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f : (a, b) → [0,∞) _*` Wba _*`�c!dfe7`gd%`;h ]�iZj6W7k*lf]7monHj6p7kqW>j�r _ ] ∫ b

a
f ≥ 0

m
Usk�Yg[^]�W

f : (−a, a) → R _*` Wta _q`qc!dfe7` mvu�] c�d%w pZxyr _ ] f
]#x�z�W>jyx d f(x) =

f(−x) { zqW>j�W h p*|^p x ∈ (−a, a) } |^] c�d%w pZx)r _ ] f
]#x dfw zqW>jbx d f(x) =

−f(−x) { zqW>j�W h p^|*p x ∈ (−a, a)
m~n�j�pZkqW>j�r _ ]�x d f

]�xEz�W>j�] `;h p `�c ]�x
∫ a

−a
f = 2

∫ a

0
f
m���W>l c!_ l�W>j ∫ a

−a
f
x d f

]#x dfw z�W>j#m
P7��SVUXWZY\[^]�W ` f : R → R } F : R → R h W>lf]�x�r _ ]Z�

f(x) =







ex x d x < 0
1

x d x ∈ [0, 1]
2x − 1

x d x > 1
} F (x) =

∫ x

0
f(t) dt

m���pZx6r _ ]&��W7j�lfpZx
iZj6�>� c p;x�|^] f } F

m
Usk�Yg[^]�W

f : [−1, 4] → R df`Zh ]�i7j�W>k*lf] h W>l�r _ ] f(x) ≥ 2 { zqW7j6W h p^|^p x ∈
[−1, 0] ∪ [2, 4] } f(x) ≥ 4 { zqW>j�W h p^|*p x ∈ [0, 2]

m
d m�nHj6p7kqW7j�r _ ] ∫ 4

−1
f(x) dx ≥ 14

m
dfd m�[ d WZ|^] w �Zx1x�]�x�W7kT]�r _ ] f(x) ≥ 3

zqW7j6W h p^|*p x ∈ [1, 3] {
� W>lflfW7j m ∈ R

h W7l�r _ ] 14 < m <
∫ 4

−1
f(x) dx

m
U c Y\[^]�W f _*` W�a _*`qc�d%eZ`�c p `;h�df`;_ W�] ` [2, 8] h W>l�r _ ] ∫ 8

2
f(x) dx = 20 }

∫ 4

8
f(x) dx = 12

m

d m���W>l c!_ l�W>j ∫ 4

2
f(x) dx

m
dfd m�nHj6p7kqW7j�r _ ]y]�� d x h ] c ∈ [2, 4] h W7lLr _ ] f(c) = 16

m����J� d x h ] d ∈ [2, 8]
h W7l�r _ ] f(d) = −1 �

P>�1SVUXWZYg��W7l c�_ l�W>j�l�W7x�z*j d%w�d%h�df� WZx�|^]�l�W7x�x d i _*d ] `Zh ]�x�a _q`qc!d p ` ]#x��
f1 = 3x2 − x − 1

x2 + 1
x f2 = 6x−5

√
x+1

2
√

x
f3 = 1

x+1

f4 = 1 + tg2(x) − 2 cos(x) f5 = 1
(x+1)5 f6 = 2x

x2+1

f7 = 1
1+x2 f8 = 1

1−x2

m
Usk�Y���W7l c�_ l�W>j�l�W7x�x d i _*d ] `Zh ]�x df`Zh ]�i7j�W>lf]�x��

∫ 2

1
f1(x) dx

∫ 4

1
f2(x) dx

∫ 1

0
f3(x) dx

∫ π
4

0
f4(x) dx

∫ 7

1
f5(x) dx

∫

−1
1f6(x) dx

∫ π
6

0
f7(x) dx

∫ π
2

0
f8(x) dx

m
P
�LSVUXWZYg���7l c�_ l�W>j�l�W�|^]�j df� W7|qWb|^]�l�W7x�x d i _*d ] `Zh ]�x�a _*`qc�d p ` ]�x��

