VERY FLAT REDUCTIVE MONOIDS
ALVARO RITTATORE

ABSTRACT. This is a preliminary version, to be published elsewhere. Given a
semisimple algebraic group Go over an algebraically closed field k& of arbitrary
characteristic, we construct a reductive monoid, the universal semigroup, wich
gives a flat deformation of Gy to an affine semigroup, the asymptotic semigroup,
whose algebra of regular functions is obtained by changing the product in
E[Go]. This construction, of geometric nature, generalises the construction
of the universal and asymptotic semigroups done by Vinberg in characteristic
ZEero.

1. INTRODUCTION

Let k be an algebraically closed field of arbitrary characteristic, and M be an
algebraic normal irreducible monoid over k of unit group G. Then G acts by
right and left multiplication over M , in such a way that the orbit of 1 is an open
dense subset isomorphic to (G x G)/A(G), A(G) the diagonal. Suppose that G
is reductive, with commutator Gp ; then the quotient 7 : M — Ay = M//coxa,
exists and is a commutative monoid, with unit group the torus G/Gq. We call this
quotient the abelianisation of M . We say that M is very flat if the abelianisation
is a flat morphism with reduced (as schemes) and irreducible fibres. In this paper
we study the geometry of very flat monoids. In particular, given a semisimple
group Gg, we find a minimal element of the family FM(Gy) of very flat monoids
with unit group such that its commutator is Gg. This monoid, the universal
semigroup, is such that its abelianisation is isomorphic to the affine space A™ | n
the semisimple rank of G, and such that any very flat monoid M € FM(Gy) is a
fibred product over A™ of Aj; and the universal semigroup. Moreover, let .S be the
universal semigroup associated to Gy ; then the abelianisation 7w : S — Ag = A"
gives a flat deformation of Gy to the algebraic semigroup 7=1(0). We call 7—1(0)
the asymptotic semigroup associated to Gg. The algebra of regular functions of
the asymptotic semigroup is obtained from k[Gy] by changing the product (and
leaving the coproduct as is).

These constructions are valid in arbitrary characteristic, and thus generalise
those done by Vinberg for characteristic zero in [15] and [16].

The author wishes to thank M. Brion for many useful suggestions.
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2. PRELIMINARIES

In this section we recall the basic facts about the classification of reductive
embeddings — i.e. embeddings of a reductive group — to be used in this work.

Definition 1. Let G be a reductive group. An homogeneous space G/H is spher-
ical if there exists a Borel subgroup B, of G such that BH is open in G. If X is
a normal irreducible G-variety with an open orbit isomorphic to G/H , then X is
called a G/H-spherical variety. We say that X is simple if the action of G over
X has only one closed orbit.

If G is a reductive group, then G = (G x G)/A(G) , is a spherical homogeneous
space. A reductive embedding is a G-spherical variety.

A reductive monoid is an irreducible algebraic monoid with unit group a re-
ductive group. We have the following:

Theorem 1. ([12]) The normal reductive monoids are exactly the affine embed-
dings of reductive groups. The normal commutative reductive monoids are exactly
the affine embeddings of tori. 0

Notation. From now on reductive monoids are supposed to be normal (and irre-
ducible), unless stated otherwise. All reductive groups are supposed connected.

In [15] Vinberg classified all reductive monoids in characteristic zero in terms of
the decomposition of their algebra of regular functions for the action of the unit
group. This classification is dual of their classification as spherical varieties. We
refer the reader to [12] for a complete description of the classification of reductive
embeddings, and to [7] for the general case of spherical varieties. We summarize
this classification in order to fix notations. Let G/H be a spherical homogeneous
space. We denote k(G/H)P) the set of B-eigenvectors of k(G/H), the field
of rational functions of G/H , and Ag/y the set of weights of k(G/H)B) . We
consider the space Homz (A, p, Z)®Q = Q(G/H) . The restriction to k(G/H)P)
induces an injection of the set of G-invariant valuations of the field k(G/H) , into
Q(G/H). Its image is a rational polyhedral cone, the valuation cone, denoted
V(G/H). On the other hand, if we denote D(G/H) the set of the irreducible
B-stable divisors of G/H , the colors, then there exists a map (not necessarily
injective) p: D(G/H) — Q(G/H).

To each simple spherical variety X with open orbit G/H corresponds an unique
colored cone, namely a pair (C(X),F(X)) constructed as follows: let Y be the
unique closed G-orbit of X, and put F(X) = {D € D(G/H) | D > Y}. Let
B(X) be the subset of V(G/H) consisting of the valuations associated to the
irreducible G-stable divisors of X . Then C(X) is the strictly convex polyhedral
cone generated by B(X) and p(F(X)). This cone verifies that C(X), the relative
interior of C(X), intersects the valuation cone.

Conversely, a pair (C,F) verifying the properties described above determines
an unique G/H-spherical variety such that (C(X),F (X)) = (C,F). Non-simple
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spherical varieties can be classified by means of colored fans, wich are collections
of colored cones with some compatibility restrictions.

Finally, we recall that a dominant G-equivariant morphism ¢ : X — X’ be-
tween spherical varieties with open orbits G/H and G/H' respectively, induces a
morphism ¢, : Q(G/H) — Q(G/H') such that p.(Ex) C Ex/, where Ex denotes
the colored fan associated to X .

Let us fix some notations. Let G be a reductive group, and let T’ be a maximal
torus of G, B a Borel subgroup containing 7', and B~ its opposite Borel subgroup.
We denote Z(T') the set of weights and =4 (T') the semigroup of dominant weights
with respect to B. We denote W the Weyl group associated to T', and C = C(Q)
the Weyl chamber associated to (B,T). We denote a1, ...,q; and wy,...,w; the
simple roots and fundamental weights associated to (B, T') respectively.

Finally, we denote Z,(7") the set of one parameter subgroups (1-PS) of 7. We
identify Z,(7") with Z(T") by means of a W-invariant form (-,-), in such a way
that (wi, ay) = 5ij .

The subvarieties Bs,, B~ , s, € W the reflection associated to the simple root
aj, 1 =1,...,l, are exactly the irreducible (B x B~ )-stable divisors of G (the
colors).

The combinatorial data associated to the spherical homegeneous space G =
(G x G)/A(G) is the space Q(G) = E(T) ® Q, with valuation cone V(G) = —C
and colors o) , i =1,...,1 ([12]).

Let S be a reductive monoid with unit group G. We denote V(S) = C(S) N
V(G).

3. ABELIANISATION OF REDUCTIVE MONOIDS

We keep the notations of the preceding section.

Let G be a reductive group and let Z be the connected center of G. We denote
as before Gy the commutator of G. Let S be a reductive monoid of unit group
G = (Go x Z)/Zy, where Zy = Z N Gp. It seems natural to try to describe the
geometry of S in terms of the commutative monoid T C S. However, for the
very flat monoids, Vinberg ([15],[16]) has shown that it suffices to consider Z to
give a geometrical picture of S, in characteristic zero. In the rest of this work we
show how to extend Vinberg results to arbitrary characteristic, giving a geometric
construction of the enveloping and asymptotic semigroups.

