DIMENSIONS OF SIMPLE u,(sl;)-MODULES

MARIANA PEREIRA

This is a summary of the correspondence between the simple wu,(sl3)-modules
described by Dobrev in [1] and those described using a method introduced by
Radford ([4]) that appeared in [3].

First we will describe how the quantum groups in [3] can be seen as the quantum
groups used by Dobrev. The parameter used when referring to Dobrev’s modules
will be called ¢ and the parameter used when referring to modules constructed
using Radford’s method will be denoted by 6.

In [1] U,(sl3) is the associative algebra over C, with generators X, H;, i = 1,2
and relations

(R1) [Hi, H;] =0

(R2) [H;, X;] = +a;X;"
Hi/2 _ —H;/2

_ q q
(R3) [X;", X ] = 5z‘jm = 0ij[Hilg-

(R4) D25 _o(=1)* (), (XX (X = 0,0 # .
where (a;;) = (2(u, )/ (a4, o)) is the Cartan matrix of sl3. It follows from (R4)

Lemma 1. Changing the generating elements to

Kil — q:tHz/2 EZ — X+K—1/2 E — )(7_[{1/2

7

the relations are replaced by

(R1") K,K; ' = K;'K; =1, K K,=KyK,

(R2) K X;K; = ¢*/2X
) KZ B Ki_l

(R3) [E;, Fj] = iqu/zm‘

(R4") Do (~1)*F (), BEE BE T = 0= 30 (=) (}) FFEEE ., i #
The coalgebra structure is given by
A(KF) = Kf @ K
AF)=FeK +1QF,
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Proof. We will show (R3’) (the other relations are shown in [1]). First note that,
if m e R, K{”in = qi“ijm/zX;ﬁKim . if ¢ = e® then

1 ram\»
KM X*:I: mH; /2 X*:I: amH; /2 X*:I: ™ )(:I:
i vy = 4 / j = € / Jj o E :_ (_) (]

n! \ 2
1 famy\n n + L (am(H; £ a;)\"
::Zbﬂ?)Xﬂmi%)IXJZa(—_T__
4 omHitaiy) £ mHi/2£aijm/2 Faigm/2 £ em
= Xfe = = Xjfgrihtent = gt XK

In particular, if m = 1 we have (R2’) and if m = 1/2 we have that Kil/QX;E =
qiaij/4X]:-tK;tl/2.

BBy = XPKXTRY - xR R
_ q—(—aij/4)Xi—‘er—Ki—1/2K;-/2 . an/4Xj_X7‘+Kjl/2K'L_1/2
_ qaij/4(X‘+X‘f . XfXj)K;/QKZfl/Q

K K_ Kl/ZK—l/Q _ q1/2 Ki_Ki_l

a”/45 —_c T - ot
Tql2 —g1/2 gl — q-1/2

i

Lemma 2. Let e; = ¢ V1E;, fi = ¢ ViF, ' = KT i=1,2, and 0 = ¢ /2, we
have that U,(sl3) is generated by e;, f;,wi', i = 1,2 with relations

(11) wie; = Gl g={eraie ;.

(12) wif; = 0~ O‘J Jglei+1s) £,

(r3) [el,f]] o— 9 o (Wi —wi ),

(r4) 6162 (0+6- )616261 + 262 =0, ered — (0 + 6~ )626162 + e3¢, =0,

(t5) fifo— O+ 0" fifofr + fof i =0, fifs = (0 + 07" ) fafifo+ f3 11 =0,

and the coalgebra structure is given by
[ A(el) = €Z®1+wl®61
e A(fi)+1® fit+ fi®w !
o Aw}) =wi ®wi.

Hence, the U,(sl;) used in Dobrev’s paper [1] is the quotient (identifying w} =
w; ') of the Uy g-1(sl3) used in [2] and [3] for 6 = ¢~1/2.

1. SIMPLE u,(sl3)-MODULES.

In [1], Dobrev describes all simple U,(sl3) modules when ¢ is a primitive ¢th
root of unity. We will only look at the modules that are also modules for the
finite-dimensional quotient u,(sl3) (quotient by ff = e/ = 0 and w! = 1) since
these are the ones that can be obtained using Radford’s construction (see [4], [3]).
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The simple modules are quotients of Highest Weight Modules. A highest weight
module V* is given by a highest weight vector vy and a weight A € H* (H is the
subalgebra of U,(sl3) generated by the elements H;), such that

vaozo,i:1,2, HUOZ)\(H>’U0,H€H.
If we let GG; be the group generated by w; and ws, elements A € H* correspond to
algebra maps from KG; to K in the following way:
)\(wz) _ )‘(Ki_l) __def q—%A(HZ-) — 9/\(Hi).