F (x) =
∫ x

1
et

3+sen(t) dt G(x) =
∫ x2

0
1+

√
t

2+t dt

H(x) =
∫ 3

2x+5
e1−t sen(t) dt I(x) =

∫ x3

x2

t7

1+t4 dt

�



Usk�Yg[^] c p ` x d |*]�j�W ` lfWZx�x d i _*d ] `;h ]�x�a _*`qc!d p ` ]#x�|^]!� `*d |*WZx�] `\h p*|^p R
�

J(x) = arctg(x) − x
x2+1 L(x) =

∫

x2

x2+1

1
2

√

t
1−t dt.��W7l c�_ l�W>j J ′(x) { L′(x) { J(1) } L(1)

m�u�]#| _qc!d j'l�Wvj�]�lfW c!dfe7` ] `Zh j6] J } L] ` [0,+∞) } ] ` (−∞, 0)
m

P7��S���W7l c�_ lfW7j df`Zh ]�i7j�W ` |*pbzTpZj�zqW>j h ]#x�� W;Y ∫ x2 senx dx
k�Y ∫

x senx cosx dx

c Y ∫ arctgx dx
|�Y ∫

x3 ch3x dx
]-Y ∫

ln x dx
a6Y ∫

x3e−x2

dxi;Y ∫
eax cos bx dx � Y ∫ eax sen bx dx d Y ∫ x3 lnx dx

m
P>�1S���W7l c�_ lfW7j�zTp7j�]�l w��!h p^|^p�|^]yx _ x h6d
h6_qc!dfe7` �WZY ∫ π/4

0
cos 2x

√
4 − sen2x dx

k�Y ∫ π

0
senx

(3+cos x)2 dx c Y ∫ 8

3
sen

√
x+1√

x+1
dx|qY ∫

xn−1 sennx dx { n 6= 0
]#Y ∫ 1/a

a
dt

1+t2 { a 6= 0
a6Y ∫

x2
√

x + 1 dx

P7��SVUXWZYvn�j�pZkqW>j\r _ ] ∫ 1

0
xm(1 − x)n dx =

∫ 1

0
xn(1 − x)m dx { ∀m,n ∈ N {�}

c W>l c!_ l�W>j ∫ 1

0
x2(1 − x)30dx

m
Usk�Yg[^]�W

f c p `;h�df`;_ WqmJu�] w p;x h j�W>j�r _ ] ∫ π

0
xf(senx) dx = π

2

∫ π

0
f(senx) dx {R}

c W>l c!_ l�W>j ∫ π

0
x senx

1+cos2 xdx
m

U c Ytu�] w p;x h j6W7j�r _ ] ∫ 1

0
(1 − x2)n−1/2dx =

∫ π/2

0
cos2n x dx { n ∈ N

m
U |qYg[^]�W

F (x, a) :=
∫ x

0
tp

(t2+a2)q dt { a > 0 { p, q ∈ N
m¡u�] w p;x h j6W7j¢r _ ]

F (x, a) = ap+1−2qF (x
a , 1)

m
P>£1S�� `qc p `;h j�W>j _*` Wba _q`qc!dfe7`�c p `Zh�df`;_ W }v` p c p ` x h W `;h ] w ] `Zh ] `;_ l�W f h W7l�r _ ]

f2(x) =

∫ x

0

f(t) sen t dt

2 + cos t
.

P>¤1S'¥�] c pZj6|*W ` |^p¦r _ ] sen2x = 2 senx cos x { cos 2x = cos2 x − sen2x { ]!�^z*j6]�x6W>j
senx { cos x } tg x

] ` a _*`qc!dfe7` |^] tg x
2

m
UXWZYvn�j�pZkqW>j�r _ ] d%`;h ]�iZj6W7lf]�xE|^]glfW¢aspZj w W ∫ R(senx, cos x) dx { |^p ` |^] R

]�x
_q` Wga _*`qc�d%eZ` j6W c!d p ` W7l { z _ ]#|^] ` x�]�j)j�]#| _qc!d |*WZx w ]�| d W `Zh ]vl�W¦x _ x h6d
h6_qc!dfe7`
u = tg x