Definition 2. Let S be a (not necessarily normal) reductive monoid of unit group
G . The abelianisation of S is the geometric quotient 7 : S — Ag = S // (Go x Gy)
for the action by left and right multiplication, i.e. Ag is the affine algebraic variety
such that k[Ag] = k[S]F0*Co

If S is normal, Ag is so. Moreover, k[Ag] C k[S] is (G x G)-stable, and
m:S — Agis a (G x G)-morphism.
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Instead of using Z , we will describe the geometry of very flat monoids by means
of its abelianisation (wich in fact is closely related to Z):

Theorem 2. ([15, thm. 3],[11]) Let S be a reductive monoid (not necessarily
normal) with unit group G, and let w: S — Ag be the abelianisation of S. Then
the following properties are verified:

i) 7~ Y(x(1)) = Gy.

il) Ag is a commutative monoid, with unit group G/Gy = Z/Zy .
iii) 7 HG/Goy) =G .

iv) 71'(7) = Ag, and Ag = Z/ZO .

v) If moreover S is normal then the induced map
™ Q(G) = Q(Go) x Q(2) — Q(G/Go) = Q(Z/20)

is given by the projection over the second coordinate (A, u) — p , and the following
properties of m, are verified:

o 1.(C(9)) =C(As) . In particular, m. 1 (C(Ag)) = C(S) + Q(Go) , and
7.(C(S) N Q(Z)) = C(As). B

o If we denote wy : Z — Ag the restriction of ® to Z , then 7z, : Q(Z) —
Q(Z)Zy) = Q(Z) is the identity. In particular,

C(Ag)=C(S)NQ(Z) .
The algebra k[Ag] decomposes for the action of (Z/Zy) x (Z/Zy) as follows:

KAs]= €D ke,

REL(As)

where L(Ag) = {u € E(Z/Zy) = Z(Z)?° : p € (C(S) N QZ)V} (the dual is
taken in Q(Z) ), and ke" is the simple representation of (Z/Zy) x (Z/Zy) of weight
(1, =) -

PROOF. Assertions i) —iv) are proved in [15, §3] in the characteristic zero case.
These proofs remain valid in arbitrary characteristic with slight modifications
(see for exemple [11]). Assertion v) is proved straighforward from i) — iv) by
“dualizing”. For a complete proof, we refer the reader to [11]. O

Given a very flat monoid, we want to see it as the fibred product of its abeliani-
sation with a “minimal” monoid (over the abelianisation of this one). For this, we
must first understand the relationship between monoids and their abelianisation
at the level of morphisms:

Let ¢ : 8 — S be a morphism of algebraic monoids. Then ¢ induces a
morphism (of algebraic monoids) between the abelianisations g : Agr — Ag in
such a way that the diagram :
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®
S — 8

-] | =

Agr— Ag
Pab

is commutative.
Consider the fibred product

S=Ag xasS={(a,5) € Ay x S : pay(a) =7(s)}.

It is clear that S is a submonoid of Ag: x S. The canonical projections 7 :
S - Agr and @ : S — S are morphisms of algebraic monoids. By the universal
property of the fibred product, there exists an unique morphism (of algebraic
monoids) v : " — S , such that the following diagram is commutative:

§ —— s
NS
_ 8
/

ASI Ag

Pab

The morphism ¢ is called excellent if ~ is an isomorphism. In this case, ¢ sends
the commutator of G(S’) isomorphically over the commutator of G(S).

Let us study the fibred product S in more detail.
Proposition 1. Let S be a (not necessarily normal) reductive monoid of unit

group G and let m: S — Ag be the abelianisation of S'. Let A be a commutative
monoid of unit group a torus R, such that there exists a morphism of monoids

p:A— Ag. Then:
)S =4 Xag S = {(a,s) € Ax S| p(a) = 7(s)} is a monoid of unit
group G = G(S) = R xz/z, G. In particular, the commutator of G is
0 = {1} X G() = G(]
ii) The connected center Z ofG is 1somorphic to R X 7,7, Z , and
Z():ZﬁGoz{l}XZOng.
In particular, G = (Go x 2)/25 = (Go % (R X z/z, Z))/Z

iii) The abelianisation of S is A. Moreover, consider the cartesian diagram:

~

4’5

| =

— Ag
Y

3)
o W)
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Then ¢ = Qap -
iv) Let x € A be such that the fibre 7~ (p(x)) is reducible as scheme (resp.
irreducible, resp. normal). Then 7~1(x) is reducible as scheme (resp. ir-
reducible, resp. normal).

v) If m: S — Ag is flat, thenﬁ:§—>Az’sﬂat.

PROOF. It is clear that S is a submonoid of A x S. An element (a,s) € S is
invertible if and only if a € Rand s € G,s0 G = Rx 4, G. As p(R) C Z/Zj and
m(Z) = Z/Zy, we deduce that G = R X 5/, G = R X 5,7, ((Z x Go)/Zp) -

On the other hand, the commutator of two elements (r1, g1), (2, g2) € G is
(rirary vyt 919201 'ay ) = (1919207 '95 ')

s0 the commutator of G is Gy = {1} x Go = Gy .
Analogously, we prove that 7 =R x 7/7o Z - 1t follows that 25 ={1} x Zy.
It is easy to see that (A x a4 S) // (Go x Go) = A xas As =A, and ¢ = Qg .
In order to prove iv), let x € A and consider M C k[A], the maximal ideal

associated to z. Let M’ C k[Ag] be the preimage of M by ¢*. Then M’ is the
maximal ideal of p(z), and

k[S]/ MK[S] 22 (K[A)/ M) @yagae (K[S]/MK[S]) = K[S]/MK]S] .

It follows that the fibre 7=!(z) is reducible as scheme (resp. irreducible, resp.
normal) if and only if 771 (¢(z)) is.

Finally, we recall that flatness is stable under base extension. (]

Proposition 2. We keep the notations of Proposition 1. Suppose that S and A
are normal varieties. Then

i) The normalisation §norm 0f§ — wich is a reductive monoid of unit group

~

G ([12]) — verifies:

3 ot O () € Bu(To) x 2(2)P
V(Snorm) = Q { O pi2) € V(S) s 11 € CLA) (i (8)) = m(ua(t) } :
d

where X is an 1-PS of Gy and (p1, pu2) is an 1-PS of R X Z .
In particular, Ag = A.

norm

ii) If moreover m: S — Ag is flat with normal fibres, then S is normal.

PROOF. The 1-PS of G are the triples (A, 1, p12) € Z2(Go) x E(R) x E,(2Z)
such that 7(u2(t)) = p(p1(t)). It suffices to show that the 1-PS (\, 1, pu2) € G

~

belonging to —C(G) such that the limit lim;,o(A, g1, p2)(t) exists in S, are exactly

~

those such that (A, pu2) € V(S), and p; € C(A) ([12, §4.2]). Recall that C(G) is

I~

the Weyl chamber of G.
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~

Let v = (A p1,p2) € Zo(G) be a 1-PS. Then v € —C(G), if and only if
A € —C(Gp). Moreover, the limit lim; o v(t) = lmy—o(A(t), p1(t), pa(t)) exists
in S if and only if the limits

lim GA®E), (1), pa(t)) = Hm A(E) 2 (2)

and

Hm 7(A(#), (), po(t)) = lim pua (2)
exist in S and A respectively. It follows that the limit lim;_,o v(t) exists in S if
and only if (A, u2) € V(S), and p1 € C(A). As an 1-PS of G has a limit in S if
and only if it has a limit in Sy , assertion i) is verified.

