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FINITISTIC DIMENSION THROUGH INFINITE PROJECTIVE
DIMENSION.

FRANGQOIS HUARD, MARCELO LANZILOTTA, OCTAVIO MENDOZA

Abstract. We show that an artin algebra having at most three radical la  y-
ers of in nite projective dimension has nite nitistic dim ension, generalizing
the known result for algebras with vanishing radical cube. W e also give an
equivalence between the niteness of n :dim: and the niteness of a given
class of -modules of in nite projective dimension.

1. Introduction.

Let be an artin algebra, and consider mod the class of nite ly generated left
-modules. The nitistic dimension of is then de ned to be

n:dim: =sup fpdM : M 2 mod and pd M < 1g;

where pdM denotes the projective dimension ofM . It was conjectured by Bass in
the 60's that n :dim: is always nite. Since then, this conjecture was shown to
hold for many classes of algebras [2,] 7] 4] 9, 10,]111]. In pactilar the conjecture
holds for artin algebras with vanishing radical cube [2,[5[D]. In this paper, we
generalize this result to artin algebras having at most three radical layers of in nite
projective dimension.

Theorem A. If has at most three radical layers of in nite projective dime nsion,
then n:dim: is nite.

We also provide a bound on the nitistic dimension of under t he preceding
hypothesis. In order to achieve our goal, we use the function of Igusa and
Todorov [7] and introduce the notion of in nite-layer lengt h which counts in an
e cient manner the number of (not necessarily radical) layers of in nite projective
dimension of a module. Our next result shows that the nitistic dimension of is in
some sense controlled by the syzygies of the simple -moduteof in nite projective
dimension. Let us denote by "(M) the n-th syzygy of M in mod .

Theorem B. The following conditions are equivalent for an artin algebra
(a) The nitistic dimension of is nite,
(b) There exists s 2 N such that f $(M)gw 2k () isinadd S (),
(c) There existss 2 N such thatf *(M)gw 2k () isof nite representation type.

where is the direct sum of all isomorphism classes of simple-modules of in nite
projective dimension, andK () is the class formed by taking all indecomposable
M in mod satisfying the following two properties: (&) pd M =1 and (b) M is a
summand of radL for someL 2 mod of nite projective dimension.
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2. Notations and definitions.

For an artin algebra and a -module M, we denote by topM and socM the
top and socle of M respectively. Given a classC of objects in mod , the pro-
jective dimension of C is pdC := supfpdM : M 2 Cg if the class C is not
empty, otherwise it is zero. Moreover, the nitistic dimension of the classC is
n:dm:C:=pdfM 2 C : pdM < 1g . We let S' be the nite set consisting of
all isomorphism classes of simple -modules of in nite projective dimension. Simi-
larly, we denote by S<* the nite set consisting of all isomorphism classes of simy
-modules of nite projective dimension. Then  :=pd S<! is nite. Further, we
denote by M : S? ] the number of (not necessarily distinct) composition facors of
M of in nite projective dimension. Note that if all the compos ition factors of M
belong to S<! or M =0, then we have M : S! ]=0 and pd M

We now recall the de nition and main properties of the function of Igusa and
Todorov [7]. Let K denote the quotient of the free abelian group generated by &l
the symbols M ]; whereM 2 mod , by the subgroup generated by symbols of the
form: (a) [C] [A] [B]ifC' A B; and (b) [P]if P is projective. Then K is
the free Z-module generated by the iso-classes of indecomposable taly generated
non-projective -modules. In [7], K. Igusa and G. Todorov de ne the function

:mod ! N as follows.

The syzygy induces aZ-endomorphism onK that will also be denoted by
That is, we have a Z-homomorphism : K ! K where [M]: =] M]: For a
given -module M; we denote by< M > the Z-submodule of K generated by
the indecomposable direct summands oiM: SinceZ is a Noetherian ring, Fitting's
lemma implies that there is an integern suchthat : ™<M> | ™1 <M >
is an isomorphism for allm  n; hence there exists a smallest non-negative integer
(M)suchthat : ™ <M > | m*l < M > is an isomorphism for all
m ( M): Let Cy be the set whose elements are the direct summands of¢ M) M:
Then we set:

(M):=( M)+ n dim:Cy :
The following result is due to K. Igusa and G. Todorov.

Proposition 2.1.  [/] The function : mod ! N satis es the following proper-
ties.

(@ If pd M is nitethen ( M)=pd M: On the other hand, ( M)=0 if M
is indecomposable angppd M = 1 ;

(b) ( M)= ( N)if addM =add N;

(M) (M N)

(d ( M P)=( M) for any projective -module P;

(e)If 0! Al B! C! O0is an exact sequence irmod and pd C is nite
then pd C (A B)+1:

Y. Wang proved the following useful inequality, which is a direct consequence of
[Z7 (e).

Lemma2.2. [8]If 0! A! B! C! O0isan exactsequenceiimmod andpd B
is nitethen pdB 2+ ( A  20C):

We will also need the following result which appears in our pevious paper [6].
Proposition 2.3. [g]Forall M inmod , (M) 1+ ( M)
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For a subcategoryC of mod , we set dim. C :=supf ( M) : M 2 Cg. Since
clearly dim. C < 1 implies n:dim:C < 1, in view of the nitistic dimension
conjecture, it would be interesting to study this new invariant.