In the same way, if we let G be the group in Uy p-1(sl3) generated by w| and wy,
elements A € H* correspond to algebra maps from KG, to K via

AMw!) = §=AH),

Let H be the co-opposite of the Hopf subalgebra of ugg-1(sl3) generated by f;
and w}, i = 1,2. In [3] it was shown that simple uy(sl3)-modules are of the form
H.3g, with g = Wwil € Gy (¢,d € {0,--- ,¢ — 1}) and 3 the algebra map from
KG; to K given by

f(wy) =—2c+d and [(ws) =c—2d.
If (¢,3) =1, taking m; € {1,--- ,£},my = (2¢ — d+ 1)mod £ and ms = (2d — c +

1)mod ¢, the simple modules are given by pairs (my, ms) € {1,--- £} x{1,--- £},
where 3(w)) = 7™ and g = wifwy with

e\ (-2 1\ '(m
d o 1 -2 mo
In addition, in such a H-gg the following are satisfied:

o Wigg = B(w))g = 6~™tg. Hence, under the correspondence of algebra
maps from KG, to K and elements in the dual of ‘H, we have that

H;-g=[((H;)g, with 8 € H" given by 8(H;) =m; — 1.
ec;-g=0 hence X;! -g=0, i=1,2.
Therefore H.3g is a highest weight module, with highest weight 3 € H* given
by B(H;) = m; — 1, and highest weight vector g. In what follows, we show the

correspondence between the modules H-3g and the ones constructed by Dobrev in
[1] (the correspondence depends on the choice of parameters m; and msy).

Case 1. If m; + mg < £. In this case, H.3g is isomorphic to Li“m (type 4 in

[1]) which is the only simple quotient of the U,(sl3) highest weight module V?,
with A(H;) = m; — 1. It follows from the formulas given in [1] that
mima(my + my)

2

dim(H-gg) =

Case 2. If m; +mo > L.
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a. If m; # ¢ fori =1,2 and we let ny = ¢ — my and ny = £ — my, we have that
0 <n; < ?and ny +mng =20 — (my +my) < (. In this case, H-gg is isomorphic to
L', from [1], which is the only irreducible quotient of the U,(sl3) highest weight
module V7 with v = A — ngag, where \(H;) =n; — 1,4 = 1,2, n3 = ny + ny and
a3 = a1 + . This follows from

v(H;) = ni—1—(ni+n2)as(H;) = ni—1—(n1+ng) = —1—({—m;) = (m;—1)mod ¢.
It follows from the formulas given in [1] that

dim(H-yg) = mima(my +ma)  ning(n + 712).
2 2

b. If my = ¢ and my < (/2, taking ny = my < {/2, we have that H-zg is

isomorphic to L2? from [1], which is the irreducible quotient of the U,(sl3) highest

weight module V7 with v = A\ — nyae, where ny = ¢ — ny and A\(H;) = ny — 1.

This follows from

v(Hy) = ANHy) —ngao(Hy) =ny —1+ng=~0—1=my — 1

and
’Y(Hg) = )\(H2>—n20é2(H2> = n2—1—2n2 = —n2—1 = n1—£—1 = (mg—l)mod L.
Hence, by the formula from [1] we have that

. . €n1 (é + nl) mlmg(ml + mg)
dim(H-59) = dim(L>?) = 5 = 5 :

c. If my = ¢ and my > £/2, then
dim(H-5g) = dim(H-59'),

where (', ¢') correspond to the choice of parameters (mg,mq) = (ng,¢) with
ny > £/2 (see Lemma 4). Hence, the dimension of H.zg can be obtained from the
next case.

d. If my = ¢ and my > (/2. Taking ny = ¢ —my < /2, we have that H-3g is
isomorphic to L3} from [1], which is the irreducible quotient of the U,(sl3) highest
weight module V7 with v = A—njay, where A(Hy) =ny—1 and A\(Hy) = (—n;—1.
This follows from

v(Hy) = AMHy)—nai(Hy) =ny—1-2ny == —ny—1=m;—¢—1 = (m;—1)mod ¢
and

’V(Hg) :)\(H2>—n1061<H2) zé—nl—l—l—nl :€—1:m2—1
Hence, by the dimensions formulas from [1] we have that

dim(H-yg) — "= ”1)2(% —m) _ mlmQ(Tgh +ma)
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e. If my = ¢ and my; < (/2. Again, dim(H-39) = dim(H"-z¢'), with (7, ¢’)
corresponding to (msq,my) = (¢,ny) with ny < ¢/2. Hence, by case 2.b. we have
that

mimso (m1 + mg)

dim(H-39) = dim(H-5¢') = 5

Case 3. If mq; +mo = L.

a. If my < (/2, H-3g is isomorphic to L) =~ from [1], which is the only irreducible
quotient of the U, (sl3) highest weight module V* with A\(H;) = m; — 1. It follows
that
m1(€ — ml)f . mlmg(ml + mg)