If 7:S5 — Ag is a flat morphism, then 7 : S — Ais flat by base extension. By
Proposition 1-iv), if the fibres of 7 are normal, then the fibres of 7 are normal. It
follows from [8, §21.E] that S is normal. O

Remark. We can identify Q(G) with ker((¢y, 0) — (0,7,)) C Q(R) x O(G) . Under
this identification, V(Snorm) = (V(4) x V(S)) N Q(G) .

4. ENVELOPING AND ASYMPTOTIC SEMIGROUPS OF A SEMISIMPLE GROUP

Let Gy be a semisimple group. We keep the notations of the precedings para-
graphs, and denote FM(Gy) the class of very flat monoids whose unit group has
commutator isomorphic to G . This family of monoids has been studied by Vin-
berg ([15]) in characteristic 0. He has shown that it has a minimal element, the
enveloping semigroup, that allows to describe the monoids of the family as fibred
products. Moreover, the abelianisation of the enveloping semigroup gives us a flat
deformation of Gy over a semigroup, the asymptotic semigroup, associated to a
certain graded algebra ([16]). In this section, we give a geometric construction of
the enveloping and asymptotic semigroups, valid in arbitrary characteristic, and
study their geometry.

Definition 3. Let Gy be a semisimple group. We denote Env(Gy) the monoid of
unit group G = (G x Tp)/Zp associated to the colored cone:

{Q{(~w1,w1); . .., (—wi,w)} + QT D(G), D(Q)) .
We call this monoid the enveloping semigroup associated to Gy .

Remarks. By Theorem 2, the abelianisation of the envelopping semigroup is a
(To/Zo)-toric variety with associated cone Q*(ay,..., o), thus Agyy(cy) = Al

An easy calculation shows that in characteristic zero, the preceding definition
coincides with the one given in [15].

Notation. From now on, we consider a semisimple simply connected group Gy,
and its adjoint group G4 = Go/Zy , where Zj is the center of Gy , unless otherwise
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stated. This is done without loss of generality, by the fact that reductive monoids
“behave well” under quotient by finite central subgroups ([11], [12]).

Proposition-Definition ([3],[14]). Let G be a reductive group and Z be its
center. There exists an unique simple projective embedding, without colors, of
Gog = G/Z =2 (Gaqg X Gag)/A(Ggq) . We call this embedding the wonderful
embedding of Gaq (or G).

Let us summarize the properties of the wonderful embedding to be used in our
work:

The wonderful embedding X is a smooth variety.

If C = C(G) denotes the Weyl chamber of G associated to a Borel subgroup
B, the colored cone associated to the wonderful embedding is:

(C(X), F(X)) = V(Gaa), V) = (=C(Gaa), V) -

We denote X; the irreducible component (divisor) of X \ G4 that has associated
valuation —w; . The closed irreducible (G x G)-stable subsets of X are exactly the
sets X7 = NierXi, I C {1,...,1}, with the convention Xy = X .

The unique closed orbit of X is Y = Xy = (G/B) x (G/B7).

Moreover, there exists a morphism ~ : A/ — X, where A! is the affine space of
dimension [, and an open neighborhood U4 C X of 1 € G44 such that the map

UxU~ xA's (u,o,a) — (u,d) - y(a) €U

is an isomorphism. The morphism + verifies that for all (¢,s) € To x Ty, v~ *((, 5)-
1) = (t*s @, . 1Y) (recall that oy, ¢ = 1,...,1, are the simple roots of
Go).

Finally, a G-embedding has no colors if and only if it dominates equivariantly
X ([7]).

Notation. Let A € 24 (T) be a dominant weight of G. We denote L(\) — G/B
the line bundle associated to the weight A ([6]). The external tensor product
LAN) X L(—=X\) — (G/B) x (G/B™) is denoted L(\).

We recall some properties about line bundles over the wonderful embedding of
Go needed for our work.

Let X be the wonderful embedding of Gy, and Y its unique closed (Gy x Go)-
orbit. The Picard group of X is isomorphic to the subgroup of the group of
weights of Gy x G generated by (w;, —w;), i = 1,...1 ([14]), in such a way that if
L) is the line bundle associated to the weight (A, —\), then the restriction of Ly
to the closed orbit G/B x G/B~ coincides with £(\). Moreover, Ly is (Go x Gp)-
linearized (see [9] for a definition of linearisation), in such a way that over the
(B, x By)-fixed point of Y, (B, x By) acts by multiplication by (=, \).

We denote L; the line bundle L, , which is associated to the divisor D; =
ByosaBy € X. If A = Y nw;, then Ly =2 LY™ ® --- ® L™ . On the other
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hand, the line bundles L,, are associated to the divisors X; ([14]). Moreover,
H(X,La,)#0.

Finally, we recall that the bundles L; are generated by their global sections and
that LZtlwi = L; ®---® L; is an ample line bundle ([14]). We consider the

action of Go x G over the sections of this (Go x Gp)-linearized bundle and its
induced action on the bundle p: E = @é:l LY - X.
In [1], Brion and Polo have described some properties of the algebra
RX)= P HBXILfe---oLf™),
N1,y €Z
in arbitrary characteristic. This algebra turns out to be the algebra of regular

functions of the envelopping semigroup:

Theorem 3. Let Gg be a semisimple simply connected group, and X its wonderful
embedding. Then the algebra of reqular functions of the envelopping semigroup of
Gy verifies:

(1) KEw(Go) =R(X)= P H'XLI™®--oL™).

ni,...,m €L

Moreover, k[Env(Gy)] is generated by its subspaces HO(X,L;), i = 1,...,1,

and by o1,...,01, where o; € H°(X, Ly,) is a global (B x B™)-equivariant section
of Lq, -
The sections o1, . ..,0; form a reqular sequence in k[Env(Gy)|, and the quotient

k[Env(Go)]/(o1, ..., 01) is isomorphic to @, c;, HO(Y, L' ® --- @ L") , where Y
1s the closed orbit of X .

PrOOF. Equation (1) will be a consequence of the construction developped
below (cf. Corollary 1). The stated properties of k[Env(Gg)] = R(X) are proved
in [1, Cor. 9 and 10]. O

4.1. A geometrical construction of the enveloping semigroup.

In this paragraph, we give a construction of Env(Gy) using bundles over the
wonderful embedding of Gg .

If G()Ais not simply connected, it is known that there exists a simply connected
group Gg such that Gy = Go/T", where I is a finite central subgroup. In this case,
by general properties of reductive embeddings, (see [15] and [12]) we have:

Env(Go) = Env(Go/T) = Env(Go)/T ,
so we can suppose without loss of generality that G is simply connected. We
denote Zj its center, and G.q = Go/Zy its adjoint group.