3. The functors Q and S

In this section we introduce endofunctorsQ and S on mod that associate to a
-module M a quotient Q(M ) and a submoduleS(M ) of M with the properties that
the socle ofQ(M ) and the top of S(M) both lie in add S whenever M : S! ]160.
These functors will be used in the de nition of the in nite-l ayer length of a module.
Throughout this section, we let =pd S<?! .

Given any classC of -modules, we will consider the full subcategory F (C) of
mod whose objects are the C- ltered -modules. Thatis, M 2 F (C) if there is
a nitechain0= Mg M, My = M of submodules ofM with m 0 and
such that each quotientM;=M; ; is isomorphic to some object inC: For example,
an objectM 2 mod is Itered by S<! if and only if [M : S ]=0:

Lemma 3.1. Let M be a -module. Then the set of all submodules df1 lItered
by S<! admits a unique maximal element that will be denoted big (M ).

Proof. Note rst that this class is not empty since [0 : S ] =0. Now let K; and
K, be two submodules oM ltered by S<! that are maximal with this property.
SinceK; + K, is a quotient of K; K, 2 F (S<1), we get that K, + K is also
ltered by S<! . HenceK;= K;+ K, = K.

Let Q(M) be the quotient M=K (M), that is we have the following exact se-

quence: 0! KM) ™ M ! Q(M)! 0. Given a morphismf : M ! N of
-modules, we have the following diagram:

00—k (M) I — oMy —Jb

K(f) f Q(f)
00—k (N) Iy —— 1Ny ——b
Now fi y (K (M)) is a quotient of K (M) 2 F (S<! ) therefore it is a submodule of
N Itered by S<?! . It then follows from the maximality of K (N) that fi v factors
uniquely through iy, giving the map K (f ). Passing to the cokernels, we obtain a
map Q(f) : Q(M) ! Q(N) that makes the above diagram commute. It is then

straightforward to verify that K and Q; as de ned above, are indeed functors whose
main properties are listed below. Note that pdK (M)

Proposition 3.2.  The functors K; Q : mod ! mod dened above have the
following properties.

(@ QM)=0 ifandonly if M 2F (S<%).
(b) If socM 2 addS! thenQ(M)= M,

(c) pdM< 1 ifand only if pdQ(M) < 1,
(d) If [M :S']160 thensocQ(M) 2 addS? ,

e "M P= *Q(M) POfor some projective -modulesP and P°,
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() pdM  maxfpdQ(M); g,

(@) If f : M I N is a monomorphism (epimorphism), thenQ(f) : Q(M) !
Q(N) is a monomorphism (epimorphism),

(h) Q2= Q;K?=K andKQ =0= QK:

Proof. Statements (c), (e) and (f) are easily veri ed using the exat sequence
0! K(MM)! M! Q(M)! 0andthe factthat pd K (M) pdS<! = < 1.

(a) By de nition, we have the equivalences 0 =Q(M) ( KM)=M |
[M:S!]=0:

(b) If K(M) 60, then 0 6 sock (M) socM 2 addS! , a contradiction since
K(M)2F(S<!). Thus K(M)=0and QM) = M.

(d) Since M : S'] 6 0, we have from (a) that Q(M) 6 0. Assume that
socQ(M ) admits a simple summandS of nite projective dimension, and consider
the following commutative diagram

0——k M) L JE /g 75

0o—Ik(M)— —Iom) —1b

where the upper exact sequence is obtained by pullback. Apping the snake lemma,
we infer that f is a monomorphism. Moreover,E is ltered by S<! since both
K(M) and S are so. The maximality of K (M) then implies that i is an isomor-
phism, thus S = 0, a contradiction.

(g) Let f : M ! N be a morphism of -modules. Consider the following exact
and commutative diagram

0o—IkM)— —Iom) —1b

K(f) f ‘Q(f)
0—JIk (N) —IN —/Q(N) —b

If f :M ! N is an epimorphism, then from the diagram above, we see thaQ(f )
is also an epimorphism.
Suppose thatf : M ! N is a monomorphism. IfM 2 F (S<!), then by (a)
Q(M) = 0; and hence Q(f ) is a monomorphism. Assume now that M : S ] 6 0.
It then follows from (d) that soc Q(M) 2 addS! . Applying the snake lemma
to the diagram above, we get a monomorphism fromX := Ker Q(f) to Y :=
CokerK (f). If X 6 0,then0 6 socX socQ(M) 2 addS? . Also, socX  socY,
a contradiction sinceY 2 F (S<! ). SoX =0 and Q(f) is a monomorphism.

(h) By taking the pull-back to the canonical morphisms M ! QM) KQ(M);
we get the following exact and commutative diagram
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0 0
0— Ik (M) ——IE kQm)—b
0 k(™) I QM) /6

Q*(M) =—=Q*(M)

0 0

Hence, by[3.1 and the fact thatE 2 F (S<! ); we conclude thatj is an iso-
morphism so that KQ (M) = 0 and Q(M) = Q?(M): On the other hand, since
K(M)2F (S<!); we get from32(a) that QK (M) =0 and K2(M) = K(M).

We now proceed to give the construction of the functorS which is dual to Q.
We omit the proofs since they are essentially the same as theswe previously did.
In what follows, a quotient of M is an epimorphismg : M | C; moreover, if
go:M! Ciandg,:M ! C, aretwo quotients of M, we say that g; is greater
than or equal to g, if there is an epimorphismh : C; ! C, such that hg; = :
Finally, we say that a quotient g: M ! C is ltered by S<! in caseC is so.