2 2

dim(H-gg) =

b. If my > £/2, taking n; = mgy and ny = my we have that ny < ¢/2 and if (7', ¢')
correspond to the choice of parameters (ny, ns), we have that

ning(ny + ng) o mima(my + my)

dim(H-59) = dim(H-g¢') = dim(L), ) = 5 = 5

The above discussion shows that if H-3g is a simple uy(sl3)-module, with G(w]) =
Qmiila m; € {17 e a€}7 1= 172’ then

[ ) Ifml—l—mQSE,

myme(my + m2)
5 .

o If my +my > ¢ and we let m, = ¢ —m;, then

dim(H-39) =

mima(mi +ma)  mymy(mh + ms)

dim(H- =
im(H-39) 5 5

2. CONJUGATION

Let ® : K — L be an algebra homomorphism and (M, -) a left L-module. Then
M is a left K-module, with the action given by k ¢ m = ®(k) - m. Moreover, if
® is surjective and N is a K-submodule of M, N is also a L-submodule of M. If
U : L — K is a coalgebra homomorphism and (M, ) is a right L-comodule, then
(M, dy) is a right K-comodule with dg(m) = (idys ® ¥)d(m). Moreover, if U is
injective and N is a right K-subcomodule of M, then N is also a L-subcomodule
of M.

Lemma 3. Let ® : K — L be a bialgebra isomorphism and (M,-,5) € [ YD*,
then Mg = (M, -¢,00-1) € gYDX. Moreover, My is simple if M is simple.
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Proof. The only thing left to check is the compatibility between the action and
coaction. Since (M, -,d) € ;YD" we have that

le “mo @ lamy = Z(ZQ “m)o @ (la - m)ily,

for all I € L, m € M, where 6(n) = > ng ® ny, for all n € M. By the definitions
of -4 and dg-1, we have to prove that

D B(k) - mo @ ka® () = (D(ka) - m)o @ BH(D(Ka) - m)1) k.

Now,

N (ki) mo® ke® N (my) = (idy @ @7 Zﬁwinm®ﬂb))

)(
= (iddyeo! ( )1+ mp ® <I>(k)2m1>
= 1dM®<I> (Z m)o ® (P(k)2 'm)lq)(k)l)

= @) m)y® @7 (@(R)2 - m)) .
O

As before, let H be the co-opposite of the Hopf subalgebra of ug g-1(sl3) gener-
ated by f; and w., i = 1,2. Let 7 = (1,2) be the transposition that exchanges the
indices 1 and 2. It is easy to see that there is Hopf algebra isomorphism & : H — H
such that ®(f;) = fr) and ®(w}) = wi;), i =1,2. For (m1,ms) € {1, 132 let
M (my, my) = H-gg be the simple uy(sl3)-module corresponding to the parameters
(my,my). That is, B(w]) = 6™ and g = witwi? with

c\ (-2 1 ! my
d ) 1 -2 me )
By the last lemma, (M (mq,m2)), is also a simple H-Yetter-Drinfel’d module.

Lemma 4. If ® : H — H is the Hopf algebra isomorphism that exchanges
subindices, and (my,my) € {1,--+ ,£}?, then

(]\/[(ml, mg))q) ~ M(mg, ml).
In particular, dim(M (mq, mg)) = dim(M (mg, my)).

Proof. As before, M(my,my) = H-zg with g = wiw? and B(w)) = ™1, Since
(M(my,my))g is a simple H-Yetter-Drinfel’d module, there exist ¢’ = witwy €
Gy and ' and algebra map from KGy to K given by 3 (w!) = 6"~ n; €
{1,---,¢}, 1 = 1,2, such that (M(mi,ms))y ~ H-3g" as Yetter-Drinfel’d mod-
ules. Let T': (M(mq,m2))e — H-pg be a Yetter-Drinfel’d module isomorphism.
Since T is a right comodule homomorphism, (T'® idy) o d¢ = A o T and

(5) T(9)® @' (g9) = A(T(g)).
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Then KT'(g) is a (non-zero) right-coideal of H-g¢’, but the only non-zero coideal
contained in H-3¢" is K¢’ (see [4]). Therefore T'(g) is a multiple of g, and we may
assume that T'(g) = ¢’. Applying € ® id to equation 5, we get that ¢(¢')®'(g) =
g'. Since both ®~1(g) and ¢' are grouplike elements, and grouplike elements are
linearly independent, we have that ¢’ = ®~!(g) = w/lw; therefore (e, f) = (d, ¢),

and so 1
e (d\ (-2 1Y\ Mo
f) \e) ) my )
Since T' is a homomorphism of left H-modules, T'(w} -¢ g) = wizT(g). Since

and
wipT(g) = 0"y,
it follows that (n1,ng) = (me,m1), and H-g g’ = M (mg, mq).
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