The following Proposition, easy to prove, generalizes some results of Fujita and
Demazure ([5], [2]). For a proof, we refer the reader to [11].
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Proposition 3. We keep the notations of the preceding paragraphs. Consider the
bundle p : E = LY ® --- ® L) — X . Then the algebra of regular functions of
Er = 07 Y(X7) is of finite type and normal, and satisfies:

HYE,Op)= @ H'(XiLy= @ H X, L{"e---oLf™),

/\€E+(To) ni,...,n; >0
In particular,
(2) Sy = Spec H°(E, Og) = Spec EB HY(X, L))
AEE4 (Th)

is a normal affine variety, and the canonical morphism ¢ : E — Sy is a (Go X Go)-
equivariant proper birational morphism, with connected fibres (obvious actions).

Let E; be the zero section of L} , i.e. the image of the canonical closed immer-

sion @;,; L] — E. Consider E' = E\ (U1<i<1E;) , and set By = o H(X)NE.
Then
HO(E}v OE}) = @ HO(XI7 Ly)
AeE(To)
1s an algebra of finite type and normal.
Moreover, the canonical morphism
¢+ B — Spec @ HY(X,Ly)
A€E4 (To)

is birational. 0

We will show that the variety Sy defined in equation (2) is a reductive monoid
with unit group (Go x Ty)/Zy. Moreover, ¢ : E — Sy is the decoloration of Sy
(cf. Definition 4 below). This fact will allow us to determine the colored cone
associated to Sp .

In general, Sy is not very flat: the enveloping semigroup associated to Gy will
be constructed as the normalization of the fibred product between Sy and Al
over the abelianisation of Sy (cf. Theorem 5 below).

Theorem 4. We keep the preceding notations and let G = (Go x To)/Zy. Then
E is a simple G-embedding, without colors, and

G = Spec @ HO(GadaL)\|Gad):
AEE(Th)

Spec @ HYGaa, L™ @@ L™Mg,,) — E' CE.
ni,...,NEL

Moreover, there exists a bijection between the (G x G)-stable irreducible closed
subsets of E (and thus the orbits) and the couples (I,J) of subsets of {1,...1},

given by (I,J) < Er ;5 =@, L|x, -
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In particular, the colored cone associated to E in Q(G) is:
(Q+{(—w1,w1), v (o W), (0,00), ..., (0,00) b, @) .

PRrOOF. First we observe that the total space F is a smooth variety. The torus
Ty acts by multiplication by w; on the fibres of LY, in such a way that we have
an action of Ty on E'. On the other hand, the action of Gy x Gy over the sections
of the bundles LY induces an action of Gy x Gy on E.

Thus, we have an action Gy x Gy xTp on E'. We identify Ty with (T xTp)/A(To)
by t — (1,t), and we get an action of (G x Tp) x (Go x Tp) on E'. We claim that
this action is the one needed in order to prove the theorem.

Let us explicit the action of Gy X Gg x Ty on E :

Consider an affine open subset V' C X such that there exist trivialisations over
V for the bundles LY. Consider a section s; of LY that does not vanish on V,
i=1,...1. We have an isomorphism V x Al = o=V, given by (z,t1,...,1;) —
Yoitisi(x). If (a,b,2) € Go x G x Ty, then (a,b) - V is an open subset of X,
isomorphic to V' as a variety. the action of (a,b,z) over ) . t;s;(x) € V is given
by:

l l
(3) (a.0,2) -3 tisi(e) = 3 tiwi(2) ((a,0) - 1) (a,b) - @) -
i=1 =1

In order to prove that the action of Gy x Gy x Ty on E induces an action
of G x G such that F is a G-embedding, we must first show that if z € Zj,
then (1,271, 2) acts trivially on E (i.e. the action found factorizes trought the
quotient (Go x Ty)/Zo x (Go x Tp)/Zp). Next, we must show that there exists an
element such that its isotropy group is A(G). The orbit passing by this element
is necessarily open by dimension considerations.

If we substitute (a,b, z) in equation (3) by (1,271, 2), z € Zy, we obtain:
l l l
(1,271, 2) - Ztisi(x) = Ztiwi(z)wi(z_l)si(m) = Ztisi(:c) ,
i=1 i=1 i=1

so the action of Gy x Gy x Ty of E induces one of G x G

Next, we calculate the (G x G)-orbits of E or, equivalently, we calculate the
(Go x Gy x Tp)-orbits. As Ty acts on the fibres, it is clear that every orbit is
contained in the preimage by o of one (Gy x Gg)-orbit of X .

On the other hand, for every couple I, J C {1,...,l}, there exists a (Gp x Gy X
Tp)-equivariant closed immersion:

n
E[7J = @L;/|XJ — @L;/ =F.

el =1

It is clear that the Ej ; are the only irreducible (G x G)-stable closed subsets
of F. Every Ey ; contains an unique open orbit Oy ;, obtained by discarding the
zero sections over O .
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In particular, Spec @, ez I'(Gads LalGaq) = O, 3.0 C 0 1 (Gyq) is an open
orbit, and if Y C X is the unique closed orbit of the wonderful embedding, then
the unique closed orbit of £ is Oy (113 = 0(Y), the zero section. It follows that
E is a simple (G x G)-spherical variety.

Let us show that Oy ;3¢ is isomorphic to G' as (G x G)-variety. It follows
that E is a simple G-embedding. Consider an open neighborhood &/ C X around
1 € Guq = Go/Zy, isomorphic to U x U~ x Al. The bundles L} can be trivialized
over U ([14]), so o~ (U) = U x U~ x Al x Al. Consider sections s; of the the
bundles L, i = 1,...,l, over a neigbourhood of 1, such that s; trivializes the
bundle LY. It suffices to show that A(G) is the isotropy group of Zi:l si(1),
that is:

(A(Go) X {1}) ({(1,2_172) €EGopxGoxTy : z€ Zo}) .

From equation (3), we deduce that an element (a,b, z) belongs to (G x Go %

To) s, ) if and only if ab™ Ve Zy and w;i(2)((a,b) - 54)(1) = s4(1), for all
7 = 1,...,l. In this case, there exists zp € Zy such that b = azg, so s;(1) =

(2)((a,az0) - si)(1) = wi(2z)wi(z0)s:(1). It follows that w;(zzp) = 1 for all i =
1,...,0;ie z= zgl, so F is a G-embedding.

Finally, we calculate the colored cone (C(E), F(E)) associated to E.

First, we find the set of colors F(E). For this we observe that o(Bs(,,0B~) =
BysaB, C X, which does not intersect Y . It follows that that E is without
colors.

Next, we calculate C(E) = V
which belong to —C(G) = —C(
zero exists in E ([12, §4.2]).