Lemma 3.3. Let M be a -module. Then the set of all quotients oM ltered by
S<! admits a unique (up to isomorphism) maximal element that wil be denoted
bypy :M 1 C(M).

Consider the exact sequence 0 S(M)! M v C(M)! 0. Given a morphism
of -modules f : M ! N, we have the following diagram:

0o—75M) —f —2Jem) —b
S(f) f C(f)
0— BNy —IN —2Ie(N)y —b

Now pyf (M) is a submodule of C(N) 2 F (S ), therefore M | pyf(M)is a
quotient of M Itered by S<! . It then follows from the maximality of py : M !
Cwm that pyf factors uniquely through py giving us the map C(f ). By passing to
kernels, we obtain the mapS(f ) that makes the above diagram commute. It is now
straightforward to verify that S and C are functors. We then have the following
properties of such functors, the proof of which is dual td_3.2

Proposition 3.4. The functors S; C: mod ! mod , de ned above, have the
following properties.

(@ S(M)=0 ifand only if M 2 F (S<1),
(b) If topM 2 addS* , then S(M)= M,
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(c) pdM< 1 ifandonly if pdS(M)< 1,

(d) If [M :S']160 thentopS(M) 2 addS?* ,

e M P= S(M) POfor some projective -modulesP and P°,
) pdM maxfpdS(M); g,

(@) If f : M I N is a monomorphism (epimorphism), thenS(f) : S(M) !
S(N) is a monomorphism (epimorphism),

(h) C2=C;S2=SandCS=0= SC.

Note that it can also be shown that QS and SQ are naturally isomorphic func-
tors.

4. The infinite-layer length of a module.

In this section, we introduce the invariant > (M) for a -module M. Our
goal is to count the number of "layers" of in nite projective dimension of M. A
natural way to proceed would be to consider radical layers. Rcall that a radical
layer of a moduleM is a semisimple module of the form radM=rad'** M for some
0 i< (M), where™ (M) is the Loewy length of M. It then seems reasonable
to de ne the "in nite-layer length" ! (M) of a module M as follows.

De nition 4.1. For any M 2 mod ; we set’'! (M) to be the number of radical
layers of M that have in nite projective dimension.

As natural as it seems, this de nition has some aws. Firstly, if one proceeds
dually and de nes *; (M) using socle layers, it is not true in general that™* (M) =
"1 (M). Also this length does not behave well with submodules. Thais, if K is a
submodule of M, we do not always have that™* (K) 1 (M).

We will now de ne another "in nite-layer length" that satis es the above stated
properties and is better than *! in the sense that™ ! (M) ! (M). As an
analogy, the Loewey length of a moduleM can be de ned to be the smallest
nonnegative integeri such that rad'M = 0. In our case, since we are only interested
in layers of in nite projective dimension, we use the functar S to "level" our module
prior to taking the radical. This guarantees that at each step, a layer consisting of
a maximal number of simples of in nite projective dimension is removed.

Given a module M, we start by calculating S(M) = M. UnlessS(M) = 0,
the top of M lies in addS? . We then take the radical of M?, and let M ! :=
S(rad (M ©)). Iterating the process, we letM *! := S(rad(M ")) for all i 0. This
procedure leads us to consider the following additive funatr

F:=S rad :mod ! mod

whereS is the functor de ned in the previous section and rad is the radical functor.
Note that F° is the identity functor; and so, by using the functor F; it is now easy
to see thatM' = F' (S(M)) forall i 0.

De nition 4.2. Let be an artin algebra. For a nitely generated -module M;
we de ne the in nite-layer length of M to be

I M)=minfi 0:F(S(M))=0g:
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Example 4.3. Consider the bound quiver algebra= kQ=I whereQ is given by

50 2
‘ HQIH"'
4 00 3 L
and | is generated by the set of pathg 3; ; i1 2 gwherei =1;2.

Then St = fS(1); S(4)g and the projective -modules are

1= 2=
|12:;. 3. 3 3 5.
P(1) = 15 3 PQ= 4 P(3):z|1 PE)= 1 1
; L)
&ls_: 1 1 11 11
1 1

and P(4) =rad P(3). In order to compute >~ * (P (1)), we need to nd the smallest
nonnegative integeri such that F'(S(P(1))) = 0. Note that S(P (1)) = P(1) since
topP(1) = S(1) 2 addS'! . Thus FS(P(1)) = F(P(1)) = Srad(P(1)) is the
following module:

4
|
FS(P(1) = 1 5.
| -

1 1 1

Continuing this process, we obtainF2S(P (1)) = ( S(1))® and F3S(P(1)) = 0,
thus 1 (P(1)) = 3. It is easy to see that among the six radical layers oP (1)
only the fth has nite projective dimension, therefore *! (P(1)) = 5. Note that
P (1) has four socle layers of in nite projective dimension, givihg "1 (P(1)) = 4.
Further computations show that™ * (P(2)) = > ! (P(3) = " ! (P(4)) =2 and
that © 1 (P(5)=3.