2

W df`Zh ]�i7j�W>lf]�x�|^]bl�W�aspZj w W ∫ r(u)du { |^p ` |*] r
]#x h W w k df��`¦_q` Wa _q`qc!dfe7` j6W c!d p ` W7lXmH��W7l c�_ lfW7j ∫ dx

cos x+sen x } ∫ π/2

0
sen x dx

1+cos x+senx

m
Usk�Yt§&|*] w¨c p ` ∫ R(x,

√
a2 − x2) dx } l�Wtx _ x h6d
h6_qc!dfe7` x = a sen t

m)��W7l c�_ lfW7j
∫

x dx
4−x2+

√
4−x2

m
U c Yv§&|*] wVc p ` ∫ R(x,

√
a2 + x2) dx } l�W�x _ x h6d
h6_qc!dfe7` x = a sh t

m���W7l c�_ l�W>j
∫

dx
x
√

4+x2

m
U |qYt§&|*] wVc p ` ∫ R(x,

√
x2 − a2) dx } l�W�x _ x h6d
h6_qc!dfe7` x = a ch t

m���W7l c�_ l�W>j
∫

√
4x2−1 dx

x2

m
P^Q^©�S�[ d x�]¦W7z*l d�c WªlfW«x _ x h�d%h�_�c!dfe7` x = sen t

Wªl�W df`Zh ]�i7j�W>l�|*]!� `*d |*W ∫ π

0
t3 cos t dtj6]�x _ l h W ∫ π

0
t3 cos t dt =

∫ 0

0
(arcsenx)3dx = 0

m���n¬p7j�r _*� ]#x�]�r _*df� p c W7|^p­]�x h ]j�W>®�p ` W wEd ] `;h p �
¯



P^QTQ�SVUXWZYv§ `;h ]�i7j�W ` |^pEzTpZj�z�W>j h ]�x�|^]#| _qc!d j�l�Wba e j w)_ l�W
∫

sennx dx = − senn−1x cos x

n
+

n − 1

n

∫

senn−2x dx,∀n ≥ 2.

Usk�Y\°�W>lfl�W>j _*` Wba e j w)_ l�WE|*]�j6] c�_ j�j6] `qc�d WbzqW>j�W ∫ cosn x dx
m

U c Yg��W7l c�_ l�W>j#� ∫ π/2

0
sen2 x dx { ∫ π/2

0
sen4 x dx { ∫ π/2

0
cos3 x dx

m
U |qYg[^]�W

an :=
∫ π/2

0
sennx dx { ∀n ≥ 0

m±nHj�pZkqW>j\r _ ] a2n = (2n−1)!!
(2n)!!

π
2 {

∀n ≥ 1 {*} r _ ] a2n+1 = (2n)!!
(2n+1)!! { ∀n ≥ 0

m

Us]-Yt²¦pZx h j�W>jJr _ ] 1≤ a2n

a2n+1
≤1+ 1

2n

mou�]#| _qc!d j�r _ ] π
2 =

l%³ w n2n

(

(2n−2)!!
(2n−1)!!

)2

{
}tc p `qc l _*d j�r _ ] √π =

lf³ w n
(n!)222n

(2n)!
√

n

m
P^Q*�<SVUXWZYt°�W>lfl�W>j h p^|*W7x�l�W7x�z*j dfwEd%h�df� WZx�|^]�l�W7x�x d i _*d ] `;h ]�x�a _q`qc!d p ` ]#x��

3x3 − 10x2 − x

(x2 − 1)2
1 − 5x

x3 − x

x2

x2 + 4x + 3

x3 + x2 − 3

x2 − x − 2

m
Usk�Y���W7l c�_ l�W>j#�

∫ 0

−1

3x + 2

x2 − 3x + 2
dx

∫ 3

2

3x3 − 3x + 1

x2 − 1
dx

∫ 2

4

x2 + x + 3

(x − 1)(x + 1)(x + 2)
dx

´