An 1-PS (\, p) € Zo(Tp x Tp)?0 is given by (A(t), u(t)) - D2 s:(1) = > wi(u(t) —
A(t))si(A(t)™!) . Considering the isomorphism o(if) = U x U~ x Al x Al we have
UDBB™ — UxU x (k) x (k) cUxU xAl x Al
(A@), u(t)) = (LLA@G) ™™, A@) ™ wr(p(t) = A®)), - wi(p(t) = AR))) -
Then, (A(t),u(t)) < (1,1,t=Nen) =) plu=den) 0 pli=Ae)) - We de-
duce that the limit lim;_o(A(¢), 1(t)) exists if and only if A € —C(Gp), et p— X\ €
ZtH{ay...,0q}.
It follows that

C(E)=V(E) = Q" {(~wi,w1),...(—wi,w), (0,a1),...,(0,a;)} .

(E). For this, it suffices to find the 1-PS of G
Go) x Q(Tp), such that their limit as ¢ goes to

O

We recall an useful result about the sections of bundles over the wonderful
embedding.
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Proposition 4. ([3, prop. 8.2],[14]) We keep the notations of the preceding para-
graphs. Consider I C {1,...,l} and A\ = Zizl nw; € 2(Tp) . We define

Lin=q7€E+(To) : yv=A=) tja;, t; €ZF
jere

There exists a morphism Vo, x VI — HY(X[,Ly) if and only if y € L1x. [

Corollary 1. Equation (1) is verified:
E[Env(Go)] = R(X) = @ HO(X, L?"l & ®Ll®m) ‘

n1,...,n €L

PROOF. Indeed, observe as before that the action of Gg over the sections
HO (X, LP™ @ - ® L;"™) induces an action of G x G over R(X), such that the
weights of the vectors in R(X)Y*U™ are exactly those appearing in C(Env(Gg))¥ N
C(GQ), where G = G(Env(Gy)). Moreover, by Proposition 3 the open orbit in
Spec R(X) of the induced action is isomorphic to G . It follows that Spec R(X) =
Env(Gy) ([7)). O

Definition 4. Let X be a normal G-embedding, with associated colored fan £ .
Consider the normal G-embedding X associated to the fan & obtained from & by
intersecting with V(G) . Then the morphism ¢ : X — X is proper and birational,
and is minimal for these properties; we call ¢ (or X) the decoloration of X ([13]).

It follows immediately from the classification of reductive monoids ([12, Prop.
12]) that two reductive monoids are isomorphic if and only if their decolorations
are isomorphic.

Theorem 5. The variety Sy defined by equation (2) is a reductive monoid with
zero, with unit group G = (Go x Ty)/Zo . The colored cone in Q(G) associated to
S() 18

(C(S0), F(So)) =

(@ {(~wi,w). (0,0)), (0}, 0) s isjik=1...,1} , D(@)) .

The morphism ¢ : E — Sy is the decoloration of Sy . In particular, ¢ is a
proper birational morphism, so it is surjective.

(4)

Moreover, if m: S — Al and my : Sg — Ag are the abelianisations of Env(Gy
and Sy respectively, then there exists a morphism -~y : A; — Ag such that Env(Gy) =
(Al XAO SO)norm .

ProOOF. We have seen that Sy is an affine normal variety. The action of G x G
on E induces an action on H°(E,Og) = k[Sy]. We consider the induced action
of G x G over Sy. By Proposition 3, ¢ : E — Sp is a birational proper (G x G)-
morphism. It follows that ¢o(G) is an open (G x G)-orbit of Sy, so Sp is an
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affine G-embedding, i.e. a monoid of unit group G'. Moreover, the maximal ideal
M = Diez,. (1)\(0} HY(X, L)) is (G x G)-stable, so the unique closed orbit of Sy
is the closed point corresponding to M. In particular, Sy has a zero.

The colored cone associated to Sy is the dual of the cone generated by the
weights of the regular functions belonging to k[So]Y*Y" (recall that if a monoid
has a zero, then all the colors are present). By Proposition 4 this semigroup is:

Lsy={(\p) €Z4(To) x Z4(Tp) + p—AE€Z{an...,q}} .

Dualizing, we obtain equation (4).

Finally, the morphism ¢ : E — Sy is the decoloration of Sy because F is without
colors and that C(E) = V(Sp) .

Let G = (Go x Ty)/Zp; in order to avoid confusion, we denote Z = {1} x Tj
the connected center of G .

The associated cones of Al and Ag as a (Z/Zp)-toric varieties are C(A!) =
QtH{wi,...,w} C O(Z/Zy) = Q(Z), and QT {ef,..., )} respectively. It follows
that the identity id : Q(Z/Zy) — Q(Z/Zy) induces a morphism « : Al — Ay .

Consider the fibred product S = Al x 4, Sy .

By Proposition 2, Sperm is a reductive monoid with unit group G(S) = G X 7z,
(Z/Zy) = G, such that the associated colored cone verifies:

=(Th) x E(Z))%

_ ot () €
V(Snorm) Q { )E ( )7 11 EC( ) (Hl(t)) :WO(HZ(t)) } y

()‘a K2
or equivalently:

(\ ) € (E(Ty) x E(Z))%
V( norm) Q+{ a 'u_)\oeZ"‘{al’,,,,al},,u€Z+{w1,...,wl} } ’

which is equal to V(Env(Gy)), so S = Env(Gy) ([12, Prop. 12]). O

The (G x G)-orbits of Env(Gy), where G = (Go x 1y)/Zp, are in bijection
with the colored faces of C(Env(Gp)). So it is possible to give a combinatorial
characterization of the orbits:

Theorem 6 ([15], [11]). There exists a bijection between the couples (I,J) of
subsets of {1,...,1} such that every connected component of J (in the Dynkin
diagram with indices 1,... 1) intersects I, and the (G x G)-orbits of Env(Gy) . If
Oy, is the orbit associated to (I,J) by the bijection constructed, then

dimOLJ = dlm(G X G)/PJC s
where Pje is the parabolic subgroup generated by the parabolics Py, X Qq,; , © € J¢,

P, being the minimal parabolic subgroup associated to the simple root o, and Q4
1ts opposite. 0
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We study now the geometry of the abelianisation of the envelopping semigroup.
We keep the notations of the preceding paragraphs. Consider J C {1,...,l} and
let I be its complement. Consider the closed subvariety X; of the wonderful
embedding X .

If A € Z(T) and global sections o; € H°(X, Ly,), i = 1,...,1, as in Theorem
3, we consider the injection

Lot B (X0 Ly s yte) = HOX, L)
el
o = o]l Ufi
We denote its image Fx~, | ,q, H°(X;, L)), and consider the filtration of H°(X s, Ly)
by F,H°(X;, L)) = H°(X;,Z¢ ® L)) . We recall that Y = X{1,...1y 1s the unique

closed orbit, and that the sheaf of ideals 7y of YV is generated in Ox, by the
regular sequence {o; , i € I} ([1]).

Proposition 5. ([1]) The graduation F,H°(X;, L)) is finite, and such that

FHY X5 Ln) = Y By 1 HY(X, Ly)
Dierti=n

We denote no(J,\) € ZT the integer such that F, H*(X;,Ly\) =0 if n > ng,
and such that F,,, H*(X;,Ly) # 0.