Lemma 4.4. Consider the functor F' : mod ! mod fori 0: Then
(@) F' and F' S preserve monomorphisms and epimorphisms,

(b) FFS(M) F' (M) S rad'(M)forall M 2 mod andi 1

Proof. (a) From B4 (g), we know that S preserves both monomorphisms and
epimorphisms. This is also true of the functor rad. Consequetly, for all non
negative integersi, we have that F' and F' S also preserves monomorphisms and
epimorphisms.
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(b) For all i  O; we have that F'S(M) F'(M) sinceS(M) M and F!
preserves monomorphisms. The last inclusion will be provetdy inductionon i 1:
Firstly, we assert that

() rad S(X) rad(X) forany X 2 mod

Indeed, sinceS(X) X; then () follows from the fact that the functor rad pre-

serves monomorphism. We now proceed to the proof of the lashtlusion. If i =1

there is nothing to prove. So assume thati > 1. Then by hypothesis we have that
Fi (M) S rad' Y(M): Hence, by (a) and (), we get

Fi(M) F S rad' ¥(M)=S rad S(ad' *(M)) S rad'(M):

The next result shows that > 1 behaves naturally with monomorphisms, epi-
morphisms and direct sums.

Proposition 4.5. Let be an artin algebra andL; M and N be -modules.
(@ If f :L! M is a monomorphism, then™>1 (L) 1 (M),
(b) If g:M ! N is an epimorphism, then™* (N) 1 (M),
© "'M N)y=max("'(M); " (N);
@ “tM) TE():

Proof. (a)Letf :L! M be a monomorphism and assume that>* (M) = m.
Then F™(S(M)) = 0; and so by &4(a) we getF™(S(L))=0: Thus 1 (L) m,
proving (a). A similar argument holds for (b).

(c) Since the functor F' S is aditive, we have that

FIS(M N)' F'S(M) F'S(N);

therefore max("t (M); " Y (N)) 1 (M N): The reverse inequality follows
from the fact that F'oS(X) =0 implies F'S(X)=0forall i iq:

(d) Using that M is a quotient of " for some natural number n; we obtain
from (b) that 1 (M) 1 ( "); thus (d) follows from (c).

Proposition 4.6. Let be an artin algebra andM a -module.
(@ " t(M)=0ifand onlyif M 2 F (S<1),
(b) " (SM))= "t (M),
(c) If topM lies in addS? then ™! (radM)= "1 (M) 1.

Proof. (a)Let M 2 F (S<!): Then byB3.4(a) we haveS(M ) = 0, thus F°(S(M)) =
Oand ™! (M)=0. Conversely, if ' (M) =0 then S(M) =0 and henceM 2
F(S<!):

(b) This follows from the de nition and the fact that S?(M) = S(M).

(c) It follows from (a) that > 1 (M) > 0 and from[34(b) that S(M) = M. For
alli 1, wehaveF' (S(M))= FI((M)=(S rad)’ 'S(radM)= F' (S(rad M)):
Therefore™ ! radM)= "1t (M) 1.
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We now proceed to show that the function™ ! behaves well with quotient of
socles. This will allow us to show that™ ' and its dual ™" 1 , which has yet to be
de ned, are the same invariants.

Proposition 4.7. Let be an artin algebra andM a -module. If socM 2
addS! then™ ! (M=socM)= "1 (M) 1L

Proof. Suppose that soiM 2 addS! andletm = "1 (M) > 0. We claim that
N = F™ 1(S(M)) socM . Indeed, from[4.4(a), we have 06 N M and
from the de nition of !, we haveS(rad(N)) = F™(S(M)) = 0. In particular,

0 6 socN socM 2 addS! . Now if N is not semisimple, then radN 6 O.
Therefore, we get from3.4(a) thatS(rad (N )) 6 0 since 06 soc(radN) socN 2
addS! . This is a contradiction, hence N is semisimple andN = socN; proving
that N socM:

Consider the projectionp: M ! M=socM . Then by &.4(a) the map

q=F™ 'S(p): F™ 'S(M)! F™ S(M=socM)

is also an epimorphism and is actually the restriction ofp to F™ 1S(M). We
therefore have the following commutative diagram

Fm 1S(M) —Em 15(M=socM)
i j
M P /M=socM

wherei and | are the inclusions. From what precedes, we know thaE™ S(M)
socM, thus jg = pi = 0 and henceq = 0, implying that F™ S(M=socM ) =0 and
"1 (M=socM) m 1. Assumenowthat” ! (M=socM)= |<m 1:Then by re-
placingm 1 for | in the above diagram, we get 0 =jq = pi henceF'S(M) socM .
Butthen 0 = (S rad)F'S(M) = F"*1S(M) givesus™ 1t (M) I+1<m,a
contradiction.

We can now de ne the dual of > 1 . The strategy is the same as before except
that we now proceed from bottom to top using the functor Q. The de nition is
slightly more tedious since we have to proceed with quotiergt by socles instead
of radicals. Given a moduleM, we start by calculating Mg := Q(M). Unless
Q(M) = 0, the socle of Mg lies in addS! . We then let M1 := Q(Mo=socMy).
Iterating the process, we letMi,; = Q(M;j=socM;) for all i 0. This procedure
leads us to consider the additive functor

G:=Q=(soc Q):mod ! mod ;

where Q is the functor de ned in B.Z2land soc is the socle functor. Then by using
the functor G; it is now easy to see thatM; = Q G' (M) for all integersi  O:

De nition 4.8. Let be an artin algebra. For a nitely generated -module M;
we de ne

“1(M)=minfi 0:Q G'(M)=0g
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Example 4.9. We calculate " ; (P(1)) from example[4:3. Recall thatS! =
fS(1); S(4)g hencesocP (1) 2 addS*! . Therefore QG°(P (1)) = Q(P(1)) = P(1)
and QG(P (1)) = Q((P(1)=socP (1)) is the following module

1.
| ™
QG(P(1)= 1 |2
? 3
4

Continuing this process, we get thatQG?(P (1)) = S(1) and that QG3(P (1)) =0,
thus ™ ;1 (P(1)) =3.

