module Hogg @ Hegg' is completely
reducible if and only if r + 1’ < £. Moreover, let

9; =99 (W) and B;(w) = 0¥ B(W)B (W);
if v+ 1" < /{ then

min(r,r’)
H'ﬁg ® H'[B’g/ ~ @ H.ﬁggj
j=0

Ifr+r' >0 lett=r+7r" —€+1; then

min(r,r’)

Soc (Hegg @ Hegg') ~ (D Hes,g;.

=[]
Remark 3.15. Let g = ()¢ € G(H); by Example 2.9, if Hegg is naturally
a ug(slz)-module, then 8 = S, i.e. BW) = 072 = 62(c=2¢)  Then the
number r from Proposition 3.13 is v = 2¢ mod{, with 0 < r < £. We will
denote such number by 7..

We get the following corollary for simple ug(slz)-modules:

Corollary 3.16. Given g = (/)¢ and ¢’ = (') in G(H). If re + 1o < €
then

min(re,r

)
Heg,g ® Heg ,g' ~ @ Hes, 95,
=0

as ug(sla)-modules, where g; = gg'(W')™7 and B; = By, .

Remark 3.17. This last corollary is a particular case of a more general
formula for simple modules for the standard one-parameter quantum group
Uy(slz) = Ugg-1(slz)/(w' — w™?), that appears as an exercise in [2].

We have an analogous result to Proposition 3.14 for D(Hp)-modules:

Theorem 3.18. If { = M = N is odd and g3, ¢3 € G x ' = G(D(Hp)),
let ¢ and ¢ € Z be such that (a='x)¢ and (a='x)¢ are representatives of the
classes of g8 and ¢’ in G x T'/K respectively. Then the D(Hp)-module
Hpegg® Hpeg g’ is completely reducible if and only if re+ro < L. Moreover,
let
g9j=gg9'a’ and B; =x77BH;
if re +re < £ then
min(re,r.s)

Homgg @ Homgg' = €D Hpeg,;.
=0
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If rc +re > £, then
min(re,r )

Soc (Hpsg @ Hpugrg') = €D Hpep,g;,
=[]
wheret =r.+ 1o — €+ 1.

Proof. Let gKﬁK and ¢} 0} € K such that gf = (a_lx)chﬂK and ¢’ =
(a 1y G5B . By Theorem 3.10, Hpegg ~ Hpeyca ¢ ® Hpeg, 9K, the first
factor in SW, and the second factor in SE( Hp)" Similarly Hpegg' =~

HfDoXC/a_CI ® proﬁ}{g’K. Then

Hpegg @ Hpegg' ~  (Hpeyea™ © ® Hpeg, gk ) ® <HD-XC/ a®® HD*g;(g/K>
~ (HD°xca_c ® eraa_c/> ® (H’D°ﬁKQK ® H’D’ﬁ}{g/K)
~ (HD°X0(1_C ® HD'XCIG_C,> ® HD’/BK%( IKIK;

the second isomorphism by symmetry of tensor products of modules for
D(Hp), and the third by Proposition 1.5. Let v,+" : H — K be the algebra
maps given by y(w') = 072 and v/ (') = 072, If r. + ry < £, we have the
following isomorphisms of uy(sls)-modules:

mlH T‘T‘

™6 H ™ = B 9 = Dt

where g; = (W) Jand v;(w') = §~2(+¢ =) the first isomorphism follow-
ing from Remark 3.12 and the second from Corollary 3.16. Again by Re-
mark 3.12, the 7% summand of the last module is isomorphic to HD.X*CJ' a‘s

as D(Hp)-modules, where ¢; = —(c+ ¢ — j). Then

min(r,r') min(r,r')
Hpegg@Hpeg g' ~ EB Hpe, —c;a ®HD.ﬁKB}<gKg}( ~ EB Hpe,, 95,
j=0 Jj=0
where
9; = agr gy = a ‘gra " ga’ = gg'a’
and

Vi = X9 BB = XBr X Bxx ! = BB\
If ro +ry > £, we have
Hpepg ® Hpegrg' ~ (HD°X—cac ® Hpe, _oaf ) )
IBKﬁK
and so

Soc (H'D.ﬁg X H’D'ﬁ’g/) ~ (SOC (H’Doxfcac & HD°X70’ ac,))ﬁ g :
KPK



FACTORIZATION OF SIMPLE MODULES 23

With a similar reasoning as before, we get that

Soc (H’DOX—cCLC ® Hpox,c/acl) ~ EB Hoxfcj as,

=[5
where ¢; = —(c+ ¢ — j). Therefore
min(re,r.)
Soc (Hpogg & HD’ﬁ/g,) ~ H.X,cj a%
=[5
2 Bk Bk
min(re,r.)
=~ é}) He —c;a% [ @ He . 9Kk
=[5
2

2
=

3

S

where g; = hjgr gy = a~““grgh = gg'al and B; = ;B Bl = BB X .
0

Remark 3.19. Following the notation of the proof of the last proposi-
tion, since Hpegg ~ Hpeyca ¢ ® Hpeg, gk and dim(Hpes, gx) = 1, we
have dim(Hpegg) = dim(Hpeyca™ ). Furthermore, Hpeyca™¢ =~ He,(w')¢ as
ug(slz)-modules. Therefore dim(Hpegg) = dim(Hs,(w')¢) = rc + 1 and sim-
ilarly, dim(Hpegg') = 7o + 1. Then, the condition for complete reducibility
of HD’B ® HDOBIQI IS 7.+ re = dim(HDOB) + dim(HDoﬁzg') — 2 < /¢; that is
dim(HD°ﬁ) + dim(HDoWg/) </+1

In [6], the authors studied the representation theory of the Drinfel’d dou-
ble of a family of Hopf algebras that generalize the Taft algebra. In their
case, the order of the generating group-like element need not be the same
as the order of the root of unity. They give a similar decomposition of ten-
sor products as in Theorem 3.18. Although the algebras Hp generalize their
Hopf algebras, Theorem 3.18 does not generalize their result since we require
la| = |x(a)|. However, since G need not be cyclic, Theorem 3.18 generalizes
Chen’s result for Taft algebras.
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