The nth layer of the associated graded module verifies:
g, HY(X7, L) = FuH (X, L)) [ Fon HO(X g, Ly) b H(Y,L,)

Y=A=D e tic
> ier ti=n, Y€E4(To)
Moreover, consider the restriction r : HO(X, L)) — H%(X;,Ly). Then
r(F,H°(X,Ly)) C F,H*(X,;,L)) .

PROOF. We prove the last assertion. For the other ones, it suffices to translate
the proof of [1, Thm. 7] for the case J = (), to this more general case.

It suffices to prove that if Y~ t; = n, then r(Fyy,,, H*(X, L)) C F, H*(X 1, L)
We recall that Fy- ta, HO(X, L)) =11 afiHO(X, Ly_st,a,) - Taking restriction to
X we get:

r(Eo e (X, L) = oy lx,r (X, Ly-5ia,)) ©
HUiZ|XJHO(XJ7L)\fEtiai) .

It follows that if there exists an ¢ € .J such that ¢; # 0, then r (Fyy,q, H(X,Ly)) =

0, so

r (F”HO(X’ LA)) - ZZM ti=n HiGI JEiHO(X*L L/\_Ztiai) -

ZZH ti=n ina tiaiHO(XJ7 L/\) = FnHO(XJ7 L)\) :
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U

In [1] it is proved that if A\ € Z,(Tp), then the restriction r : HO(X, L)) —
H°(X;, L) is surjective. The following Lemma shows that in fact this is true for
all A € E(Tp) .

Lemma 1. Let A € Z(Ty) . Then the restriction v : HY(X,Ly) — H°(X;, L)) is
surjective.

PROOF. It suffices to prove that r, = r|p, go(x 1) : FaHY(X, Lx) — F,H°(X 1, L))
is surjective for all n. We prove the assertion by recursion.

First, we observe that

0 % FrounH (X7, Ln) & gz H (X, Ly) = &P H(Y,L,).

Y=A= e tic
Z'LEI ti:no(JvA) ) ’YGE‘F (TO)

In particular, gr, () HY(X,Ly) = @ HO(Y, L,)#0.
Y=A=Ytiag
2 ti=no(J,A), v€E+(To)

It follows that FnO(JV/\)HO(X, L)) # 0 and r,, is surjective. In particular,
’rlo(J, )\) < no(@, )\) =nNg.

Suppose now that 7,1 is surjective. Take s € F,,H’(X,L,), and consider
7n(s), where m, : F,HY(X;, L) — gr, H*(X;,L,) is the canonical projection.
There exists an element 5 € F, HY(X, ) such that 7,(7(3)) = 7(s), where 7, :
gr, H'(X, L)) — gr,, H%(X, L)) denotes the (surjective) morphism induced by
r. By the recursion hypothesis, it follows that r(5 + F, 1H°(X,L))) = s +
F,.1H®(X;, L)), and the proposition is proved. O

Consider the envelopping semigroup and its abelianisation 7 : Env(G) — A!.
The associated cone of Al is generated by the fundamental weights wi,...,w;.
If I c {1,...,l}, we denote Oy the orbit associated to the face generated by
{wi | i € I}. Then the ideal associated to O is @.,¢aq, ke? , where M denotes
the semigroup generated by the simple roots «; , 7 € I.

Theorem 7. We keep the precedings notations. The preimage of Oy is isomorphic
to SpecBrezr)HY (X s, L)) . In particular, 7=1(O;) is an irreducible normal

affine variety. Moreover, if x € Al then () is a irreducible normal affine
variety.

PRrOOF. Consider the restriction
rik[Env(Go) = P HX,L\) — P HUX, L)

AEE(To) AeE(To)

It suffices to show that kerr = Zz-k[Env(G)]. Observe that Tz-k[Env(Go)] is
the ideal generated by {o; : i € J}, 0; as in Theorem 3.
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Consider the morphism between the graded modules induced by 7:

no no
7 Per, HO(X, Ly) — P er, H(X,,Ly)

n=1 n=1

where gr,, H*(X;, L)) = 0 if no(J,\) < n < ng. In order to calculate ker(7), we
consider the restriction to the nth summand:

T : $ H(Y,L,) — b H(Y, L)

y=A=Y Eai 7:)‘721'61 tioy
Yo ti=n, y€E4(To) Sierti=n, YEE(To)

It is clear that kerr, = @Ezzr—n b€ 4 (To)\M; H°(Y,L)_s4,0,) - A standard

argument shows that ker(r) is then generated by {o; : i € J}, and the first
assertion of the theorem is proved.

By Proposition 3, 771(Oy) is a irreducible normal variety. As Oy is an homo-
geneous space the restriction 7T|7r*1((91) is a fibration; it follows that if x € Oy,
then 7—!(z) is a normal variety. In order to prove that m!(z) is irreducible,
it suffices to prove that the isotropy group of a point in O (for the action of
G(Env(Gp)) x G(Env(Gy)) ) is connected. We recall that G = G(Env(Gy)) =
(Go x Z)/Zy, where Z = T} is the connected center of G, and Zy = GoN Z.

Consider an idempotent e; € Oy, and let Z; C Z/Zy be its isotropy group for

the action of Z/Zy on Al. An element (g,¢") = ((a,2), (b,w)) € (G x Z)/Zy x
(G x Z)/Zy acts in Al by

(a,2), b,w)) 2=zt z=n(zw DNz , zeAl,

where 7 : Z — Z/Zj denotes the quotient map. It follows that (g,¢’) € (G x G)e,
if and only if 2wt € 771(Z)), that is

(G X G)e, = ((Go X W_I(Z[))/Zo X (Go X W_I(Z]))/Zo) AZCGxG.

If we prove that H = (Go x 7~1(Z7))/Zy is connected, we are done. Consider
7", the connected component of the identity of 7=1(Z;). We claim that the map

v:GoxZ; — H, ¢(g,2) = (g, 2) is surjective, wich implies the assertion. Indeed,
let h € H and take (g, 2) € Goxn1(Z]) C GoxZ arepresentant of H . Then there
exists 29 € Zo such that 2z9 € Z;, and ¢(gz5 ', 220) = (925, 2%0) = (9,2) = h.

O

4.2. Asymptotic semigroup associated to a semisimple group.

We keep the notations of the preceding sections. In this paragraph we study
the fibre 771(0) of 7 : Env(Gp) — A!, wich will give a generalisation to arbitrary
characteristic of the asymptotic semigroup defined by Vinberg in [16].



18 ALVARO RITTATORE

Definition 5. As before, let Gg be a semisimple simply connected group, X its
wonderful embedding, and let Y be the unique closed orbit of X . We define the
asymptotic semigroup associated to G as:

As(Gp) = Spec @ HO(Y, L))
AEE4(To)

If I' C Gy is a finite central subgroup of Gy, we put:
As(Go/T) = As(Gy) /T .

In order to describe the combinatorial data associated to the asymptotic semi-
group of a semisimple group, it suffices to describe the data associated to its simply
connected cover ([11],[12]), so from now on, we suppose G simply connected.

Theorem 8. If 7 : Env(Gy) — Al is the abelianisation of the enveloping semi-
group of Go, and my : Sg — Ag the abelianisation of Sy, then

As(Go) = 7 10) = 75 H(0) .