Proposition 4.10. Let be an artin algebra andM be a nitely generated -
module. Then

@ "1 (QM)= "1 (M)

(b) If socM) 2 addS? , then " ; (M=socM )= "1 (M) 1;

() "1 (DM))= "1 (M); whereD :mod ! mod °Pis the usual duality
functor.

Proof. (a) This follows from the de nition and the fact that Q?(M)= Q(M).

(b) We know from BZ(b) that Q(M) = M. Therefore, we obtain from the
de nition that M; = Q(Q(M)=socQ(M)) = Q(M=socM) = ( M=socM ), and
henceMis; =(M=socM); foralli 0, giving ™ 1 (M=socM)= " (M) 1.

(c) In order to prove (c), we need to show thatD(M;)' (D(M)) foralli O
(see in[4.2). We will do it by induction on i: Applying the duality functor D to the
exactsequence® K(M)! M ! Q(M)! 0;and utilizing the fact that DK (M)
is the maximal quotient of D(M ) ltered by D(S! ) together with B3] we get an
isomorphismDQ (M) ' SD(M) which is natural on M ; proving the statement for
i =0: For the inductive step, we have that

D(Mis1) DQ(M;=socM)
SD(Mj=socM;)
Srad (DM )
F(D(Mi))

F(DQ(Mi))
F(SD(M)))
= FS(D(M))'
© (DM
sinceD(M=socM) "' rad(DM ) and M; = QM;.

We are now in position to show that > ; and > ! coincide.

Theorem 4.11. Let be an artin algebra. If M is a nitely generated -module,
then

SEM)= T (M):
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Proof. Firstly, we will show by inductionon ! (M)that =1 (M) 1 (M). If
"1 (M)=0then S(M)=0. Thus by 8.4{a), we have [M : S! ] =0: This implies,
by BZ(a), that Q(M) =0 and then ~; (M) =0.

Suppose that™ 1 (M) 1. SinceQ(M ) is a quotient of M we know from[Z.5(b)
that > 1 (Q(M)) 1 (M). Therefore, by[3.2(d) and[Z.7 we obtain

TH(QM)=socQM)) = QM) 1 TE (M) 1< P (M);
and by induction, we infer that > ; (Q(M)=socQ(M)) ! (Q(M)=s0cQ(M)):
On the other hand, it follows from 4.10(a) that 1 (Q(M))= " ;1 (M): Thus, by
4.10(b), 3.2(d) and 4.7, letting G(M ) = Q(M )=socQ(M ), we get

T1(M)= T (GMM)Y+L TE(GMM)+1= T (QMM) T (M):
Finally, we prove that >3 (M) ! (M): Indeed, using 4.10(c), we have
TtM)=T1(OM) TH(DM)= T (M);

giving us the desired equality.

Corollary 4.12. Let be an artin algebra andM a nitely generated -module.
Then

@ "t (@QM)= "t (M),
(b) if © 1 (M)>0then™ ! (Q(M)=socQM))= "1 M) 1

Proof. (a) This follows from 4.10(a) and 4.11. On the other hand, (b)is a conse-
guence of (a), 3.2(d) and 4.7.

We conclude this section by giving the precise relation betgen™! and 1 .
Recall that ! (M) is the number of radical layers of M of in nite projective
dimension. We will construct a nonnegative function r with the property that
foral M 2 mod, ' (M) = "1 M)+ r(M). This implies that for all M,
1 (M) 1 (M) afact that will be used in the next section.

Following 3.4(a), we have that S* is not empty if and only if the class fM 2
mod : S(M) 6 0gis not empty. This will be utilized in the construction of the
following function.

Lemma 4.13. Let be an artin algebra such thatS' 6 ;: Then there exists a
unique function' : fM 2 mod : S(M) 6 0g ! N satisfying the following
properties:

(@ S(M)=S radi(M) forall 0 j ' (M);

(b) pd(top(rad = ™) (M)) = 1 ;

(c) pd(top(rad '(M))) <1 forany 0 i<' (M):

Proof. Let M 2 mod be such that S(M) 6 O: If pd(top M) = 1 ; we set
"(M):=0:Ifpd(top M) < 1, we have thattopM 2 F (S<! ); and hence, by 3.3,
we get the following exact commutative diagram

0—— (M) —— Iy —Je(M) —b

0—tad(M) — —Jhopm ——1b
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wherei is the inclusion map. Then, by 3.4(g) and (h), we conclude tha
S(M)=S rad(M):

If pd(top(rad(M))) = 1; we set' (M) := 1; otherwise we would have that
top(rad(M)) 2 F (S!); and hence, we can repeat the same procedure by re-
placing M by rad (M) in the diagram above. Therefore, we get in this case that
S rad(M)=S rad?(M): So we have

06 S(M)=S rad(M)=S rad?(M):

Since the functor rad : mod ! mod is nilpotentand 0 6 S(M), it is clear that
this procedure has to nish. That is, there exists a smallestpositive integer' (M)
such that pd (top (rad M) (M))) = 1 ; proving the result.

Next, we construct a function that counts radical layers of in nite projective
dimension. We use the following notation for intervals of naural numbers:
[i;jIn = fx 2 N i X  joijIn = fx2 N i X < j g and the
other obvious possibilities. Note that if ~* (M) > 0 then F" S(M) 6 0 for all
n2[0;" 1 (M))n:

Theorem 4.14. Let be an artin algebra andM 2 mod : If ©1 (M) > 0
then there exists a function = y :[0;" 1 (M))n ! [0 (M))y satisfying the
following properties:

(@ Foranyi2[0;>" 1 (M))n; we have that
(@l) FFS(M) S rad O(M);i  (i); and
(@2) pd(top(rad (M) = 1 ;
(b) pd(top(rad ' (M))) < 1 foranyj 2[0; ("' (M) 1 Im();
(c) the function can be computed by the following recurrence relation
0)="(M);
(i+1)= (i)+1+ ' (rad D (M)):

Proof. Let M 2 mod be such that 1 (M) > 0: By 4.13, we have that
FOS(MM)=S rad M)(M); and so, we set (0) := ' (M): In order to de ne (1);
we proceed as follows. Firstly, we apply 4.4(b) to the above guality obtaining

06 FS(M)= FS(rad O(M)) S rad @ (M):
Note that, now, we can apply 4.13 to rad ©@*1 (M): Then we have
S rad @1 (M)=s rad @ ©7 M) (ad O (M)):

Therefore, (1):= (0)+1+ ' (rad ©* (M)) sati es the required properties.
Suppose that (i) has been dened. To dene (i +1); we apply 4.4(b) to the
inclusion F'S(M) S rad ()(M); obtaining that

06 F*™'s(M)= FS(rad O(M)) S rad O (M):
So, we can apply 4.13 to rad*1 (M): Then we have
S rad D1 (M)=S rad @ " M) (ad (11 (M)):
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Hence, (i+1):= (i)+1+ ' (rad ()*1 (M)) sati es the required properties, prov-
ing the result.

Forany M 2 mod we set r! (M)=0incase ™! (M) =0; otherwiser! (M)
is equal to the cardinality of the set
fk2N : k> ("' (M) 1)andpd(top(rad“(M))) = 1g:
We also recall that *! (M) denotes the number of radical layers ofM of in nite
projective dimension.
Corollary 4.15. If is an artin algebra andM 2 mod ; then
TEM)+ (M) =t (M)

Proof. If 1 (M)=0; we have, by 4.6 (a), that M : S' ]=0: HenceM contains
no radical layer of in nite projective dimension so that ** (M) = 0. So, we may
assume that™ ' (M) > 0; and then, the result follows from 4.14.

Note that, in general, it could happen that r! (M) > 0; as can be seen in the
example given in the previous section.

5. Main results.

We now proceed to show that an artin algebra with at most threeradical layers
of in nite projective dimension has nite nitistic dimens ion. In section two, we
introduced dim :C for a given subcategoryC of mod . We now show that this
invariant is nite for certain subclasses of mod . Througho ut this section, we will
use the notation =pd S<! and = sost S

De nition 5.1. Let be an artin algebra andM a nitely generated -module
such that[M :S! 16 0. Then, we set
M
Sy = SM:S1 2 adds? :
S2s1

Lemma 5.2. Let be an artin algebra andM a nitely generated -module. If
“1(M)=1;then

(@) Sw = Shm) =s0cQ(M) and pdM =1 ;
by (M) P *1(Sf) POfor some projective -modulesP and P%

Proof. Supposethat™ ! (M)=1:Then4.12 (b) gives™ * (Q(M)=s0cQ(M)) = 0;
and so, by 4.6(a), we conclude thatQ(M )=socQ(M) 2 F (S<!): Therefore, by
considering the following exact sequence

0! socQ(M)! Q(M)! Q(M)=socQ(M)! O;

we obtain that socQ(M ) contains all composition factors ofQ(M ) (and hence ofM )
of in nite projective dimension. This proves the rst part o f (a) since sodQ(M) 2
addS! (see 3.2(d)).

On the other hand, since pdQ(M )=socQ(M) and pdsocQ(M) = 1, we
have pdQ(M) = 1 and hence from 3.2(c), pdM = 1 . Also, the above exact
sequence yields **1Q(M)" *1 50cQ(M): Thus (b) follow from 3.2(e).
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De nition 5.3.  Let be an artin algebra. For eachi 2 [0;" 1 ( )] n; we introduce
the following class

LP=Lr()= ftM2mod : 1 (M) g

Observe that 4.6(a) gives us the equalityL & = F (S<!). Therefore, from
2.1(a), we get nidim:L4 = dim :L¢ = . Itis natural to ask if dim :L!
is nite for all i, orif n:dim:L is nite for all i: A positive answer to either
qguestion would imply the validity of the nitistic dimensio n conjecture since from
4.5(d), the classed_ ;! give rise to a nite Itration of mod

Ly L Lii =mod ;
whereig= "1 () :
The next result partially answers the question raised above In some sense, it
also generalizes the results of [6]. Recall that =pd S°! and = g,s: S:

Proposition 5.4. Let be an artin algebra. Then
(@) dim :L{ () +1+ (0 ()

(b) n:dim: LS () +2+ ( 0 ()
Proof. (a) Let M beinL{ () : If 71 (M) = 0, it follows from 4.6(a) that
dim :M =pd M . If 1 (M) =1, we have from 5.2(b) that

M) Proi(sh) PO

for some projective -modules P and P% Applying 2.3 as well as 2.1(b),(c) and (d),
we have

(M) +1+(  "M)= +1+(  "(sy)  +1+( )

proving (a).