In particular, As(Gg) is an algebraic semigroup with zero.

Let ¢ : E — Sy be the decoloration of Sy, and let o : E — X the bundle over
the wonderful embedding of Go constructed in the preceding paragraph. Consider
the closed (G x G)-stable subset of E :

Ey=0'(Y)=FEp_pp.n=Lilye-aLly,

where Y = Go/By x Go/B, is the unique closed (Gy x Gg)-orbit of X . Then
Ey is a simple spherical (Go x Go)-variety with open orbit isomorphic to (Go x
Go)/(U~ xU)A(Tv)) , and the restriction of ¢ to Ey is a birational proper (Go x
Go)-morphism from Ey over As(Gp) :

lo1v) = ¢y : By — 5 (0) = As(Go) -

In particular, As(Gg) is a simple (Go x Gg)-spherical variety, with open orbit
isomorphic to (Go x Go) /(U™ x U)A(Ty)) , and thus of dimension dim As(Gp) =
dim G(] .

ProoOF. Consider the (G x Gy)-action on As(Gp) induced by the action over
the sections H(Y, Ly|y), A € 24+ (Tp). By Theorem 7, As(Gy) is isomorphic to
771(0) as a (Go x Go)-variety.

On the other hand, the same arguments used in Theorem 7 allow to prove that
75 1 (0) = As(Gy) .

By construction, ¢y : Ey — As(Gjp) is a birational proper (Go x G)-morphism.
Let us study the geometry of the (G x G)-spherical variety Ey .

Recall that the closed (G x G)-stable subsets of Ey are the subsets Ejy =
Erq,.p = ®ierLly, I € {1,...1}. The line bundles L; are (Go x Go)-
linearized, so there exit global sections s;, ¢ = 1,...,l, such that they do not
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vanish over the affine open set (By x By ) - yo, where yg € Y is the unique point
of Y fixed by By x By. It follows that

0 ((Bo x By) - yo) = ((Bo x By ) - yo) x Al .
More generally, if I C {1,...,l} then
0 "(Bo x By) -y0) N Ery = ®icr Ly |y = ((Bo x By ) - yo) x A#! .

In particular, ((Bo x By ) - >, 5i)(yo) is a open (By x By )-orbit of Ery .

If 27 =) ,cr si(yo) then (Go x Go) - z1 is an open (Gg x Go)-orbit of Ery . So
the (Gp x Go)-orbits and the (G x G)-orbits de Ey coincide; in particular, Ey is
a simple (Gg x Gg)-spherical variety, with #(Y") as unique closed orbit , where 6 is
the zero section.

Let us calculate the isotropy group of o =z ) -

If (a,b) € Gy X Go, then (a,b) -z = > ((a,b)-s;)((a,b) - yo), so (a,b)-xg = g
if and only if (a,b) € (Go X Go)y, , and (a,b) - si(yo) = si(yo) for all i =1,...1. It
follows that we have a € By , b € By, and w;(a~'b) = 1, so w;(a) = w;(b) for all
i=1,...,1. Then (a,b) € (Go x Go)a, if and only if (a,b) € (U~ x U)A(Tp).

On the other hand, as ¢y is a birational (Gy X Gy)-morphism, As(Gp) is a
(Go x Gp)-spherical variety, with open orbit isomorphic to (Gy x Go)/((U~ x
U)A(Tp)) . Moreover, the (Gp x Gp)-action extends onto a (G x G)-action in such
way that the orbit of both actions coincide: just take the action induced by the
(G x G)-action on Ey .

Finally, the dimension of Ey is equal to the dimension of Y plus(, so dim Fy =
dim Gy (recall that [ is equal to the number of simple roots). O

Corollary 2. The fibres of m and mg are equidimensional, with dimension equal
to dim Gy . 0

The asymptotic semigroup being a (G x Gp)-spherical variety, it seems natural
to describe the combinatorial data associated to this variety. We begin by the
calculation of the combinatorial data associated to the spherical homogeneous

space (Go x Go)/((U™ x U)A(Tp)) (the open orbit of As(Gy) ).

Proposition 6. The combinatorial data associated to the the spherical homoge-
neous space (Go x Go)/H , H= (U~ x U)A(Tp), is the following:
i) The space Q((Go x Go)/H) is isomorphic to Z(Tp) @ Q.
ii) The valuation cone V((Go x Go)/H) is all the space Q((Go x Go)/H) .
iii) The set of colors D has 2l elements, namely :
D, = ((BosaBy ) x Go)H and D;, = (Gy x (By s—aBo))H , where a is a
simple root of Gy associated to (By,Tp) -
Moreover,

p(GOXGO)/H(VDa) = IO(G()XG())/H(VD&) = a\/ .
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PROOF. A weight (w,\) € Z(Go x Gp) is always (U~ x U)-invariant, and it is
A(T)-invariant if and only if A = —w, so Q((Go x Go)/H) = =Z(1Th) @ Q.

On the other hand, U~ x U is a unipotent maximal subgroup of Gy x Gy, so
V((Go X Go)/H) = Q((Go X Go)/H) ([10], [7, COr. 72])

In order to calculate the colors, observe that if yo = (1,1) € (Go x Go)/H , then

l
(((Go x Go)/H) \ (Bo x By)) -yo = | J Da; UD,,, -
i=1
It follows that the colors are the divisors D, and D’ , a a simple root.
Consider the projection p : Gop x Gy — (Gop x Go)/H . Tt has reduced (as
schemes) and irreducible fibres, so by [7, §5] in order to calculate the valua-

tions associated to the colors D, and D! it suffices to calculate the valuations
of k(Go x Go) = k(Go) ® k(Gp) associated to the colors of Gy x Gy. Those
colors are the divisors Bys,, B, x Go and Gog X By s_q,Bo, ¢ = 1,...1. The
valuation of k(Gy) associated to Bysa B, is @, 80 paoxa,(Vp,) = (¥,0), and
PGoxGo(vpr) = (0,—aV). If p: Gy x Go — (Go x Go)/H) is the projection, then
P+(PGoxGo(VDy)) = px(a¥,0) = Y, 50 pGyxao)/m)(¥D,) = . Analogously,
P(GoxGo)/H (VDY) = . O

To finish, we describe the colored cone associated to As(Go) :

Proposition 7. Let Gy be a semisimple simply connected group, and H = (U~ X
U)A(Ty) as before. Then

1,13 — As(Go)

77777

is the decoloration of As(Gy) .
Moreover, the colored cone of Q((Go x Go)/H) associated to As(G) is :

(C(AS(GO)))"F(AS(GO))) = (Q+{a\1/7""al\/}’{DaivD;i | 1= 17""l}) .

PROOF. The asymptotic semigroup is an affine spherical variety. In particular,
it is simple. The (Go x Gop)-action on As(Gy) is induced by the left and right
multiplication on Sy, so the unique closed orbit is the zero of Sy. It follows that
the set of colors D(As(Gy)) is all D((Go x Go)/ (U~ x U)A(Ty)) .