(b) Let M 2 L & () be of nite projective dimension. Then by 3.2(c), pd Q(M)
is nite and by 5.2(a), > (M) is either equalto 0 or 2. If 1 (M) =0, it follows
from 4.6(a) that pd M . Assume that > 1 (M) = 2. Applying 4.12(b), we
obtain ' (G(M)) = 1 : Hence, from 5.2(b), we get

T(GM) Pot H(SEmy) PO

for some projective -modules Py and P§: Applying 2.2 and 2.3 to the exact se-
quence 0! socQ(M)! QM)! G(M)! O; we get

pdQ(M) 2+ [(soc Q(M))  *(G(M))]
2+ +[  *(socQ(M)) 2 (G(M))]
= 2+ +[ *(socQ(M)) 2 (Sgm))]

2+ +[ () 200 ;

where the last two inequalities follow from 2.1 (c) and (b) respectively. It then
follows from 3.2 (f) that

pdM  maxfpdQM); g 2+ +( () 20 ;
proving the result.

Lemma 5.5. Let be an artin algebra such thatS* 6 ;, and M 2 mod , then
ThesmMm)y Tty
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Proof. LetM 2 mod :If[M :S!]=0; then we have by 3.4(a) that S(M) =0,
and™ 1 (@0)=0 T'( ) 1sinceS! 6 ;.

Suppose that M : S' ]6 0 and let P be the projective cover ofS(M): On one
hand, we have from 4.5(d) that™>* (P) 1 ' ( ) 1. On the other hand,
using 3.4(d), we get that topP ' top S(M) 2 addS? ; thus, by 4.6(c), we have
“l@adP)= "1 (P) 1. Finally, since S(M) radP; we obtain using 4.5(a)
that > 1 ( S(M)) ! (radP) proving the result.

We are now in position to show our rst main result. Note thati f is an artin
algebra such thatS* = ;, then gl.dim = n :dim: = . In what follows, we let

=71 () 1g
Theorem 5.6. Let be an artin algebra such thatS* 6 ;, then
n :dim: maxf ; 1+ n:dim:L ! () g
Proof. LetM 2 mod be of nite projective dimension. Then we have from 3.4(c)

that pd S(M) is also nite. Using 3.4(f), we have pd M maxf ; pd S(M)g
maxf ; 1+pd S(M)g. Now from 5.5, S(mod ) L * (), yielding the result.

Theorem 5.7. Let be an artin algebra. I~ 1 ( ) 3; then
n :dim: +3+ ( 1) 2()) <1:

Proof. Let "1 ( ) 3:1fS' =;, then n:dim: = . Otherwise, 2 and
the result follows from 5.4(b) and 5.6.

Example 5.8. Consider the algebra of example 4.3. We showed in this example
that
maxf>~ 1 (P(i)):1 i 5g=3;
therefore we infer from 4.5(c) that 1 ( ) =3 . Also, S? = fS(1);S(4)g and
= pdS<! = 2. Using 2.1 we get[ 3(S(1) S(4)) 4(S(1) S@))] =
( S(@) T)=0, whereT is the two-dimensional indecomposable module whose top
and socle are both isomorphic td&S(1). It then follows from 5.7 that n :dim: 5.

Corollary 5.9. If is an artin algebra such that has at most three radical
layers of in nite projective dimension, then n :dim: is nite.

Proof. By hypothesis and 4.15, we have™ ' ( ) "' ( )  3: Thus, the result
follows from 5.7.

The technique used in 5.4 to prove that n:dim: L } () is nite does not apply
directly to the general case. The crucial point of the proof ¢ 5.4(b) is that the
-module G(M) with the property ! (G(M)) =1 satises *1(G(M)) P

"t (S§m)) POfor some projective -modules P and P® Unfortunately, we do
not have this type of isomorphism for an arbitrary module M of in nite projective
dimension with > * (M) = i> 1. We now de ne two classes of modules that have
the above mentioned behavior. In order to do that, we denote k ind* () the class



16 F. HUARD - M. LANZILOTTA - O. MENDOZA

of all indecomposable -modules of in nite projective dime nsion, and by P<?* ()
the class of all nitely generated -modules having nite pr ojective dimension.

De nition 5.10.  For an artin algebra ; we set
(@ C()=ind ' () \f add(M=socM) : M 2P<1 () g;
(b) K ()=ind * () \f add(radM) : M 2P<1 () g

We now introduce a function that will be used in the theorem bdow. Under cer-
tain hypotheses, this function will provide a bound for pdM dependingon™ * (M)
whenM 2P <1 ().

Denition 5.11. Let be an artin algebra. Suppose that there is a natural number
s 2 N and a nitely generated -module L such that S(C()) addL: Each
natural number t 2 N induces a function[t]. : N! N that can be computed by the
following recurrence relation

[tl.(0) == t;
MG +1):=[th()+2+ s+ (=100 2O (Ly):
Itis not dicult to see that [t] (i +1)=[[tl.()]. (@) foralli O

Lemma 5.12. Let be an artin algebra such that there is ars 2 N and a nitely
generated -modulelL satisfying S(C()) addL: Forany M 2P <! () we have

@ GM)=Ct (M) C' (M) with Ct (M) 2 addC() and C! (M) 2
P=*();
(b) if [M :S?]60 andpd C! (M) t; then
pdM  max(; [tl.(@) and “1(Ct (M) M) 1
Proof. By 3.2(c), we know that Q(M) 2 P< () : So (a) follows from the exact
sequence @ socQ(M)! Q(M)! G(M)! 0 and the de nition of C().
Suppose that M : St 160 and pd C°! (M) t: Then applying 2.2 and 3.2(d)

to the above exact sequence, we get

pd QM) 2+ ((soc Q(M)) 2G(M)) and socQ(M) 2 add

On the other hand, since 2*'G(M) = 2*'Cl (M) and S(C()) addL; we
conclude that 2*S*'G(M) = 2*Y(X) for some X 2 add L: Hence, by 2.3 and
2.1, we obtain

pd QM) 2+ t+s+ ( FY() L) = [t @)

Hence, the rst inequality in (b) follows from 3.2(f). The la st inequality in (b)
follows from 4.5(a) since, by 4.12(b), we know that™ ' (G(M))= "1 (M) L

Theorem 5.13. Let be an artin algebra such that there is ars 2 N and a nitely
generated -module L satisfying that S(C()) addL: Then

@pdM [1LCt M) forall M 2P<1 () ;
(b) n :dim: [ILCr() <1:
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Proof. (a)Let M 2P <! () : We will apply inductionon 1 (M):If 1 (M)=0

then M 2F (S<! );andso pdM pd St = =] ].(0):
Suppose that™™ * (M)  1: In particular, from 4.6(a), we have [M : S' 16 0:
Therefore we conclude from 5.12(b) that™ ! (C<* (M)) 1 (M) 1: Hence,

by induction, we have that pd C-* (M) [ J.(C  (C° (M))): Then, applying
again 5.12(b) witht :=[ 1. (" ! (C<t (M))); we get

pd M max(; [tl(1)):
On the other hand, since f]. (i +1) = [[ t]. ()] (1) and [t]L (i +1) > [t].(i); we have
M@ =0 LCHECrMM@=[ LCrEtM)N+) [ LMY,
provingpd M [ J.(" ' (M)):

(b) We know from 4.5(d) that 't (M) 1 ( ). Thus from (a) we have

pdM [ J(C*M) [1LCH( )foral M2P<t().

The \dual" version of the above result is easily proved replaing Q(M ) by S(M),
socles by tops andG(M ) by F(M).

Theorem 5.14. Let be an artin algebra such that there is ars 2 N and a nitely
generated -module L satisfying S(K ()) addL: Then
@pdM h ip(CCt(M)) forany M 2P<t () ;

(b) n :dim: h icCCr() <1;
where the functionh i : N ! N can be computed by the following recurrence
relation

hi (0):= :=pdS!;
hiL(i+1):= hi|_(i)+2+ S+( 2+s+hi|_(i)() 1+hi|_(i)(L)):

We prove now that the conditions we assumed in the two resultabove are rather
general. In fact such conditions are equivalent to the niteness of n:dim: : We
then have our main result

Theorem 5.15. Let be an artin algebra and let be the direct sum of all iso-
classes of simple -modules of in nite projective dimension. The following condi-
tions are equivalent:

(@) The nitistic dimension of  is nite,

(b) There existss 2 N such that $*1 (C()) add ( 3()) ;

(c) There existss2 N and L 2 mod such that S(C()) addlL;

(d) There existss 2 N such that S(K ()) add( s*1()) :

(e) There existss2 N andL 2 mod such that S(K ()) addL:

Proof. We rst prove that (a) implies (b). Assume that n :dim: is nite. Let
r 1+ n:dim: and C 2 C() : By de nition we have an exact sequence

0! socM! M! C X! O

with pd M nite and pd soc M = 1 : Therefore, since "(S<!)=0; we get that
f(socM) = "(Sl.y) 2 add "() : On the other hand, from the above exact
sequence, we conclude that

"l X) P' '(socM) P°
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for some projective -modules P and P% Letting s = r + 1, we obtain S*'(C) 2
add( °()) :

(b)) (c) is trivial, and (c) ) (a) follows from 5.13. The equivalences of (a), (d)
and (e) can be done similarly by using 5.14.

A classC 2 mod is said to be of nite representation type if there exist s a
nitely generated -module L suchthatC addL. We can thus reformulate 5.15.

Theorem 5.16. For an artin algebra , n:dim: is niteifand onlyif S(C())
is of nite representation type for somes 0.

In [3] Coehlo showed that an artin algebra with nitely many i soclasses of inde-
composable of in nite projective dimension has nite niti stic dimension. This was
done using the fact that, in this case,P<! () is contravariantly nite (see [1]).
SinceC() ind* (), we can use 5.16 (with s = 0) to obtain an alternate proof
of this result.
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