On the other hand, Ey is without colors. Indeed, the closure in Ey of the
colors are obtained by taking the preimages by o of the (By x By )-stable divisors
of Y. But Ey is a simple spherical variety of unique closed orbit (YY), the zero
section of the bundle Fy — Y, and it is clear that this orbit is not contained in
the closure of any color.

As @y is a proper morphism, C(Ey) = V(Ey) = V(As(Gy)), so ¢y : By —
As(G)) is the decoloration of the asymptotic semigroup.

Now, if we show that As(Gp) contains no (Gg x Go)-stable divisors, the propo-

sition is proved. Such a divisor is the image by ¢ of a (Gy x Gp)-stable divisor
D C FEy.
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Recall that the (G x Gp)-stable divisor By, 7 =1,...,1, of Ey is obtained
by taking the zero section of the bundle L) :

E{i},Y = E{l,...,2,...,1},{1,...,1} = L\1/|Y G- D Lz'v’Y ©--- D LNY )

where L;/ means that L;/ is not taken into account.

By construction,
¢y (Eiy,y) = Spec @ HO(Y, Ly, njew;)
n; >0
Under this isomorphism, the inclusion py (Ey;)y) C As(Go) is induced by:
H(Y,QL™)  ifni=0
HO(Y, ®L;®’ﬂz) _ J#i
' 0 otherwise .

The kernel of this morphism is the ideal associated to ¢y (E{;},y) , and verifies:

Pty = @ WL 00 L)

n;20, j#i
n; >0

Egyy) =

In particular, this ideal contains HO(Y, L;) .

Recall that the bundle L;|y is isomorphic to £(w;) = L(w;) X L(—w;). Consider
a non-zero section s of L(w;) — Go/By, (i.e. s does not vanish over an open
subset of Go/By). Let s’ be a non-zero section of L(—w;) — Go/B; . then
oy (D)) is contained in the intersection of the zeroes of s et s'. By construction,
these varieties intersect in a variety of codimension greater or equal to 2, so

codim ¢y (D;) > 2, and the proposition is proved. O
4.3. Minimality properties of the enveloping semigroup.

In this paragraph we prove that the enveloping semigroup of a semisimple
group Gy is a minimal element of the family FM(Gy), in the sense of [15, Thm.
5]. In particular, Env(Gp) is a very flat monoid, and thus the abelianisation
7 : Env(Gp) — A! gives a flat deformation of G — 0 towards As(Gp). We keep the
notations of the preceding paragraphs.

Proposition 8. Let Gy be a semisimple group. Then Env(Gq) is a very flat
monoid.

PRrROOF. Recall that reductive monoids are Cohen-Macaulay varieties ([13]),
and that the abelianisation of Env(Gy) is 7 : Env(Go) — A!, which is a smooth
variety. Let P be a prime ideal of k[zi,...,z;] = k[A!] and Pk[A!] ¢ Q C
k[Env(Go)] be a prime ideal in the preimage of P by 7 : Env(Go) — Al; we
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consider A = k[Env(Go)]o and R = k[Al]p. From [4, thm. 18.16], it follows
that A is a flat R-module if and only if dim A = dim R + dim A/ MgrA, where
Mg = PR is the unique maximal ideal of R.

By Corollary 2 and Theorem 7, 7 is equidimensional with reducibles (as schemes)
and irreducibles fibres, so if V' is the subvariety associated to @, then dim A —
dim R = dim7~'7(V) = dim A/PA. O

Theorem 9. Let Gy be a semisimple group. Let S be a reductive monoid such
that its unit group G’ has commutator Gy . Let Z' be the connected center of G,
and Z, =ToyNZ" (so G' = (Gy x Z')/Z], ). Then:

i) If S is very flat, then there exists 0 : Z' — Ty such that Z/|Zé =1dy and

C(S) = Q" {(=0(f). /) € QGo) x QZ") : feC(S)NQAZ)}+Q"F,

where F C D(G') is the set of colors of of S. Moreover, C(Ag) = C(S) N Q(Z")
and 0,(C(Ag)) C Cy, where Cy denotes as before the Weyl chamber of Gy. In
particular, QT B(S) = QT {(=0.(f), f) : f€C(S)NQA(Z)}).

ii) Conversely, suppose that there exists a morphism 6 : Z' — Ty such that the
restriction to Z|, is the identity, and such that

C(8) = QT {(=6.(f). f) : feC(S)NQAZ)} +QF,
with C(Ag) = C(S)NQ(Z"), and 0.(C(As)) C Cy. Then S is a very flat monoid.

In particular, S is very flat if and only if S = Ag X, Env(Gy) .

PRrROOF. The proof of i) is carried on straightforward from [15, §4].

In order to prove ii), we observe that if ¢ : Ag — Al is the morphism induced
by 6, : C(Ag) — Co = C(A!), then by Propositions 2 and 1, S = (Ag x ,s Env(Gyp))
is a very flat monoid, with abelianisation Ag (recall that 7 : Env(Go) — Al has
normal irreducible fibres). We claim that S = S. In particular, the last assertion
of the theorem is proved.

In order to prove the assertion, first we show that CA?, the unit group of S , 18
isomorphic to G’

We know that G = G(Env(Gy)) = (Go x Tp)/Zy . In order to avoid confusion,
we note Z the connected center of G, and x : Z — Tj the induced isomorphism.
By Proposition 1, G = G(As x x5 Env(Go)) = (Z'/Z})) X 7/, G . Consider

Vi (Go x 224 = (2'125) % 212, G =G . (90,2) = (7, (g0,n10())) -

The morphism ~ is well defined. Indeed, for all 2’ € Z’, 2, € Z| and for all
go € Gy (recall that Z) C Zy),

T ((zégo, m_lﬂ(z’z(’fl)» = k10(2'2) ) = k10(2) .




VERY FLAT REDUCTIVE MONOIDS 23
It follows that
(?, (90, ﬂ_le(z’))) = (z’zéfl, (2490, 5_19(2’2671)))
We claim that v is an isomorphism. Indeed,
(¥ (oo, T0)) = (1.1 D)

if and only if 2/ € Z and (1,1) = (go,x 10(2')). Then, x10(2') = 2/, and
(1,1) = (go,2") = (goz'~*,1). It follows that goz’ ' = 1, and (go,2') = (1,1) ;
i.e., 7y is injective.

Consider (?, (g0, z)) € (Z2')Zy) % 2/2,G ; then k=10(2') = (') =7 ((go, z)) =
Z, that is there exists 29 € Zp such that x~10(2') = 229, so
(+00,2)) = (¢, (075 1 220) ) = 2g075",2") -
It follows that - is surjective, so it is an isomorphism.
By Proposition 1, Z = (Z')Z}) X z2/2y Z = (Z']Z}) X 27, &~ '0(Z'), which is
isomorphic to Z’. This isomorphism is given by 7' 3 2/ — (?, (1, k~10(2 ))) :

Moreover,
QB(S) = {(-(£). ) € QGo) x Q(Z) : feC(As)]

where %(r,z) = k(2). Then, Koy(2') = k(k710(2")) = 0(2) for all 2/ € Z', so

~

QTB(S) = QTB(S). It follows that S = S. O
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